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Abstract

Traditional deterministic approachesfor simulation of chemically reacting systemsfail to
capture the randomnessinherent in such systemsat scalescommon in intracellular biochem-
ical processes.In this article we brie
y review the state of the art in discrete stochastic and
multiscale algorithms for simulation of biochemical systemsand we present the StochKit
software toolkit.

1 In tro duction

The time evolution of well stirred chemically reacting systemshas traditionally beensim-
ulated by solving a set of coupled ordinary di�erential equations (ODEs). Although the
deterministic formulation is su�cien t in many cases,it fails to capture the inherent stochas-
ticit y in many biochemicalsystemsformedby living cells,1{ 4 in which the small population of
a few critical reactant speciescan result in discreteand stochastic behavior. The dynamics
of thosesystemscan be simulated accuratelyusing the machinery of Markov processtheory,
speci�cally the stochastic simulation algorithm (SSA) of Gillespie.1,2 SSA, an essentially
exact procedure for generating realizations of the chemical master equation (CME), is in
widespreadusefor the stochastic simulation of biochemical systems.But for many real bio-
chemical systems,the computational cost of simulation by SSA can be prohibitiv ely high.
This is due to the fact that SSA must simulate every reaction event. When there are large
populations of somechemical species,and/or fast reactionsinvolved in the system,a great
many reaction events must be simulated.
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It is very important to have a fast SSA implementation. This algorithm is likely to
be a part of any acceleratedand multiscale discrete stochastic methodology. A number
of authors have proposedsuccessively more e�cien t formulations of SSA. The Next Reac-
tion Method (NRM), 5 Optimized Direct Method (ODM), 6 Sorting Direct Method (SDM),7

fast Kinetic Monte Carlo Method (KMC), 8 KMC with minimal searching9 and Logarith-
mic Direct Method (LDM) 10 with sparsematrix state update are mathematically equivalent
formulations which o�er improved performanceover the original SSA. Often SSA is used
to generateensemblesof stochastic realizationsfrom which approximate probability density
functions for speciespopulations can be obtained. Parallel computation has beenused to
speedup the calculation of such ensembles.11 Someof our current work and others12 explores
the use of novel computer architectures to speed up SSA simulation. However, there is a
limit to how much SSA can be sped up, given that it must simulate every reaction event in
the systemand there are usually a great many reaction events.

Approximate acceleratedstochastic methods13{ 17 have been developed to speed up the
stochastic simulation. The �rst such method is tau-leaping.13 Tau-leaping advancesthe
simulation by a pre-selectedtime � which can often be chosenlarge enoughto encompass
more than one reaction event. Sti�ness (the presenceof both fast and slow reactions) is
often an issuein approximate discretestochastic simulation of chemically reacting systems,
just asit is an important considerationin the deterministic simulation of chemically reacting
systems.To improve the numerical stabilit y for sti� problems,implicit tau-leaping18 and the
trapezoidal tau-leaping methods19 have beenproposed. Another, complementary meansof
acceleratingdiscretestochastic simulation is the useof hybrid methods,14,20 which approx-
imate the fast reactions involving specieswith large populations via ODEs, and the slow
reactions involving specieswith small populations via SSA. Although hybrid methods can
be quite e�ective in solving someproblems, they cannot e�cien tly handle the situation of
a systemwith fast reactionsinvolving a chemical speciesfor which the population is small.
The slow-scaleSSA(ssSSA)15 was developed to deal with this type of situation. The ssSSA
makes useof a stochastic partial equilibrium approximation to advancethe systemat the
scaleof the slow reactions.

There is a great needfor reliable and e�cien t software that makesthesestate of the art
simulation toolsavailable to the systemsbiology community. To this end,we have developed
StochKit , a software toolkit for discretestochastic and multiscale simulation of chemically
reacting systems. The aim of StochKit is to make reliable and e�cien t stochastic and
multiscale simulation accessibleto practicing biologistsand chemists,while remaining open
to extensionby accommodating new algorithms and implementations.

In this paper wereviewthe recent work on algorithms for discretestochasticandmultiscale
simulation of biochemical reaction networks. We introduceStochKit and brie
y describe
someearly successstorieswith StochKit .

2 Discrete Sto chastic Simulation Metho ds

Our concernhere is with a systemof moleculesof N chemical speciesf S1; : : : ; SN g which
interact through M chemical reactions channels f R1; : : : ; RM g. We assumethe system to
be \w ell-stirred," and con�ned to someconstant volume 
 at a constant temperature. The
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state of the system at time t is speci�ed by the vector X (t) � (X 1(t); : : : ; X N (t)), where
X i (t) is the number of Si moleculesin the systemat time t.

Each reaction channel Rj is assumedto be characterizedmathematically by two quan-
tities. The �rst is its state-changevector � j � (� 1j ; : : : ; � N j ), where � ij is the change in
the Si molecular population causedby oneRj reaction; i.e., Rj causesthe systemto jump,
essentially instantaneously, from its present state x to state x + � j . The other characterizing
quantit y for Rj is its propensity function aj . This is de�ned so that aj (x) dt is the proba-
bilit y, given X (t) = x, that one Rj reaction will occur somewhereinside the systemin the
next in�nitesimal time interval [t; t + dt). For a reaction of the form S1 ! product(s), aj (x)
typically hasthe form cj x1, wherecj is someconstant. For a reaction of the form S1 + S2 !
product(s), aj (x) typically has the form cj x1x2, or cj

1
2x1(x1 � 1) if S2 = S1, whereagain cj

is someconstant.

2.1 The SSA and its Various Form ulations

The basicprocedurefor generatingtra jectoriesor \realizations" of X (t) is calledthe stochas-
tic simulation algorithm (SSA).1,2 The theoreticalbasisfor the SSAis the function p(� ; j j x; t),
which is de�ned so that p(� ; j j x; t) d� is the probability, given X (t) = x, that the next re-
action in the system will occur in the in�nitesimal time interval [t + � ; t + � + d� ), and
will be an Rj reaction. This function is thus the joint probability density function of the
two random variables\time to the next reaction" (� ) and \index of the next reaction" (j ),
given that the systemis currently in state x. It is not hard to show, by applying the laws of
probability, that 1

p(� ; j j x; t) = aj (x) e� a0 (x ) � = a0(x) e� a0 (x ) � �
aj (x)
a0(x)

; (1)

where a0(x) �
P M

k=1 ak(x). The last form here implies that � is an exponential random
variable with mean 1/ a0(x), and j is a statistically independent integer random variable
with point probabilities aj (x)/ a0(x).

There are several statistically equivalent formualtions of SSAfor generatingsamplesof �
and j accordingto thesedistributions. Perhapsthe simplest is the so-calleddirect method
(DM): 1,2 We draw two random numbers r 1 and r2 from the uniform distribution in the
unit-in terval and take

� =
1

a0(x)
ln

�
1
r1

�
; (2a)

j = the smallest integer satisfying
jX

k=1

ak(x) > r2 a0(x): (2b)

Therefore, for the system in state x at time t, we can advance the system to the next
reaction by computing � and j accordingto theseformulas and then replacingt  t + � and
x  x + � j .

There are several other exact algorithms for moving the system forward in time to the
next reactionaccordingto the joint density function (1). The �rst reaction method (FRM) 1,2

generatesa putativ e time � k = a� 1
k (x) ln (1/ r k) to the next Rk event for k = 1; : : : ; M , and
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then chooses� to be the smallestof the � k 's, and j the index of the smallest. This method is
usually slower than the DM becauseit requiresM unit-in terval uniform random numbersr k .
Execution time is in fact the main limitation of the SSA, becausegeneratingevery reaction
event one at a time can be very time-consuming if, as is usually the case,an enormous
number of reaction events occurs during the times of interest. But sincemost accelerated
\m ultiscale" or \h ybrid" methods usethe SSAasa corecomponent, it is important to make
the SSA as e�cien t as possible.

The next reaction method (NRM) 5 is a heavily modi�ed versionof the FRM that in some
casesis more e�cien t than the DM. It essentially saves the putativ e next �ring times of
all reaction channels in an indexed binary tree priorit y queue, and it usesa dependency
graph to determinewhich propensitiesneedto be updated after each reaction. However, the
maintenanceoverheadfor thesedata structures limits the bene�ts of the FRM to very large,
very looselycoupledsystems.The optimized direct method (ODM) 6 increasesthe e�ciency
of the reaction-selectionstep(2b), a key bottleneck in the DM, by pre-orderingthe reactions
so that thosewith larger propensity functions have smaller index values. The sorting direct
method (SDM)7 carriesthis strategyonestepfurther by dynamically re-orderingthe reactions
via a bubble-up sorting method, in which each time a reaction �res it swaps indices with
the next lower-indexedreaction. Formally, the computation times of both the ODM and the
SDM are O(M ).

SSAmay be viewed asa specialkind of Kinetic Monte Carlo algorithm which is applied to
well-mixedchemicallyreactingsystems.SinceSSAis alwaysappliedto well-mixedchemically
reacting systems,it has beenpossibleto usethe structure of theseproblemsto put it on a
solid theoretical foundation. A fast algorithm for KMC has beenproposed9 which �xes the
search depth to be O(logM ) by reusingthe intermediate data during the calculation of a0.
This algorithm is independent of the order of reactions. Further e�ciency can be achieved
in the implementation by usingsparsematrix techniquesin the systemstate update stage.10

2.2 Tau-leaping and Bey ond

Signi�cant speedupsin the SSAwill inevitably involveapproximations of onekind or another.
One prominent approximate accelerationprocedureis the tau-leaping simulation method,13

which alsoprovidesthe theoretical connectionbetweenthe SSAand the deterministic ODEs
of traditional chemicalkinetics.21 The basicideaof tau-leapingis to advancethe systemby a
pre-selected time � during which many reactionsoccur. To do this accurately, wemust choose
� small enoughthat no propensity function changes\appreciably" during � . To the extent
that this leap condition is satis�ed, then given the systemin state x at time t, the number
of times that reaction Rj will �re in [t; t + � ) will be approximately Pj (aj (x)� ), the Poisson
random variable with mean (and variance) aj (x)� . This leads to the basic (approximate)
update formula for tau-leaping:

X (t + � ) := x +
MX

j =1

Pj (aj (x)� ) � j : (3)

Practical considerationscausethe actual implementation of tau-leaping to be more compli-
catedthan simply substituting into formula (3) the current statex and generatingM Poisson
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random numbers with the indicated means. First is the problem of choosing the leap time
� . The latest recipe for doing this22 e�cien tly estimatesthe largest � for which the expected
fractional changein every propensity function will be boundedby a user-speci�ed amount "
(typically " = 0:04). This is tricky to do sincethe changeinducedin any propensity function
during a leap by � will be a random variable, so the estimation procedureneedsto take
account of not only the meanof that changebut also the 
uctuations in that changeabout
its mean. Secondis the problem of ensuringthat no reactant population be driven negative
in a leap. This problem wasoriginally attributed to the unboundedcharacter of the Poisson
random variable; however it was subsequently found to be more often a consequenceof two
or more reaction channels independently consumingthe samereactant. One resolution of
this problem23 is to classifyas\critical" all reactionsthat are within a user-speci�ed number
nc �rings of exhaustingsomereactant, and then to allow no more than one �ring of a critical
reaction during a leap (typically nc = 10). This procedure23 has the additional advantage
that, as all reactionsbecomecritical, or equivalently as nc ! 1 , it seguessmoothly to the
exactSSA.This is usefulsince(3) asit standsdoesnot segueto the SSAin a computationally
e�cien t way.

The foregoing\explicit" tau-leapingprocedurehasbeenshown to work well provided the
time-scalesof all the reactionsare not too di�erent. But it will seemvery slow whenapplied
to systemsthat evolve on widely separatedtimescales,becausethe leap condition generally
restricts � to the smallest (fastest) timescale. Much work has been devoted recently to
�nding approximate workaroundsfor such systems.For overtly \sti� " systems{ systemsfor
which the fastest evolving modesare stable { a variety of methods hasbeenproposed.The
implicit tau-leaping method18 is a generalizationof the implicit Euler method for handling
sti� ordinary di�erential equations. It basically replaces(3) with

X (t + � ) := x +
MX

j =1

[Pj (aj (x)� ) � aj (x)� + aj (X (t + � )) � ] � j : (4)

This formula must be solved implicitly for the state at time t + � ; usually this is done
numerically using Newton's method. A slight modi�cation of (4) will keepthe state of the
systemon the integer lattice. Implicit tau-leaping avoids the stabilit y limitations of explicit
tau-leaping, and thus allows much larger valuesof � to be used. Its main drawback is that
it overdampsthe natural 
uctuations of the fast species,and requiresthat a strategy called
\down-shifting" be applied to recover thosefast species
uctuations whenever required. The
trapezoidaltau-leaping method19 puts a factor of 1/2 in front of the last two terms in brackets
in (4). It has been shown to improve simulation accuracy for somesystems. The most
recent improvement in tau-leaping is the adaptiveexplicit-implicit tau-leaping procedure,24

which automatically identi�es whensti�ness is present and dynamically choosesbetweenthe
explicit and implicit tau-leaping schemes.

Another approach to handling sti� systemsinvolves a stochastic generalization of the
quasi-steadystateandpartial equilibrium methodsof deterministic chemicalkinetics.14{ 16,20,25{ 31

The theoretical basisfor thesemethods is captured most comprehensively by the slow-scale
SSA15,27,31 and its practical implementation as the multiscale SSA.16 The slow-scaleSSA is
a systematicprocedurefor partitioning the systeminto fast and slow reactionsand species,
and then simulating only the slow reactions, using specially modi�ed propensity functions.
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Figure 1: Simulation Processof StochKit

Implementing this procedurerequires one to estimate, either theoretically or numerically,
certain very speci�c featuresof the processconsistingof the fast speciesundergoingonly the
fast reactions{ the so-calledthe \virtual fast process". When this can be done with su�-
cient accuracy, enormousspeedupscanbeachieved for very sti� systemswithout appreciable
lossof accuracy. The important Michaelis-Menten enzyme-substratereaction typically falls
within the provenanceof the slow-scaleSSA.

3 Sto chKit{ Sto chastic Simulation Toolkit

3.1 What is Sto chKit

StochKit is an e�cien t, extensible stochastic simulation toolkit developed in C++that
aims to make state of the art stochastic simulation algorithms accessibleto biologists and
chemists, while remaining open to extensionvia new stochastic and multiscale algorithms.
StochKit consistsof a suite of software for stochastic simulation. The StochKit core
implements the simulation algorithms. Additional tools are provided for the convenienceof
the simulation and analysis. A typical simulation processof StochKit is shown in Figure
3.1

The intended audiencefor StochKit can be divided into two distinct groups: those
doing research on and development of stochastic simulation methods, and those seekingto
employ such methods to further their biological or chemical research. Thus the package is
designedto be both simple to use and easy to extend. StochKit is freely available for
download at www.engr.ucsb.edu/� cse.
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3.2 The Core Package of Sto chKit

The StochKit coreimplements state of the art stochastic simulation algorithms through a
uni�ed interface. Thesealgorithms include Gillespie'sSSAalgorithm,1,2 the optimized SSA
algorithm,6 tau-leaping methods (explicit tau-leaping,13 implicit tau-leaping18 and trape-
zoidal tau-leaping19 with �xed stepsize,and adaptive stepsize,nonnegativity-preservingex-
plicit tau-leaping method22,23), slow scaleSSA15 and multiscale SSA16 methods. Theseal-
gorithms were implemented asmodules. Userswho are not experts in stochastic simulation
cansimply usethe default option (1 for SSAand 0 for adaptive explicit tau-leapingmethod)
to let StochKit automatically selectthe simulation algorithm and the corresponding step-
size. Advanceduserscan selectdi�erent options for better performanceor accuracy. Those
developingnew algorithms (or simply re�ning existing ones)needonly supply a newmodule
that capturestheir particular innovation (i.e. stepsizeselection,singlestep execution,data
management, etc.). Basic matrix and vector operations are provided in the Math library of
StochKit , which facilitates the development of new modules. Examplesare provided to
explain how to useand extend thesealgorithms (see11). The capacity to run an ensemble of
stochastic simulations is provided.

Besidesthe convenienceof usageand extension, special attention has beenpaid to the
accuracy of simulation results by StochKit . An essential concern is the pseudorandom
number generator. High quality pseudorandomnumber generationis the cornerstoneof any
stochastic simulation system. In fact, statistical results can only be relied upon if the in-
dependenceof the samplescan be guaranteed. Thus, a high quality pseudorandomnumber
generator is crucial for StochKit . The standard library routines rand() from C could in
principle be usedfor a uniform random number generatorin our simulations. However, fa-
voring speedover quality, rand() usually producesa short random sequenceperiod which
leadsto a realistic possibility of randomsequencerepetition for simulations that requirehuge
amounts of random numbers. Thus StochKit usesthe ScalableParallel Random Number
GeneratorsLibrary (SPRNG),32,33 which providesmultiple high-quality pseudorandomuni-
form number generators.In addition, SPRNG providesa facility for generatinguncorrelated
random numbers in parallel. Non-uniform distributions are generatedby ranlib.c,34 which
provides generatorsfor a wide variety of distributions. Nevertheless,we adapted ranlib.c
to useSPRNG's linear congruential generatoras its uniform generator,to further minimize
the probability of sequencerepetition. A simple C++wrapper was provided for the relevant
ranlib.c routines to improve user-friendliness.

3.3 Useful Tools

In addition to the coresimulation package,StochKit providesthree usefultools to support
stochastic simulation and analysis. Thesetools include a simple converter to translate an
SBML model �le to the input �les required by StochKit , a data analyzerto calculateand
comparethe statistical information from simulation results, and a convenient MPI interface
which enablesthe Monte Carlo simulation ensemble to run on a parallel cluster.

SBML2Sto chKit Converter SBML (SystemBiology Markup Language)35 is a computer-
readableformat for representing models of biochemical reaction networks. Many biochem-
ical models have been represented with SBML �les. For the convenienceof SBML users,
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Figure 2: A histogram distanceplot for the Schl•ogl model.37,38 This plot is basedon 10; 000
samplesof the state variable generatedfrom the SSA and the explicit tau-leaping method
with tau = 0.4.

StochKit provides this tool to convert an SBML35 �le to the input �les required by
StochKit . With this converter, userscan conveniently construct their problem �les us-
ing a separateSBML model builder, make the conversion and run the simulation using
StochKit . The current version of StochKit suppliesonly a command-lineimplementa-
tion for the translation. A more user-friendly GUI is under development.

DataAnalyzer For stochastic modeling, it is important to collect the statistical infor-
mation from an ensemble of many independent simulations. The DataAnalyzer is a simple
Ma tlab packageto generateand plot statistical information from an ensemble. Moreover,
the DataAnalyzer provides functions to evaluate the distribution di�erences36 betweenmul-
tiple ensembles. For example,the accuracyof di�erent algorithms with di�erent parameters
can be measuredby calculating the distribution distance36 betweenthe probability density
functions (PDFs) generatedvia the ensemble from the simulation and the corresponding
PDFs from the experimental data, or from an ensemble of an \exact" simulation such as
SSA.Figure 2 shows a plot generatedby DataAnalyzer, which givesthe histogram distance
betweenensemblesof the state variable generatedfrom the SSAand the explicit tau-leaping
method with �xed tau value � = 0:4 for the Schl•ogl model.37,38 1

MPI Parallel Toolb ox In many applications,onehasto run a largenumber of stochastic
realizationsto collect the ensemble and study the statistics. This task is naturally suited to
parallel computation. StochKit provides an MPI toolbox for running many simulations
on multiple processorsusing MPI protocol. We recommendusing SPRNG to generatethe
random numbers since it provides better performanceand accuracy, which is particularly

1The Schl•ogl model is a famous chemical reaction system that for certain parameters exhibits bistable
behavior in the state variable. Details are available in the references.37, 38
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important in parallel random number generationon a parallel machine.

4 Success Stories

Although the development of StochKit is still in its early stages,there are already around
100 StochKit usersworldwide, including model developers who use StochKit to run
stochastic simulation and algorithm developers who useand modify StochKit to conduct
research on stochastic simulation algorithms. Successstoriescomefrom both sides.

Most of the initial successstoriescomefrom the sideof algorithm development. StochKit
provides a simulation framework and a uni�ed interface to help stochastic simulation algo-
rithm research. The modular feature of this package makes the algorithm extensionvery
convenient. For example, if a new stepsizeselectionformula or even a new simulation for-
mula is to be developed, oneonly needsto replacethe corresponding module in StochKit
with the newly developed one and make full use of other modules that are already in the
packageto generatethe simulation and make the comparison.In this way, we have success-
fully developed the adaptive tau-leaping22,23 algorithm usingStochKit . The convergence39

and stabilit y40 of tau-leapingmethodshave alsobeenstudiedwith the help from StochKit .
The convenienceof extensionand the abilit y to useparallel computation to generatea large
number of independent simulations makes the research cycle dramatically shorter. Besides
our own algorithm development, successstoriesalso comefrom other research groups. Gu-
nawan et al41 has used StochKit to generateensembles with di�erent parametersand
conducted the parametric sensitivity analysis. Kim et al42 has used StochKit to speed
up their research on the spectral method for sensitivity analysis. Munsky and Khammash43

have developed a numerical algorithm to approximately solve the chemical master equation
by comparingensemble data generatedfrom StochKit .

On the other side,modeldevelopershavemadeuseof this powerful simulation andanalysis
packageto speedup their modeldevelopment. The mostsuccessfulapplication is in the model
development of the generegulatory networks in the heat-shock response(HSR) of E. Coli.44,45

This model exhibits a multiscale and stochastic nature, which makes the systemvery sti�.
By using multiscale SSA16 in StochKit , the numerical simulation of the HSR model is
100 times faster than the direct SSA. The time savings in the numerical simulation helped
shortenthe total time of model development. Another ongoingexampleis the stochastic cell
cyclemodel of budding yeast46 by Tyson'sresearch group. They have successfullycombined
the simulation power of StochKit with the convenient GUI from their model development
tool JigCell.47 With the help of StochKit they have been able to model, simulate and
comparethe statistics given by the model and the experimental data.48
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