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ABSTRACT

The study of complex networks led to the belief that the conne
tivity of network nodes generally follows a Power-law diistition.

In this work, we show that modeling large-scale online dawéd-
works using a Power-law distribution produces significattinfj
errors. We propose the use of a more accurate node degrege dist
bution model based on the Pareto-Lognormal distributiosingy
large datasets gathered from Facebook, we show that therPowe
law curve produces a significant over-estimation of the nema
high degree nodes, leading researchers to erroneous sidsign

a number of social applications and systems, includingtekbr
path prediction, community detection, and influence mazation.

We provide a formal proof of the error reduction using theeRar
Lognormal distribution, which we envision will have stroimgpli-
cations on the correctness of social systems and applisatio
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1. INTRODUCTION

With billions of users, online social networks (OSNs) andiab
applications have changed the way users interact with tieeriet.

In recent years, the research community has seen a risegi lar
scale measurements of deployed social netwk®, [?]. Analysis

of the resulting online social graphs is critical to our urstiending

of the mechanisms underlying the formation and evolutiotooi-
plex networks, and serves a particularly important roleuidimg
the design of social network applications.

Scientists have long accepted the Power-law model for cexnpl
networks, and have applied it to online and offline socialoeks.
Current measurement studies on online social netwdkg,[?]
use the Power-law coefficient as a standard graph metrioriigm
the fitting errors and the implications of those errors.

Our work shows that the Power-law model largely over-prsdic
the number of “high degree nodes” and this over-predictiaa h
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a significant impact on a set of algorithms and protocols whos
designs rely on estimates of high degree nodes generateaeby t
Power-law model. Because they leverage the populationgsf hi
degree nodes, analysis and simulations of these algorithoss
be re-evaluated to remove the error introduced by the Ptaver-
model. Examples include: distributed resource replicasivate-
gies to minimize routing delay and perform load balancifigdpi-
demic dissemination strategies to maximize informaticeag [7],
landmark selection strategies to accurately predict skbpaths in
graphs P, ?], and community detection to improve social recom-
mendation systems.

Our work, in its full version p], has two contributions. First, we
propose an alternative distribution to the Power-law tddvetap-
ture and predict node degree distributions in online so@borks.
We provide formal proof of how much the modified distribution
improves upon the poor fit of the Power-law model. Second, we
evaluate the real implications of using our more accuratéehfor
algorithmic problems, and quantify its impact on severgdntant
network measures.

2. MIXTURE OF PROBABILITIES BEHIND
THE DEGREE DISTRIBUTION OF OSN

Exploring the degree distribution is the first step towardieep
understanding of online social networks. As mentioned apov
we recognize that the degree distribution in these netwdoksot
match the presumed Power-law distribution. By investigathe
family of distributions that fuses Pareto with Lognormastdbu-
tions we identify a new model that does not have the Power-Law
limitations.

The model we propose as an alternative to Power-lawliisia
formof the Double Pareto-Lognormal (DPLN) distributidt).[ The
DPLN is a complex model with four parameters: two Pareto expo
nentsa and 8 which identify the slope of the upper and lower tails
of the distribution and: ando which describe the Lognormal pa-
rameters which connect the two Pareto tails. The DPLN ocaigis
other two distributions: its left side Pareto-Lognormalkp and
its right side Lognormal-Pareto (LNP). Both these distiiifns are
expressed by three parametesds the Pareto exponent, apdand
o characterize the Lognormal component.

We propose, here, to use the PLN distribution, whose cuiwalat
distribution function is:
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Figure 1: Fitting the degree distribution of New York Facebaok network; first, with Elementary distributions; second with LNP and

DPLN, and third with Power-law and PLN.

In the following section, we provide statistical evidenoéshe
improved fitting obtained with the Pareto-Lognormal distition
model compared to the Power-law distribution and otherridist
tions. We leverage some of the popular statistical methmdsalu-
ate theGoodness-of-Fit Tests of the abovementioned distributions.
We compute, for each distribution, the minimum log-likeld, the
residual sum of squares (RSS) in order to estimate the gizcoy
between the data and the estimate model, and finally, thek@kai
Information Criterion (AIC) that includes a penalty thatas in-
creasing function of the number of the estimated parameters

Experimental Results ~ Among the social graphs that we have
analyzed i;e. more thanl1 Facebook social graphs frorf]], we
present, here, a Facebook regional network, New York whazh h
855K nodes andi6 million edges. In Figuré@? we report the fit-
ted distributions on the New York network. In the first plote w
show the complementary cumulative distribution function the
Power-law, Lognormal and Exponential models, while theosdc
plot shows the DPLN and its right limit formi.€, LNP). Finally,
the third plot of Figure?? shows how PLN distribution more accu-
rately models the real data compared to the Power-law.

We compute the likelihood of each distribution model consid
ered together with the RSS and AIC statistical methods toédy
compare goodness of the fit of those distributions. We foasd,
reported in our full version], that the Pareto-Lognormal model
outperforms the others almost on any statistical and gcaptest.

Theoretical Results  In this section, we aim to reveal that fun-
damental flaws in evaluating network measures if a poor misdel
used to describe those networks.

We intend to quantify thes % of high degree nodes in the net-
work, in particular we study the minimum degrég, so that all
nodes with degree higher thdg are the ones that account for the
~ % of the high degree nodes. Therefafe,is the~-th quantile of
the complementary cumulative distribution.

Assuming a Power-law model, the deggaes( ) . Inorderto
quantify the same quantile for the PLN distribution we fitsicted
its limit behavior, which appears to be a Lognormal disttiiu
whose parameters are estimated from the Pareto-Lognorot#im
We use the asymptotic expansion of the complementary Gauss e
function to get the tight upper bound as reported in Len?ha

LEMMA 1. Atight upper bound of the v-th quantile of the PLN
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In order to compute the difference in the order of magnitude b
tween the Power-law quantife, and the PLN one we approximate
the PLN ¢, ase”, since log(mV)Q(ﬂ is negligible com-

pared tou. Sincep and X - are approximated by the mean value,
of the sample logarithms the following theorem applies:

THEOREM 1. The Power-law overestimation, computed as the
ratio of the £, values, is~ ((;)“) .

The&, degree is expressed as an exponential function respegctivel
by the PLN and Power-law, although widifferent base. This dif-
ference in the New York network, for example, produces, @ th
10% of the highest degree nodes, a minimum super-node degree
estimation of~ 1099 with the PLN and ofx~ 15000 with the
Power-law. The same quantity computed on the sampBi9is
so Power-law reveals an intolerable error compare to the &teN
The results derived by the quantile estimation allow us tanigo
few other related networks quantities which confirm thedarger-
estimation derived by the erroneous use of Power-law Higinons.
In particular, we bounded?] the number of incident edges to high
degree nodes and the total number of high degree nodes,dlafine
the nodes with degree higher than a given minimum value. ¥or e
ample, in New York network, fixed the minimum degree of a super
node equal to 500, the Power-law model predicd8840 super-
nodes while the PLN estimaté8394 ones, which is a “tight” ap-
proximation of the55103 from the real data.

3. CONCLUSION

Current solutions to challenging problems on complex neta/o
often rely on assumptions about properties of the netwarlpar-
ticular we refer to those algorithms and protocols whicly i@h
the population of high degree nodes or their connectivityday,
the overestimation of these network properties is so latg#,we
need to revisit application-level results of numerous atgms that
relied on an erroneous Power-law assumption.
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