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Abstract. We study the verification problem for e-service (and workflow) speci-
fications, aiming at efficient techniques for guiding the construction of composite
e-services to guarantee desired properties (e.g., deadlock avoidance, bounds on
resource usage, response times). Based on e-service frameworks such as AZTEC
and e-FLow, decision flow language Vortex, we introduce a very simple e-service
model for our investigation of verification issues. We first show how three dif-
ferent model checking techniques are applied when the number of processes is
limited to a predetermined number. We then introduce pid quantified constraint,
a new symbolic representation that can encode infinite many system states, to
verify systems with unbounded and dynamic process instantiations. We think that
it is a versatile technique and more suitable for verification of e-service specifica-
tions. If this is combined with other techniques such as abstraction and widening,
it is possible to solve a large category of interesting verification problems for
e-services.

1 Introduction

Failure in e-services will have potentially a huge impact. As even a simple e-service
can consist of many concurrently running processes (e.g. inventory management, elec-
tronic payment and online promotion), design process of e-services becomes more and
more complicated. Design errors can arise from interleaved access over shared data,
synchronization between processes, dynamic change of specifications, and very likely
the misunderstanding and misinterpretation by programmers on business logic specifi-
cations. Hence an interesting issue here is to develop appropriate tools to aid the design
of e-service specifications. The aim of this paper is to investigate and develop general
verification techniques for quality design of e-services.

Unlike the research effort [14, 20] to analyze the performance model of a workflow
system, our main goal here is to verify the logic correctness of a workflow specification,
e.g. consistency of data, avoidance of unsafe system states, and satisfaction of certain
business constraints. The verification problem of workflow specification was studied in
several contexts. In [22], model checking was applied to Mentor workflow specifica-
tions. More specifically, their focus is on properties over graph structures (rather than
execution results). A similar approach was taken using Petri-net based structures in [29,



30]. In [8] Davulcu and et al. used concurrent transactional logic to model workflow
systems, and verifying safety properties under certain environment was proved to be
NP complete. Another technique for translating business processes in the process in-
terchange format (PIF) to CCS was developed in [28] which can then be verified by
appropriate tools. Clearly, a direct verification that considers not only the structures but
also the executions is more accurate and desirable. This is one primary concern of the
present paper.

In our earlier work [12, 13] on verifying Vortex specifications, we studied two dif-
ferent approaches: (1) approximate a specification with a finite state model (machine),
and use symbolic model checker (SMV) to verify the properties; (2) model a speci-
fication with infinite states and use infinite state verification tools such as the Action
Verifier [31, 2]. As we show in [12, 13], new techniques are needed in order to make the
verification process practical.

A main difference between e-service models [6, 5, 11] and decision flow language
Vortex [18] is that new processes are dynamically created in response to events that
may not be predictable. A focus of this paper is to study verification techniques for
such dynamic instantiation of processes. For this purpose we propose to use pid quan-
tified constraints to symbolically represent possibly infinite number of system states
and to reason about processes ids using existential quantifiers. We developed the cor-
responding algorithm to compute PRE (precondition) operator, which is essential to
fixpoint computation in model checking. We illustrate this technique using examples.
Note that dynamic instantiation of processes can not be handled by existing verification
techniques. Indeed, most model checkers only support verification of programs with
bounded number of processes.

The remainder of the paper is organized as follows. In Section 2 we propose the
simple e-service model for verification. In Section 3, we introduce different verification
techniques to verify systems with bounded number of processes, and give a short review
of temporal logics. We use a Vortex application MIHU as a case study, and compare the
performance of BDD based finite state model checking and constraint based infinite
state approach. In Section 4 we describe our pid quantified constraints to verify systems
with dynamic and unbounded process instantiation. Finally we discuss open problems
and future research directions in Section 5.

2 A Simple E-Service Model

To facilitate our investigation of verification problems, we introduce a simplified model
of e-services. This simplified model captures features of most prevalent workflow sys-
tems, while at the same time it is simple enough for formal verification. In this model,
we allow dynamic instantiation of processes, data types with infinite domains, shared
global variables among concurrent processes, and flexible interprocess synchronization.
Variations of this simple model will be studied in the rest of this paper, and various



model checking techniques are presented to take advantage of the features of these
variations.

We now formally define the simple e-service model. A simple e-service schema
consists of a fixed number of module schemas, which can communicate with each other
by accessing global variables. A global variable can be of boolean, enumerate or inte-
ger type, and the domain of integer type is infinite. During the execution of an e-service
schema, a module schema can be instantiated dynamically multiple and possibly un-
bounded times. We call these instantiations module instances or simply processes. Each
module schema can have a fixed number of local variables. Again a local variable can
be a boolean, enumerate or integer variable. As we will mention later, if each local
variables of every process has a finite domain, counting abstraction can be applied to
reason about unbounded number of processes. The logic of a module is defined by a list
of transition rules. Each transition rule is expressed in the form of an if-action state-
ment: if condition then action. The meaning of the rule is that if condition
is satisfied then execute the action; otherwise the action is automatically blocked. An
action can either be a conjunction of assignments over variables, or a command to in-
stantiate a new process. We limit the expression appeared in action and condition to be
linear, due to the limitation of our model checkers. Global variables can be accessed by
all processes, and local variables can only be accessed by its owner.

Fig. 1 shows a little example of the simple E-service model. There are two module
schemas main and A. Transition rule ��� inside module main instantiate a new process
of type A, and initialize its local variable pc to be 0. Transition rule ��� inside module
schema A increments global variable a by 1, and advances its local variable pc to 1.��� and copies of ��� (owned by instances of A) run in parallel. It is obvious that we
can always instantiate more than two processes of A, and satisfy the CTL property
EF � a �	��
 (eventually a will reach 2).

Global: Integer a ��
 ;
Module A ( Integer pcInit )
Integer pc � pcInit;
Transition Rules:

t1: if pc ��
 then pc' ����� a' � a ��� ;
EndModule
Property: EF � a �����

Module main ()
Transition Rules:

t2: new A ( 
 );
EndModule

Fig. 1. Example of dynamic process instantiation



3 Verify Systems with Bounded Number of Processes

We discuss the verification of workflow systems with bounded processes in this section.
We start with a brief review of model checking technology and temporal logics, which
is the basis for our discussion. Then we present three different approaches (finite state,
infinite state model checking, and predicate abstraction) to verify a workflow specifica-
tion. We show several optimization techniques we have developed, by taking advantage
of system features. We also compare the pros and cons of the approaches we presented.

3.1 Model checking

In a landmark paper [24] Pnueli argued that temporal logic is very useful for specifying
correctness of programs especially reactive systems. With powerful operators to express
concepts such as “eventually” and “always”, temporal logic wins over Hoare Logic in
specifying time-vary behaviors. From late 70's thrived many flavors of temporal logic,
for example, LTL (Linear Temporal Logic) [25] and CTL (Computation Tree Logic)
[7]. In the rest of this paper, we use CTL and its extensions to specify desired properties
of workflow programs.

In CTL formulas temporal operators such as X (in next state), F (eventually) and
G (globally) must be immediately preceded by a path quantifier A (for all paths) or
E (exists a path). For example, for a two-process system mutual exclusion property
is expressed as AG ��� pc �������! pc "#�$���#
 , and progress property is expressed as
AG � pc � ��%�&(')�+* AF � pc � �$���#
�
, AG � pc " ��%�&�')�+* AF � pc " �$����
-
 . When the
number of processes is not predetermined, we can enhance CTL with quantifiers, e.g.,
mutual exclusion property are expressed as AG �/. p 0�12 p 3 ��� pc 4 p �65 �$���7 pc 4 p "�5 ������
-
�8

There are two types of model checking techniques, explicit state model checking
[17] and symbolic model checking [4]. In practice we are more interested in using
symbolic model checking, as system states are represented more compactly, and hence
much bigger systems can be verified. To encode system state, for finite state system
BDD (Binary decision diagram) [26] is the most popular form; and for infinite state
system, we use Presburger formulas [23].

We now give a short review of CTL verification algorithm. Suppose that a workflow
program is formally modeled as a transition system 9	�:�<;>=-?@=-AB
 , where ; is the state
space , ?DCE; is the set of initial states, and A:CF;HGI; is the transition relation. Given
a set of states J , the pre-condition PRE �KJL=-AB
 represents the set of states that can reachJ with a single transition in A , i.e. PRE �KJL=-AB
M�ON#�BP�QR�TS���8 ��8���S<UVJW X�<��=6��SY
�UZA\[ . PRE

operator is very important for CTL verification, as all verification problems are finally
transformed to the fixpoint computation on PRE. For example, to verify whether system9 satisfies CTL property EFJ , it is equivalent to check whether ?+C EF �]J^=-AB
 . Here
EF �]JL=6AB
 represents the set of states that can eventually reach J , and it is computed
using least-fixpoint EF �]JL=6AB
��`_baL8/�]Jdc PRE �ea^=-AB
�
 , where PRE operator has to be
defined. More details about CTL verification can be found in [21].



3.2 BDD-based finite approach

In practice many workflow systems can be mapped to a restricted variation of our sim-
ple E-service model. For example, Vortex [18] workflow can be regarded as a variation
whose integer domain is finite and whose variable dependency graph is acyclic. By
taking advantage of these restrictions, we are able to apply BDD-based finite model
checking and develop certain optimization techniques. We now demonstrate these op-
timizations and present experimental results based on our earlier work [12] to model
check Vortex workflow [18] using symbolic model checker SMV [21].

Given a simple E-service schema, if a variable f is used to compute some variableg
, we say that

g
is dependent on f . Following this definition, each E-service schema

has a a dependency graph. If this dependency graph is acyclic, it is easy to infer that
the E-service schema has declarative semantics, i.e., given the same input any legal
execution sequence will eventually generate the same output. Based on this observation,
if the desired property is about values of leaf nodes in the dependency graph, it suffices
to check only one legal execution path. This idea is similar to partial order reduction
[15], as only an equivalent part of transition system is generated, verification cost is
greatly lowered.

By taking advantage of acyclic dependency graph, we are able to develop two more
optimizations named variable pruning and initial constraints projection. The idea of
variable pruning is that in a E-service schema with acyclic dependency graph, each
variable has a “lifespan”. Outside of this lifespan the variable is of no use for execution,
and hence we can assign it a “don't care” value. The assignment, is in fact to eliminate
that variable in the BDD representation. Thus during each step of fixpoint computation,
the BDD representation encodes only the “active” variables, and we have successfully
reduced the state space. Similar to variable pruning, source variables (in dependency
graph those variables have outgoing edges only) can be “lazily assigned” until they
are first referenced. To keep the equivalence to original model, initial constraints are
projected to those lazy assignments. This helps to alleviate BDD operations on sorted
arrays, more details can be found in [12].

We took a Vortex application MIHU [12] as a case study. MIHU consists of around
forty integer variables and hundreds of source lines. We are able to prove all correct
properties, and managed to identify violations of two proposed properties, which was
caused by missing bounds on some variables. The graphs shown in Figure 2 demon-
strates the time used and memory consumed for forward fixpoint computation by SMV.
There are some interesting results reflected in the SMV data. First, the time consumed
increases exponentially with the integer width. However memory consumption does not
increase as sharply demonstrating that BDDs generate a compact encoding of the state
space. Second, we observed that to set an appropriate integer width is important for fi-
nite state verification. We can not restrict the integer domains too much, as intermediate
results generated during execution can possibly exceed the range of variables and lead
to an incorrect modeling. The problem of determining what is the smallest integer width
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Fig. 2. Experimental results of MIHU

that guarantees the soundness of finite-state verification is an interesting direction for
future research.

3.3 Integer constraints based infinite approach

As shown in the previous subsection, BDD based approach does not scale well with the
integer width. This is due to the fact that BDD symbolic representations are specialized
for encoding boolean variables and become inefficient when used to represent integer
constraints. In stead we can use infinite-state representations based on linear arithmetic
constraints [1, 3, 16] to solve this problem. Action Language Verifier [2], based upon
Composite Symbolic Library [31] that manipulates both BDD and Presburger package,
is such an infinite-state symbolic model checker. Action Language specifications are
modular, each module is defined as a composition of its actions and submodules. The
similarity of syntax allowed us to take Action Verifier as a rapid prototyping tool to
investigate the infinite model checking approach.

Action Verifier uses composite formulas to represent transition system. A compos-
ite formula is obtained by combining boolean and integer formulas with logical con-
nectives. Boolean formulas are represented in the form of ROBDD [21], and integer
formulas in Composite Symbolic Library are stored in a disjunctive normal form repre-
sentation provided by Presburger Arithmetic manipulator Omega Library [19]. In this
representation, a Presburger formula is represented as the union of a finite list of poly-
hedra. As a result of distribution law of existential quantification, The PRE operator is
computed by calling BDD manipulator and Presburger arithmetic manipulator. More
details can be found in [31].

The translation from simple E-service model to Action Language is straightforward,
and we present the experimental results on MIHU in Figure 3. Comparing with the
finite approach, we do not have to worry about the integer width when using the Action
Language Verifier, the verification results are provably sound. Other than property 3
Action Language Verifier was able to prove or disprove all the properties. For property 3



the Action Language Verifier did not converge, which demonstrates the high complexity
associated with infinite-state model checking. The fifth column in the table shows the
smallest integer width when the Action Language Verifier starts to outperform SMV.
Hence, even for a finite problem instance, it is better to use an infinite-state model
checker rather than a finite-state model checker after these integer widths. The results
also show that the Action Language Verifier uses more memory than SMV. Part of the
reason could be that the Action Language Verifier uses DNF to store integer constraints
which may not be as compact as the BDD representation.

Property Time Memory Winning Bits against Winning Bits against
(Seconds) (Mb) SMV(Backward) SMV(Forward)

p1: 303s 17.8 9 12
p2: 271s 17.8 9 11
p3: diverged
p4: 271s 17.8 9 11
p5: 158347s 688.3 19 19
p6: 131070s 633.3 17 19

Fig. 3. Verification Results for Action Language Verifier

3.4 Hybrid predicate abstraction

There are two basic difficulties in the application of Action Language Verifier (or any
other infinite-state model checker) to verification of workflows: 1) The large num-
ber of variables in a workflow specification can cause the infinite-state symbolic rep-
resentations to become prohibitively expensive to manipulate. 2) Since variable do-
mains are not bounded the fixpoint computations may not converge within finite steps.
The simple example on the left side of Fig. 4 shows that sometimes even a simple
loop can make Action Language Verifier diverge. When Action tries to verify prop-
erty AG � y h�jik��
 , it has to first compute the set of states EF � y �jik�#
 , and then
check whether the set EF � y �Xik�#
blHN�mR�n�o[ is empty. Since EF p is computed by least-
fixpoint _baL8/�]J>c PRE �eaq
�
 , and PRE rb� y �:ik��
 is N y �Xik�RiBs>[ , Action can not converge
in a finite number of steps.

By using predicate abstraction [27] we can alleviate the problem. The idea is to
extract a boolean “abstract” model, and verify properties on this smaller model. Given a
list of integer predicates

g � =�8Y8t8Y= g r and an integer program u , by predicate abstraction
we can derive an abstract system v , whose system state is a n-tuple �xw � =�8Y8t8Y=6w r 
 . In
the abstract transition relation, each transition rule is derived from a corresponding
transition rule in concrete system, and each abstract transition rule is a conjunction
of assignments over abstract boolean variables. As an example, we give the abstract
version of the little loop example on the right side of Fig. 4. This abstract program can
be successfully verified and thus prove the correctness of the concrete program.

The cost of abstraction is pretty expensive. Let y be the number of predicates, the
complexity to compute a single abstract transition rule is zI�<y�{}|R~T
 [27]. For rule based
E-Service systems, to abstract out all integer variables proves not successful, as there are



Global: Integer y ;
Initial: y �����
Module main()
Transition Rules:

t1: y' � y ��� ;
EndModule
Property: AG � y ��������

Global: Bool b1,b2 ; // b1: y ����� , b2: y ��

Initial: b1 � b2;
Module main()
Transition Rules:

t1: if b1 � b2 then b1' ���(�o����� ;
else b1' ��� ;
if b2 then b2' ���<����� ;
elseif b1 then b2' ���(�o����� ;
else b2' ��� ;

EndModule
Property: AG � b1 �

Fig. 4. Example that fixpoint computation can not converge

too many switch case statements and integer predicates. We resort to a hybrid approach
– just partially abstract the part causing the divergence of Action, and leave others
intact. We verified a WebShop workflow specification using this hybrid approach, and
experimental result in [13] shows that it is much more versatile in practice.

4 Verify Systems with Unbounded Number of Processes

We discuss techniques used to tackle unbounded and dynamic instantiation of processes
in this section. It is well known that model checkers can not handle systems with a large
number of processes very effectively, unless some other abstraction techniques are ap-
plied. We present an existing technique called counting abstraction to handle system
with finite yet unbounded processes. We show that this technique has limitations, and
then we present a more flexible and versatile framework using “pid quantified con-
straints”.

4.1 Counting abstraction

The main idea of counting abstraction [9] is to define a counter for each local state of a
module schema, to record and track the number of processes in this local state. By doing
so, one can easily verify mutual exclusion property by checking whether the counter of
that critical state will ever exceed 1. For example, in Fig. 1, if we change the data type
of local variable pc to enumerate type, which contains two elements ���T�#� and �x�T� � , then
for module schema A there are only two local states. To apply counting abstraction, we
can declare two integer variables as counters for these two local states, and in ��� we add
operations that increments counter for ���T� � and decrements counter for �x�T� � by 1.

Counting abstraction has been successfully applied in verifying parameterized cache
coherence protocol [9], and Client-Server communication protocols [10]. However this



technique has certain limitations. Since one has to define a counter for each possible
local state, the number of local states of each module schema needs to be finite. In an-
other word, processes can not have data types of infinite domain. Another drawback is
that since local states are totally abstracted away, only some particular properties can be
expressed in the abstract system. We can not reason about progress properties like “if
process 1's state is wait, then eventually it can reach critical section”, because we have
no information about any specific process. We propose a more versatile framework in
the next subsection, which allows processes with infinite local states.

4.2 Pid quantified constraints

Pid quantified constraint uses a special existential quantifier to reason about process
ids, and it can be used as symbolic representation to encode possibly infinite many
system states. In this subsection we first define system state, based on which we derive
the concept of pid quantified constraints. Then we show how to construct a constant
sized intermediate transition relation for systems with dynamic process instantiation.
Finally we use a simple example to illustrate how to compute pre-condition operator
PRE �KJL=6Ak
 , which is essential for CTL verification.

System state A system state schema is a tuple �<��=6�I=-��
 , and a system state is its
valuation. Here � is the set of all global variables, � is the set of module instanti-
ation counters, and � is a list of unbounded arrays that record local variables of all
processes. For example, for the simple program in Fig. 1 its system state schema is� a = A.Cnt = A.pc 4 5 
 , and one possible state is �x��=6�V=�4K��=���=��\=��\=�8�8�8 5 
 , where � represents
the “uninitialized value”. In this state, module schema A has been instantiated twice.

Pid quantified constraints A pid quantified constraint
� Q@� 8�8�8  Q(¡^¢ aoJ@£ is a quantifier-

free expression ¢ a�JR£ (linear constraints connected by boolean operators) existentially
quantified by a list of unique existential quantifiers. In a pid quantified constraint only
bounded variables can be used to index local variables, and bounded variables are only

used as index variables. For example, formula
� Q¥¤ 0�¦ ¤ 3 & �#§ & "  A.pc 4 & � 5 ��¨ and for-

mula
� Q@¤ 0 A.pc 4 & � 5 � A.pc 4 a 5 are not pid quantified constraints. For the unique existential

quantifier
� QR� , we require that variables in set © are only used to index local variables

of Module A, and each index variable should be mapped to a unique integer no greater

than A.Cnt, i.e. a state �«ª � � Q@¤ 0 ¦­¬­¬­¬ ¤�® ¢ a�JR£ iff. there exist a valuation ¯ such that the state� satisfies ¢ aoJ@£V4 & ��° ¯q��& � 
�=�8t8Y8t=6& r ° ¯q��& r 
 5 and . ¤�± 12 ¤�² ¯¥�x&(³)
#h��¯q��&o´#
k µ¯¥�x&�³<
�¶ A.Cnt. For

example, state �<�V=6��=�4t�o=��o=��\=�8�8�8 5 
 satisfies formula
� Q@¤ 0�¦ ¤ 3 A.pc 4 & � 5 �«�� A.pc 4 & " 5 �:� ,

but it does not satisfies
� Q¥¤ 06¦ ¤ 3�¦ ¤�· A.pc 4 & � 5 �\�� A.pc 4 & " 5 �«�� A.pc 4 &V¸ 5 �\� .



In verification a pid quantified constraint
� QR� 8�8�8  Q�¡¥¢ aoJ@£ is usually used to represent

the set of states satisfying this formula. For example,
� Q ³�¦ ´ A.pc 4 ' 5 ¶ A.pc 4 ¹ 5 represents

the system states such that there exist two processes of type A, where the local variable

pc of one process is no greater than the other. In fact
� Q ³�¦ ´ A.pc 4 ' 5 ¶ A.pc 4 ¹ 5»º � Q ³�¦ ´ �¼£�½ ¢ ,

and it might be amazing that
� Q ³e¦ ´ A.pc 4 ' 5e¾ A.pc 4 ¹ 5 h�k¿ º � Q ³�¦ ´��¼£�½ ¢ . As far as we know,

it is not clear the subset test of two pid quantified constraints is decidable. However
in practice, we have efficient conservative algorithms (sufficient condition) to handle
subset test.

Satisfiability of a pid quantified constraint is decidable, as the problem can be
transformed into the satisfiability of Presburger formulas. A pid quantified constraint� Q � 8�8�8  Q ¡^¢ aoJ@£ is satisfiable if and only if ¢ aoJ@£V4A.v 4 & 5 ° f$À�Á 5 is satisfiable. Here we re-
place every appearance of array elements with a free integer variable in ¢ aoJ@£ , as shown

by A.v 4 & 5 ° f�À�Á . For example,
� Q ³�¦ ´ � A.pc 4 ' 5 § A.pc 4 ¹ 5  A.pc 4 ¹ 5 § A.pc 4 ' 5 
 is not satisfi-

able because Presburger formula f�Â�Ã ± § f�Â�Ã ²  Zf�Â�Ã ² § f�Â�Ã ± is not satisfiable.

Transition relation In traditional model checking transition relation size grows in pro-
portion to the number of instances. For example, if there are two instances of module
schema A in Fig. 1, we will have two copies of transition rule ��� asynchronously com-
posed in the transition relation, and the two copies have only a slight difference in
accessing the local variable pc. Now with the power of quantifiers, we can make the
size of transition relation a constant no matter how many instances there are. For exam-
ple, our first order representation of ��� and ��� in Figure 1 are listed in the Equation 1
and 2.

�6��ÄBÅÆ�Ç A.pc È É�Ê/��
�� A.pc È É�ÊtËe���}� a ËY� a ���Ì�FÍ ÅÎ�ÏÐ Ç A.pc È Ñ�ÊKË�� A.pc È Ñ�ÊÒ� A.Cnt ËY� A.Cnt (1)�Ó�TÄ A.CntË � A.Cnt ���Ì� A.pc ÈA.Cnt Ë Ê Ë ��
d� a Ë � a �FÍ ÅÇ ÏÐ A.Cnt Ô � A.pc È É�Ê Ë � A.pc È É�ÊY� (2)

The semantics of ��� is “if there exist a process of module A whose local variable pc
is 0, then we advance its pc to 1 and increment the global variable a by 1, and for all
other variables we let them keep their original values”. In Equation 2, the semantics is
to increment counter of module A by 1 and initialize the new local variables.

Verification As discussed before PRE operator needs to be defined to model check CTL
properties. Without loss of generality, we assume that transition actions are classified
to two types, pure assignment action and process instantiation action. We now discuss
how to compute PRE for these two types of actions.

Type I. For 9	�Õ�<��=-�I=6��
 , a Type I transition rule Ö � of Module A is expressed as

Ö � P­� � Q ³#×�Ø �x?�ÙÚ=6zkÙ�=6?  ³ =�z  ³ 
Û SAME �^Üz«
ÓÝ (3)

where SAME �xÞ\
�P]�àßÀ�á(â ¯ S �ã¯



In Equation 3 index variable ' identifies the process to take action, set ? Ù =6z Ù =-?  ³ =6z  ³
represents the global input, output, local input and output variables respectively, obvi-
ously ?  ³ and z  ³ contains local variables indexed by ' only. ÜzX�µ�kä$�åä��Hiæz Ù iæz  ³
represents the set of variables that should preserve their original values. For example,
for the transition rule ��� shown in Equation 1, ? Ù �kz Ù �«N�&@[ , ?  ³ �çz  ³ �,N A.pc 4 ' 5 [ ,
and Üzè�XN A.pc 4 ¹ 5 ª�¹éh�	'6[�äHN A.Cnt [ .

We suppose that a set of system states ; is represented by a pid quantified constraint� Q@� 8�8�8  Q(¡ ¢ aoJR£V�xê � ë =-ê�ìë =�8Y8Y8t=6ê   ë =-í ë 
 , where í ë , ê � ë , 8�8�8 , ê   ë are the sets of global
variables and local variables of module A to L appeared in ¢ aoJR£ respectively. Then
PRE(S, Ö � ) can be computed in two steps. First we compute the conjunction ud�ãî S  ïÖ�ð .
Here the next form ;MS is to simply substitute all variables appeared in ¢ aoJ@£ with their

“primed” forms. For example, the next form of
� Q@¤�± A.pc 4 &�³ 5 �\� is

� Q@¤�± A.pc 4 &�³ 5 S �\� . Then
we do existential quantification on u to eliminate all “primed” variables, i.e. let ñ be
the set of “primed” variables appeared in u , PRE �<;>=�Ö � 
�P]�:QRò+u . Now the formula to
compute the first step u is listed as follows.

u P­� � Qqó ³�ô6õ � 8Y8t8   Q(¡ ¢ aoJR£ S  Ø ��? Ù =�z Ù =-?  ³ =6z  ³ 
Û SAME � �<Þ � 
Ì SAME " �xÞ " 

c÷ö¤�² á �

� QR� 8Y8Y8   Q(¡»¢ aoJ@£ S  Ø �x? Ù =6z Ù =6?  ¤�² =�z  ¤�² 
� SAME � �<Þ S� 
Ì SAME " �xÞ S" 

where Þ � �µê �ë äH8Y8Y8�äZê  ë äÛí ë i+z  ³ äZz ÙÞ " �è�çä���ä��øiWê �ë ä�8Y8t8#äZê  ë äZí ë äéz  ³ äZzkÙÞ S�n�	ê �ë ä78Y8Y8�ä�ê  ë ä�í ë i+z  ¤ ² äéz ÙÞ S"\�ø�ùäÛ�7äZ�èiWê �ë ä�8Y8t8�ä�ê  ë äZí ë äéz  ¤ ² äZz Ù (4)

As shown in Equation 4, u is a disjunction of ª ©�ª ¾ � clauses. The first clause

(started with quantifiers
� Q ó ³/ô6õ � ) handles the case when none of index & ´ U»© is mapped

to a number equal to ' , and the other ª ©�ª clauses handle the cases when there is exactly
one & ´ U»© equal to ' . Note that due to the definition of “unique existential quantifier” we
only have to consider these ª ©�ª ¾ � cases. In the last ª ©�ª clauses, since & ´ is identical to' in Ö � , we substitute all appearance of ' in Ø with & ´ , and this operation is represented
by set ?  ¤�² and z  ¤�² inside function Ø in the last ª ©�ª cases. Now the last problem is how
to deal with SAME. We split SAME �}Üzn
 into two parts SAME � �xÞ � 
 and SAME " �<Þ " 
 . It
is clear that Üzú�,Þ � ä7Þ " , and Þ � is a finite set while Þ " is an infinite one. The most
important fact is that in the formula of u each variable ¯@U^Þ " appears in the subformula
of SAME " only, with the form ¯VS\�û¯ . Thus after existential quantification of ¯�S in
the second step, ¯ will not appear in the result. This guarantees the finite length of
PRE �<;>=�Ö ¤ 
 .
Example 1. Let the current states ; represented by formula &V�«�µ � Q@¤ 0 A.pc 4 & � 5 �$¨ ,
and the transition Ö � be ��� in Equation 1. Then ;�S is &�S/�\�d � Q@¤ 0 A.pc 4 & � 5 S/�$¨ , and the



conjunction uM�eî�S�=-Ö ð 
 , according to Equation 4, is computed as follows. Note that in

the second clause(started with quantifier
� Q¥¤ 0 ) because A.pc 4 & � 5 S is assigned ¨ and � in¢ a�JR£TS and Ø at the same time, the second clause is not satisfiable, and hence represents

empty set.ü Ä �ýÅ Æ�Çeþ ÿ�0��#���ÒËY���Û� A.pc È ���¼ÊKË���
#�n�:� A.pc È É�ÊY��
H� A.pc È É�ÊtË����Ì�	�ÒËY���(�Ú���n�
SAME � ��� � �n� SAME �����������

� Å Æ ÿ�0��T��� Ë ���Û� A.pc È � � Ê Ë ��
#�n�X� A.pc È � � ÊY��
�� A.pc È � � Ê Ë �Ú���	� Ë ���������n�
SAME ����� Ë� �B� SAME � ��� Ë� � �

where � � � � A.pc È � � Ê��
	������ � A.pc È �(Ê�
��}���� � ���}���É<��� � A.Cnt �
� Ë� ����	�� Ë� � � A.pc È �(Ê�
��}���� � ��� � A.Cnt �Ä �	�����������ÒËY�����¥�«ÅÆ�Çeþ ÿ�0#� A.pc È � � ÊKË���
�� A.pc È É�Ê/��
�� A.pc È É�ÊtË����^� A.pc È � � ÊKËY� A.pc È � � ÊY�

Thus, after existential quantification, we get

PRE �x;>=-Ö � 
�P­� &I�	¨å � � Q ³e¦ ¤ 0 A.pc 4 ' 5 �µ¨å A.pc 4 & � 5 �µ¨�

Type II We adopt a similar methodology to handle the “process instantiation ac-

tions”. This time we analyze the relationship between index variables and the instance
counter, as shown in the following example.

Example 2. Suppose ; is represented by formula &V�«�  � Q@¤ 0 A.pc 4 & � 5 �$¨ , and the
transition ÖR� � is ��� shown in Equation 2. Then conjunction u^�$; S  éÖR� � is computed
as follows.ü Ä � Å Æ�ÿ�0 �#��� Ë ���Û� A.pc È � � Ê Ë ��
#�n�X� A.Cnt Ë � A.Cnt ���Û� A.pc ÈA.Cnt Ë Ê Ë ��
#�n�

SAME � ��� � �B� SAME ��������� ��ï��� Ë ����� A.pc ÈA.Cnt Ë Ê Ë ��
#�R��� A.Cnt Ë � A.Cnt ���>� A.pc ÈA.Cnt Ë Ê Ë ��
#�n�
SAME � ����Ë� �n� SAME �����ÚË� �

where � � � � ��	 A.pc È � � Ê/��	����6� � A.pc È �(Ê�
��^�� A.Cnt Ë ���}���� � �
� Ë� � � �(��	�� Ë� � � A.pc È ��Ê�
��}�� A.Cnt Ë �Ä �ý� Ë �������Û� A.Cnt Ë � A.Cnt �+�Û� A.pc ÈA.Cnt Ë Ê Ë ��


As shown in the calculation steps above, we have two disjuncted clauses in u . The first
one handles the case when & � and A.Cnt S are mapped to two different numbers. The
second clause handles the case when index variable & � is instantiated as A.Cnt S (we
replace all appearance of & � in ; S and take off the quantifier on & � ). It is obvious that
the first clause is a subset of the second clause, and we eliminate it in the simplified
form. Finally, we do existential elimination, and get the result

PRE �<;>=�ÖR� � 
 º &æ�:�



.

Using pid quantified constraints, we can verify the property EF ��&��:�o
 for the ex-
ample listed in Fig. 1. As the set of states EF p is evaluated by fixpoint _baL8 JLc PRE ��aL=-ÖR
 .
We listed each step of the fixpoint computation in Fig. 5. We use an early detection al-
gorithm to check whether the set of initial states is a subset of these intermediate results,
so verification converges in five steps.

EF0 �����
EF1 ���å���n�����}� Å Æ�Ç A.pc È É�ÊY��

EF2 �����ï�«�����^�\����
M� Å Æ�Ç�þ Î A.pc È É�ÊY��
M� A.pc È Ñ�ÊY��

EF3 �����ï�«�����^�\����
M� Å Æ�Ç A.pc È É�Ê/��
��n�(�Ú����� Å Æ�Ç�þ Î þ � A.pc È ÉeÊY��
�� A.pc È Ñ�Ê/��
�� A.pc È �TÊY��

EF4 �����ï�«�����^�\����
M�\�������^�æÅÆ�Ç�þ Î A.pc È ÉeÊY��
�� A.pc È Ñ�Ê/��
���������M�\ÅÆ(Çeþ Î þ ��þ � A.pc È É�ÊY��
M� A.pc È Ñ�ÊY��
M� A.pc È �TÊY��
M� A.pc È �tÊY��


Fig. 5. Evaluation Steps

5 Open problems

Similar to the infinite state approach we discussed before, our verification based on pid
quantified constraints suffered from the problem that fixpoint computation might not
converge in finite steps. For example, the computation of set EF in Fig. 5 will not con-
verge if we do not use early detection algorithm. One promising remedy we think is to
use predicate abstraction to derive a finite abstraction and avoid infinite fixpoint com-
putation. As the semantics of transition relations have been enriched by pid quantifiers,
we have to redefine the abstraction algorithm, and this will be one of our future research
direction.

Another interesting topic is what type of properties can be verified using pid quan-
tified approach. When initial states are represented by pid quantified constraints, safety
property AG �/. Â 0 ¦ Â 3�� �KJ � =xJ " 
�
 can be verified, because set of states EF � Q Â 0 ¦ Â 3 � �]J � =�J " 
6

can be computed and encoded by pid quantified constraints, and the satisfiability of its
intersection with initial states is decidable. However, when temporal operators and pid
quantifiers are mixed, verification becomes complicated. For example, can the progress
property AG �/.¥Â ³! pc 4 JR'#" 5 � %�&�')�^* AF � pc 4 JR'#" 5 �%$Bsb� ¢ £o
-
 be verified?

We believe that research effort is still needed on subset test algorithms in practice,
as such operations are vital to model check liveness properties. It is also interesting to
investigate the simplification of pid quantified constraints.
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