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Abstract

We present a projection method for the solution of the diusive transport and

reaction equations of electrochemical systems on irregutdime-dependent domains.
Speci ¢ applications include electrodeposition of coppelin sub-micron trenches, as
well as any other electrochemical system with an arbitrariy shaped bulk region of
dilute electrolyte solution. Our method uses a nite volume spatial discretization

that is second-order accurate throughout, including a nonuniform region used as a
transition to the far- eld chemical concentrations. Time i ntegration is performed

with a splitting technique that includes a projection step to solve for the electric
potential. The resulting method is rst order accurate in ti me, and is observed to be
stable for relatively large time steps. Furthermore, the afjorithm complexity scales
very respectably with grid re nement and is naturally paral lelizable.

Key words: electrochemical systems, irregular domain, splitting mehod,
projection method
PACS: 82.47.a

1 Introduction

1.1 Overview

The purpose of this paper is to present a novel methodologyrfsolving the
governing equations of electrochemistry under conditiorsf dilute electrolyte
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Fig. 1. Schematic of a multiscale simulation of the electrobemical process for man-
ufacturing on-chip copper interconnects. The dots represet Cu®* ions in solution,
with the Im on the surface being metallic copper.

solution. Such systems, with irregular and moving boundaes, are of interest
in copper electrodeposition and play an important role in th fabrication of
interconnects for the next generation of computer processo[1].

Our interest is to simulate copper inll of sub-micron scaletrenches. This
problem is inherently multiscale because the chemical rdamms at the cop-
per surface represent a length scale of nanometers (surfaceghness) and a
timescale of nanoseconds to microseconds, while the di asiand migration

processes in the electrolyte solution occur at the micromest to millimeter

length scale and millisecond to seconds time scale [2]. A hiygbsimulation

methodology was proposed and implemented in [3] and was usedstudy

trench inll. This approach consisted of two codes linked tgether: a nite

di erence code in the electrolyte region and a kinetic montearlo code at
the copper surface. Subsequent re nements of this method veabeen made
including the development of nite volume spatial discretzation to address
unphysical numerical errors (negative chemical concentrans) [6] and con-
trol systems analysis of code linkage to minimize instaliks and improve
accuracy [4].

Despite the progress that has been made, these simulationtinads still su er
from high computational cost. Two dimensional simulation®f modest resolu-



tion (100 x 100) take days to perform, scale poorly with gridenement and
are not readily parallelizable [3]. Speci cally, the simwtion in the electrolyte
region has been a serious bottleneck. In this paper, we willgsent a numerical
method which takes advantage of the structure of the problerto achieve a
considerable gain in e ciency.

This paper is organized as follows. In Section 2, we descritiee governing
equations for the electrolyte region, and discuss the exisfj numerical ap-
proaches and their observed shortcomings. In Section 3, werigle our numer-
ical method directly from the governing equations. This is @he in two parts:
rst the spatial discretization is derived by integrating the governing equations
over grid-sized cells; second the temporal discretizatias derived by splitting
the total time derivative into groups of physically relatedterms, and applying
the Implicit Euler method to two terms and a projection methal to the third
term. Section 4 brie y addresses issues involved in the imgrhentation. We
assess the performance of our method in Section 5 by studyitigee sam-
ple problems. The order of accuracy is con rmed and a point imiade about
the spatial and temporal re nement required to achieve a gen accuracy of
the numerical solution. Also, we measure the computationabmplexity of our
method for these three problems, and nd that it scales very &l as the grid is
re ned. We conclude the paper by summarizing our ndings andhighlighting
areas of possible future work.

2 Governing equations

The governing equations are sti nonlinear partial di erertial equations with
algebraic constraints [10]. These equations describe thene evolution of the
concentrations of each chemical speciez, They are derived by conservation
of mass with chemical reactions, di usion and migration du¢o electric elds,
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where Ry is the net rate of production of chemcial specids due to chemical
reactions, and is a function of all the other chemical spesieoncentrations,
f cog. And Ny is the ux of chemical speciek due to di usion and migration.

The detailed form of Ry is given by consideringN,y,s elementary reactions,
where reactionj is given by
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Then the net rate of production of speciek due to reactionj satis es
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Summing over all chemical reactions, the total rate of produion of chemical
specie is

_ e,
Rk foog = R’ (4)
j=1

The detailed form of Nk is given by
N, = Dyfoc  ziucFor (5)

where is the electric potential, Dy is the di usion coe cient for species k,
z¢ is the charge of speciek, ui is the mobility constant for speciexk, and F
is Faraday's constant. The algebraic constraint (equatiorilb)) enforces zero
net charge density for the electrolyte solution.

Substituting equation (5) into equation (1a) yields

%: Ry kaog + Dyr 20k+(ZkUkF)r Cl™ ; (6)

which, together with the electroneutrality constraint (equation 1b), de nes
our system.

Convective transport may also be included by coupling thessuations to the
Navier-Stokes equations [9], but this is often neglectedrfeystems with di-
mensions below In . For these systems, which will be our focus here, di usion
dominates because the Peclet number is small.

The boundary conditions are application dependent, so wedoas now on our
present application: electrodeposition. In electrodepiti®n, there is an active
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Fig. 2. Boundary conditions shown in diagram above.

copper boundary where chemical reactions occur on the sw#a creating a
ux of each chemical species into the electrolyte solution,

Nk fi= Jk; (7)

where r* is the outward normal direction along the active boundaryJy is
calculated from a separate surface reaction model using tieénetic Monte
Carlo (KMC) method, and is a function of the surface concenéitions of the
chemical speciesf, ccog curface For details of the KMC surface reaction model

and its linkage with continuum simulations in the electrolye region, see [3],[4].
For our purposes, we regardy as a changing but known quantity at any given
time.

At the upper boundary there is a far- eld set of xed values fo each of
the chemical species concentrations and the electric potieah represented by
Dirichlet boundary conditions,

n Lo

= dF (8)
FF . (9)

On the sides of the physical domain one can assume either zenoor periodic

boundary conditions, depending on the shape of the active mmer boundary.
In this paper we will assume without loss of generality a nomgiodic trench-
shaped active copper boundary with zero ux boundary condibn on the sides,



Ny h=0: (10)

The active boundary moves due to the deposition of copper tdsng from
surface reactions, and is tracked implicitly by a level set athod. In the level
set method, a signed distance function,, is de ned in the vicinity of the
active boundary. The = 0 contour implicitly de nes the active boundary
and is tracked by solving the advection equation
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Vo = 2 (12)

Cu

is the velocity of the active boundary, computed by the ux ofcopper divided
by the density of copper. This velocity is directed normal tdhe interface and
is extended along lines parallel to th& using the closest point fast marching
method. Details on implementation of the level set and fast arching methods
may be found elsewhere [13], [14], [15], [16].

As mentioned above, attempts have been made to solve theseiaipns by
Drews, Li, Braatz, Alkire [5],[6]. Their approach has beenat use the method
of lines (MOL) to transform the PDE system into an ODE system \th al-
gebraic constraints, i.e. di erential algebraic equatios (DAES). The resulting
index-2 DAE system was then solved using DASPK3 [7],[8]. Abugh this
strategy works, it was not very computationally e cient due to di culties
with nding an e ective preconditioner, which causes the cde to run slowly
even for modest size spatial grids (100 x 100) and a few cheahispecies. Much
e ort has been put into trying to design better preconditiorers for use with
DASPK in order to improve e ciency, but without much success[6]. The prob-
lem becomes more severe as one re nes the grid; code pro lireyeals that
the computation time scales asNegns)®, Where Nggns is the total number of
grid variables andp 2, making highly resolved simulations computationally
infeasible.

The goal of this work has been to develop a computational aldgiihm for the

solution of equations (1a) and (1b) on irregular domains wlit a moving active
boundary that is e cient, scales well with grid re nement, and is easy to
parallelize. In the remainder of this paper, we will descréd our algorithm in
detail, apply it to sample problems and measure its accura@nd e ciency,

thus demonstrating that we have achieved this goal.



3 Numerical Solution

The governing equations of Section 2 are solved numerically discretizing
the spatial and temporal domains. Details of the discretizeon are provided
in the appendix. Here we brie y describe the important poins.

3.1 Spatial Discretization

The spatial domain is divided into cells of nite volume (FV). All spatial
derivatives in equation (6) are computed withO( x?) accuracy, including
boundary cells.

Finite volume cells for spatial domain

3.5

2.5¢

@

)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 3. Three types of nite volume cells shown in gure above

In our algorithm, we de ne two regions of cells: uniform and onuniform. The
uniform cells form the lower region of the computational doain, and include
the trench and active boundary, since all such points requrroughly the same
resolution. The nonuniform cells above the trench serve ast@ansition zone
from the trench region to the far- eld. Since this transiticn length is often
much greater than the trench length scale, a uniform grid herwould add
unnecessary computational expense. As a result, there ahede distinct types
of FV cells, as shown in gure (3): uniform region cells, bowary cells and
nonuniform region cells.

To obtain the nite volume equations, we begin in the standad way by inte-
grating the governing PDE, equations (1a) and (1b), over a satl cell in our
domain. After applying the divergence theorem and approxiating boundary
integrals by products of average values (at boundary midpats) multiplied



by boundary length and area integrals by average values (aelt centroids)
multiplied by area, we obtain an equation of the form:

@a);; .
I - diff )
Vit =gt = (RHS)T™) + (RHS) ) +
(RHS)(migration ) + ( RHS)(boundaryqux ); (13)

where (c),; is the concentration of chemical species at the centroid of cell
(i;])-

(RHS)(ran), (RHS)(diff ), (RHS)(migration) and (RHS)(boundaryqux) are the
cell-integrated reaction, di usion, migration and bounday ux terms, given
by

(RHS)™™®) = VIR, f(ca),; g (14)
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where X; y; are the dimensions of the FV cellvi;rje' is the volume fraction
of the cell in solution, sis the active boundary length and yp; down; teft; right
are the fractions of the cell faces in solution (see gure (%)

Finally, we note that similar spatial discretizations havebeen used to solve
the heat and Poisson equations on irregular domains with mimg boundaries
[11], [12].
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a boundary cell

3.2 Temporal Discretization

Temporal discretization is accomplished via a splitting tehnique that uses
the Backward (implicit) Euler method combined with a projetion step. We
split the right hand side of equation (13) into three sets ofdrms: 1) reaction
terms, 2) di usion terms (plus boundary ux terms), and 3) migration terms,
as indicated by the superscript used. To advance the conceation elds,

(G)ij , from time t, 10 thss = ta +  t, two intermediate values, 6)%"™") and
(Ck)i(;j dit) " are calculated. Schematically, we do the following:
i ; iffusi diff
(Ck)l(?) !reac ion (Ck)l(J rxns ) !dl usion (Ck)l(J iff )
et v
!projec ion . !nlgralon (Ck)i(;?ﬂ): (18)

By projection, what is meantis that ; is computed such that after migration,
the charge neutrality constraint is satis ed at every soluibn-containing cell
center.

Starting from equation (13), with the left hand side discreized in time, the
algorithm proceeds as follows:

1) Reaction terms

— ) —=(n)
(Ck)i;j e (Ck)|:]

Vi;rjEI — ( RHS)( ;rXns ) (19)

2) Di usion terms (plus boundary ux)
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= ( RHS)( ;diff ) + ( RHS)(boundaryqux ) (20)
t
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3) Projection step

—(n+1)  —( :diff )
X ZkVi;rjEI ()i t(Ck)i;j _X 2 (RHS)moraion ) 1)
k

k

—(n+l)

: : , .. P
Equation (21), together with the charge neutrality conditdn, = zi(G);;
0, leads to an implicit Poisson-like equation for the eledt potential, i;
(contained in (RHS)(migration )y

—( diff )

X o X
t Zk(RHS)(mlgratlon ) = Vi;rjel Zk(Ck)i;j (22)
k k
4) Migration terms (using ;; obtained in step 3)
——(n+l)  —( :diff )
()i ()5 —_
| ij ij — t
Vi;rje t - ( RHS)(mlgra ion ) (23)

The resulting concentrations, Ck)i(;?ﬂ), are O( t) accurate and satisfy the
("1 = 0, to machine precision.

. .. P
charge neutrality condition, | z«(C)i;

To see that this method is convergent withO( t) accuracy, we need to ver-
ify that the discretization is O( t)-consistent and O-stable [7]. We begin by
writing the FV equations as a DAE system,

% = R()+ D(0)+ G' (¢ (24a)

dt
Ac=0: (24b)

Using the algebraic constraint (equation 24b), we solve for to obtain the
underlying ODE system,

%:: R(Q+D(© G'(9) AGT(9 'A R(Q+ D(0 : (25)

10



Now, consider our numerical method. We have

) n)
c tC( - R(d)): (26)
) ()
¢’ & tC = D(c ), (27)
cn+) o) = GT(d ); (28)

t

where is computed by pre-multiplying equation (28) byA and solving for
to obtain

AGT(c ) TAc)
= " ; (29)

which may be expressed as (using equations (26), (27) aAd™ = 0)
= AGT(d ) 'ARE)+DE ) : (30)

Finally, substituting equation (30) into equation (28) andsumming equations
(26), (27) and (28) gives

n+1) n)

GT(d ) AGT(d ) A R())+ D(c ) : (31)
Sincec) = ¢d™ + O( t) and ¢ ) = ™ + O( t), equation (31) may be
expressed as

n+1) n)
% = R(c) + D(c™)
GT(c™) AGT(c™) ‘A R(E™)+ D(EM) + O( t): (32)

11



Comparing equations (32) and (25), we see that our method@ t)-consistent.
To see O-stability, start with equation (32) and simply refe to the proof for
the forward Euler method as given in [7].

4 Notes on Implementation

In this section we highlight some of the properties of the eqtions to be solved
in our numerical method and present our implementation sttagies. Consider
each of the four steps of the time-splitting algorithm, in tun.

1) Reaction terms

For the reaction terms we obtainNes independent nonlinear systems of
Nspecies €QUAtions each for aﬁk)i(;j ™) These systems are solved by Newton's
method with an LU-decomposition of the Jacobian matrix (comuted ana-
lytically), which is saved from adjacent FV cells and is updad only when
the method fails to converge after a prede ned number of itations. Initial
guesses for the solutions to these systems are taken to be therent time
step solution at an already computed adjacent FV cell, if onis available, or
the solution at the previous time step for the current FV cell

2) Di usion terms

For the di usion terms we obtain Ngpecies independent linear systems df ceyis

equations each for aﬁk)i(;j;d'” ). The matrices corresponding to these linear sys-
tems are symmetric for the uniform cell equations, slighthasymmetric for
the nonuniform cell equations (as long as the ratio of adjacecell sizes is
close to one) and completely asymmetric for boundary cell @ggions. These
systems are easily and e ciently solved by a general precottibned iterative
linear solver. We use BICGSTAB with ILU preconditioning, asmplemented
in SPARSEKIT2 [18]. Maximum e ciency is found empirically by tuning the

ILU parameters, drop tolerance and Il level to 10# and 15, respectively.
3) Projection step

The projection step requires the solution of a single lineasystem 0Of N¢eys
equations for j; , with matrix symmetry similar in form to the matrix involv-
ing the di usion terms.

4) Migration terms

The migration terms require the electric potential, ; , computed in the pro-
jection step. Once obtained, the equations for the new cherai concentra-

tions, (c){™, are fully explicit everywhere except along the active boutary.

12
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Fig. 5. The plot above shows the computationally e ciency of our algorithm. CPU
time on a P4-3.4GHz machine is given for one time step vs. tolanumber of equations
solved, corresponding to trench-shaped grids ranging fror20 20 to 640 640. The
result is a power law of 1.22, where 1.0 is optimal.

There, we getNgpecies SMall independent linear systems dflpoundary €quations
each, one for each chemical speciés,

We note that steps 1,2 and 4 are easily parallelizable, owirig the indepen-
dence of the equation systems that are solved. We plan to espt this in a
future paper.

5 Numerical Results
5.1 E ciency Results

To test the e ciency of our algorithm, we measure CPU time ove 1000 time
steps for di erent sized grids, ranging from 20 20 to 640 640, with t =
0:0001 for each grid. In gure (5), we plot average time for oneirhe step
versus number of grid variables. The CPU time vs. problem &zappears to
obey a power law, which we compute as:

log Tex

— Tao .
= O Tw . 33
p og 8 (33)

where T4 and Tgq4o are the CPU times for the 40 40 and 640 640 grids,
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respectively. From our measurements, we computed a valuept 1:22. Note
that the parameter values used for this test were the same alsase given in
section 5.2.

5.2 Convergence Results

We perform three sets of tests to validate the accuracy of oumnethod. In all

tests, we use 3 chemical species with diusion coe cient®; = 1:0;D, =

10:0;D3 = 100:0, mobility constants u; = 1:0;u, = 10:0;uz = 100:0, and
chargez; =1:0;z, = 20;z3= 1.0. Also, in all tests, we set the top Dirich-
let boundaries toci™ = 3:0;c;" = 1:0;c;F = 1:0 and let the initial species
concentrations be given by a narrowly peaked two-dimensianhGaussian dis-
tribution,

0 (x 0:52+(y 0:5)2)

a(xy)= 5 oz +1 g (34)

The time scale, , for the evolution of the chemicqal concentration elds is

determined by the largest di usion coe cient, = mak(Pk’ where L is the

length scale of the physical domain. Thus, we get = T%)o = 0:1. Note
that these parameters have been nondimensionalized and megent a range of
physical values that might be used in a typical simulation. & example, di u-
sion coe ents for various ions in aqueous solutionGu?*, H*, etc.) typically
range from 101° to 10 ® m2=s[3]. Length scales are of order 16 m and time
scales vary from 103 to 107 s [2]. The reason for using an initial Gaussian dis-
tribution, however, is for generating nontrivial numericé solutions for testing

our algorithm.

We compute the numerical solutions front, = 0 to t; = = 0:1 for grids
ranging from 20 20, 40 40,80 80,160 160, 320 320 to 640 640. For
each grid, the time step t ranges from 0.00512 to 0.000005, being decreased
by a factor of 4 successively. The numerical solution on thet® 640 grid
with t = 0:000005 is taken to approximate the exact solution for purpes

of error calculation.

For each of our numerical solutions, we calculate the relag error in both
the L, and L; norms as follows. First, the most re ned numerical solution

( x =1=64Q t = 0:000005) is averaged onto the coarser grids, giving an
approximation to the exact solution on these grids, i.e.c()i(fxa‘"‘t). Then the
errors are computed as:

14
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In our rst test, we use a rectangular grid with no chemical ractions and no
in ux along the active boundary, Jx = 0. This test is chosen as a preliminary
validation of the accuracy of our spatial discretization, pjection scheme and
linear solvers. Our results are plotted in gure (7). We nd that the method
is indeedO( t; x?) accurate, as expected. Also, the charge neutrality con-
dition, equation (1b), is satis ed to the precision set for ar linear solvers.

In our second test, we use a trench-shaped grid with one cheaili reaction,
[1] + [2] )Zi’i [3]. The active boundary in ux, Ji, is set to the same value

for each chemical species and is increased during a serieoaf subtests:
Jx = 0:0; 1:0; 10.0; 10Q00. The purpose of these subtests is to understand how
large values of]y can degrade the accuracy of our numerical solutions. Our
results are plotted in gure (8). Notice that for Jy 1.0, our numerical
solutions lose accuracy and converge slower than expected.

The conclusions we draw from this second test are as followsirst, our
method retainsO( t; x2) accuracy in the presence of chemical reactions and
a trench-shaped grid. For moderate values & ( 1.0 100), our method
approacheD( t; x2?)accuracy aswerene tand X tothe smallest tested
values. Slower convergence is observed for largerand x and is more pro-
nounced in theL; -norm. As Ji is increased further (to 100.0), the loss of
accuracy becomes more severe. An explanation for this is tithe exact so-
lution exhibits a thin boundary layer near the active bounday that becomes
steeper asli is increased. This boundary layer is di cult to resolve everon
the most re ned uniform grids, thus degrading the overall azuracy. The so-
lution to this problem is simple in principle: use a nonunifom grid near the
active boundary. And since the active boundary moves, the igr would have
to be re ned adaptively. This is an area of possible future wé.

Our third test is designed to verify the accuracy of our methd with a mov-
ing boundary. For this, we couple our numerical method to a iple surface
reaction model using the level set method, as described ir].[61 our imple-
mentation of the level set method, we use a closest point atgbm to prevent

15



our solutions from degrading toO( x) accuracy near the moving boundary
[17]. Our results are plotted in gure (9). Since we moved ouroundary slowly

(a distance of approximately 0.2 cells per timestep for theoarsest grids) and
chose parameter values yielding relatively small boundaryx ( J, 1), we

observeO( t; x?) accuracy, as expected.

Overall, our algorithm exhibits small relative errors for noderately re ned
grids and time steps in most cases. For example, we often wiblike to obtain
a numerical solution with less than 1% relative error. From gure (8), we see
that this is achieved with an 80 80 grid and t = 0:00032, which means

300 time steps to integrate frontg = 0:0 to t; = 0:1 for Jx = 0:0; 1:0. The
same 80 80 grid will work with  t = 0:00008 forJ, = 10:0 and t =0:00002
for Jx = 100:0. Notice from the plots that for practical values of t and X,
accuracy is improved most by re ning t rather than x.

6 Conclusions and Future Work

The algorithm described here provides a general numericdtategy for solv-
ing equations (1a) and (1b) on irregular domains with movingpoundaries. We
split the right hand side of equation (1a) into three groupsfophysically related
terms: reaction, di usion and migration. We then integratethe chemical con-
centration elds corresponding to each set of terms in turnSimilar splitting
techniques are commonly used to solve systems with reactiand di usion
only and have been extended to higher order accuracy [19].Wwkver, splitting
methods have not been combined with migration and the chargeeutrality
constraint (equation (1b)) to our knowledge. The advantagef our method
over others is in its e ciency, scalability, and ease of paidéelization. It also
appears to be very stable, which is the result of using the fullmplicit Euler
method to integrate the potentially sti reaction and di us ion terms. These
properties will prove most useful when extending the algahm to three di-
mensions. Since these equations are common to most eledisuical systems,
we believe our method will be useful in many applications.

A Appendix

A.1 Spatial Discretization

The nite volume equations are derived by integrating equabn (6) over the
region contained within cell (;j ), i;:

16



Z .
Dk o +(zcuF) = cf : (A.1)

i5j 5]

Applying the Divergence Theorem to the last two terms, equain (A.1) may
be written as

Dk o A +(zeucF) Cf™ n (A.2)
@

iij ij

Next, we make a series otDuz) approximations for the terms in equation
(A.2). We begin by de ning (c);; to be the concentration of chemical species
k at the centroid of cell (;j ), which may be expressed witfO( x?) accuracy
by

iij Ck
R A.3
@)y = —, (A3)
where
Vig = Xy Vi (A.4)

is the volume of ;, and Vi;rjel is the volume fraction of a boundary cell occu-
pied by solution.

Furthermore, for the chemical reaction term,

. Rk kaog

Rk f@i;j g = V. (A.5)
ij

is O( x?) accurate.

The boundary integrals may be broken into right, left, up, dawn and active
boundary terms for a general cell:

17
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A R AR+ Ay A ¢+ A N (A.6)

right left up down active

Equation (A.6) may be written approximately with O( x?) accuracy as

z

o A h= vy A, i right  Ax eft left

ght ft

+ XA A + SA ; A7
y up up Y down down N active ( )

where yignt, lefts ups down are the fractions of the right, left, up, down cell
faces that are in contact with an adjacent cell. s is the length of the active

boundary element ( s = 0 for non-boundary cells). A, ight ’ Ay it Ay 0’

Ay L the x and y components ofA evaluated at the corresponding
boundary element midpoints.

Substituting equations (A.3) - (A.7) into equation (A.2), we get a very useful
equation that gives the general form of th€©( x?) accurate spatial discretiza-
tion for all three types of FV cells:

@, w3
| i el
S M g
& @C ight @C left  +
rig e
Xi @Xright @Xleft |
D« @g¢ @e d +
—_* =F u — own
Y @yup P @ydown |
(ZkUkF) @ |
2 ight Gk — left
Xj @X right @X left |
(z«uxF) Ck@ Ck@ d +
" own
Vi @y up P @y down |
Dy— +(ZkUkF) Gk —~ ) (A8)
Xi Y @nactive @n active

We will now describe how to apply equation (A.8) to each our auhree cell
types to obtain the equations for our numerical method.

During a simulation the active boundary of the domain changg and thus the
locations of the cell centroids change. In order to avoid theeed to interpolate
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near the boundary between time steps, we express all quares in equation
(A.8) in terms of cell center variables. That is, we de ne foreach solution
containing cell (;j ), (c)i; is the concentration of chemical specids at the
center of cell, and ; is the electric potential at the center of cell.

For non-boundary cells in the uniform cell region, the cellentroid and cell
center are identical, and so forming( x?) accurate equations for these cells
becomes trivial and will be given in detail in the next subséion.

For boundary cells the situation is more delicate. We may exess the cell
centroid variables in equation (A.8) withO( x?) accuracy in terms of the cell
center variables via bilinear interpolation:

@ = )y +@ )y (G)isg
@ )Gdeet @ )A )(G)ig e (A.9)
where i, i are the bilinear interpolation weights, and?, f 2 f 1, 1g.
Next, the terms %( , etc., which are understood to be evaluated at the

left
boundary midpoint (see gure 6), may be expressed wit( x?) accuracy in

terms of cell center variables using linear interpolation:

Xl Ck i 4] Ck . i 4 jj
@C - q(jleft) ( )I] il ( )I Lj+ijj (A.lO)
@Xery = 1 X
Similarly,
@ @
Ck_ = Ck N =
@X ety left. @Xefy
pe! (Ck)l+ +(Ck)i L +ii X i L+
(left ) J i Jii (left) B+ Jii (A.11)
i = 1QJ 2 i = 1QJ X

where q(j'e“) are the linear interpolation weights for the midpoint of theleft
boundary element of cell i | ) in contact with adjacent cell i 1;j). Analogous

expressions are derived for o and .
right up down

Last, we need to treat cells in the nonuniform region. The owldi erence be-
tween these cells and uniform non-boundary cells is the trmaent of terms of
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X = Cell center
ele/iAy O = Cell centroid
x5 _ S
Z O = Boundary element midpoints
As —
0 yonn AX

Fig. 6. Figure shows location of cell centroid and boundary EEment midpoints for
a boundary cell.

the form and doun required to achieveO( y?) accuracy. Con-

sider a cell in the nonuniform region,i(j ), for which the following inequalities
hold:

Yj 2 Vi 1 Yi Yj+1- (A.12)

One can show, via linear interpolation, that the corresporidg expressions are
given by

Yj+1
Yj 1
G up = 4I_(Ck)i?j + 4I_(Ck)i;j +1, (A.13)
1+ nyJj'l 1+ YJyJJrl
I
Yi
Yi 1 1
G down - 4!_(Ck)i?j 1t 4!_(Ck)i:j ; (A.14)
Yi vi
L5 1+ 54
@ _ (@i (G o + (@)ij ()i 1 " A15)
@yup Yi Yi
@: - (Ck)i;j (Ck)i;j 1 D+ (Ck)i;j 1 (Ck)i;j 2 q: (A16)
@ydown yj 1 yj 1

wherep*, g, p , q are the weights that result from interpolation:
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Yi 1+3
+ 2 Vi

ot = ! L (A.17)
Yj+1 Yi 1 Yj+1
R A
[
Yj+1
+ 2 T
g = ! L (A.18)
Yj 1 Yi 1 Yj+1
—y tL oyt
|
Yj 2
2 Y} 1 +3
Yi Yj 2 Yi
1+ YjJ1 y}1+2+ ij1
[
yi
2 1+ Yi J 1
q = ! L (A.20)
Yj 2 Yj 2 Yi
y}1+1 y}1+2+ ij1

Finally, observe that the last term of equation (A.8) is notling but

!
Siij D, @:
Xi yj @ n active

@ Si;
+ (z¢UcF) c— = ~—Jy; A.21
(zcukF) @n .. Xy K (A.21)

which can be seen by recalling the de nition ody, the ux of chemical species
k, given in equation (7).Jy is evaluated at the active boundary element mid-
point and is provided as a boundary condition, as discussedrger.

A.2 Temporal Discretization

Referring to our general description given above, we now inde all the details
of the equations solved using our algorithm.

For the reaction terms we have from equation (19) the following system solved
via Backward Euler:

—(mxns)  ——(n)
(Ck)i;j (Ck)i;j —{( ;xns)

= V¥R f(co), g: (A.22)

|
Vii®
This is equivalent to solving the corresponding cell-centeequations, cell-by-
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cell:

(rxns) (n)
Ck Ck
(G t (G = Rk (o)™ ™ g : (A.23)

Using equations (3) and (4) to expand the right hand side of eqtion (A.23)
gives:

@)5"™™) (@)

t
!
Nxgns aH(_'S kjF Y (Ck )( rxns ) aj'?,'j% + ij Y (Ck )( :rXns ) ajF;lng +
j=1 kO ko |
Nygns Y aLHs Y aRHS
s k@™ T (@™ T (A2
j=1 kO kO

The result is a nonlinear system oNgpecies €quations for each FV cell, where
Nspecies 1S the number of chemical species. Note that equations for elient
FV cells are decoupled. Note that since no spatial derivais are involved,
equation (A.24) is valid for all three types of FV cells.

Next, we solve equation (20) for thedi usion terms (plus boundary ux),
again using Backward Euler:

—( ;diff ) —( ;rxns)
yrel (Ck)i;j (Ck)i;j _
1) t |
Dy @g @¢

>~ right = left
Xi @X gy @X, g5y |
Dk @g¢ @¢
T T A u = down
yj @ yup P @ ydown

Si; @n@ N @ _
(zxUkF) C—- ; (A.25)
Xi yj @ n active @ n active

+

+

Expressing each of the cell centroid and boundary derivagerms above with
cell center variables (equations (A.9) and (A.10)) and sdtig the ux term to
(Jk)ij » we get (for uniform region cells):

22



Vi;r'EI ! (Ck)( At + (1 iij ) ij (Ck)( o)

i+&
(it ) o ( diff )
ST C® )(Ck)IJ +I¢ +(1 ) )(Ck)|+e; e
tDk right igh -diff diff
7_% ) li](,-”g Y (Ck)i(+1 :j+j)j (Ck)|(1 +|jj )
( Xl) j=1
Dk tert X (et -diff -dif
+ Z ) q(jet) (Ck)|(1 +Ijj ) (Ck)|( 1;Ij+j)j
( X|) ji= 1
tD xt -diff diff
— 2 g ()i @G
(Q/D T
tDy ¢ X diff -diff
K down hﬁ R (A IR (R R
( yj) i =

Vi-r'eI HIY (Ck)( ) (1 i) i (Ck)l(+;;ns)
a0 e+ @ A )0

t Slv] B
oy O (A.26)

In the nonuniform cell region, the equations have a more coiigated y-
gradient term, but the cells are not cut by the active bounday, so overall
they are simpler:

@5 x)2 (L 2@ + ()l g
!
tDk @Q @C _( )( ;TXns ) , (A 27)
Yj @yup @ydown ’
where
@ _ @i’ @y |
Qy,, Y]
( diff ) ( d|ff )
Ck Ck
()i ()i ¢ (A.28)
Yi
@ydown Yi 1
( d|ff ) ( d|ff )
Ck Ck
()i ()i q (A.29)
Yi 1
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andp*, g, p ,q areas given by equations (A.17) - (A.20).

The required boundary conditions are the following. At the p boundary, we
have the inhomogeneous Dirichlet boundary (equation (8))Thus, we de ne
adjacent ghost cellgust above the top boundary,

@WNT T =26 ()T (A.30)

Along the side boundaries, we have the zero ux condition (e@tion (10)). We
assume that this zero total ux results from zero di usion ux and zero migra-
tion ux, independently. Thus, %‘i = 0 along the sides, giving the numerical
condition for left and right ghost cells

(diff _ diff
(@)™ = (a) ™)

(@hx 13 = (GNKG : (A31)

Notice that this system of equations is decoupled for each aical species,
k. That is, there are Ngpecies iIndependent systems ofN¢s equations to be
solved, whereN s is the number of solution containing FV cells.

Next is the projection step where we solve for the electric potential, ; , such
that after migration terms are included, charge neutralityis satis ed for every
FV cell. Expanding equation (22), we get:

X Z U F @
t Zk( <UF) Ck— right Ck— left  +
K Xi @X igne @X gy |
X (zukF) @ @ '
t oz Ck— up C— down
K Yi @y up @y down
X diff )
= Vi;rjel 2 (G : (A.32)
k

Note that for ¢, above, we can usect)™, ()¢ ™) or (g)¢ ‘9 ): all choices
resulting in O( t) accuracy. We use &) ‘9 ) since it is empirically observed
to give smooth, stable solutions everywhere, while)™, for example, leads
to numerical cell sized oscillations near the top spatial lmdary.

Expressing each of the terms in equation (A.32) with the cetientered variables
(for uniform region cells), as described earlier, gives:
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tF right X 2 X (right ) ( ;diff ) ( ;diff )
20 x)2 Zi Uk . i (Gij'+j ~ + (G)ivnyj+ji
i =
X (right )
b e i i
ij=1
!
tFoere X o X en) ( diff ) ( diff )
2 k -k q(l (Co)i Lj+]j i +Jj
2( xi) k ji= 1
ey
) i i + i i L+
" =1 !
tF w 2 (up) [ \( diff ) (;diff )
20 y))? Z; Uk B (G)ivig -+ (G)ivig +1
i K i= 1
xl
h(iup) i+ii;j +1 i+iisj
i= 1
!
tF down X 2 (down) ( ;diff ) ( ;diff )
202 Zj Uk N lhi (Giviy 1+ (G)ivii
Xt
d
B g 1
i= 1
. X .
diff diff
=V i Zk(ck)i(;j e )y Zk(Ck)i(+e; )
k k
X ( diff ) X ( diff )
@) zdadyLe @ )M i) 2B e (A33)
k ’ k ’

In the nonuniform cell region, equation (A.32) becomes:

tF
2( x;)?

tF
2( xi)?

where

z2uy (Ck)i(;j;diff )+ (Ck)i(+f§jff ) i+1 ] i
k |
dliff diff
Zg Uy (Ck)i( 1;Ij )+(Ck)i(;j ") i i1
K |
tF X @ @ '
—  ZPU G C—
Vi« @y up @y down
X ( diff )
= Zk(Ck)i;j ; (A.34)

k
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G—  =(&) — (A.35)
Qy up @Y,
@ @
Ck— = () — ; (A.36)
@y down down @ydown
and
I
Yj +1
i » 1 »
G = T @ e (g, (A.37)
Yj+1 Vj+1
1+ JyJ 1+ Jy,
I
Yj
yji 1
Cx soun = ! (Ck)( diff ) ! (Ck)( ;diff )’ (A.38)
Yj Vi
e 1+ 5%
@ e i, i TN
=, + ; A.39
Qy,, Yi P Yi a (A.39)
@ i i1 o1 ijj 2
=Y = + ; A.40
@ydown Yi 1 P Yi 1 q ( )

and, again,p”, ", p , q are as given by equations (A.17) - (A.20).

The required boundary conditions are the same as those givéor the di u-
sion step. We have the inhomogeneous Dirichlet boundary ahé top (from
equation (9)), giving the numerical condition for the topghost cells

iNY +1 = 2 ! iNY - (A.41)

And along the sides we have zero ux, which combined Wlt% =0, gives

@X = 0. Numerically, this gives the condition for sideghost cells

0 = 1L
NX +1; = NXj (A.42)

The resulting system of equations for the projection step ia fully coupled
set of sizeNgs. Notice that the coe cients of this system depend on all the
previously computed intermediate values c(<)( e ),
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Last, we include themigration terms by solving equation (23) using ;; ob-
tained in the projection step. Expanding equation (23), we &:

——(n+l)  —( :diff )
Ve ( )i;j (Ck)i;j _

;) t |

(zeuF) @ '
— ight Ck = left T
Xi @x right " @x left |
zZ U F @ @ '

( a ;j ) Ck@y up Ck@y down - (A-43)
up down

Once again, expressing each of the terms in equation (A.43)thvthe cell
centered variables (for uniform region cells) gives:

VI (Ck)i(;?ﬂ) +(1 i) i (@)D

i+@j
LN D [ B € R D 6 A D [CH B
diff diff
= Vi @@ ) (e
diff diff
SN D (9 NG € D (G D [ (A R
= . . -,
b g @) (@l
2( xi) jji= 1
Xt .
(right )
B e e
j=1
tF eft X et diff diff
2( xie)z Al 1q(je " (@1 3y * (0
i =
Xt
(left )
B e 0 i
j=1
tF X diff -diff
+2( yj;g ZKUkii= 1h(iup) (Ck)i(+ii;lj )+(Ck)i(+ii:li +i
xl
h(iup) i+ii;j +1 i+iisj
i= 1
tF down Xt (down) ( ;diff ) (.diff )
W ZkUk": 1hi (C)ivi; 1+ (G)iviy
X (down)
o i+ i iviij 1 (A.44)
i= 1

27



And, in the nonuniform cell region, equation (A.43) becomes

(Ck)i(;?ﬂ) = (Ck)i(;j )
tF -diff -diff
T2 xyz A (e ™)+ (Gfy 1 i
o A (@ ()
2( Xi)2 i1 | Il I :
s _t@uf) @ 2 ; (A.45)
yj @y up @y down

with o and o9, given by equations (A.35) and (A.36), respec-
. up down
tively.

Notice that the migration step is fully explicit only for non-boundary cells.
The cells cut by the boundary formNgpecies SMall systems 0fNpoundary (=
number of boundary cells) equations each that must be solvaahplicitly for

the new chemical concentration elds, Qk)i(;?”) :
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Error in FV solution vs. Dt, for Dx = 1/320 Error in FV solution vs. Dt, for Dx = 1/320
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Fig. 7. Figure shows convergencel(,-norm - left, L1 -norm - right) of numerical
method in time (top) and space (bottom) for a rectangular domain with no chemical
reactions and active boundary in ux, Jx = 0. The straight lines with slopes 1 and
2 indicate O( t) and O( x2) accuracy, respectively.
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Error in FV solution vs. Dt, for Dx = 1/320
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Error in FV solution vs. Dt, for Dx = 1/320
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Fig. 8. Figure shows convergencel(,-norm - left, L1 -norm - right) of numerical
method in time (top) and space (bottom) for a trench-shaped dmain with one
chemical reaction and active boundary in ux, Jx = 0;1; 10;100. The straight lines
with slopes 1 and 2 indicateO( t) and O( x2) accuracy, respectively.
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Error in FV solution vs. Dt, for Dx = 1/160 Error in FV solution vs. Dt, for Dx = 1/160
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Fig. 9. Figure shows convergencel(,-norm - left, L1 -norm - right) of numerical
method in time (top) and space (bottom) for a moving boundary domain, where
the boundary is advected via the level set method. The straigt lines with slopes 1
and 2 indicate O( t) and O( x?) accuracy, respectively.
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