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Abstract. Symbolic model cheders use BDDs to rep-
resent arithmetic constraints over bounded integer vari-
ables. The size of such BDDs can be exponertial in
the number and size (in bits) of the integer variables
in the worst case.In this paper we shov how to con-
struct linear-sized BDDs for linear integer arithmetic
constraints. We presert basic constructions for atomic
equality and inequality constraints and extend them to
handle arbitrary linear arithmetic formulas. We alsopre-
sen three alternative ways of handling out-of-bounds
transitions, and discussmultiple bounds on integer vari-
ables.We experimentally compareour approacd to other
BDD-based symbolic model cheders and demonstrate
that the algorithms preserted in this paper can be used
to improve their performancesigni cantly.

1 Intro duction

Performance of a symbolic model chedker depends on
the e ciency of the algorithms for the BDD construc-
tion and the sizes of the generated BDD represena-
tions. In this paper we addressboth theseissuesfor lin-
ear arithmetic constraints on bounded integer variables.
BDD-based model cheders represen bounded integer
variables by mapping them to a set of Boolean vari-
ables using a binary encaling. Our experiments show
that the state of the art BDD-based model chedkers [3,
1,2,16,12] useine cien t algorithms for BDD construc-
tion from linear arithmetic constraints and fail to gen-
erate compact BDD represerttations for them. Handling
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The preliminary results from this paper were presented in the
9th International Conference on Tools and Algorithms for the Con-
struction and Analysis of Systems (TACAS 2003) [6].

Constrain ts

linear arithmetic constraints e cien tly is an important
problem since such constraints are common in reactive
systemspeci cations. For example, the distribution les
for the BDD-based model chedker NuSMV [2,12] contain
speci cations with linear arithmetic constraints, how-
ever, the verication time for these speci cations for
NuSMV doesnot scalewhen the boundson integer vari-
ables are increased.The algorithms and complexity re-
sults preserted in this paper demonstrate that this inef-
ciency is not inherent to the BDD data structure and
can be avoided.

We presert algorithms for constructing e cien t BDD
represemgtions from atomic arithmetic constraints of
the form }’:1 a Xj # ap,where# 2f=;6;>, ; ;<g.
We show that the size of the resulting BDD is linear in
the number of variables and the number of bits usedto
encade ead variable. We also show that the time com-
plexity of the construction algorithm is the same. We
alsogive boundsfor BDDs for linear arithmetic formulas
which can be obtained by combining atomic arithmetic
constraints with boolean connectives. We show that the
resulting BDDs for linear arithmetic formulas are still
linear in the number of variables and the number of bits
usedto encade ead variable.

We extendthe construction algorithms to handletran-
sitions which can take the bounded integer variables
out-of-bounds. We presert three di erent approadcesfor
handling out-of-bounds transitions and show that all of
them presene the complexity results. We alsogeneralize
the construction algorithms to multiple bounds on inte-
ger variables. We show that aslong asall the boundsare
powers of two the complexity results are presened. One
interesting result is that multiple bounds which are not
powers of two causethe BDD sizeto be exponertial in
the number of variablesin the worst case.

The rest of the paper is organizedas follows. In sec-
tion 1.1 we discussthe related work. In sections2 and
3 we give the BDD construction algorithm for atomic



2 Constantinos Bartzis, Tev k Bultan: E cien t BDDs for Bounded Arithmetic Constraints

equality and inequality constraints respectively and prove
its time and spacecomplexity. In section4 we generalize
our results for arbitrary linear arithmetic formulas con-
sisting of atomic constraints and booleanconnectives.In

sections5, 6 and 7 we discussmodi cations to the ba-
sic construction algorithm in order to handle constraints

that involve integer multiplication, transitions that re-
sult in out-of-boundserrors and the presenceof multiple

bounds on integer variables, respectively. Finally, in sec-
tion 8 we presert experimental results that demonstrate
the advantagesof our approac.

1.1 Related Work

The problem of ine cien t BDD represenation of arith-
metic constraints in symbolic model cheders has been
pointed out in [11,20]. In [11], the problem for SMV is
handled by writing a preprocessorand xing the BDD
variable order. However, as we show in this paper, this
extra step is not necessarysince e cien t BDDs can be
directly constructed from a set of linear arithmetic con-
straints. In [20], the problem is solved only for con-
straints of the form x + y = z, where x, y and z can
be variables or constarts. Even though such constraints
arisevery often in practice, our algorithms are more gen-
eral without sacri cing e ciency .

Multi-terminal BDDs (MTBDDs) [13]or Arithmetic
DecisionDiagrams (ADDs) [18] are structures similar to
BDDs but with multiple terminal nodesand are usedto
represen functions with integer ranges.Given an equa-
tion or inequation, onecan rst construct ADDs for the
right and left hand side of the (in)equation and then
transform them to a BDD by matching terminal nodes.
It is known that ADDs are very inecien t for repre-
serting functions with large ranges.In fact, this is the
method used in NuSMV and our experiments demon-
strate its ine ciency .

Binary Moment Diagrams (BMDs) [9] and Hybrid
Decision Diagrams (HDDs) [14] are data structures de-
signed to represen arithmetic expressionsand handle
arithmetic operationsin word-level veri cation wherean
array of binary bits can be referred as an integer vari-
able. Thesedata structures canalsobe usedto construct
linear-sizedBDDs from linear arithmetic constraints. How-
ever, in this paper, we show that onecan construct linear-
sized BDDs from linear arithmetic constraints directly,
without using these data structures. Hence, the algo-
rithms we present can be easily integrated to a BDD-
basedmodel chedker.

The problem of constructing Finite State Automata
to represert linear arithmetic constraints on unbounded
integer variables has been studied in [7,19,5]. We use
similar ideasto construct BDDs for constraints on bounded
variables. In fact, BDDs can be seenas Finite State Au-
tomata with a binary alphabet, whose only accepting
state is the terminal node 1.

Pl
BDD construction algorithm for equations & Xi = ap
i=1

on b-bit variables

1 Procedure: node(i; j; c)
/IConstructs a node in level i of layer j with label ¢
2 BDDnoden

3 nindex :=j v+i
4 if i=vandj=b 1)
5 if (c=0)nilow:=1
6 elsen:low := 0
7 if (c+ ay = 0)n:high:=1
8 elsen:high:= 0
9 elseif (i = v)
10 if (cis even) n:low := node(1;j + 1;c=2)
11 elsen:low:= 0
12 if (c+ ay is even)
n:high := node(1;j + 1;(c+ ay)=2)
13 elsen:high=10
14 else
15 n:low := node(i + 1;j; ¢)
16 n:high = node(i + 1;j; c+ ay)

17 return n

18 Main: return node(1;0; ao)

Fig. 1. BDD construction algorithm for equations

2 Atomic equalit y constrain ts

In this sectionwe discussconstruction of BDDs for atomic
equality constraints on boundedinteger variables. Given
a set of v integer variables x;; 1 i v such that

0 x; < 2° and a linear equation of the form

we construct a BDD with v b booleanvariablesx; ;1
i v;0 | < bwhichewluatesto 1i

X K1
a (X
i=1 j=0

2) = ap:

In other words the BDD variables x;; represert the bi-
nary digits of the integer variables and the BDD eval-
uateslgoblli the equation is satis ed by the valuation
Xi = oo Xij 2 forl i v .Weshow that sudc
aBDD hasO(v b }’:1 jaij) nodes,i.e. the size of the
BDD is linear in the number of boolean variables. Note
that in general the size of a BDD can be exponertial
in the number of boolean variables and experimental re-
sults show that state of the art model cheders produce
exponertially large BDDs.

The construction algorithm is givenin Figure 1. The
constructed BDD consists of b layers of v levels ead.
The jy, layer correspondsto the jy, least signi cant bit
of ead integer variable and the iy, level in a layer cor-
responds to the iy integer variable. Every node in a
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Fig. 2. Layer of aBDD for 2x 3y=1

Fig. 3. BDD for 2x

3y = 1 for 4-bit variables

Ievellj's labeled with an integer ¢ between P }’:O jaij
and }’:0 jaij. In particular, the label of a node in the
15 level of the jy, layer corresponds to a value of the
carry cresulting from the computation of the expression

X X1

a (x5 2") ap;

i=1 n=0
wherex;; sarethe valuesof the BDD variablesalongone
of the paths from the root to that node. Furthermore,
the label of a node in g1e kin level,2  k v, ofthejn
layer is the value ¢ + :‘:11 a Xij , wherex;; s are the
valuesof the BDD variables along one of the paths from
the node in the 14 level of the jy layer with label ¢ to
that node.

As an exampleconsiderthe linear equation2x 3y =
1,wherex andy are4 bits long. Figure 2 showsthe struc-
ture of a completeintermediate layer (inside the dashed
rectangle) of the corresponding BDD. The nodesoutside
the rectangle comprisethe rst level of the next layer.

The complete BDD is shown in Figure 3. For all Figures,
edgesnot shown point to 0 terminal node. Note that the
BDDs constructed by the algorithms in this paper are
not necessarilyreduced. Standard BDD reduction needs
to be applied after the construction.

Theorem 1. The algorithm givenin Filgure 1 constructs
a BDD representingthe linear equation }’:1 a Xi = ap
on b-bit non-negative integer variables. The time com-
plexity of tklge algorithm and the sizeof the resulting BDD
isO(v b jaj).

Proof. For the purposesof the proof we can think of a
BDD asa hit-serial processoras described in [8]. Such a
processorcomputesa Booleanfunction by examining the
argumerts Xp; X»; and soon in order, producing output
0 or 1 after the last bit hasbeenread. It requiresinternal
storageto store enoughinformation about the argumerts
it has already seento correctly deducethe value of the
function from the values of the remaining argumerts.
Trivially it can store all the values of the argumerts it
hasalready seenby using exponertially large storage.In
our casewe can show that linear storageis needed.The
sizeof the storageconsumedby the processortranslates
to the number of nodesin the BDD.

The ordering of the boolean variables x;; is lexico-
graphical primarily onj and secondarilyon i or equiv-
alently the index of variable x;; isj v+ i. The index
of the root is 1. One can easily verify that any inter-
nal node with index index points to a node with index
index + 1, exceptfor the nodeswith index b v that point
to the terminal nodes.Thusthe constructed BDD is con-
sistert with the ordering mentioned above. The bit-serial
processorcorresponding to the BDD rst processeghe
least signi cant bit of the integer variables x1; X2; ::2; Xy
in this order, then it processeghe secondleast signi -
cant bits and so on. Inpthe end the processorneedsto

iéerify wheII_.her or not }’:1 a; Xj = ap or equivalertly
b 1

ima ( joxy 2)=aor
L D
ao+ 2 ( a x;)=0 6y
j=0 i=1

To accomplishthis the processorgradually computesthe
left hand side of equation (1) bit by bit and compares
it against zero. If at any point the comparison fails it
immediately ewaluates to 0, otherwise it continues. It
starts with an initial value of ag and then gradually
addsto it a; Xjo asit readsthe valuesof Xﬁ,-o up to Xy:o0
and stores the intermediate result ag + ::1 a Xo
every time. Note that the value stored is shovn as the
label of each BDD node in the Figures. At the end of
processingayer 0, if the result is an odd number (i.e, the
resulting bit is 1) the processon’mmeq;ately evajuatesto
0, sincewhat remainsto add, namely ]-bzll 2( L a

Xij ), isanevennumber, therefore,the nal result cannot
be zero. Otherwise, the intermediate result at this point
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divided by two is equal to the remaining carry c, i.e.
c=( a+ ;’:1 a Xi0)=2. The value of the carry is
the only pieceof information that needsto be stored at
this point. If we divide both sidesof equation (1) by 2
we will get:

X1 XV
ct 21 ( & x;)=0 )
j=1 i=1

Now the processorneedsto verify equation (2) and this
task is similar to the initial one,sothe processorcortin-
uesto operate in a similar manner. In the end, in order
for the nal result to be 0 the nal carry hasto be also
0. In that casethe processorevaluatesto 1, otherwiseit
evaluates to 0. This concludesthe proof of correctness
of our construction algorithm.

For the proof of termination and complexity, the fun-
damertal question that needsto be answered is how
many di erent intermediate results needto be stored at
any point during the operation of the bit-serial processor
or in other words how many BDD nodesare there at any
level. The number of nodes at any level is bounded by
the sizeof the range de ned by the least and the great-
est label in that level. If the labels of the nodesat level
j v+ 1belongto arangeof sizeny;, thenlevelj v+ 2
has at most n; = ny; + jaij nodes,levelj v+ 3 has
at most nz;j = ny; + jaij+ japj nodesand soon. Finally
levelj y+ v+ 1= (j+1) v+ 1lhasat mostngj+ =
(nyy + \|:=1 jakj)=2 nodes becausethat many are the
di erent values of the carry that needto be stored, as
described earlier. Initially ni.o= 1 ang_,by induction one
can prove that no ny; is larger th@ ‘,::l jakj. Now it

is clear that all ny; are at moEt_ ‘,2:1 jakj + jaaj and
in general nj; vojaki+ 4ot ja. In total, the
number of nodesin layer j is at most
nijg = Jaj v i) @)
i=1 i=1

There are b Iayer§3so the total number of nqglesin the
BDD isat mostb ., jajj (2v i)orO(v b [ jaj),
i.e. the size of the constructed BDD is linear on both v
and b. Each node is created onceif we store ead of them
in a hashtable indexedby i; j and c and the creation of a
node requiresa xed amourg of work, sothe complexity
of our algorithm is O(v b~ _; jaj).

The bound on the number of nodes in any layer
shown in equation 3 leadsus to another interesting con-
clusion.The size of the constructed BDD is minimized
if the integer variables are ordered in increasing order
of the absolute values of their coe cien ts. For example,
considerthe BDD for the equation 2x 3y = 1, a layer
of which is shawn in Figure 2. If we changethe ordering
of the variables sothat y; appearsbefore x;, ead layer
will have one more node as shawn in Figure 4.

Fig. 4. Layer of a BDD for 2x
y is reversed

3y = 1, when the order of x and

I.V
BDD construction algorithm for inequations  a;
i=1

Xi < ag
on b-bit variables
1 Procedure: node(; j; c)

/IConstructs a node in level i of layer j with label ¢
2 BDDnoden

3 nindex :=j v+i
4 if i=vandj=b 1)
5 if (c< 0)nilow:=1
6 elsen:low:= 0
7 if (c+ ay < 0)nhigh:=1
8 elsen:high := 0
9 elseif (i = v)
10 if (cis even) n:low := node(1;j + 1;c=2)
11 elsen:low := node(1;j + 1;(c 1)=2
12 if (c+ ay is even)
n:high := node(1;j + 1;(c+ ay)=2)
13 elsen:high = node(1;j + 1;(c+ ay, 1)=2)
14  else
15 n:low := node(i + 1;j; ¢)
16 n:high = node(i + 1;j; c+ ay)

17 return n

18 Main: return node(1;0; ao)

Fig. 5. BDD construction algorithm for inequations

3 Atomic inequalit y constrain ts

Next, we shov how to construct BDDs for inequations
of the form

N
a xi<a; 0 x <2

i=1
Note that we can transform all other kinds of linear in-

equations( ;>; ) to this form by changingthe signsof
the coe cien ts and/or adding 1 to the constart term ag.
The algorithm is similar to the one for equationsand is
shown in Figure 5. There are only two di erences. First,

after having processedan equal number of bits from all

integer variables (lines 9-13 of the algorithm) we do not
require the resulting bit to be 0. The bit-serial proces-
sor only computes the correct value of the remaining
carry and proceedsto the next level. Second,in order
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Fig. 6. Layer of aBDD for 2x 3y < 1

Fig. 7. BDD for 2x

3y < 1 for 4-bit variables

for the inequality to hold after all bits have been pro-
cessed(lines 4-8 of the algorithm), the remaining carry
has to be negative. Obviously, these two modi cations
do not changethe bound on t[be number of nodesin the
BDD, which is again O(v b }':1 jaij). This provesthe
following theorem.

Theorem 2. The algorithm givenin FiguﬁeS constructs
a BDD representingthe linear inequation }’:1 a X<
ap on b-bit non-negativeinteger variables. The time com-
plexity of trige algorithm and the size of the resulting BDD
isO(v b jaj).

As an example consider the linear inequation 2x
3y < 1, where x and y are 4 bits long. Figures 6 and
7 show the structure of an intermediate layer and the
complete BDD before being reduced.

4 Linear arithmetic form ulas

In symbolic model cheking BDDs are subjected to op-
erations such as intersection, union, negation, etc. as

well as subsumption and equivalencetests. The time and
spacecomplexity of theseoperations dependson the size
of the operands.The complexity of negationis O(1), asit
involvesonly swapping the terminal nodes0 and 1, but
the complexity of intersection and union, which are fre-
quertly used operations in symbolic model cheding, is
O(n1 ny), wheren; and n; arethe sizesof the operands.

Supposethat one performs an intersection or union

gperation on two BDRBs represerting the constraints

i aipXi = a and i bpxi = by whosesizesare
O(v b [ jaj)andO(v b = ., jbj) respectively, as
proved earlier. One W?_uld expecbthe sizeof the resulting
BDD to beO(v? ¥ = ', jaij |-, jbj). Actually this
is a pessimisticestimation. The resulting BDD will have
againv blayers, corresponding to a bit-serial processor
that examinesead of the x;; s oneby oneasbefore.The
only di erence is that now it needsto rememnber the in-
termediate rq§ults from ppth BDDs and thus every layer
will have Of i, jaijp i, jbj) nodesand there will
beO(v b [, jaj . ibj) nodesin total. Clearly
the sameargument holds for more than two linear con-
straints, which provesthe following Theorem.

Theorem 3. Given a linear arithmetic formula on b-
bit non-negative integelpvariables consisting 0{-_;1 atomic
constraints of the form = [_, aij xj = agy or ., aj

Xj < agj,1 j nandhboolean cqgnectiyes: Ny, one
can construct a BDD of sizeO(v b ™ _ }’:Pjai;j j) rep-
resentingthe formula in time O(v b j”:1 }':1 jaij j).

The conclusion is that when basic operations are per-
formed by a model chedker on BDDs represeting linear
arithmetic constraints on bounded integers, the size of
intermediate BDD represenations remains linear in the

number and size of the integer variables, i.e. the space
and time complexity of operations doesnot blow up with

respect to thesetwo parameters. This is very important

since such \blow ups" are a common drawback of BDD

basedmodel cheding.

It is known that satis abilit y chedking for BDDs can
be performed in constart time. Given an instance of In-
teger Programming concerningthe satis abilit y of a con-
junction of n linear constraints on v b-bit integer vari-
ables,onecansolvethe problemin the following manner.
First construct a BDD for those constr@ints Igy using our
construction algorithm in time O(v b ~ ', ~ ; jay; J)-
Then ched for satis abilit y in constart time. Hence,
such instances of Integer Programming are solvable in
time polynomial in v, b and max(ja;; j) but exponertial
in n. Note that Integer Programming is NP-complete in
the strong senseeven if b = 1 [15], which implies that
there is no algorithm which is polynomial in v, band n,
unlessP=NP . On the other hand, in [17]it is shonn that
if nis xed, then a pseudo-mplynomial algorithm exists.
Our complexity results serve as an alternativ e proof for
the samefact.
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5 Handling multiplication

An inherently unavoidable shortcoming of BDDs is their
inability to e cien tly represert arithmetic constraints
involving multiplication betweenvariables. In [8] it has
been proven that the size of such BDDs has a lower
bound exponertial on b, the sizeof the integer variables,
regardlessof the variable ordering.

The good newsis that, by choosing the variable or-
dering we de ned earlier and by slightly modifying our
construction algorithm one can accommalate multipli-
cation and keepthe size of the produced BDD exponen-
tial only in band the number of integer variablesinvolved
in multiplications which is in many casedessthan v, the
total number of integer variables.

The idea supporting this argumert is the following.
Supposewe want to construct a BDD for an arithmetic
formula on v = m + | integer variables, in which only
m variables are multiplied with other variables in the
formula (which we will call m-variables) and the rest |
variables (which we will call |-variables) are only mul-
tiplied with constants, forming the \linear part" of the
formula. In the worst case,the bit-serial processorcor-
responding to the BDD will needto remenber the exact
values of the m variables and the intermediate results
c of the computation of the \linear part”, as described
earlier. The number of levels remainsthe samev b. At
any level, when an m-variable is processedall nodesare
doubled in the next level, thus remenbering the new
bit of the m-variable and the various cs are propagated
properly. When an I-variable is processed,the proces-
sor behavesexactly asin the linear case.The number of
nodesis doubled m b times and gpnsequetiy the size
of the BDD will be O(2™P | b ', jaij). Of course
this is still an exponertial bound but neverthelessindi-
cates a complexity that is exponertially dependernt on
m and not v. In many practical casesif m is non-zero
it is at least much lessthan v. Note that by choosing a
di erent variable ordering one can end up with BDDs of
exponertial sizein both band v.

6 Handling overo ws

When constructing BDDs to represen the transition re-
lation of a system, special care is neededin order to
handle possibleover o ws. For example, considera tran-
sition labeled by x° = x + 1, where x is the current
state variable and x° is the next state variable. They are
both 2-bit non-negative integersranging between0 and
3. When x = 3 and the transition is taken, what is an
appropriate value of x in the next state, sinceit cannot
be 4? We considerthree alternativ es:

1. The transition cannot betaken,i.e., there is no next
state.

2. Modular arithmetic is performed and x = 0 in the
next state.

Fig. 8. Alternativ e ways to handle over o ws

3. An \Out of bounds" error is detected and reported.

BDD construction for the transition relation dependson
the choice of one of these three alternativ e approaces.
For our example,an intermediate layer and the complete
BDDs for all three approaches are showvn in Figure 8.
The construction algorithm described earlier follows the
rst approach.

The di erence betweenthe three approadesis in the
edgesgenerated by lines 4-8 of the construction algo-
rithm in Figure 1, which correspond to the casewhere
the b least signi cant bits of the variables (in our exam-
ple b= 2) satisfy the equation but there is a remaining
non-zero carry indicating an over ow. Figure 9 shows
the modi cations to the algorithm for ead of the three
approaches. The rst approach points all such edgesto
the 0 terminal node, thus making the BDD evaluate to
0 whenewer an over ow occurs. The second approach
points all such edgesto 1, thus ignoring over o ws and
performing modular arithmetic. The third approadc is a
bit more involved. There is an extra global booleanvari-
able error in the end of the variable ordering. All edges
that indicate an over ow point to a node with the index
of error® and low = 0 and high = 1. Initially error is
false. When an over ow occurs, error will becometrue
in the next state. Note that for all three approachesThe-
orems1, 2, and 3 still hold. The three alternative BDDs
shown in Figure 8 correspond to the following constraints
respectively:
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1. Ignoring overo ws

4if (i=vandj=b 1)

5 if (c=0)nlow:=1

6 elsen:low:= 0

7 if (c+ay =0)nhigh:=1
8 elsen:high:= 0

2. Mo dular Arithmetic

4if i=vandj=b 1)
5 if (cis even) nilow:= 1

6 elsen:low:= 0
7 if (c+ ay iseven) nthigh:= 1
8 elsen:high := 0
3. Detecting Overo ws
4if i=vandj=b 1)

5 if (c=0)nlow:=1
elseif (cis even) n:low = errornode

6 elsen:low:= 0
7 if (c+ay =0)nhigh:=1

elseif (c+ ay is even) n:high = errornode
8 elsen:high:= 0

Fig. 9. Modi cations of the BDD construction algorithm in order
to handle over o ws

1. x< 4~ x%=x+1
2. x%= (x+ 1) mod 4
3. x%= (x+ 1)mod 4~ ((x+ 1)> 3) error®= true)

In all versionsof SMV [3,1,2] out-of-bounds errors
are cheded statically. This meansthat evenout-of-bound
transitions which are not reachable, are reported as out-
of-boundserrors. By using alternativ e 3 preserted above
one can ched if an out-of-bounds error is reacable
and report an out-of-bounds error only when an
out-of-boundserror occurson someexecution path. One
can alsoimplemernt the static out-of-bounds error chedk
usedin SMV by reporting a potential out-of-bounds er-
ror if a node with the index of the boolean variable
error® appearsin the transition relation BDD.

7 Handling multiple bounds on variables

Sofar we have studied the construction of BDDs for lin-
ear arithmetic constraints on v integer variables x;; 1

i vsudthat 0 x; < 2° i.e.all variables were non-
negative and bounded by the same power of two. Now
considerthe casewhereead variable x; hasits own gen-
eral boundsl; x; < hj, wherel; and h; are (possibly
negative) integer constarts. As a rst step we can elim-
inate the lower bounds by replacing every variable x; in
every constraint by thq;variable Xi =X lj. Now any
constraint of the form }’:1 ai Xi # ag, where# 2 f=

E cien t BDDs for Bounded Arithmetic Constraints 7

Fig. 10. Bounds information for 0 x< 1l1and 0 y< 13

P, v
;6,> ; ;<g,becomes [_; a X;# ag iz ai |

and 0 Xi < hy | = di. Now the lower bound of
all variablesis again 0 asit was initially but the upper
bounds are di erent and not necessarilypowers of two.

how to construct BDDs for equa-
I, a X = ap, where0 Xx; < d
for1 i v. The construction of BDDs for inequations
is similar. Sincethere are extra constraints 0 x; < d
that haveto be satis ed in order for the BDD to evaluate
to 1, extra information hasto be\stored" in the nodes:
the valid range for the part of every variable that has
not yet been processedSincethe lower bound for every
variable is 0, only the upper bound needsto be stored.
At the root node, the upper bound for ead variable Xx;
is d;. After the leastsigni cant bit x;. ¢ of variable x; has
been processedthe upper bound for the rest of x; (i.e.
the value of x; with the least signi cant bit removed)
becomesd(di x;.¢)=2e. In general,if the upper bound u
for x; at anoden in level i of layerj is d, then at n:low
u = dd=2eandat n:highu= d(d 1)=2e. As an example,
considerthe equation 2x 3y = 1, where0 x < 11
and 0 y < 13. Figure 10 shows the bounds informa-
tion for x and y asdescribed earlier. Figure 11 shaws the
complete BDD for the equation.

Here we will s
tions of the form

We can prove that at any level there are at most
two di erent upper bounds, which di er by one,for eath
variable. Initially , there is only one bound for eac vari-
able. If at some level the two dierent upper bounds
for a variable are d and d + 1, then in the next layer
those bounds will becomed(d 1)=2e and d(d + 1)=2e.
In general, there can be at most 2V dierent combina-
tions of boundsfor all v variablesat any level. The max-
imum number of layers is log,(max(d;)). Consequetly,
the size of the BOH represerting the equation is O(v
log,(max(d;)) 2¥ ;’:1 jaij), which is exponertial in the
number of variables v. Remenber that when the upper
boundszare powers of two 2° the sizeof the BDD is only
O(v b ;/:1 jaij). Interestingly, this indicatesthat when
modeling a system and the choice of bounds for the in-
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Fig. 11. BDD for 2x

3y = 1when 0

x<1lland 0 y< 13

teger variablesis independert of the input speci cation,
it is better to chooseboundsthat are powers of two.

8 Exp erimen tal results

We integrated our construction algorithms to Composite
Symbolic Library and Action LanguageVerier [10,21].
Action LanguageVerier is anin nite state CTL model
cheder and it usesComposite Symbolic Library asits
symbolic manipulator. We created a new version of the
Action LanguageVerier (ALV) by using BDDs assym-
bolic represenations for bounded integersand integrat-
ing our BDD construction algorithms for linear arith-
metic constraints.

We experimented with two speci cation examples,
Bakery and Barber from the ALV distribution, available
at: http://www.cs.ucsb.edu/ ~bultan/comp osite/. Bakery
is a mutual exclusionprotocol for 2 processesBarber is
a monitor speci cation for the SleepingBarber problem
from [4]. We also veri ed three speci cation examples,
abp, p-queue and prod-cons , included in the NuSMV
distribution [2]. Example abp is an alternating bit pro-
tocol, and p-queue and prod-cons are two di erent im-
plemenrtations of a bu er where data is inserted, sorted
and consumed.We wereable to verify safety and liveness
properties for theseexamples.We run theseexperimerts
using three di erent implementations of the SMV [3,1,
2], namely CMU SMV (version 2.5.4.3), CadenceSMV
(version 08-20-01p2)and NuSMV (version 2). We ob-
tained the experimental results on a SUN ULTRA 10

Table 1. Bakery

bits | CMU Cadence | NuSMV | ALV
SMV SMV
4 0.04 0.17 0.07 0.17
5 0.23 0.27 0.26 0.17
6 1.27 0.5 1.71 0.17
7 9.37 1.39 20.52 0.18
8 78.87 6.12 142.82 | 0.18
9 673.11 21.67 1186.45 | 0.18
10 " 84.1 " 0.19
11 " 329.93 0.19
12 " 1503.83 0.19
100 " " 0.31
Table 2. Barber
bits | CMU Cadence | NuSMV | ALV
SMV SMV
4 0.15 0.36 0.3 0.23
5 0.46 0.86 1.09 0.25
6 2.03 2.97 13.47 0.29
7 14.14 10.42 118592 | 0.3
8 274.89 38.29 " 0.35
9 " 157.58 0.39
10 " 721.25 0.42
11 " " 0.44
12 " " " 0.48
100 " " " 5.12
Table 4. Queue
bits CMU Cadence | NuSMV ALV
SMV SMV
4 0.3 0.57 0.33 3.21
5 1.75 1.23 1.21 5.63
6 24.47 5.37 12.07 8.14
7 2159.69 38.8 122.3 10.77
8 " 318.39 1125.34 | 13.06
100 " " 440.87
Table 5. Producer - Consumer
bits | CMU Cadence | NuSMV ALV
SMV SMV
2 5.49 4.61 23.27 210.44
3 216.94 73.98 3264.97 | 698.93
4 " 1430.54 " 2600
5 " 6062.34

work station with 768Mbytes of memory, running SunOs
5.7.

We measuredthe time required to verify ead of the
examplesfor di erent sizesof the integer variables from
4 bits to 100 bits. The results are shown in Tables 1-
5. Entries " signify that the according experiment did
not nish in 4000seconds.t is clearthat for all current
implemertations of SMV, the recordedtimes are expo-
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Table 3. Alternating Bit Proto col. The property chedked is independent of the integer data eld. Since Cadence SMV [1] can detect and
verify data independent properties e cien tly, we also veried a data dependent property. The verication time for the data dependent

property stays almost the same for the Action Language Veri er.

Fig. 12. Size of the BDD for x1 + X2 X3 X4+ X5 Xg =7
versus the number of variables with upper bound dieren t than
28, using the variable ordering described in this paper

nertial in the sizeof the integer variables, while for ALV
which usesthe construction algorithms preserted earlier,
the recorded times are linear in the size of the integer
variables. Note that ALV is not a BDD based model
chedker, hence SMV may be better optimized for BDD
basedveri cation. However, our point is that the advan-
tagesof our construction algorithms can be exploited by
integrating them to any BDD basedmodel cheder.

Figure 12 illustrates the e ect of arbitrary bounds
on variables as described in Section 7. We usedour con-
struction algorithm to build a BDD for the equation
X1+ X2 X3 Xat+Xs Xg= 7,where0 Xi;X2;X3;Xs;
Xs; Xe < 28 and recordedthe sizeof the resulting reduced
BDD. Then we gradually changed the upper bound of
ead of the variablesto somearbitrary unique value less
than 28 and recorded the size of the resulting reduced
BDD ead time. The results shown in Figure 12 demon-
strate the exponertial growth of the size of the BDD
described in Section 7.

We performed the sameexperiment, this time using
the BDD variable ordering usedin SMV, where all bits
of the sameinteger variable are next to ead other. The
results are shown in Figure 13. Interestingly, for this or-

bits CMU Cadence SMV NuSMvV ALV

SMV data data data data
independert | dependert independernt | dependert
4 0.12 0.21 3.91 2.69 0.23 0.24
5 0.26 0.2 7.56 2.71 0.23 0.25
6 1.26 0.23 2411 2.63 0.24 0.24
7 30.24 0.18 84.33 3.05 0.23 0.26
8 147.96 0.19 343.47 3.61 0.23 0.24
9 693.67 0.2 " 6.6 0.25 0.26
10 | 3755.46 0.24 24.12 0.23 0.27
11 " 0.27 87.62 0.27 0.27
12 " 0.36 342.89 0.24 0.27
100 " " " 0.69 0.72
Vi
=" s -B
/ Be-eg---2"" -

Fig. 13. Size of the BDD for x1 + X2 X3 X4+ X5 Xg =7
versus the number of variables with upper bound dieren t than
28, using the variable ordering usedin SMV

dering the number of BDD nodes does not grow expo-
nentially with respect to the number of variables with

arbitrary bounds. However the lowestvalue in Figure 13
is more than double the maximum value in Figure 12.
Note that the approac usedin SMV produces BDDs

with size exponertial in b, the number of bits of eath

integer variable. To illustrate the e ect of both increas-
ing the length of the integer variables and the presence
of arbitrary bounds, for both approades, we repeated
the sameexperiment with b= 4;5;6 and 7. The results
are shown in Figure 14. Solid lines correspond to our
method, whereasdotted lines correspond to SMV.

9 Conclusions

In this paper we have shavn experimentally that current
implemertations of BDD based symbolic model chedk-
ers are ine cien t in represering linear arithmetic con-
straints on bounded integer variables. We solved this
problem by giving e cien t BDD construction algorithms,
proving their complexity and experimentally demonstrat-
ing their e ciency . Thesealgorithms can be usedto im-
prove the performance of existing BDD basedsymbolic
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Fig. 14. Sizeof the BDD for x1+ X2 X3 X4+ X5 Xg = 7 Versus
the number of variables with upper bound dieren t than 2°, for
di eren t lengths of the variables b= 4;5; 6; 7, using our algorithms
(solid lines) and SMV (dotted lines)

model cheders. Finally, we have showvn that powers of 2
are a good choicefor variable bounds, and choosingarbi-
trary boundsfor integer variables can causeexponertial
blow-up in the BDD size.
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