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LINEAR ALGEBRA AND BRAKET NOTATION

Complex Values: Leta € C, then we can write this com-
plex value asx = x+ yi with the real and imaginary compo-
nentsx,y € R. Itis often useful to write the value as= re/®
with the normr € R and the phasé € [0,2m). The “norm
squared” ofx equalga?| = x? +y? = r2. The complex conju-
gate ofa is defined bya = a* = x—vyi = re~'®, which can be
used inja|? = aa*. The normja| = /X2 +Yy2 = obeys the
triangle inequalitya + B| < |a|+ |B| for all a,p € C.

Finite Dimensional Hilbert Space: Let A be a finite set of

Braket Calculus: The difference between the inner and
the outer product shows that ‘multiplying’ bras and kets
does not commute{y||@) # |@) (W|. However, this multi-
plication is associative and distributive. Hence, for exam-

ple, W) ({@ + (@) = [W) (@ + W) (@] and(|w) (@) (W) (@) =

W) (@) (W] = @) (W] (becauseple) = 1).
Measurement Projection: According to quantum me-

chanics, the ‘inner product squared|@)|? = (W|@) (W)
between two statef]) and |@) gives the probability that
one observes the outcompl}” when one observes the state
“|@)”. Itis straightforward to verify that &< |(W|@)|? < 1. If

N = |A| basis states. A quantum state, which is in superposi¢¥|®) = 0, the two states arerthogonal. If [(y[@)| = 1, then

tion over all basis state$, is represented by a complex valued
vector (01,...,ay) € CN with £,-norm (z'j\‘=1|af|)l/2 =1.

the two states are identicap to a general phase factgbe-
cause we can still havg)|p) = €Y). Although mathematically

In Dirac’s braket notation, a column vector is denoted byPresent, suchageneral phase difference can never be etbserv

a [ket and a row vector by dbral. If |W) = Sy 0x(X),
then(W| := Y4 0% (X| (note the complex conjugation af).
Given column vectofy), the row vector(y] is also denoted
by |L|J>T and is called theconjugate transposef |p). If
A={1,...,N}, we can write in vector notation:
(041 T
a2
= = (0] o3 - 1)

) ay) = (W]

an
We equip this space with anner product(-|-) : CN x CN —

C such that it becomesfanite dimensional Hilbert spacé&or
the vectors

W) =S axx)and|g) = 3 Bxlx) )
XeA XeA
the inner producty| |@) is expressed by theraket
(Wo) = 3 axBe=(ofu)" 3)

XEA

The norm of a vector in CN is defined by | |)] =
VA{W|y), which for a valid state representation is always
one: 3 4 0x0y = 1 (the normalization restriction). For vec-
tors the triangle inequality holds as wello @) +B|@) || <
lo |} 1+ 11816 .

The outer product|-)(:| : CN x CN — CN*N maps twoN-
dimensional vectors to ax x N matrix:

(W) (el = > axByX)yl,

X,yEA

(4)

where|x) (y| is the all-zero matrix with one 1 value in theth
row and they-th column.

in reality, hence it has no physical relevance.

Tensor Product Construction: We can combine the spaces
CN andCM to a joint spac&€"M := CN® CM. If A andB are
the respective basis sets of these two spaces, then the joint
basis ofCN @ CM is given by the Cartesian produgt x B.
As a result, using théensor products : CN x CM — CNM,
we can combine the states

W)=Y oxlx) eCVandlg)= Y Byly) eC"  (5)
XEA yeB
to the tensor product state
welp=we= 35 aplxyeC™ ()

xeAyeB

For the conjugate transpose of a tensor product it holds that
(W) @le)" = (W@ (g

If we assumed = {1,...,N} andB = {1,...,M}, then this
tensor product equation is described in vector notation by

aiPs
aip2
o B1 ;
az B2 a1Pwm
: ® | T | 2P Y
an Bwm ;
a N.BM

If |@) and|@) are norm one vectors, then so|ip) ® |@).
Note that the tensor product does not commude:® |¢) #
|o) ® |W), but that it is associative and distributive. For exam-

ple, V) @ (|9) @ |¢)) = (W) @[9)) @ |¢f), and|P) @ (a|@) +
BlY)) = W) @ale) + W) ©BIY) = oW, @) + B, ¢).



Unitary Operations: The group of norm preserving, lin- As was the case with vectors, the tensor product of matrices i
ear operations ortN is the groupU(N) of unitary, com-  not commutative, but it is distributive and associativesdlif
plex valuedN x N matricesJ € CN*N that obey the equality U,U’ € U(N) andW,W’ € U(M), then(U @ W)(U’ @ W) =
U-UT=1. HereU" is theHermitian conjugatdor theconju- ~ UU’ @ WW/; if U,W are unitary, then so ig ®W and(U ®
gate transposeof U defined bw;jr =Ujforall1<i,j<N, W)'=UTew
and| is the N-dimensional identity matrix. As these opera- Eigenvector / Eigenvalue Decompositionwe can de-

tions are linear, we have compose a unitary matri) € U(N) into its eigenvectors
Uy = %GXU IX) @) [W1) e |Wn) and its corresponding eigenvalues. .., Ay €
& C. With these values we can express the operator as

for all |@) € CN. Hence, if we know the values &f on the N

basis states € A), we know the values a3 on all quantum U=S AW Wi (14)
states inCN. We can describ& € U(N) as a summation of i;

outer products by

U= z U lX) Y1, 9) The unitarity ofU corresponds with the requ_irement that all
eigenvalue$; have norm one, and that the eigenvectors form
a orthonormal basis ofN. The identity matrixl has for all

or equivalentiyyy := (x|U |y), such that by linearity we see gjgenvalued; = 1. The conjugate transpose of thiss given
that by

Ulyp) = Z Uyl X) (Yl %O(Z|Z> = Z AUz [X). (10)

X,YEA X,ZEA

X,yeA

N
ut= _;AT|¢i><llJi|~ (15)

Unitary matrices are inner product preserving (and hence
also norm preserving) as is shown Bglw) = (@1 |Y) =
(@lUTU |y) = (@|W'), where|¢f) :==U |¢) and|y) :==U[W).  whenU is as above an/ € U(M) has eigenvector decom-

This shows thatl is unitary if and qnly if the row vectors of positionW = lew:l 1;|0;)(@;| then for the tensor product we
U form a orthonormal basis @ (similarly for the columns  4ye

of U).
Just as with vectors, we can define the tensor product be- N M
tween two matrices. Specifically,if € U(N) andW € U(M) VoW = Zl z ik | Wi, @) (Wi, @5 (16)
are unitary matrices defined by i=1j=1
U= 35 Ugyl(ylandW:= % Wyglp)(al,  (11)
X,ye A p,geB
then for the tensor produet : CN*N x CM*M _, CNMXNM e QUANTUM COMPUTING WITH CIRCUITS

have

UaW= 5 5 UgWoqlx p)(y,dl € CNMXNM —(12) Quantum Bits: The typical setting for a quantum circuit
XYEA p,OEB is quantum mechanical system that is described by-foid
tensor product of two dimensional Hilbert spac€$:w C2®
-.@C? =C?" (where eactC? corresponds to a single qubit).
The elementary quantum gates that we can apply to an ini-
tial state|0,...,0) are unitary operators that act only a small
number of qubits. For example, if we apply theoNgate
X = (9}) to the second qubit, then the overall unitary op-

This matrix acts on the spad@&™ = CN ® CM spanned by
the set of basis state$ x B. For the statesyy) € CN and
@) € CV we have(U W) (|y) @) =U |b) @W g) € CNM.
Again assumingd = {1,...,N} andB = {1,...,M}, the ten-
sor product of two matrices is described in matrix notatign b

UptW UpW -+ UpyW erator is described by X @l ® ---® 1 € U(2"), where the
. . | are the identity operators on the qubit81..,n. For op-

uew= | Y2V : (13)  erators that act on two non-adjacent qubits, the notatien be
: ; comes a bit tricky. Consider for example a GNgate that

UgW -~ - UnaW acts on the first and the last qubit. To avoid these problems

one can introduce the notation where the identity operators

UnWar UnWaa -+ UnnWam are omitted, and a subscript is used to indicate on whichtqubi
UpWep - UinWou NMxNM the gates act. Hence the previousNcircuit has the much
. . eC : shorter description; € U(2"), and the CNT example be-

: : comes CNTyn € U(2"). Regardless, it is often advisable to
UniWva - UNnWam draw a quantum circuit diagram to explain the operation.



Standard Quantum Gates:The following gates are stan-

dard single qubit gates:

.. (10
Identity: | = (0 1)

NoT: X = <2 é)
=)
‘= (é —01>

] 1 0
g—phase gate: T = (0 éﬂ/4>

' e 92
6-Phase Rotation: Rz(e)=< 0 é9/2> @H

3

Circuit Calculus: Each quantum gate has a matrix repre-
sentation, and we assume that the ordering of the dimensions
is determined by the alphabetical ordering on the bit string
{0,1}". (See the Exercises of the course.) The joint behavior
of gates that work in parallel is calculated with the helpeof-t
sor products, while sequential gates are expressed byxmatri
products. In both cases one should pay attention to the order
of multiplication.

Universal Reversible Computation:With a CCNoT gate
we can implement an WD-operation by CCNT: |a,b,0) —
|a,b,ab) for all a,b € {0,1}. Hence, using CCNT and
NoOT gates, we can implement any Boolean functién
{0,1}" — {0,1} as efficient as is possible classically. How-
ever, such an implementation will not erase the input value
x and typically also produces ‘garbage’ bits that are a
side-effect of the computation. (Take for example the
computation ofF(x,y,z) = xyz by the sequence of trans-
formations |x,y,z,0,0) — |X,Y,z,Xy,0) — |X,Y,Z,Xy,Xy2 =
Ix,y,z xy,F (X,Y,2)), which has as garbage the intermediate bit
valuexy.) Because of the reversibility requirement it is im-
possible to get rid of the input bits, but it is possible tosera
the garbage bits as follows.

Note that a global phase difference between two matrices doe Note that each quantum circuit can be reversed. Hence,

not really change their physical effect, and that Ryegates
can also be defined By,(8) : a|0) +B|1) — a|0) +€°B|1).

Note also that therefore tHe-gate equals the gaR(J).

Typically, two qubit gates are of the kind whereantrol bit

if there is a circuitC that implements the transformation
IX,0,0) — |x,0x, F (X)) (with gx the garbage bits specifically
for the inputx € {0,1}"), then the inverse circut * = C'
implements the mappinig, g, F (X)) — |x,0,0). Now, by ap-

determines whether or not a single qubit operation is agplie PI¥ing a CNoT betweerC andC' we get the following circuit

to thetarget bitor not.

1000
CNoT = 8382 ———
0010 —D—

100 0

010 0

CRMO)=1p01 0
000 d (8)

10 0 O

01 0 O

Controlledy = 0 0 Uy Up
0 0 Uy Uy

The three qubit, CCNT gate is crucial for the implementa-

tion of classical, reversible computation.

CCNoT =

=meleolololo)

g
TTT

[cNeoNoNoNeNolNol ol
[cNoNoNoNoNal o]
[cNoNoNoNaN oo
[cNoNoNoN NelolNo]
QO OPFrOO0OO0OO0o
OOPFrPOO0OO0OO0OO0o
P OOOOOO0OOo

X) — X
0) —C ctr— 10
0) — 10
10) s> IF(x))

which implements the desired transformatipn0,0,0) —
Ix,0,0,F (x)) for all x.

Note that this construction applies to all possible quantum
circuitsC, which gives us the following important result.

Clean Quantum Computation Theoremif there is a quan-
tum circuitC that implements the unitary mappifpg0,0) —

X, x, F (X)) for a Boolean functiof : {0,1}" — {0,1}™, then
there exists a quantum circuit (only twice the sizeCdfthat
implements the clean computatipq0,0) — |x,0,F (x)). No-
tice that it is crucial for this construction that we haveatie
working qubits bits lying around that we can use during the
computation.

Further Reading: For more information see Chapters 2—4
in “An Introduction to Quantum Computation”, Phillip Kaye,
Raymond Laflamme and Michele Mosca, Oxford University
Press (2007)
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