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Abstract. In this paper, we present design and imple-
mentation of the Composite Symbolic Library, a symbolic
manipulator for model checking systems with heteroge-
neous data types. Our tool provides a common inter-
face for different symbolic representations, such as BDDs
for representing boolean logic formulas and polyhedral
representations for linear arithmetic formulas. Based on
this common interface, these data structures are com-
bined using a disjunctive composite representation. We
propose several heuristics for efficient manipulation of
this composite representation and present experimen-
tal results that demonstrate their performance. We used
an object-oriented design to implement the Composite
Symbolic Library. We imported the CUDD library (a
BDD library) and the Omega Library (a linear arith-
metic constraint manipulator that uses polyhedral rep-
resentations) to our tool by writing wrappers around
them which conform to our symbolic representation in-
terface. Our tool supports polymorphic verification pro-
cedures which dynamically select symbolic representa-
tions based on the input specification. Qur symbolic rep-
resentation library can be used as an interface between
different symbolic libraries, model checkers, and speci-
fication languages. We expect our tool to be useful in
integrating different tools and techniques for symbolic
model checking, and in comparing their performance.

1 Introduction

Compact and efficient symbolic representations have en-
abled automated verification of large hardware and soft-
ware systems by overcoming the state-space explosion
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problem [BCM*90,McM93, CAB*98]. Symbolic repre-
sentations are efficient alternatives to explicit state ex-
ploration, since they provide a compact representation
of the state space. Properties of a system can be veri-
fied by manipulating the symbolic representations that
represent its transition relation and states. Binary Deci-
sion Diagrams (BDDs) [Bry86] (for representing boolean
logic formulas) and polyhedral representation [Hal93]
(for representing linear arithmetic formulas) are two ex-
amples for such symbolic representations. BDDs have
been successfully used in verification of finite-state sys-
tems which could not be verified explicitly due to the size
of the state space [BCM190,McM93, CAB*98]. Linear
arithmetic constraint representations have been used in
verification of real-time systems, and infinite-state sys-
tems [AHH96,BGP99,DP01,HRP94] which cannot be
verified using explicit representations.

One problem with these symbolic representations is
that they are specialized for certain domains; i.e., BDDs
are specialized for encoding boolean variables and poly-
hedral representation is specialized for representing
states of integer and real variables as linear arithmetic
constraints. As a result, BDDs are restricted to finite do-
mains and polyhedral representation becomes inefficient
when it is used for a large set of boolean variables.

Generally, model checking tools have been built us-
ing a single symbolic representation [McM93, AHH96].
The representation used depends on the target appli-
cation domain for the model checker. Inefficiencies of
the symbolic representation used in a model checker can
be addressed using various abstraction techniques, some
ad hoc, such as restricting variables to finite domains,
some  formal, such as  predicate-abstraction
[BLO98,5ai00,BPRue]. These abstraction techniques
can be used independent of the symbolic representation.
As model checkers become more widely used, it is not
hard to imagine that a user would like to use a model
checker built for real-time systems on a system with lots



2 Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle

of boolean variables and only a couple of real variables.
Similarly another user may want to use a BDD-based
model checker to check a system with few boolean vari-
ables but lots of integer variables. Currently, such users
may need to obtain a new model-checker for these in-
stances, or use various abstraction techniques to solve
a problem which may not be suitable for the symbolic
representation their model checker is using. More impor-
tantly, as symbolic model-checkers are applied to larger
problems, they are bound to encounter specifications
with different variable types which may not be efficiently
representable using a single symbolic representation.

In this paper we present a verification tool which
combines different symbolic representations instead of
using a single symbolic representation. Different sym-
bolic representations are combined using the composite
model checking approach presented in [BGL98, BGLOOb].
Each variable type in the input specification is assigned
to the most efficient representation for that variable
type. The goal is to have a platform where strength of
each symbolic representation is utilized as much as possi-
ble, and deficiencies of a representation are compensated
by the existence of other representations.

The main contributions of this work can be outlined
as follows:

— Tool Design: Our tool is designed using the object-
oriented paradigm. The heart of the Composite Sym-
bolic Library is a common interface that abstracts
the functionality of a symbolic representation
[YKTBO1]. All symbolic representations are defined
as classes derived from this interface. Different sym-
bolic libraries can be integrated to our tool by writing
wrappers around them which implement this inter-
face. The object-oriented design provides the follow-
ing advantages: 1) the Composite Symbolic Library
can be easily extended with new symbolic represen-
tations, 2) verification procedures interact with dif-
ferent symbolic representation libraries using a single
interface, and 3) verification procedures are polymor-
phic, i.e., the verifier decides which symbolic repre-
sentations to use at run-time.

— Algorithms and Complexity Analysis: We present
algorithms and their complexity analysis for the ma-
nipulation of the composite symbolic representation.
We define the time complexities of the algorithms in
terms of the time complexities of the operations on
the basic symbolic representations.

— Heuristics: We present heuristics for efficient ma-
nipulation of the composite symbolic representation.
Our heuristics make use of the following observations:
1) efficient operations on BDDs can be used to mask
expensive operations on polyhedra, 2) our disjunctive
representation can be exploited by interleaving the
computation of pre and post-conditions with subset
checks, and 3) the size of a composite representation
can be minimized by iteratively merging matching

constraints and removing redundant ones. We exper-
imented on a large set of examples to show the effec-
tiveness of our heuristics.

Related Work. There have been other studies which
combine different symbolic representations. In
[CABN97], Chan et al. present a technique in which
(both linear and non-linear) constraints are mapped to
BDD variables and a constraint solver is used during
model checking computations (in conjunction with
SMV) to prune infeasible combinations of these con-
straints. Although this technique is capable of handling
non-linear constraints, it is restricted to systems where
transitions are either data-memoryless (i.e., next state
value of a data variable does not depend on its current
state value), or data-invariant (i.e., data variables re-
main unchanged). Hence, even a transition which incre-
ments a variable (i.e., ' = z + 1) is ruled out. It is re-
ported in [CABN97] that this restriction is partly moti-
vated by the semantics of RSML, and it allows modeling
of a significant portion of TCAS II system.

In [BS00], a tool for checking inductive invariants on
SCR specifications is described. This tool combines au-
tomata based representations for linear arithmetic con-
straints with BDDs. This approach is similar to our ap-
proach but it is specialized for inductive invariant check-
ing. Another difference is, our tool uses polyhedral repre-
sentations as opposed to automata based representations
for linear arithmetic. However, because of the object-
oriented design of our tool it should be easy to extend it
with automata-based linear constraint representations.

The Symbolic Analysis Laboratory provides a frame-
work for combining different tools in verification of con-
current systems [BGLT00a]. The heart of the Symbolic
Analysis Laboratory is a language for specifying concur-
rent systems in a compositional manner. Our Compos-
ite Symbolic Library is a low-level approach compared
to the Symbolic Analysis Laboratory. We are combining
different libraries at the symbolic representation level as
opposed to developing a specification language to inte-
grate different tools.

Techniques that are similar to our heuristics have
been used in the literature. In [DP01], local subsump-
tion test is used during the fixpoint computations to re-
move the redundant constrained facts. This is similar to
our approach for preventing the increase in the size of
the disjunctive composite representation during fixpoint
computation by removing redundant disjuncts. However,
we use full subsumption test. Local subsumption test can
also be used as a heuristic to test the convergence of fix-
point computations [DP01]. However, there can be cases
where fixpoint computation that uses the local subsump-
tion test does not converge whereas the fixpoint compu-
tation that uses the full subsumption test converges.

Hytech, a tool for verification of hybrid systems, sim-
plifies formulas using rewrite rules [AHH96]. The ap-
proach used in [AHH96] is for simplification of linear



Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle 3

arithmetic formulas on real variables. Our work is differ-
ent in two respects: 1) We use linear arithmetic formulas
on integer variables. 2) Our heuristics are not for simpli-
fication of linear arithmetic formulas, this is handled by
the constraint manipulator we use [Ome]. Rather, our
heuristics are for simplification of the composite formu-
las which contain a mixture of boolean and integer vari-
ables. In Hytech boolean and enumerated variables (for
example, control states) are eliminated by partitioning
the state space [AHH96].

In [Sri93], a linear partitioning algorithm for convex
polyhedra is used to efficiently test if a single convex
polyhedron is subsumed by a union of convex polyhedra.
This approach is analogous to our subset check heuris-
tic where the union of convex polyhedra corresponds to
our disjunctive composite representation and the single
convex polyhedron corresponds to a single disjunct of a
composite representation.

The rest of the paper is organized as follows. In Sec-
tion 2 we define the composite symbolic representation
and describe the architecture and the design of the Com-
posite Symbolic Library. We present the algorithms for
manipulating the composite symbolic representation in
Section 3. In Section 4 we describe some heuristics for
improving the performance of the Composite Symbolic
Library. In Sections 5 and 7 we compare the perfor-
mance of our model checker with the Omega Library
Model Checker [BGP97,BGP99] which uses only poly-
hedral representation. We present the experiments that
demonstrate the effectiveness of our heuristics in Section
6. Finally, in Section 8 we conclude and give some future
directions for our work.

2 Composite Symbolic Representation

To combine different symbolic representations we use the
composite model checking approach presented
in [BGL98,BGLO0b]. The basic idea in composite model
checking is to map each variable in the input specifi-
cation to a symbolic representation type. For example,
boolean and enumerated variables can be mapped to the
BDD representation, and integers can be mapped to an
arithmetic constraint representation. We encode the sets
of system states and transitions as a disjunction of con-
junctions of type specific representations. For example,
a disjunct may consist of a boolean formula stored as a
BDD representing the states of boolean and enumerated
variables, and a linear arithmetic constraint representa-
tion representing the states of integer variables. We call
this disjunctive representation a composite representa-
tion. Each atomic event in the input specification is con-
junctively partitioned where each conjunct specifies the
effect of the event on the variables represented by a sin-
gle symbolic representation. For example, one conjunct
specifies the effect of the event on variables encoded us-
ing BDDs, whereas another conjunct specifies the effects
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Fig. 1. Architecture of the composite model checker

of the event on variables encoded using linear arithmetic
constraints. The pre- and post-condition computations
are computed independently for each symbolic represen-
tation by exploiting the conjunctive partitioning of the
atomic events. The key observation here is the fact that
conjunctive partitioning of the atomic events allows pre
and post-condition computations to distribute over dif-
ferent symbolic representations. We also implement al-
gorithms for intersection, union, complement, and sub-
set, equivalence and emptiness checking computations
for the disjunctive composite representation which use
the corresponding methods for different symbolic repre-
sentations.

Our current implementation of the Composite Sym-
bolic Library uses two symbolic representations: BDDs
for boolean logic formulas and polyhedral representation
for Presburger arithmetic formulas. We call these basic
symbolic representations. For the BDD representations
we use the Colorado University Decision Diagram Pack-
age (CUDD) [CUD]. For the Presburger arithmetic for-
mula manipulation we use the Omega Library [KMP*95,
Ome]. Fig. 1 illustrates the general architecture of our
composite model checking system. We will focus on the
Composite Symbolic Library in this paper.

We implemented the Composite Symbolic Library in
C++ and Fig. 2 shows its class hierarchy as a UML
class diagram!. The abstract class Symbolic serves as
an interface to all symbolic representations including the
composite representation. Qur current specification lan-
guage supports enumerated, boolean, and integer vari-
ables. Our system maps enumerated variables to boolean
variables. The classes BoolSym and IntSym are the sym-
bolic representations for boolean and integer variable
types, respectively. The class BoolSym serves as a wrap-
per for the BDD library CUDD [CUD]. It is derived from
the abstract class Symbolic. Similarly, IntSym is also de-
rived from the abstract class Symbolic and serves as a
wrapper for the Omega Library [Ome].

The class CompSym is the class for composite repre-
sentation. It is derived from Symbolic and uses IntSym

1 In UML class diagrams, triangle arcs denote generalization,
diamond arcs denote aggregation, dashed arcs denote dependency,
and solid lines denote association among classes.



Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle
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Fig. 2. Class diagram for the Composite Symbolic Library

and BoolSym (through the Symbolic interface) to ma-
nipulate the composite representation. There is no de-
pendency among the CompSym class and the IntSym and
the BoolSym classes. Note that this design is an instance
of the composite design pattern given in [GHIJV94].

The object-oriented design for the Composite Sym-
bolic Library has several advantages: 1) The manipu-
lation of the composite representations is independent
of the manipulation of the basic symbolic representa-
tions and the number of basic symbolic representations.
The CompSym class accesses the basic symbolic represen-
tations using only the Symbolic interface and it uses
the number of basic symbolic representations as a pa-
rameter. 2) It is easy to replace the Omega Library and
the CUDD Library with other symbolic manipulators as
long as one writes a wrapper around the new symbolic
manipulator which conforms to the Symbolic interface.
3) Verification is polymorphic. Since the verification pro-
cedures use the Symbolic interface they work both for
composite symbolic representations and basic symbolic
representations. I.e., based on the input specification our
current implementation can be used as a BDD-based
model checker, a polyhedra-based model checker or a
composite model checker.

To verify a system with our tool, one has to specify
its initial condition, transition relation, and state space
using a set of composite formulas. A composite formula is
obtained by combining integer arithmetic formulas on in-
teger variables with boolean variables using logical con-
nectives. The syntax of a composite formula is defined
as follows:

CF ::=CFACF |CFVCF | ~CF | BF | IF
BF ::= BF A BF | BFV BF | =BF | Termool
IF ::=IFANIF | IFVIF | ~IF
| Termins Rop Termint
Termpoot :: = idpoot | true | false
Termint :: = Termint + Termint | Termin: — Termint
| — Termin: | idint | constant

| idint % constant

where CF, BF, IF, and Rop denote composite formula,
boolean formula, integer formula, and relational opera-
tor (>, <, >, <, =, #), respectively. Since the symbolic
representations in our Composite Symbolic Library cur-
rently support only boolean and linear arithmetic for-
mulas, we restrict arithmetic operators to + and —, but
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we allow multiplication with a constant. In the future,
by adding new symbolic representations we can extend
this grammar.

A transition relation can be specified using a compos-
ite formula by using unprimed variables to denote the
current state variables and primed variables to denote
the mnext state variables. A  method called
registerVariables in BoolSym and IntSym is used to
register the current and next state variable names during
the initialization of the representation.

Given a composite formula, the method construct ()
in the Symbolic class traverses the syntax tree and calls
constructor of the BoolSym class when a boolean formula
is encountered and calls constructor of the IntSym class
when an integer formula is encountered. If the composite
formula consists of both integer and boolean formulas
then constructor of the CompSym class is called. In the
CompSym class, a composite formula, A, is represented in
our composite representation as

n
A= \/ /\ Qi
i=1teT
where a;; denotes the formula of type ¢ in the ith dis-
junct, and n and T denote the number of disjuncts and
the set of basic symbolic representations, respectively.

We call each disjunct Aieras; a composite atom. Fig.
3 shows the composite atoms in an example compos-
ite formula. Each composite atom is implemented as an
instance of a class called compAtom (see Fig. 2). Each
compAtom object represents a conjunction of formulas
each of which is either a boolean or an integer formula.

A composite formula stored in a CompSym object is
implemented as a list of compAtom objects, which cor-
responds to the disjunction in the composite represen-
tation. Note that Symbolic members of the compAtom
class cannot be of type CompSym. Fig. 4 shows internal
representation of the composite formula given in Fig. 3
in a CompSym object. The field atom is an array of point-
ers to the class Symbolic and the size of the array is the
number of basic symbolic representations.

The CompSym and the compAtom classes use a
TypeDescriptor class which records the variable types
used in the input specification. Our library can adapt
itself to any subset of the supported variable types, i.e.,
if a variable type is not present in the input specifica-
tion, the symbolic library for that type will not be called
during the execution. For example, given an input speci-
fication with no integer variables our tool will behave as
a BDD-based model checker without making any calls
to the Omega Library.

3 Manipulation of the Composite
Representation

In this section we present algorithms for basic set op-
erations and pre- and post-condition computations on

1. IsSubset(composite atom a, composite atom b) : boolean
2 for each basic symbolic representation ¢ do

3. if a¢ Z bt then

4 return false

5 return true

Fig. 5. Algorithm for checking the subset relation between two
composite atoms

our disjunctive composite representation. These algo-
rithms are implemented as methods in the compAtom and
the CompSym classes in the Composite Symbolic Library.
Note that the algorithms given in this section are inde-
pendent of the type and the number of basic symbolic
representations used.

Throughout this section, n4, T, and T(t)p denote the
number of composite atoms in composite formula A, the
set of basic symbolic representations in the Composite
Symbolic Library, and the time complexity of the opera-
tion Op for the basic symbolic representation ¢. The op-
erations are Op € {Intersection, Union, Complement,
IsSubset, IsEqual, IsEmpty}. Note that we interpret
each composite representation as the set of valuations
that satisfy the corresponding composite formula.

Subset Check: A composite atom a = A, a; is sub-
set of a composite atom b = A, b; iff for each symbolic
representation a; in a, a; is subset of b, which is the cor-
responding symbolic representation in b. For instance let
composite atoms a and b be

a=xAyANz>0b=xAN2z2>0

where x and y are boolean variables and z is an integer
variable. a C b since the valuations of the variables =
and y which satisfy the formula x A y is subset of the
valuations of the variables z and y which satisfy the for-
mula z, and the valuations of the variable z which satisfy
the formula z > 0 is subset of the valuations of the vari-
able z which satisfy the formula z > 0. Fig. 5 shows the
IsSubset algorithm for checking subset relation between
two composite atoms. The worst case time complexity
of the algorithm is O3 ,cr T, supset)-

A composite formula A = \/}%, a; is subset of a com-
posite formula B = \/}'Z, by iff Vi sit. 1 < i < ny,
a; C B. For instance let A and B be

A=(xzAz>0)V(zAynz<0),B=z>0Vx

where x and y are boolean variables and z is an integer
variable. A is a subset of B since both composite atoms
(xAz > 0) and (zAyAz < 0) are subsets of B. Note that
(xAz > 0) is subset of 2 > 0 and (zAyAz < 0) is subset
of z. So the most straightforward way of checking the
subset relation between two composite formulas A and
B is to iterate through the composite atoms in A and
check the subset relation between each composite atom
a; in A and B. If there exists a composite atom a; in A
such that a; is not a subset of B we can conclude that A
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Fig. 3. An example composite formula. a is an integer variable and b is a boolean variable.

: CompSym

compositeRepresentation : *LinkedList<compAtom>

¢ LinkedListNode<compAtom>

: LinkedListNode<compAtom>

data : compAtom

atom : *Symbolic[]

b
a>0/Na =a+1

1

data : compAtom

atom : *Symbolic[]

b =b \
a<0/Na=a ‘

next : LinkedListNode<compAtom> —————=

next : LinkedListNode<compAtom>

)

Fig. 4. An instance of the CompSym class representing the composite formula in Fig. 3

is not a subset of B. On the other hand, if there exists
no such composite atom in A then we can conclude that
A is a subset of B.

Fig. 6 shows the algorithm for checking the subset
relation between two composite formulas A and B. For
each composite atom a; in A, first the algorithm checks
if a; is a subset of any composite atom in B (lines 5-9).
If there exists no composite atom b in B such that a
is a subset of b then this does not mean that a is not
a subset of B. Next, the algorithm computes a A =B
and assigns the result to a composite formula C. If C is
not empty, then this means that a is not a subset of B
and the algorithm exits by returning false (lines 10-13).
Otherwise, the algorithm continues until either it finds
out that there exists a composite atom a that is not a
subset of B or it has checked all the composite atoms in
A, in which case it returns true (line 14). The worst case
time complexity of the algorithm is

O(nA Xnp X ZteT T}sSubset+
A X (Z:l:Bl ZtET Téomplement+
|T|nB x Z;’fl,tj €T TIt;tersection-l_
np X EtET T;sEmpty))'

1. IsSubset(A, B): boolean
2 found: boolean
3 A, B, C: composite formula
4 for each composite atom a in A do
5. found < false
6 for each composite atom b in B do
7 if a C b then
8 found < true
9 break
10. if = found then
11. C+aNn—-B
12. if C # 0 then
13. return false
14. return true

Fig. 6. Algorithm for checking the subset relation between two
composite formulas

The exponential component of the formula is due to the
complement operation at line 11 in Fig. 6, which is of
exponential time complexity as it will be explained be-
low.
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1. IsEmpty(composite atom a): boolean

2 for each symbolic representation ¢ do
3. if a; = 0 then

4 return true

5 return false

Fig. 7. Algorithm for checking emptiness of a composite atom

1. IsEmpty(composite formula A): boolean
2 for each composite atom a in A do
3. if a Z 0 then

4 return false

5 return true

Fig. 8. Algorithm for checking emptiness of a composite formula

Equivalence Check: A composite atom a is equiv-
alent to a composite atom b iff each symbolic repre-
sentation a; in a is equivalent to b; which is the cor-
responding symbolic representation in b. A composite
formula A is equivalent to a composite formula B iff
A is a subset of B and B is a subset of A. The worst
case time complexity of checking the equivalence of two
composite atoms is O(3 7 Tty pquivatens) and that of
checking the equivalence of two composite formulas is
O(max(TIsSubset(A,B) ) TIsSubset(B,A) ))

Emptiness Check: A composite atom a is empty iff
there exists a symbolic representation a; in a such that
a; is empty. Fig. 7 shows IsEmpty algorithm for check-
ing emptiness of a composite atom. The worst case time
complexity of the algorithm is O(3,cr Ttsgmpty)-

A composite formula A is empty iff for all compos-
ite atoms a; in A, a; is empty. Fig. 8 shows IsEmpty
algorithm for a composite formula. The worst case time
complexity of the algorithm is O(na X 3 ,cr Tty pmpty)-

Pre-Condition Computation: Given two composite
formulas A = /74 Ajeraie and B = [ 2 A, cr bit,
where A represents the set of states and B represents
the transition relation, the pre-condition of A with re-
spect to B can be computed as

na MB

Pre(4,B)=\/ \/ \ 3V'a; Abi

i=1 k=1teT

where V' is the set of next state variables and a;’ is ob-
tained by replacing every variable in a;; with the corre-
sponding next-state variable. Note that the above prop-
erty holds because the existential variable elimination
in the Pre(A, B) computation distributes over the dis-
junctions, and due to the partitioning of the variables
based on the basic symbolic types, the existential vari-
able elimination also distributes over the conjunction
above [BGLOOb].

Computing the pre-condition of A with respect to
B is equivalent to computing the set of states that can
reach the set of states represented by A by a single tran-

Pre(composite atom a, composite atom b): composite atom

c: composite atom

1.
2
3. for each symbolic representation t do
4 ct < IV'a, Aby

5

return ¢

Fig. 9. Algorithm for computing the pre-condition of a composite
atom with respect to a composite atom

1. Pre(composite formula A, composite formula B): composite

formula
2 C': composite formula
3 for each composite atom a in A do
4. for each composite atom b in B do
5 C < CV Pre(a,b)
6 return C

Fig. 10. Algorithm for computing the pre-condition of a composite
formula with respect to a composite formula

sition in B. For instance let A and B be
A=y=1,B=(zAy' =1)V(-mzAy>0Ay =y +1)

where z is a boolean variable and y is an integer variable.
Then Pre(A, B) can be computed as:

Pre(A,B) = Pre(y =1,z Ay' =1)V
Pre(y=1,~zAy>0Ay' =y +1)
=zV(-zAy=0)

Fig. 9 and 10 show the pre-condition computation al-
gorithms for composite atoms and composite formulas,
respectively. The worst case time complexity of the pre-
condition  algorithm for composite atoms is
O ser Thre-condition) and that of the pre-condition al-
gorithm for composite formulas is
O(nA xnp x ZtET TIt’re-Condition)‘

Intersection: Given two composite formulas, A and
B, their intersection can be computed as:

naA N

A/\BE\/ \/ /\(ait/\bkt)

=1 k=1teT

The worst case time complexity of computing the
intersection of two composite atoms is
O(Xser Thntersection) and that of computing the inter-
section of two composite formulas is
O(TLA Xnp X EtET T}ntersection)‘

Complement : The complement of a composite atom
a = Njerae is a composite formula B = \/,., —a;.
Given a composite formula A we can compute A’s com-

plement as
|T|™A

where
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1. Complement(composite atom a): composite formula
2 A: composite formula

3 A « false

4. for each symbolic representation a; in a do

5 A+ AV —at

6 return A

Fig. 11. Algorithm for computing the complement of a composite
atom

1. Complement(composite formula A): composite formula
2 B: composite formula
3. B <+ false
—_\/nAa )
4 let A= Vi:l /\teT @it
5 for each combination of (a1,,,a2,,,-10ns, ) 8-t 8 € T

and 1 <7< mny do
B+ BV /\?:Al —|a¢ti
7. return B

o

Fig. 12. Algorithm for computing the complement of a composite
formula

Fig. 11 and 12 show the complement algorithms for a
composite atom and a composite formula, respectively.
The worst case time complexity of the complement al-
gorithm for a composite atom is O(Y,cr T ompiement)
and that of the complement algorithm for a composite
formula is

na t
O(ZiZI ZtET TComplemtent+
na na J
|T| X Zj:l,t]- €T TIntersectz'on)‘

Union: The union of a composite atom a with a com-
posite atom b is a composite formula A = a V b. Given
two composite formulas, A and B, we define A union B
as

nat+ng
AVB= \/ /\ Cit
i=1 teT

where for 1 < i < mgcip = ai andforng +1 < i <
ng+np cig = bit-

The worst case time complexity of computing the
union of two composite atoms is constant and that of
computing the union of two composite formulas is
O(n4 + np). As the worst case time complexity formu-
las show, while computing the union of two composite
atoms or two composite formulas, no operation is per-
formed on symbolic representation level. Since we use a
disjunctive composite representation, the union opera-
tion can be performed by a concatenation operation on
the linked list structure which is used to implement a
CompSym object (see Fig. 4).

4 Heuristics for Efficient Automated
Verification with the Composite Representation

In this section we present several heuristics which im-
prove the performance of automated verification using

the Composite Symbolic Library [YKBO02]. Our heuris-
tics make use of the following observations: 1) efficient
operations on BDDs (e.g., satisfiability checking) can be
used to mask expensive operations on polyhedra (e.g.,
image computations and satisfiability checking), 2) our
disjunctive representation can be exploited by interleav-
ing the computation of pre and post-conditions with sub-
set checks, and 3) the size of a composite representation
can be minimized by iteratively merging matching con-
straints and removing redundant ones. In the following
subsections we present these heuristics in detail.

4.1 Masking Integer Operations

The Composite Symbolic Library currently supports two
basic symbolic representations: BDDs to represent
boolean and enumerated variables and polyhedral repre-
sentation of linear arithmetic formulas to represent inte-
ger variables. Existential variable elimination for linear
integer arithmetic formulas is NP-complete and it is used
in the satisfiability check and the pre and post-condition
computations. However, since the BDD representation
is canonical satisfiability check for BDDs can be per-
formed in constant time by comparing the root node of
a BDD representation to the unique BDD that corre-
sponds to false. This discrepancy in the performances of
the BDD representation and the polyhedral representa-
tion in checking satisfiability can be exploited to speed
up the pre and post-condition computations on the com-
posite symbolic representation.

A composite atom a = ap A a;, where b and i denote
the BDD part and the polyhedral part, respectively, is
satisfiable iff both a; and a; are satisfiable. Since satisfi-
ability check for the polyhedral representation is expen-
sive, by checking the satisfiability of the BDD part first
we can avoid checking the satisfiability for the polyhe-
dral part whenever the BDD part is not satisfiable. If
we find out that the BDD part is not satisfiable we can
conclude that the composite atom is not satisfiable.

Given two composite formulas A = V72, aj A aji
and C = V2, ckb A cri, where A represents a set and
C represents the transition relation, aj;; and cgp corre-
spond to boolean formulas, and aj; and cg; correspond
to integer formulas, pre-condition of A with respect to
C can be written as

na nc

Pre(A,C) = \/ \/ Pre(ajp, crp) A Pre(ajs, cri)
j=1 k=1

Instead of computing Pre(a;p, cxs) and Pre(a;;, cx;) and
then taking the intersection of the two, we can first
compute Pre(a;p,ckp) and then check it for satisfiabil-
ity. Since Pre(ajp,ckp) is a boolean formula and repre-
sented by BDDs, checking satisfiability of Pre(a;s,cks)
is cheaper than checking satisfiability of Pre(aj;, ck:),
which is represented by polyhedra. We should compute
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Pre(a;;, cri) which involves the manipulation of the poly-
hedral representation only if Pre(ajs, crp) is satisfiable. If
it is not satisfiable then we will not compute Pre(a;;, c;)
since we can deduce that Pre(a;p, cks) A Pre(aji, ar;) eval-
uates to false. As a result expensive integer manipulation
is masked by cheaper boolean manipulation. One conse-
quence of using heuristics like this one, which depend
on the discrepancies in the efficiency of manipulating
different symbolic representations, is that the CompSym
class in Fig. 2 becomes dependent on the basic symbolic
representation classes IntSym and BoolSym.

4.2 Subset Check

The subset check algorithm given in Fig. 6 uses the com-
plement operation at the composite formula level (line
11). The worst case time complexity of the complement
operation on a composite formula B is exponential in the
number of composite atoms in B. For the subset check
algorithm, computing the complement of B means that
all the composite atoms in B are taken into considera-
tion to decide if a composite atom a is a subset of B.
However, deciding if a composite atom a is a subset of
a composite formula B does not always require to con-
sider all the composite atoms in B. For instance, let the
composite atom a and the composite formula B be,

a=(xAyAz>0)
and
B=(xzAz=0)V(@Az>1)V(zAz<0)

where z and y are boolean variables and z is an inte-
ger variable. Since each composite atom in a composite
formula corresponds to a disjunct of the composite for-
mula, B has three composite atoms by, bs, and b3 that
correspond to (z Az =0), (xAz>1),and (-z Az <0),
respectively. In order to decide if a is a subset of B we
do not need to consider all the composite atoms in B.
For this example, it is sufficient to compare a against
by and by (note that a is a subset of by V bs) only to
conclude that a is subset of B. However, the algorithm
given in Fig. 6 will process by, b2, and b3 by computing
the complement of B.

In the light of this observation we propose a more
efficient solution to the subset check problem for com-
posite formulas. Given two composite formulas A and
B, for each composite atom a in A, our solution iter-
atively computes the uncovered subset of a, U, that is
not covered by the composite atoms in B that have been
examined so far. U is initialized to a and for each k s.t.
1 <k <ng, U is updated as U A —by. After U is up-
dated using by, it is checked for emptiness. If it becomes
empty then the algorithm skips checking the remaining
composite atoms in B and concludes that a is a subset
of B. Otherwise, it continues with by;. After checking
all composite atoms in B if U is not empty then the

1. IsSubset(A, B): boolean
2 A, B, U, t: composite formula
3 for each composite atom a in A do
4 U<+a
5. for each composite atom b in B do
6 for each composite atom » in U do
7 t—bAu
8 if t Z 0 then
9 t<—uAN—t
10. remove u from U
11. if ¢ Z 0 then
12. U+UVt
13. if size(U) = 0 then
14. break
15. if size(U) # 0 then
16. return false
17. return true

Fig. 13. Subset check algorithm performing complement at the
composite atom level

algorithm concludes that a is not a subset of B. The
algorithm is given in Fig. 13. Note that in this algo-
rithm there is no complement operation at the compos-
ite formula level. Instead complement is computed for
composite atoms in B as needed. The worst case time
complexity of the subset check algorithm in Fig. 13 is
O(’I’LA X |T|nB X EtET(T}SEmpty + T;ntersectz'on))' Even
though this algorithm also has an exponential worst case
time complexity, in the average case we expect it to per-
form better than the algorithm in Fig. 6.

4.8 Simplification Algorithms

The number of composite atoms in a composite formula
which results from the intersection operation is linear in
the product of the number of composite atoms of the in-
put composite formulas. The number of composite atoms
in a composite formula which results from the comple-
ment operation is exponential in the number of compos-
ite atoms of the input composite formula. Most of the
time these resulting composite formulas are not minimal
in terms of the number of composite atoms they have.
For instance, composite formula A that represents the
formula

(Ay=z2z+1)VEAy=2z+1)V((zVEt)Ay>2)

where x and ¢ are boolean variables and y and z are inte-
ger variables, has three composite atoms that correspond
to the three disjuncts (zAy = z+1), (tAy = 2+1), and
((x Vt) Ay > z). However, A can be equivalently repre-
sented with a single composite atom that represents the
formula ((zVt)Ay > z). Since time complexity of manip-
ulating a composite formula is dependent on the number
of composite atoms in it, we need to reduce the number
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1. Simplify(composite formula A)
2. a, ¢, d: composite atom
3. success: boolean
4. list 4: list of composite atoms
5. let list4 be the list of composite atoms in A
6. a < head(lista)
7. while a # NULL do
8. ¢ < next(a)
9. while ¢ # NULL do
10. if a C ¢ then
11. remove a from list 4; break
12. else if ¢ C a then
13. temp < ¢
14. ¢ < next(c)
15. remove temp from list 4
16. else
17. success <« false
18. for each symbolic representation ¢ do
19. if at Z ¢t
20. if —success then
21. index <t ; success < true
22. else success < false ; break
23. if success then
24. remove a and c from list4
25. for each symbolic representation ¢ do
26. if index =t then
27. di < di Vet
28. else di < at
29. insert d to head of list4
30. a < head(list4) ; break
31. else ¢ « next(c)
32. a < next(a)

Fig. 14. Algorithm for simplifying a given composite formula

of composite atoms in a composite formula as much as
possible to make the verification feasible in terms of both
time and memory. We present a simplification algorithm
that can be tuned for 4 different degrees of aggressive-
ness. First we would like to present the most aggressive
version of the algorithm and then explain how aggres-
siveness can be traded for efficiency in a reasonable way.

A composite formula having two composite atoms,
a and ¢, can be simplified and represented by a single
composite atom d if one of the following holds:

1. a is subset of ¢. In this case d = c.

2. a is superset of ¢. In this case d = a.

3. There exists a symbolic representation ¢; s.t. for all
symbolic representations ¢; s.t. t; # t;, az; = ¢t;. In
this case for all ¢; s.t. t; # t;, dy; = ay; and dy; =
at; \% btj .
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Fig. 14 shows the simplification algorithm. The al-
gorithm takes each pair of composite atoms a and ¢ in
a composite formula and checks if union of the formula
represented by a and ¢ can be represented by a single
composite atom d based on the above rules. The algo-
rithm stops when there exists no two composite atoms in
the composite formula that can be replaced by a single
composite atom. The steps that make the algorithm ag-
gressive are at lines 29 and 30. At line 29 the composite
atom d that can replace a and c is inserted to the head
of the list of composite atoms and a is set to the head
of the list at line 30. This ensures that composite atom
d can be compared against all other composite atoms in
the list.

We can make the simplification algorithm less ag-
gressive and more efficient in three ways. The first way
exploits the fact that the equivalence check on the BDD
representation is cheaper than the equivalence check on
the polyhedral representation. At line 19 of the Sim-
plification algorithm in Fig. 14, a; and c¢;, where t is
a symbolic representation, are checked for equivalence.
Instead of checking equivalence of a; and ¢; for each sym-
bolic representation ¢, we can check it for only boolean
type. This makes the Simplify algorithm less expensive
and less aggressive meaning that given two composite
atoms a and ¢, the Simplify algorithm will be able to
combine a and ¢ into a single composite atom d if a (c)
is a subset of ¢ (a) or ap is equal to ¢, where b denote
the BDD part. If a; is not equal to ¢, then the algorithm
will conclude that a and ¢ cannot be combined.

The second way is to avoid subset check. At lines 10
and 12 the Simplification algorithm in Fig. 14 checks if a
is a subset of ¢ or vice versa, respectively. By eliminating
subset check between a and ¢ the algorithm will combine
two composite formula a and ¢ only if ap is equal to cp.

The third way is to consider only a subset of com-
posite atom pairs in a given composite formula. At line
29 of the Simplify algorithm in Fig. 14, composite atom
d, which is combination of composite atoms a and ¢, is
inserted at the head of list4 and a is set to the head of
list 4 at line 30. These two steps ensure that there are
no pairs of composite atoms in the resulting composite
formula A that can be merged. However, if d is inserted
at the end of list 4 without making a point to the head
of list4 then d is not compared with other composite
atoms and there may be pairs of composite atoms in the
resulting composite formula A which can be merged.

By using the three ways of aggressiveness reduction
we obtain 4 different versions of Simplify algorithm
which we represent by S1, §2, S3, and S4 in increas-
ing aggressiveness order. Let n denote the number of
composite atoms in the input composite formula:

— S1: Number of executions of the inner while loop is
O(n?) and checks equivalence relation only on
boolean type and eliminates subset check.
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—_

. ComputeEF(composite formula A, composite formula C):
composite formula

2 Snew < A

3 do

4 Sotd ¢ Snew

5. Snew  Pre(S14,C) V Soid
6 Snew  Stmplify(Snew)

7 while (Snew € Soid)
8 return Spew

Fig. 15. Algorithm for computing the least fixed point for EF

— S52: Number of executions of the inner while loop is
O(n®) and checks equivalence relation only on
boolean type and eliminates subset check.

— 53: Number of executions of the inner while loop is
O(n®) and checks equivalence relation only on
boolean type. However, it performs subset check.

— S4: Number of executions of the inner while loop is
O(n?®), checks equivalence relation on all types and
performs subset check.

Note that Simplify algorithm in Fig. 14 is not opti-
mal. Consider the composite atoms

(rzAyA1l<2z<10)

(xA2<2z<10)
(zAyA2<2<8)
)
)

N

N

(CzAy) V(@AY A1<z2<2
(xA-yN2<2<8

AN AN AN N N
(%) w
— — N

whose disjunction is equivalent to
(zVy) A (1 <2< 10) (6)

Simplify algorithm in Fig. 14 cannot discover that dis-
junction of composite atoms (1), (2), (3), (4), and (5)
can be replaced by composite atom (6) since it tries to
merge the composite atoms (1), (2), (3), (4), and (5)
pairwise.

4.4 Combining Pre-Condition, Subset Check, and
Union Computations

All CTL operators can be defined in terms of least and
greatest fixpoints. Temporal operator EF is defined as a
least fixpoint as EF p = px . p V EX . Fig. 15 shows the
algorithm for computing the least fixpoint for EF. Given
two composite formulas A = /{4, a; and C = V<, ¢;,
where A represents a set of states and C' represents the
transition relation, the algorithm computes the set of
states that satisfy EF(A) iteratively. Spe, represents the
largest subset of the fixed point computed so far. At line
5 of ComputeEF algorithm Sy, = /1.2, sx where one
of the following holds for sy:

1. PreUnion(A,C, isSubset): composite formula
2 Sres, A, C: composite formula

3 isSubset:boolean

4 isSubset < true

5. Sres + S

6 for each composite atom a in A do

7 for each composite atom ¢ in C do

8

9

sk = Pre(a, c)

if s, S
10. isSubset < false
11. Sres < Sres V Sk
12. return Spes

Fig. 16. A pre-condition algorithm with subset check and union

1. EfficientEF(A, C): composite formula
2 A, C: composite formula
3 isSubset: boolean
4. Snew «— A
5. do
6 Sotd < Snew
7 Snew « PreUnion(Syq, C,isSubset)
8 Snew  Stmplify(Snew)
9 while (—isSubset)
10. return Spew

Fig. 17. A more efficient algorithm for computing the least fixed
point for EF

1. sy = Pre(aj,c;), where 1 <i<ny and 1< j <ng,
and s € Sotd,

2. s = Pre(a;,cj), where 1 <i<mny and 1 < j < ng,
and s C Soid,

3. sk C Soig and there exists no 4, j, where 1 < ¢ < ngy
and 1 < j <ng, s.t sy = Pre(a;, ¢j).

Note that composite atoms that satisfy (1) can be
used to decide if Sy is a subset of Syq earlier during
the computation of pre-condition and eliminate subset
check at line 7 of the algorithm. This may serve as an
improvement over the algorithm in Fig. 15 since we can
eliminate processing composite atoms in Sy, that sat-
isfy (3) during the subset check at line 7 of the algorithm.
An additional improvement can be achieved by taking
the union of s, with S,¢s only if s is not a subset of
A and prevent the unnecessary increase in the number
of composite atoms in S,.s. Fig. 16 and 17 show the al-
gorithms PreUnion, which computes the pre-condition
along with the subset check and the union, and Efficien-
tEF, which computes the least fixed point for EF using
the PreUnion algorithm, respectively.
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Performance of Composite Model Checker
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Fig. 19. Performance of the composite model checker and Omega
Library model checker (using partitioning or mapping approach)
on the bounded-buffer producer-consumer example

5 A Simple Example

In Fig. 18 we show a simple producer-consumer system.
Both producer and consumer components have N con-
trol states. Producer produces an item only when it is
in control state N and there is available space in the
buffer (count < size). When it produces an item it in-
creases produced and count by 1. Similarly, consumer
consumes an item only when it is in control state N
and there is an item in the buffer (count > 0). When
it consumes an item it increases consumed by 1 and
decreases count by 1. An invariant of this system is
count < size A produced — consumed = count.

Initial condition for this system can be represented
with the composite formula:
pstate = 1 A cstate = 1 A count = 0 A produced = 0 A consumed =
0 A size>=0
where pstate and cstate are variables introduced to
model the control states of the producer and the con-
sumer. The self-loop on state N for the producer can be
represented with the composite formula:
pstate = N Apstate’ = N Acount < size Aproduced = produced+
1 A count’ = count + 1
The overall transition relation is the disjunction of the
formulas that correspond to each arc in Fig. 18. (We are
assuming that if a variable is not modified it preserves
its value. These constraints have to be added to the com-
posite formula before generating a CompSym object).

We used this example to compare the performance of
our composite model checker with Omega Library Model
Checker (OMC) presented in [BGP97,BGP99]. OMC
uses the polyhedral representation of arithmetic con-
straints as a symbolic representation. To represent the
control states of the system given in Fig. 18 in such
a tool, there are two options, 1) to partition the state
space based on the control states, creating N partition
classes, 2) to map the control states to an integer vari-
able. Either option is not very efficient because of the
high complexity of manipulating arithmetic constraint

representations. In the Composite Symbolic Library the
control states in the above example are mapped to an
enumerated variable which is encoded using BDDs. Inte-
ger variables are still encoded using the polyhedral repre-
sentation, however the unnecessary mapping of the enu-
merated variables to integers is prevented. Fig. 19 shows
the execution time of the composite model checker and
the OMC (using both partitioning and integer-mapping)
with the increasing number of control states for the sys-
tem given in Fig. 18. Although this is a small example,
it demonstrates the inefficiency of using a model checker
which is solely based on polyhedral representations.

6 Experimental Evaluation of the Heuristics

We have experimented with the heuristics explained in
Section 4 using a large set of specifications which we
describe below. Table 1 shows the different properties
verified for each specification. Each instance is labeled
using NAME[np.]-[npr] where n,. and nyp, are the num-
ber of processes and the property number, respectively.
Specifications of all these examples and properties are
available at:

http://www.cs.ucsb.edu/ ~bultan/composite/

— BAKERY[2,3,4] and TICKET[2,3,4] are mutual exclu-
sion protocols (for (2,3,4) processes, respectively).
We verified both mutual exclusion (BAKERY[2,3,4]-1,
TICKET[2,3,4]-1) and starvation-freedom
(BAKERY[2,3,4]-2, TICKET[2,3,4]-2) properties for
these protocols.

— We verified three properties for sleeping barber mon-
itor specifications with 2, 3, and 4 customer processes
and one barber process (BARBER[2,3,4]-[1,2,3]). We
also verified the three properties (BARBERP-[1,2,3])
on the parameterized system.

— We analyzed a parameterized cache coherence proto-
col specification given in [DB01]. We verified all the
properties given in [DBO01].

— INSERTIONSORT is a specification from [DPO01] for ar-
ray bound checking of an implementation of insertion
sort algorithm.

— PC[5,10,30] is a bounded buffer producer consumer
system as given in Section 5 with 5, 10, or 30 control
states.

— RW[16,32,64] is a monitor specification for the
readers-writers problem for various number of pro-
cesses [And91].

— LIGHTCONTROL and SIS are two reactive software
specifications. LIGHTCONTROL is an office light con-
trol system specification written in statecharts
[BYKO1]. sIs is specification of a safety injection sys-
tem for a nuclear reactor [CP93]

We obtained the experimental results on a SUN UL-
TRA 10 workstation with 768 Mbytes of memory, run-
ning SunOs 5.7.
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Initial: count=produced=consumed=0 /\ size > 1

PRODUCER

(count<size) /\ produced’=produced+1
/\ count’=count+1

CONSUMER

(count>0) A\ consumed’=consumed+1
/\ count’=count-1

Fig. 18. A simple bounded-buffer producer-consumer example

Problem Instance [ Property

BAKERY2-1 AG(—(pl = es A p2 = cs))

BAKERY3-1 “((pl =csAp2=-cs)V (pl =cs Ap3 =cs)V (p2 = cs Ap3 = cs)))
BAKERY|[2,3]-2 —(pl = try) V AF(pl = cs))

TICKET2-1

(
(

ﬁgpl =cs Ap2 =cs))
(

TICKET3- 1 —(pl =csAp2=csVpl =csAp3=csVp2=csAp3=cs))
TICKET|2,3]-2 —(pl = try) V AF(pl = cs))

BARBER|[2,3,4,P]-1 chair < 1)

BARBER|[2,3,4,P]-2 open < 1)

BARBER

COHERENCE-1

—((zShared > 1 A zEzclusive > 1) V zExclusive > 2))

COHERENCE-2

asWaitS > 1 = AF (zShared > 1))

COHERENCE-3

xeWaitS > n = AF(zShared > n))

COHERENCE-4

WaitE > 1 = AF(zEzxclusive > 1))

COHERENCE-REF-1

—((zShared >= 1 A zEzclusive >= 1) V zEzclusive >= 2))

COHERENCE-REF-2

zWaitS > 1 = AF(zShared > 1))

COHERENCE-REF-3

AG(
AG(
AG(
AG(
AG(
AG(
AG(
2,3,4,P]-3 || AG(barber < 1)
AG(
AG(
AG(
AG(
AG(
AG(
AG(

aeWaitS > n = AF(zShared > n))

INSERTIONSORT AG(—((pc = entryA1 ANk > n) V (pc = entryA1l Ak < —1) V (pc = entryA3 Ai > n — 1)V
(pc = entryA3Ni < —2)V (pc = entryA2 AN i < —1) V (pc = entryA2 A i < —2)V
(pc = entryA2 Ni>n— 1)V (pc = entryA2 Ni > n — 1))
pc[5,10,30] AG(produced — consumed = count A count <= size)
RW[16,32,64,P] AG(busy = nr =0)
S1S-1 AG(Inject = Pressure = TooLow)
S15-2 AG((Reset A —~(Pressure = TooHigh) = —Overridden) A (Reset A Pressure = TooLow = Inject))
LIGHTCONTROL AG(count > 1 <= Of fice = Occupied A Occupants = Multiple)

Table 1. List of problem instances used in the experiments

In Tables 2 and 3 we show the sizes of the problem in-
stances we used in our experiments. Each row in Table 2
shows the size of the composite symbolic representation
for the transition relation used in that instance. The size
of a composite representation is shown in terms of the
number of composite atoms, the number of polyhedra,
the number of equality (EQ) and greater-than-or-equal-
to (GEQ) constraints, the number of BDD nodes, the
number of integer variables, and the number of boolean
variables in it. Table 3 shows the size of the maximum
fixpoint iterate for the optimized version of the Com-
posite Symbolic Library with all the presented heuristics
included. For most of the problem instances verification
procedure runs out of memory if the heuristics are not
used.

Experimental results for the verifier with different
versions of the simplification algorithm and without sim-
plification is given in Table 4. The label 5$2-53-54 indi-

cates that at each simplification point the simplification
algorithm with S2, 53, and S4 are called in this order. So
a multi-level simplification is achieved starting with the
least aggressive version and continuing by increasing the
degree of aggressiveness. Results show that multi-level
simplification performs better than single level simplifi-
cation. It also indicates that the speedup obtained by
simplifying the composite representation is significant.
Without simplification, for most of the examples, the
verifier ran out of memory.

The results in Table 5 show that combining the sub-
set check and the wunion computations with the
pre-condition computation speeds up the verification.
There are two reasons for the speedup: 1) Since disjuncts
that are computed as the result of the pre-condition
computation are not included in the resulting composite
formula if they are subset of the result from the pre-
vious iteration, the resulting composite formula has a
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Problem Transition Relation Size

Instance Composite | Polyhedra | EQ, GEQ | BDD | # integer | # boolean
BAKERY2-[1,2 6 8 32 69 2 4
BAKERY3-[1,2 9 121 126 165 3 6
TICKET2-[1,2 6 6 38 69 4 4
TICKET3-[1,2 9 9 66 165 5 6
BARBER2-[1,2,3 8 8 48 88 3 4
BARBER3-[1,2,3 10 10 60 140 3 5
BARBER4-[1,2,3 12 12 72 204 3 6
BARBERP-[1,2,3 6 6 62 32 6 2
COHERENCE-[1,2,3,4] 10 10 120 94 6 4
COHERENCE-REF-[1,2,3] 10 10 120 88 6 4
INSERTIONSORT 8 8 27 56 3 3
PCS 12 12 62 222 4 6
pcl0 22 22 112 517 4 8
pc30 62 62 312 1891 4 10
RW16 32 32 64 1570 1 17
RW32 64 64 128 6210 1 33
RW64 128 128 256 | 24706 1 65
RWP 4 4 56 11 7 1
s1s-1 8 10 50 117 3 6
SIS-2 8 14 1573 117 6 6
LIGHTCONTROL 12 12 25 271 1 7

Table 2. Sizes of the transition relations for the problem instances used in the experiments

smaller size. 2) Only the disjuncts which are result of
the pre-condition computation in the current iteration
are checked for subset relation against the resulting com-
posite formula from the previous step. Average speedup
for this heuristic is %29.

Verification times with and without masking the in-
teger pre-condition computation by boolean satisfiability
check are given in Table 5. Results show that masking
the integer pre-condition computation speeds up the ver-
ification and the speedup becomes higher for the spec-
ifications where the temporal property to be checked is
a liveness property. The reason may be that the liveness
properties involve two fixpoint computations: one for EG
and one for EF2. Additionally, a fixpoint iteration for EG
involves a pre-condition computation followed by an in-
tersection operation whereas a fixpoint iteration for EF
involves a pre-condition computation followed by a union
operation. Since the intersection causes a quadratic in-
crease (whereas the union causes a linear increase) in the
composite formula size, EG fixpoint iterates are likely
to grow faster. Average speedup for masking heuristic is
%12.

Verification times for the two different versions of
the subset check algorithm are given in Table 5. In most
of the experiments the efficient subset check algorithm
shown in Fig. 13 performs better than the subset check
algorithm shown in Fig. 6 which computes the comple-
ment operation at the composite formula level. The re-
sults demonstrate that processing composite atoms as

2 Note that the verifier computes the negation of a liveness prop-
erty AGAFp and computes the fixpoint for EF EG(—p). Then it
checks satisfiability of I A EF EG(—p). Similarly, for an invariant
property AGp it computes the fixpoint for the negation of AGp
and checks satisfiability of I A EF(—p)

needed and performing the complement operation at the
composite atom level instead of composite formula level
is more efficient. Average speedup for efficient subset
check heuristic is %10.

7 Omega Library vs. Composite Symbolic
Library

In Section 5 we have shown that the composite model
checker performs superior to the OMC-Partitioned for
the example given in Figure 18. It is clear from Fig-
ure 19 that partitioning the state space does not scale
with the increasing number of control states. In this Sec-
tion, we compare the composite representation against
the integer-mapping approach (used in OMC-Mapped in
Section 5) using a larger set of examples to further eval-
uate the power of the composite symbolic model check-
ing approach. In the integer-mapping approach enumer-
ated and boolean variables are mapped to integer vari-
ables and verification is performed using only the poly-
hedral representation of the Presburger arithmetic for-
mulas provided by the Omega Library.

Table 6 shows the verification time and the mem-
ory usage for the integer-mapping and the composite
representation approaches. The results show that the
composite representation approach scales better than
the integer-mapping approach. The performance of the
integer-mapping approach degrades relative to the per-
formance of the composite representation approach with
the increasing number of boolean variables. The results
also show that for most of the problem instances which
can be verified by the composite representation approach
using approximate fixpoint computations, the analysis
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Problem Maximum Fixpoint Iterate Size Fixpoints
Instance Composite | Polyhedra | EQ, GEQ | BDD | EF | EG
BAKERY2-1 6 10 20 28 4 —
BAKERY2-2 4 5 10 21 1 9
BAKERY3-1 22 61 183 171 5 —
BAKERY 3-2 16 48 146 141 4 15
TICKET2-1 6 11 36 31 9 —
TICKET2-2 8 25 74 41 7 5
TICKET3-1 19 28 117 168 11 —
TICKET3-2 27 54 191 195 6 8
BARBER2-1 14 29 87 60 9 —
BARBER2-2 4 4 12 13 5 —
BARBER2-3 9 10 30 42 11 —
BARBER3-1 16 35 105 90 10 —
BARBER3-2 4 4 12 15 5 —
BARBER3-3 12 14 42 75 12 —
BARBER4-1 18 41 123 128 11 —
BARBER4-2 4 4 12 17 5 —
BARBER4-3 15 18 54 122 13 —
BARBERP-1 4 24 167 10 8 —
BARBERP-2 4 6 26 10 5 —
BARBERP-3 5 14 73 13 11 —
COHERENCE- 1 5 7 42 23 4 —
COHERENCE-2 11 43 258 51 5 3
COHERENCE-3 15 81 494 72 8 3
COHERENCE-4 15 20 111 73 13 11
COHERENCE-REF-1 4 6 36 20 4 —
COHERENCE-REF-2 7 8 46 33 5 3
COHERENCE-REF-3 11 186 1116 53 9 3
INSERTIONSORT 5 8 10 19 5 —
PCH 1 3 8 7 1 —
PC10 1 3 8 7 1

pc30 1 3 8 9 1 —
RW16 1 1 1 2 1 —
RW32 1 1 1 2 1 —
RW64 1 1 1 2 1 —
RWP 1 1 7 2 1 —
s1s-1 1 1 1 3 1 —
S1S-2 2 7 49 14 2 —
LIGHTCONTROL 4 4 5 35 3 —

Table 3. Maximum fixpoint iterate sizes and the number of fixpoint iterations for the optimized version of the Composite Symbolic

Library for problem instances used in the experiments

results for the integer-mapping approach are inconclu-
sive (marked with “*” in Table 6) although we used the
same approximation technique [BGP99] in both cases.

8 Conclusions

In this paper, we have presented the Composite Symbolic
Library, a symbolic manipulator for model-checking sys-
tems with heterogeneous data types. The Composite
Symbolic Library combines different symbolic represen-
tations under a common interface. It can be used as a
platform to integrate different symbolic representations.
Using composite representations one can improve the ef-
ficiency of verification procedures by mapping each vari-
able type in the input specification to a suitable symbolic
representation.

The Symbolic interface provided by our tool can be
useful in integrating different symbolic libraries. Once

a wrapper for a symbolic library is written the internal
representation of that library will be hidden. This can
also help in comparing performances of different sym-
bolic representations by isolating them from the verifi-
cation procedures.

Using the Composite Symbolic Library we were able
to develop polymorphic verification procedures which
are oblivious to the symbolic representation used. Hence,
the decision of which symbolic representation to use can
be made at run-time, based on the input specification.
If the input specification has only boolean and enumer-
ated variables, then our verifier becomes a BDD-based
symbolic model checker. However, if both integer and
boolean variables are present in the input specification,
then it is able to use arithmetic constraints and BDDs
together using the composite representation.

We have also improved performance of the Compos-
ite Symbolic Library by developing heuristics for efficient
manipulation of the composite symbolic representation.
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Problem S2-S3-S4 S1 S2 S3 S4 None

Instance T | M T | M T | M T | M T | M T | M
BAKERY2-1 0.21 7.8 0.08 7.7 0.09 7.8 0.10 7.7 0.2 7.7 0.1 80
(L)BAKERY2-2 0.26 7.9 0.34 8.8 0.53 8.8 0.31 8.5 0.35 7.8 1 0
BAKERY3-1 8.26 | 19.6 3.61 21.2 3.44 21.5 3.48 20.3 8.85 19.5 5.71 30
(L)BAKERY3-2 51.32 | 34.7 | 255.45 324 370 323 | 109.7 77.5 81.23 34.9 1 0
TICKET2-1 1.07 | 10.2 0.56 10.4 0.59 10.3 0.60 10.4 0.87 10.2 1.81 17.4
(L)TICKET2-2 3.13 13.8 1.3 13.8 1.31 13.8 1.30 13.5 2.19 13.4 1 1T
TICKET3-1 14.71 28 15.39 58 | 15.49 58 | 13.56 43.3 21.42 35.2 T 1T
(L)TICKET3-2 29.73 29 61.28 173 | 75.48 173 28.2 62 | 119.95 60 1 0
BARBER2-1 4.62 17.7 4.8 21.5 4.52 21 3.59 17.6 4.52 17.6 59.3 197
BARBER2-2 0.27 8.8 0.21 9 0.25 9 0.23 9 0.27 8.8 0.28 9.3
BARBER2-3 1.58 12.8 1.2 13.7 1.49 13.8 1.51 13.8 1.55 12.8 2.93 20
BARBER3-1 10.93 | 26.6 13.68 35.2 | 13.22 34.5 9.14 26.4 10.59 26.4 1 1T
BARBER3-2 0.35 9.5 0.35 9.8 0.32 9.7 0.33 9.8 0.30 9.5 0.5 10
BARBER3-3 4.12 18.1 2.79 20.5 4.39 21 4.31 21 3.93 18 | 66.89 205
BARBER4-1 21.98 | 38.5 26.86 53.7 | 29.92 52.7 | 18.85 38.1 21.05 38.1 1 1T
BARBER4-2 0.43 | 10.1 0.43 10.5 0.46 10.5 0.43 10.5 0.39 10.1 0.83 | 13.3
BARBER4-3 8.76 | 25.9 5.31 30.7 | 10.09 32.2 9.93 32 8.61 25.8 1 0
BARBERP-1 6.76 24 5.17 21.1 5.64 24 6.53 24 7.8 24 173 228
BARBERP-2 0.22 9.4 0.13 9.3 0.16 9.3 0.19 9.3 0.20 9.3 0.38 | 10.3
BARBERP-3 1.17 | 13.5 0.72 12.4 0.78 13.4 0.89 13.4 1.14 13.4 3.77 | 19.5
COHERENCE-1 0.34 | 11.3 0.24 11.2 0.25 11.2 0.29 11.2 0.30 11.3 0.23 11.5
(L)COHERENCE-2 2.74 | 14.8 0.78 13.7 0.74 13.6 0.82 13.1 4.03 15.6 2.1 | 24.8
(L)COHERENCE—3 11.97 | 29.8 2.09 22.8 211 22.2 2.42 21.1 18.8 32.8 | 21.97 161
(L)COHERENCE-4 13.14 | 24.6 1.98 19.3 1.93 19.3 2.03 19.3 27.09 36.9 1 1T
COHERENCE-REF-1 0.27 11 0.27 11 0.19 11 0.22 11 0.25 11 0.16 11.1
(L)COHERENCE-REF-2 097 | 114 >83 >60 >83 >60 >83 >60 >83 >60 T +
(L)COHERENCE-REF-3 0.48 | 11.6 >139 | >181 | >139 | >181 | >139 | >181 >139 | >181 T T
INSERTIONSORT 0.2 8.5 0.12 8.5 0.11 8.5 0.11 8.4 0.23 8.4 0.21 8.7
PCS 0.07 7.7 0.05 7.7 0.06 7.7 0.06 7.7 0.05 7.7 0.05 8.1
pcl0 0.09 8.5 0.09 8.5 0.08 8.5 0.10 8.5 0.09 8.5 0.09 9.5
pc30 0.25 11.8 0.24 11.8 0.25 11.8 0.25 11.8 0.23 11.8 0.23 | 28.3
RW16 0.02 8.1 0.02 8.1 0.02 8.1 0.02 8.1 0.02 8.1 1 n
RW32 0.03 | 10.8 0.03 10.8 0.03 10.8 0.03 10.8 0.03 10.8 T 1T
RW64 0.05 | 20.6 0.05 20.6 0.05 20.6 0.05 20.6 0.05 20.6 n 0
RWP 0.01 9 0.01 9 0.01 9 0.01 9 0.01 9 0.01 9
s1s-1 0.01 7.5 0.01 7.5 0.01 7.5 0.01 7.5 0.01 7.5 0.01 7.7
SIS-2 0.07 | 194 0.02 19.4 0.02 19.4 0.03 19.4 0.06 19.4 0.02 | 23.8
LIGHTCONTROL 0.12 7.9 0.08 8 0.10 8 0.09 8 0.09 7.9 0.09 8.4

Table 4. Verification time (T, in seconds) and memory (M, in Mbytes) results for different versions of the simplification heuristic vs.
no simplification (1 means that the program ran out of memory, > z means that the execution did not terminate in x seconds, and (L)
indicates that the specification has been verified for a liveness property)

Our experiments indicate that verification times are re-
duced significantly by using our simplification heuris-
tic for composite formulas. When simplification was not
used, approximately %50 of the examples could not even
complete since they ran out of memory. Heuristics for
combining the pre-condition computation with the sub-
set check and the union computations, avoiding the com-
plement operation at the composite formula level and
performing it at the composite atom level, and mask-
ing the expensive integer manipulation operations with
the boolean manipulation operations also improve the
verification times significantly.

We would like to enrich the Composite Symbolic Li-
brary with new symbolic representations. Some candi-
dates are automata representation for linear arithmetic
formulas and shape graphs for heap variables. Consid-
ering the object-oriented design of the Composite Sym-
bolic Library, we believe that integration of these new
symbolic representations will be feasible.

Preliminary results from this paper were presented
in [YKTBO01] and [YKB02].

Composite Symbolic Library is available at:
http://www.cs.ucsb.edu/ ~bultan/composite/
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Table 5. Verification time (T, in seconds) and memory (M, in Mbytes) results demonstrating the impact of different heuristics (— denotes
exclusion of the specified heuristic and All-Heuristics denotes that all the heuristics are enabled)
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Table 6. Verification time (T, in seconds) and memory (M, in Mbytes) results for the integer-mapping and the composite representation
(1 means that the program ran out of memory, * means that the analysis was not precise enough to verify the property and (L) indicates
that the specification has been verified for a liveness property)
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