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Abstract. We prove super-linear lower bounds for some shortest path
problems in directed graphs, where no such bounds were previously
known. The central problem in our study is the replacement paths prob-
lem: Given a directed graph G with non-negative edge weights, and a
shortest path P = {e1,e2,...,ep} between two nodes s and ¢, com-
pute the shortest path distances from s to ¢ in each of the p graphs
obtained from G by deleting one of the edges e;. We show that the re-
placement paths problem requires §2(m+/n) time in the worst case when-
ever m = O(n+y/n). Our construction also implies a similar lower bound
for the k shortest paths problem for a broad class of algorithms that in-
cludes all known algorithms for the problem. To put our lower bound in
perspective, we note that both these problems (replacement paths and k
shortest paths) can be solved in near linear time for undirected graphs.

1 Introduction

Some shortest path problems seem to have resisted efficient algorithms for di-
rected graphs, while their undirected counterparts have been solved to optimality
or near optimality. One notorious example is the problem of determining the k
shortest simple paths between a pair of nodes. Specifically, given a directed graph
G with non-negative edge weights, a positive integer k, and two vertices s and t,
the problem asks for the k shortest paths from s to ¢ in increasing order of length,
where the paths are required to be simple (loop free); if the paths are allowed
to be non-simple, then an optimal algorithm is known for both directed and
undirected graphs [7]. The best algorithm known for computing the k shortest
simple paths in a directed graph is due to Yen [24, 25]. The worst-case time com-
plexity of his algorithm, using modern data structures, is O(kn(m+mnlogn)); in
other words, it requires ©(n) single-source shortest path computations for each
of the k shortest paths that are produced. In the past thirty years, there have
been several “practical” improvements to Yen’s algorithm, but none has suc-
ceeded in improving the worst-case asymptotic complexity of the problem. (See
the references [6, 10, 18,19, 23] for implementations and modifications of Yen’s



algorithm.) By contrast, if the graph G is undirected, then one can compute the
k shortest simple paths in time O(k(m + nlogn)) [12,14].

A second problem with similar behavior is the replacement paths problem.
Given a directed graph G with non-negative edge weights, and a pair of nodes
s,t, let P = (e1,eq,...,e,) denote the sequence of edges in a shortest path from
s to t in G. The replacement paths problem is to compute the shortest path
from s to ¢, in each of the graphs G\ ¢;, that is, G with edge e; removed, for i =
1,2,...,p. (Another variant of the replacement paths problem arises when nodes
of the path P are removed one at a time. These two problems have equivalent
computational complexity.) The replacement paths problem is motivated both
by routing applications, in which a new route is needed in response to individual
link failures [8], and by computational mechanism design, in which the Vickrey-
Clarke-Groves scheme is used to elicit true link costs in a distributed but self-
interested communication setting, such as the Internet [21]. In the VCG payment
scheme, the bonus to a link agent e; equals d(s,t; G\ e;) — d(s,t; Gle;=0), where
the former is the replacement path length and the latter is the shortest path
distance from s to ¢ in the graph G with the cost of e; set to zero. Computing all
these payments is equivalent to solving the replacement paths problem for s, .

A naive algorithm for the replacement paths problem runs in O(n(m +
nlogn)) time, executing the single-source shortest path algorithm up to n times,
but no better algorithm is known. By contrast, if G is undirected, then the prob-
lem can be solved in O(m + nlogn) time [11]; that is, roughly one single-source
shortest path computation suffices! (Our FOCS 2001 paper [11] erroneously
claims to work for both directed and undirected graphs; however, there is a
flaw that invalidates the algorithm for directed graphs.) In the case of undirected
graphs, the same bound is also achieved by Nardelli, Proietti, and Widmayer [20],
who solve the most vital node problem with an algorithm that also solves the
replacement paths problem. The work of Nardelli, Proietti, and Widmayer is in
turn based on earlier work by Malik, Mittal and Gupta [17], Ball, Golden, and
Vohra [4] and Bar-Noy, Khuller, and Schieber [5]. All of these algorithms are
restricted to undirected graphs, and again the directed version of the problem
seems to have eluded efficient solutions.

Main results

Our main result is to prove a lower bound on the replacement paths problem
in directed graphs, thereby explaining our lack of success in finding an efficient
algorithm. Our lower bound applies to the path comparison model proposed by
Karger, Koller, and Phillips [13]. In this model, an algorithm learns about short-
est paths by comparing the lengths of two different paths. A path-comparison
based algorithm can perform all the standard operations in unit time, but its
access to edge weights is only through the comparison of two paths. Most of
the known shortest path algorithms, including those of Dijkstra, Bellman-Ford,
Floyd, Spira, Frieze-Grimmet, as well as the hidden paths algorithm of Karger-
Koller-Phillips [13] fit into the path comparison model. On the other hand, the
o(n?) time all-pairs shortest paths algorithms of Fredman [9] does not fit the



path comparison model—it compares sums of weights of edges that do not nec-
essarily form paths. The matrix-multiplication based algorithms by Alon, Galil,
Margalit [1] and Zwick [26,27] also fall outside the path comparison model;
however, these algorithm assume the weights lie in a small integer range.

Despite its obvious appeal and power, we discovered that the path comparison
model also has an unfortunate weakness: adding extra edges to a graph, even
ones that obviously do not affect the solution to the problem being solved, can
invalidate lower bounds. We discuss this limitation in Section 3.2. Because of this
limitation, we must restrict our lower bound to algorithms that do not compare
certain paths that cannot belong to any solution. All presently known algorithms
for the replacement paths problem satisfy this restriction.

We show that the replacement paths problem requires 2(m+/n) time in
the worst case for a directed graph G that has n vertices and m edges, with
m = O(ny/n). (Another way of phrasing the limitation on m is to say that
the lower bound is £2(min(n?,m+/n)).) Our lower bound construction also has
implications for the k simple shortest paths problem. All known algorithms for
this problem compute the best candidate path for each possible branch point off
previously chosen paths. Our lower bound construction can be adapted to show
that computing this best candidate path requires £2(m+/n) time and, therefore,
all k shortest path algorithms of this genre are subject to our lower bound, even
for k = 2. Our construction can be used to establish nontrivial lower bounds on
some related shortest problems as well, such as the replacement paths problem
in which nodes of the s—t path are removed one at a time, and the replace-
ment paths problem with the (length) x (hop count) metric. To the best of our
knowledge, these are the first nontrivial lower bounds for these problems.

2 A Lower Bound Construction

Our main theorem establishes a lower bound on the replacement paths prob-
lem by tying the computation of replacement paths to computing shortest path
distances between pairs of vertices in another graph. We define the following
natural problem:

k-Pairs Shortest Paths Problem: Given a directed graph G, with
non-negative edge weights, and k source-destination pairs (s;,t;), for
t=1,2,...,k, compute the shortest path distance for each pair (s;, ;).
(The sources and destinations need not be unique.)

Our lower bound relates the n pair distances in an instance of the n-pairs shortest
paths problem to the replacement path distances in a “wrapper” graph. We
describe this general construction below.

We start with a directed path P = (v, v1,...,v,), with |Jv;,v;i1]] = 0, for
i=0,1,...,n — 1, where ||v;,v;4+1] is the length (weight) of the edge (vi, vit1).
Set s = vg and t = v, to be the source and destination pair for our replacement
paths problem. Let H be an arbitrary directed graph with n nodes, m edges,
and non-negative edge weights. We choose n source-destination pairs (s;, ;) in



H. Let w be a weight at least as large as the maximum weight of any simple
path in H; we can crudely bound w by n times the largest edge weight in H.
We choose W = 10w. We create edges between the nodes of the path P and the
graph H as follows.

We map the n edges of P bijectively onto the n source-destination pairs
(sj,t;) in H. Suppose the edge (v;,v;+1) € P is mapped to the pair (s;,t;). We
create a directed edge (v;, s;) with

[vi, 55l = (n = HW.
Similarly, we create a directed edge (¢, v;41) with

It vigall = (i +1)W.

Graph H

vo v1 Vi U Un

Path P

Fig. 1. The main lower bound construction.

Figure 1 illustrates the construction. Note that the index of the pair (s;,t;)
plays no roéle in the cost of these edges, but only influences which nodes of the
path P the edges are joined to. We call the entire graph G; it has O(n) vertices
and O(m) edges. Observe that P is the shortest path from s to ¢ in G. The
following lemma states a crucial property of this graph.

Lemma 1. Suppose the edge (v;,v;+1) € P is mapped to the source-destination
pair (sj,t;) in H. Then the shortest path from s to t in the graph G\ (v;, vit+1)
has cost

(TL + l)W + dH(Sj, tj),

where dg(sj,t;) denotes the shortest path distance between s; and t; in the
subgraph H.

Proof. We first note that the replacement path that starts at s, follows P up to
node v;, uses edge (v;, s;), takes the shortest path from s; to t; in H, returns to
v;41 using the edge (¢;,v;41), and finally traces the path P from v;y1 to ¢ has
length

(TL - Z)W + dH(Sj,tj) + (’L + 1)W = (n + 1)W + dH(Sj,tj).



We next show that any other replacement path candidate is longer. Since
the cost of edges connecting a vertex in P to a vertex of H is at least W, which
is substantially larger than any subpath in P or any path in H, an optimal
replacement path makes exactly one trip to H. Let us consider a path that
follows P up to a node v,, for a < i, and then returns to a node vy, for b > i+ 1,
where either a # i or b # i 4+ 1. Supposing a # i, then this path has length at
least (n —a)W + (i + )W > (n+ 2)W. Since W = 10w, it follows that

(n+2)W > (n+ )W +dg(s;,t;)-
Similarly, any path for which b # i + 1 is also longer. This completes the proof.

In order to apply this construction to the replacement paths problem, we need
a lower bound on the k-pairs shortest paths problem. While such a lower bound is
easily derived by modifying the construction of Karger, Koller, and Phillips [13],
a subtle point about the robustness of path comparison lower bounds must be
made.

Definition 1. A path comparison model lower bound for a graph problem is
path addition insensitive if it holds even if the graph is modified by adding edges
and vertices that do not affect the solution to the problem.

Because Lemma 1 shows that computing the replacement paths for the graph
G also computes the n-pairs shortest path distances for H, we have the following
black-box reduction theorem.

Theorem 1. If there is a directed graph H with n nodes, m edges, and n source-
destination pairs (s;,t;) such that any algorithm to compute the shortest path
distances between all the (s;,t;) pairs must take f(n,m) time, and this lower
bound is path addition insensitive, then there is a lower bound of 2(f(n,m))
time for the replacement paths problem on a graph with O(n) nodes and O(m)
edges.

3 The Path Comparison Model and Lower Bounds

We begin with a lower bound on the k-pairs shortest paths problem. Our ar-
gument uses a small modification of the construction of Karger, Koller, and
Phillips [13]. Unfortunately, we then show in Section 3.2 that the Karger-Koller-
Phillips lower bound is not path addition insensitive. As a result, the class of
algorithms to which our lower bound result applies is slightly restricted, though
it still includes all known algorithms for the replacement paths problem.

3.1 A lower bound for the k-pairs shortest paths problem

Our k-pairs shortest paths lower bound is based on the lower bound construction
of Karger, Koller, and Phillips [13]. The graph is a directed tripartite graph, with
vertices 4, Yp, and z., where the indices a, b, c range from 0 to n — 1. The edges



Fig. 2. The lower bound construction of Karger, Koller and Phillips [13]. The edges
whose weights are modified are shown as thick lines.

are of the form (xq,ys) or (s, zc). The construction of [13] is for the all-pairs
shortest paths problem, where the goal is to compute the shortest path distances
d(xg,2), for all 0 < a,¢ < n — 1. See Figure 2 for an illustration. The lower
bound argument depends on the fact that there is a choice of edge weights so
that if the algorithm does not consider some z—z path, say (xq«, yp+, 2ex ), then
an adversary can modify the weights in such a way that

1. The path (x4« yp+, zex ) becomes the shortest path between x,- and 2.+, and
2. The relative order of all the remaining paths remains unchanged.

Thus an algorithm is forced to consider all ©(n?®) paths from z-nodes to z-
nodes, giving a lower bound of £2(n?) path comparisons for the special case of
m = ©(n?). In order to extend this construction to any value of m, we simply
reduce the number of vertices in the middle column to m/n, which gives ©(mn)
triples of the type (zq,ys, 2c). The specific weights used by Karger, Koller, and
Phillips have the following form:

HxaaybH = [la Oa a, 07 b7 07 O]n-‘,—l (1)
||yb7 ZcH = [07 1) 0) c, 07 _ba 0]n+1 (2)
using numbers in base n + 1. That is, [y, ..., ¢o]q is defined as [@y., ..., dola =
Sio ¢;a’. The negative numbers do not cause any problems because the graph
is a directed acyclic graph; they are introduced only to simplify the presentation.

In order to make (x4« , Y+, zc+ ) the new shortest path, the weights of all the edges
(Tax,yp), for b < b*, and the edge (yp+, 2+ ) are reduced as follows:

||xa*7yb||l = [1’ 0, a*, 0, 0, b, b]n+17 for all b < b* (3>
lype, ze+ || = [0, 1, 0, c*, 0, =b*, —nlpi1 (4)

It is now easy to check that using the new weights, the path (xq«, yp«, zc+) be-
comes the shortest path between z,+ and z.+, while all other pairs of paths retain
their relative ordering.

An easy modification of this construction leads to an £2(min(nk, mv/k)) lower
bound for the k-pairs shortest paths problem. We use vk vertices in the first and



the third column, and min(n, m/vk) vertices in the middle column. That is, for
vertices z, and z, the indices range from 0 to [v/k], and, for the y, vertices, the
indices range from 0 to min(n, [m/vk]). Thus, as long as m = O(nvk), then
the total number of vertices in the graph is O(n), the number of edges is O(m),
and there are £2(mv/k) triples of the form (x4, yp, 2¢). A path-comparison based
algorithm must examine all the triples to compute all x,, z. distances correctly.

Theorem 2. For any n, k, and m, with 1 < k < n? and m = O(n\k), there
exists a directed graph H with n nodes, m non-negatively weighted edges, and k
source-destination pairs (s;,t;) such that any path-comparison based algorithm
must spend Q(m\/E) time computing the shortest path distances for the k pairs

(84,13).

3.2 Limitations of path-comparison lower bounds

The path comparison lower bound of Karger et al. [13] is the only nontrivial
lower bound known for the all-pairs shortest paths problem. Since most shortest
path algorithms fit into the path comparison model, such a lower bound has
considerable intellectual value. Unfortunately, the lower bound is weaker than it
appears at first glance. In particular, adding extra nodes and edges to the graph,
even ones that clearly have no effect on the shortest paths under investigation,
may invalidate the lower bound argument. The argument in [13] rests on the fact
that any three-vertex path (xq«,yp+, z.+) can be made the shortest path linking
T+ 10 ze» without affecting the relative order of the other paths. We show below
that this crucial property is invalidated by the addition of some superfluous
nodes and edges, which otherwise have no effect on the shortest path problem.

Consider the strongly-connected graph H’ obtained from the directed acyclic
graph H of Figure 2 by connecting the third column of vertices back to the first
column by two fans of zero-weight edges and a single looping-back edge with
weight W, where W is ten times the weight of the heaviest path in H. See
Figure 3. Then for any pair (z,, 2.), the shortest path joining them is identical

NGRS SEAXS
PR

Fig. 3. The lower bound breaks down when we add a useless loop.



to the shortest path in the original graph H. Furthermore, it is far from obvious
how the existence of the additional edges in H’ might make it easier to find
the shortest path for any (z,, z.). Nevertheless, the additional edges invalidate
Karger, Koller, and Phillips’s lower bound by creating paths whose relative order
does change when the graph is re-weighted to make (z4«,yp+, zc+) the shortest
path from x,« to z.«. For example, suppose 3 < b* < n—2 and a* # 0. Consider
the following two paths:

T = (ma*7y3a 20y .- 100p - L0y Yn—2, Zl)

T = (xa* ;Y0520 - - - 100p <oy L0y Yn—1, Zl)
In the unmodified graph, we have ||71|| > ||m2]|, because the path weights are

[mi) =1[2, 2, a*, 1, n+1, —(n+1), Opy1 + W
||7T2|| = [27 27 CL*, 1a nflv 7(77’71)’ 0}n+1+W

After the edge weights are modified to make (xq+,ypr, zc+) the shortest path
from x4+ to z.~, the two path weights become

]l =2, 2, a*, 1, n—2, —(n—2), 3]ps1 + W
||7T2|| = [27 27 a'*a 1a n_17 _(n_ 1)a 0]n+1 +W

and now we have |71 || < ||m2]|. Thus, the relative order of || || and ||73|| changes
when the weights are modified, even though neither 7, nor mo contains either
edge (g, Yp+) or (Yp=, 2e+ ). Thus, the lower bound of Karger, Koller, and Phillips
is not path addition insensitive.

Another potential weakness of the path comparison model is that it allows
any two paths to be compared at unit cost, without regard to the number of
edges in the paths; that is, the computation is assumed to be free. But just
as the unbounded word-size RAM model can be (theoretically) abused to sort
numbers in O(n) time by arithmetic on long numbers [15, 22], path comparison
lower bounds can be invalidated by the creation of long paths, which may en-
code all relevant paths as subpaths. In response to these shortcomings of the
path comparison model, we limit the scope of our lower bound somewhat in the
following section.

4 A Lower Bound on the Replacement Paths Problem

We now return to the replacement paths lower bound. We will use the construc-
tion described above, with &k = n, as the subgraph H. If the Karger-Koller-
Phillips construction were path addition insensitive, this would immediately
give an 2(m+/n) lower bound on the replacement paths problem, by Theo-
rem 1. However, because the k-pairs lower bound is not path addition insen-
sitive, we must show that when the weights are modified to make a particular
triple (g« , Yp=, ze+ ) the shortest path between x4+ and z.«, then all relevant path
orders are preserved. Since the graph H is supplemented with the path P and



the edges connecting P and H, many new paths are introduced in the graph G
whose orders are not considered in the lower bound argument of Section 3.1. In
fact, if paths visit H more than once, then path orders may not be preserved,
as in the example of Section 3.2.

Definition 2. Given a path @ from s to t, a detour is any subpath of © that
begins and ends on P but contains no edges of P.

We focus on algorithms that examine paths with at most one detour. This is
reasonable, because of the following fact.

Lemma 2. Given a directed graph G, and an instance of the replacement paths

problem with s—t shortest path P = (e1, e, ..., ep), suppose P; is the replacement
path when e; is deleted, fori=1,2,...,p. Then P; cannot have more than one
detour.

Proof. A detour that leaves P at some node x and returns to P on the subpath
between s and x creates a cycle and can be shortened. (Recall that edges of
G have non-negative costs.) If a path has two forward-going detours, at most
one of them bypasses e; the other one can be shortcut by following P. That is,
by subpath optimality, the subpath of P connecting the detour endpoints is no
longer than the detour.

Definition 3. A single-detour path-comparison based algorithm for the replace-
ment paths problem considers only subpaths of paths with at most one detour.

All the algorithms for the replacement paths problem that we know are single-
detour algorithms. This is because, as Lemma 2 shows, a multiple-detour path
is guaranteed not to be (a subpath of) a shortest replacement path for any edge
on P. More generally, all the shortest path algorithms that we know exploit local
optimality: suppose m; and 75 are two paths between u and v, the algorithm has
determined that ||71|| < |72, and both paths satisfy any other criteria imposed
by the problem. Then any path the algorithm later constructs that includes a u—
v subpath will not use ms. Our focus on single-detour paths essentially disallows
such fruitless comparisons.

Lemma 3. Consider a single-detour path-comparison based algorithm that solves
the replacement paths problem for the directed graph G, and suppose the algo-
rithm does not consider a triple (xqx, Yo+, 2+ ) in the subgraph H. If we modify
the weights of some of the edges of the subgraph H as in Eqs. 3 and 4, then this
triple becomes a subpath of some replacement path, and all other subpaths of G
considered by the algorithm maintain their relative order.

Proof. Each path can be divided into three parts: edges of P, edges of H, and
edges connecting P and H. The weight from edges of P is zero; the weight from
edges of H is at most w = W/10; and the total weight of the connector edges is
some multiple of W. (The bound on the weight of the H edges follows because
the algorithm examines only single-detour paths.) If the two paths have different



weights from their connector edges, then their relative order is determined by
these edges only—the modification to H changes any path length by less than
w = W/10. If the two paths have equal connector edge weights, then their
relative order is determined by the edges of H they contain, and the Karger-
Koller-Phillips argument shows that their relative order is unchanged (since H
is visited at most once by a single-detour path).

Combining the results of Theorem 2 and Lemma 3, we get our main result.

Theorem 3. For any n and m, with m = O(n+/n), there exists a directed graph
G with n nodes, m non-negatively weighted edges, and two specified vertices s
and t such that any single-detour path-comparison based algorithm that solves
the replacement paths problem for s,t in G must spend 2(m+/n) time.

Our lower bound applies to the node version of the replacement paths prob-
lem as well: we can convert our lower bound construction into a node-based
problem by adding an extra node in the middle of each edge of P. Finding re-
placement paths for these nodes would solve our edge replacement problem, and
hence both problems are subject to the same lower bound.

5 Upper Bounds

The best upper bound known for the replacement paths problem is O(n(m +
nlogn)). Thus, there remains a substantial gap between our lower bound and the
upper bounds. However, for the specific problem instances constructed for our
lower bounds, we can solve the n-pairs shortest paths subproblem in O(y/n(m +
nlogn)) time—we run a single-source shortest path algorithm from each x, node.
Once all the O(n) x—= distances in the subgraph H have been computed, we show
that the replacement paths (for the shortest path metric) can be computed in
additional O(ny/nlogn) time.

We present our upper bound for a slight generalization of the lower bound
construction. Suppose that every detour from the path P passes through at least
one of a set of O(y/n) pre-specified gateway vertices not on P. We compute the
distances from each gateway to all the vertices of P in the graph G\ P, that is,
using only paths disjoint from P until they reach P. Likewise, we compute the
distances from all the vertices of P to the gateways, using paths in G\ P. (This is
done by finding shortest paths from the gateways in a graph obtained from G\ P
by reversing all the edges.) These path computations take O(y/n(m + nlogn))
time. In additional O(n+/n) time, we can compute, for each gateway g and each
edge e € P, the length of the shortest path from s to g that leaves P before
e, and the length of the shortest path from ¢ to ¢ that first touches P after e.
The sum of these distances is the length of the shortest replacement path for e
that passes through g. Minimizing over all gateways g gives the overall shortest
replacement path for e. (If the graph also happens to have some single-edge
detours, which necessarily do not pass through any gateway, we can find the
shortest replacement paths that use these single-edge detours in O(m + nlogn)
time [11].)



6 Related Problems and Concluding Remarks

We have shown that the replacement paths problem in a directed graph with
m = O(ny/n) edges has a lower bound of £2(m+/n) for any single-detour path-
comparison based algorithm. Our construction can be used to establish nontrivial
lower bounds on some related shortest problems as well, such as the k shortest
paths, replacement paths with (length) x (hop count) metric, and replacement
shortest path trees. We discuss the k shortest paths problem briefly.

The best algorithm for k simple shortest paths in a directed graph dates
back to Yen [24]. The worst-case complexity of his algorithm, using modern
data structures, is O(kn(m + nlogn)). In essence, his algorithm performs ©(n)
single-source shortest path computations for each of the k shortest paths. By
contrast, the undirected version of the same problem can be solved in time
O(k(m + nlogn)) [12,14]. The underlying idea of Yen’s algorithm, as well as
those of Lawler [16], Katoh, Ibaraki, and Mine [14], and the various heuristic
improvements to Yen’s algorithm [6, 10, 12,18, 19, 23] is the following simple ob-
servation: the ith shortest path must differ from each of the first (i — 1) shortest
paths in at least one edge. Thus, these algorithms generate new candidate paths
by computing the shortest candidate paths for each possible branch point off
previously chosen paths. The lower bound construction of our paper implies an
£2(m+/n) lower bound for this computation even if k = 2.

With minor modifications in the construction, we can show an §2(m+/n) lower
bound for the replacement paths problem with the (length) x (hop count) metric,
and an £2(nm) lower bound for the replacement shortest path trees problem. The
(length) x (hop count) metric has potential applications in frugal path mecha-
nisms [2, 3], and the replacement shortest path tree is a natural generalization
of the replacement shortest path. Due to limited space, we omit further details.

Finally, a worthwhile distinction to make is between directed acyclic graphs
(DAGs) and general directed graphs. The lower bound of Karger, Koller, and
Phillips [13] holds even for DAGs. On the other hand, both the replacement
paths problem and the k shortest paths problems can be solved much more
efficiently for DAGs. In particular, our undirected graph algorithms work for
DAGs, so the replacement paths problem can be solved in O(m + nlogn) time
for DAGs [11]; the k shortest paths problem can be solved in O(k +m +nlogn)
time by a method not based on replacement paths [7].
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