HIGHLY OSCILLATORY SYSTEMS AND PERIODIC-STABILITY
LAURENT O. JAY* AND LINDA R. PETZOLD!

Abstract. We are concerned with the numerical solution of highly oacillatory aystems such as
Hamiltonian and mechanical systems containing strong potentials forcing the motion to be close to a
smooth manifold. We are interested in methods taking stepsizes much larger than the shortest period
of oscillation. As a simple model problemh we comsider the system of the harmonic oscillator, For
this system methods preserving the amplitudes of the oscillations for arbitrary high frequencies and
arbitrary stepsize lengths are called periodic (P)-stable. Symmetric Runge-Kutta methods are shown
to be P-stable. We also demonstrate that the Lobatto IIIA-IIIB partitioned Runge-Kutta methods
are not P-stable. The {Rattle)-Verlet algorithm is therefore not P-stable. For nonlinear highly
oxcillatory Hamiltonian and mechanical systems P-atability is not sufficient. The convergence of
the method is mostly dictated by its behaviour when applied 1o & nearby holonomically constrained
system. We emphasize the fact that the (Ratte)-Verlet algorithm, the midpoint rule, and the
trapezoidal rule fail for large stepsizes even if the amplitudes of the oscillations are neglectible (smooth
motion). To overcome all these difficulties we propose the use of P.stable schemes with sufficiently
high order, like the s-stage (s > 4} Gouss metheds or the s-ntage (s > 3) Lobatto IIIA methods.
We also propose some modifications in the simplified Newton iterations. For the starting values of
these jterations and for the simplified Jacobian used in the simplified Newton iterations we make
use of projected values on a nearby slow manifold. Some numerical experiments with the stiff spring
pendultum equations are given.
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1. Introduction. Highly oscillaiory sysiems are differential systems ¢ = f(y)
where the Jacobian matrix 8f /8y possesses large eigenvalues on or near the imaginary
axis of the complex plane. These eigenvalues are the cause of oscillations with high
frequencies. Examples of such systems are given by Hamiltonian and mechanical
systems containing strong potentials of the form

.

-:3V(q) with 0<e <1

where g are the generalized coordinates. Under some technical assumptions it can be
shown that such potentials force the motion to be close to a smooth manifold [22]. In
this paper we assume that the amplitudes of the.oscillations are sufficiently small to
ensure existence and uniqueness of the numerical solution (see section 4).

Any numerical method preserving accurately the phase of the oscillations must
generally take stepsizes smaller than the shortest period of oscillation in order to track
the exact trajectory of the solution. In this article we are interested in methods able
to take stepsizes much larger than the shortest period of oscillation. Obviously such
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methods will generally loose the phase information. Nevertheless, in many practical
applications the phase of the oscillations is not relevant and may be neglected, e.g.,
in molecular dynamics simulation [1]. A first approach consists of replacing a strong
potential by a holonomic constraint. This may be satisfactory in certain specific situ-
ations, e.g., for bond stretchings in molecular dynamics, but generally this approach
fails due to the introduction of artificial rigidity in the system, e.g., for bond-angle
bendings in molecular dynamics. A second approach is to damp the oscillations by
the use of super-stable methods like the k-step BDF methods (1 < ¥ < 6) [2] or
any L-stable Runge-Kutta methods, like the s-stage Radau IIA schemes {15]. This
approach also obviously fails to reflect the correct motion of the system because of
the artificial numerical damping introduced by the method, which is reflected by a
decrease of the energy level of the system. In this article we are interested in methods

taking large stepsizes and preserving satisfactorily the amplitudes of the oscillations,

i.e., allowing flexibility without artificial damping or blowing up of the oscillations.

In section 2 as a simple model problem we consider the equation of the harmonic
.oscillator § = —A?y. For this system methods preserving the amplitudes of the
oscillations for arbitrary large values of A and arbitrary stepsize lengths are called
periodic (P)-stable. Methods which are not P-stable are not well-suited for solving
highly oscillatory systems with large stepsizes. That is one of the main motivations
to look at P-stable methods. Symmetric Runge-Kutta methods are shown to be
P-stable. We also demonstrate that the combination of the s-stage Lobatto IIIA
and Lobatto I11B methods as partitioned Runge-Kutta methods is not P-stable. This
may seem surprising since these methods have proved to be very efficient when solving
holonomically constrained systems [16, 19) and the Lobatto IIIA and Lobatto 11IB
methods are both symmetric Runge-Kutta methods. For separable Hamiltonians the
(Rattle)-Verlet algorithm is equivalent to the 2-stage Lobatto ITIA-IIIB scheme, it is
therefore not P-stable. '

For nonlinear highly osciltatory Hamiltonian and mechanical systems P-stability
is not sufficient. This is the subject of section 3. The convergence of the method is
mostly dictated by its behaviour when applied to a nearby holonomically constrained
system, which is a differential-algebraic system of index three. That is the reason
why the midpoint rule and the trapezoidal rule, although both P-stable, usually fail
when applied with Jarge stepsizes to highly oscillatory systems, because they do not
converge when applied to such index three problems. We emphasize the fact that the
(Rattle)-Verlet algorithm, the midpoint rule, and the trapezoidal rule fail even if the
amplitudes of the oscillations are neglectible (smooth motion). To overcome all these
difficulties we propose the use of P-stable schemes with sufficiently high order, like
the s-stage (s > 4) Gauss methods or the s-stage (s 2 3) Lobatto II1A methods.

In section 4 we propose some modifications in the simplified Newton iterations,
which are needed for convergence with large stepsizes. For the starting values of these
iterations we make use of projected values on a nearby slow manifold.

Finally, in section 5 some numerical experiments with the stiff spring pendulum
equations are given.

2. Periodic-stability analysis. As a simple model problem of & highly oscilla-
tory system we consider the equation of the harmonic oscillator j = A%y where by

definition A > 0. Introducing a new variable for the velocity z := y, this equation can
be rewritten as a first-order linear differential system

0 (1)-(50)(%)-
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This is 2 Hamiltonian system with Hamiltonian H(y, z) = {A%y? + 2°) /2. This is one
of the simplest systems where the eigenvalues of the J acobian matrix {iA) are purely
imaginary. Considering the linear canonical transformation

@ (i)%?uﬂfi)(f)‘

in these new variables the system (1) reads

® ($)-(53)()

which is obviously again Hamiltonian with Hamiltenian H(g,p) = A (a®+p?) /2.
We are mainly interested in partitioned Runge-Kutta methods. For partitioned
systems of the form

(4) v¥=flgp2), =92

these methods make use of the conjunction of two Runge-Kutta (RK) methods.
DEFINITION 2.1. One step of an s-stage partitioned Runge-Kutta (PRK) method
applied 1o the partitioned sysiem (4), with initial values (o, 20) and stepsize h reads

r &
w=w+hd bf(YinZ), n=z+h) bg(Yi,Z),

i=1 =l

Yt'=90+hzaijf(yj:zj): Zi=2+h)_ 8i;9(Y;, Z;) .

i=t i=1

The coefficients (b;,a;;) and (‘5,-,3.-,-) are the coefficients of twe Runge-Kutta methods
generally based on the same quadrature formuls, i.e., b; = &

For the stability analysis of PRK methods, instead of considering directly the
system (1) we will consider the more convenient system (3). This is justified since
the application of a PRK method commutes with the transformation {2). The exact
solution of the system (3) is given by

(5) g(t) | _ [ coslw) —sin(n) ( g0 )

p(?) sin(p)  cos(u) Po
where p = h) and h = t — ¢5. From now on we use the notation I, for the i1dentity
matrix in R?, 1, is the s-dimensional vector (1,...,1)7, A and A are the matrices of

the RK coefficients, and b and ? are the vectors of the RK weights. The application
of 2 PRK method to (3) yields the linear system

(6) ‘(,qu “ﬁA)(an%(:l}:;ﬁ)'
(5)=(2)+( % 5)(3)
Hence we get

(2)=m0(3)
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where the 2 x 2 stability matriz M(u) is given by

o ¥\(I -pA\'(1 O
o wmw=nea( 5 6) (5 7) (5 1)
Now we look at PRK methods which preserve in a certain sense the amplitudes of the
oscillations of the true solution (5) for all z. Such methods are called periodic-stable.
We give a precise definition of this concept which relates the norm of the eigenvalues
of the stability matrix M (x) to those of the matrix in (5). Our definition is slightly
more precise than the usual ones.

DEFINITION 2.2. For ¢ PRK method, an interval I C R is an interval of pe-
riodicity if for all u € I the eigenvalues of the stability meiriz M(p), denoted by
Ai(p) €C (i = 1,2), satisfy |Mi(p)l =1 (i = 1,2) and Ay(p) = Az(p) = £1 only for a
discrete set of p-values in 1. A PRK method is said to be periodic (P)-stable if R. is
an interval of periodicity. _

It is easily seen that the conditions on the eigenvalues of the stability matrix
M () are equivalent to the conditions

9 det(M(p))=1, [w(Mp))<2,

and |tr(M(u))| = 2 only for a discrete set of u-values.

The concept of P-stability has been considered in the literature for general mul-
tistage-multistep methods, including Runge-Kutta methods, Nystrom methods, mul-
tistep methods, and some hybrid methods. The first result {without proof) about
P-stability is due to Lambert & Watson [20] which states that P-stable multistep
methods can not have order greater than two. A proof of this result in a more general
setting is given by Hairer in [12]. This is a result similar to the famous Dahlquist’s
second barrier [8] and more generally to the Daniel & Moore conjecture [0] (proved
in [30] with the beautiful order stars theory). The construction of explicit Nystrom
methods possessing relatively large intervals of periodicity can be found in [6, 7).
To overcome the order-barrier of multistep methods, hybrid P-stable methods with
constant stepsizes have been derived in (3, 5, 12).

For pure Runge-Kutta methods (4 = Ab= 3) we have the following result.

THEOREM 2.3. Symmetric Runge-Kutia methods are P-stable. '

Proof. We consider the unitary transformation in C? given by

o ()50 0)

In these new variables the system (3) reads

(5)=(5 5)(2).

The application of a RK method commutes with the transformation (10). We trivially
have u; = R(iA)ug and v; = R(—iA)vp where R is the usual stability function of the
RK method (see {15, FormulaIV.3.2]). It only remains to show that {R(iA}| = 1 for all
) € R (this also implies I-stability, see [15, Formula IV.3.6]). Since the coefficients of
the rational polynomial R(z) are real, this result comes directly from R(—z) = R(z)™!
by symmetry of the method (15, Ex. IV.3.1]. 0

Examples of P-stable Runge-Kutta methods are thus given.by the Gauss methods,
the Lobatto II1A methods, and the Lobatto HIB methods (see {15, Chapter 1V.5] and
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[4]). 1t is amazing to observe further that the combination of Lobatto IIIA and Lobatto
IIIB as PRK methods leads to non P-stable schemes, although their combination is
still symmetric! '

For general PRK methods the situation is slightly more intricate to analyze. A
more detailed representation of the stability matrix {8) can be given.

THEOREM 2.4. The stability matriz M(p) (8} of e PRK method is given by

g der(l,4p? AZ+u?1,07 2) —u+ #de:;.r,q-g‘h-i-i.a“")
(11) M( )= det{f,+uAA) det{l,+u?AA)
K o de(f ARl AT g det(fy 44> KA+p?1,87 A)
B=# det{f +uAA) det{l,+p2 AA)

In the proof we will make use of the following lemma.
Lemma 2.5 ([29)). Let N be e nonsinguler n x n matriz and v and w n-
dimensional vectors. Then

det(N + w”)

T oar=1.,, —
vINT W= Ny

-1. 0

Proof of Theorem 2.{. The inverse matrix in (8) can be expressed by

D R e M e
A L A (1.+,u’AJi')' (:.-q-p?A‘A)'

leading to
1- w287 A (L + wAR) s, T (L+ wAa) 1,

(13) M(F) = =1 =1
| —7 (1, + wad) 8 1-aA (1 +u2A4) 1,
A straightforward application of Lemma 2.5 to each component of the stability matrix
gives the desired result. 0 .
For the numerical solution (g3, p1) (7) of the test problem (3) if the matrices of
Runge-Kutta coefficients 4, A are invertible we get from (13) for p — o0

(14) M{oo) =( R(;”) a (‘;) )

where R(oo) = 1—b7 411, and (o) = 1-37 A-11,. For the s-stage Gauss method
we have R{00) = R(c0) = (-1)*. This explains the highly oscillatory behaviour for the
Gauss methods with an odd stage number s and the smooth behaviour for an even
stage number s (see the pumerical experiments in section 5). With respect to the
preservation of oscillations, Gauss methods with an odd stage number 5 are therefore
qualitatively superior. However, with respect to accuracy, they are comparable, the
pumerical solution remaining in a vicinity of the envelope of the oscillations in both
cases. For the s-stage Lobatto T11A method the matrix M (co) is also of the form (14)
with R(co) = R(oo) = (—1)*~!. This also explains the bighly oscillatory behaviour
for Lobatto II1A methods with an even stage number & and the smooth behaviour for
an odd stage pumber s.



6 L. . JAY AND L. R. PETZ0OLD

The coefficients of the 2-stage Lobatto IIIA-IIIB PRK method, which is equivalent
to the famous (Ratile)- Verlet algorithm for separable Hamiltonians, are given by

A:(l% 1?2). 2:(% g), T =T=(1/2 1/2).

The stability matrix of the (Rattle)-Verlet algorithm can be computed with the help
of {11) and we obtain

2
(15) M(p) = ( g ) :

We have det(M(g)) = 1, but only |tr{M(y))| = |2 — p#*|. Thus according to (9) the
(Rattle)-Verlet algorithm is not P-stable as its interval of periodicity is [~2,2]. This
may seem surprising since the 2-stage Lobatto IIIA method (the trapezoidal rule)
is P-stable, as is also its symmetric and symplectic counterpart the 2-stage Lobatto
I11B method. Hence the {Rattle}-Verlet algorithm is not well-suited for stiff oscilla-
tory systems. The time-scale of integration with such a method is clearly limited by
this instability, since the stepsizes are restricted by the shortest period of oscillation,
even if the amplitudes of the oscillations are neglectible (smooth motion, i.e., without
the presence of oscillations). To overcome to this instability, modified formulations
for some highly oscillatory differential systems have been proposed in [24, 25], al-
lowing more flexibility than a constrained formulation. Bowever, it is still not clear
firstly if such modified formulations reproduce the correct behaviour of the system
and secondly if the instability of the (Rattle}-Verlet scheme is really overcome, i.e.,
if large stepsizes are possible. We will see below that the whole family of s-stage Lo-
batto IIIA-IIIB PRK methods are not P-stable. Such methods have proved recently
to be very successful when integrating Hamiltonian or conservative mechanical sys-
tems with holonomic constraints [16, 19]. These schemes preserve the symplectic and
reversible characters of the flow, they preserve the manifold of constraints, they are
superconvergent with order 25 — 2, and they quasi-preserve the energy of the system.
One defect is precisely that they are not P-stable, that is the main reason why they
fail with large stepsizes when integrating, e.g., the stiff spring pendulum equations
[14] even for the smooth motion.

THEOREM 2.8. The s-stage Lobatto IITA-IIIB PRK methods are not P-stable,

Proof. By direct application of Lemma 2.5 to (8) we can express the stability
matrix as :

Mp)= ..3_ ( Pulp)  paa(p) )

g(p) \ Pnln) paaln)
with
1. - A - n bT I. b A
pll(#)= de"( #E F’( 1 ' ) ) ’ pl!(#) = det( “E 1, +£n.bT ) -1,
_ L~-pl¥ -pA ) _, - det 1, —pA
P21 (#) = det ( ”A j" ) ! P22(p) € ﬂ(A -— nn‘bT) Is ’

- I' -pA
Q(#)—det(pz 1 ) .
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To prove the theorem we will show that for the s-stage Lobatto IIIA-IIIB PRK method
the rational polynomial

Pn(#)-i'Pn( )
tr(M = =
(M(p)) = 7(8)
is unbounded as p — oo. More precisely we wiH show that for these methods
deg(p11{x) + p2a(u)) = 28 — 2 and deg{g(n)) < 25— 4.

We first show that deg(g{)) € 25 — 4. The Runge-Kutta matrices A and A of
the s-stage Lobatto IIIA and Lobatto IIIB can be expressed respectively as

0 ... 0
{0 ... 0 _ -
A—( Ag )_( Ao ) ’

a,] Gyy
0 a1 0
A .Zo : = .Zg :
0 E.] 0
since the first row of A and the last column of A are zero. Thus we have
1 0 0 - 0
-on

I,ﬂ —pA N _ 0 1 ~payy e THG

pA I, - Han 0 1 0
: pjo :

For the computation of the determinant of this matrix we can suppress its first row,
its first column, its s-th row, and its s-th column. Hence we can express ¢g{u) as

T2 —#-zu
g(p) = det ( = ) .
#Ag 1

Since the matrix Xo has 5 — 2 rows and the matrix Ea has s — 2 columns, we have
deg(g(n)) < 25~ 4.

To show that deg( pu(p)-!-pz:(#)) = 25— 2 we will make use of the W-transforma-
tion. For details about the W-transformation we refer the reader to {15, Section IV 5]
and [4, 10]. Here the aim is to express p11(g) and paa(p) in terms of the transformed
matrices X ;= W7 BAW and X := W7 BAW where B = diag(bs, ...,b,), the coeffi-
cients of the matrix W are given by wi; = Pj1(c;) with P;.i(z) the (J — 1}-th shifted
Legendre polynomial, and the ¢; are the nodes of the Lobatto quadrature. The ma-
trices X, X for the Lobatto IIIA and Lobatto 1IIB coefficients are given respectively
by [10]

1/2 -4 o 0
0 $ 0 0
X= Ao = . .. ’_CJ-Z : ¥
0 Cl-2 0 0
o {o1u 0
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1/2 - 0
g % N f T
TR0 .00 o T =2
0 " a2 0 —§-1t
0 0o ... 0 0

where (¢ = m and u = Y] P2 (¢;). It is important to notice that these two

matrices satisfy the relation X = X7+ e1eT where e, is the s-dimensional vector
(1,0,...,0)". The matrix W7 BW is diagonal and is equal to D, = diag(l,...,1,u),
hence det{W7 BW) = det(D,) = u. Using also the relations We; = 1, and W7 B], =
ey we can express pni(#) and paa(p) as

i =det (s @07 ) (W% 700 )
(5 ) (3 %) (& %)

= det(Ds)-z - det ( p'q". ﬂx ) 1

p2z(p) = det (( (WT?B)-I ("VTOJB)”1 ) ( WC;B w'B ) <

0
(a(ﬁj'n.bf) (e z)(vﬁ“ %))

- T
=det(.D.)“2-det( -ﬁ’x ‘g‘ )

Since the last row of the matrices X and XT and the last column of the matrices X and
X7 vanish, we can suppress the s-th columns and the s-th rows in the computation
of p11{s) and po(z) and multiply the results by u leading to

_1 Iy wXo Y _ Loy uXo
Pn(#)—udet(#xg. D, )_det (,p ) ,

— _1_ Iy —ﬂxg — Iy —ﬁXE
paap) = ” det ( “4X, D, = det ~uD X, I ]

The leading terms of these polynomials of degree 28 — 2 are given by

pu(p) = (1) det(Xo D2 RDp¥ 2 + ...,
pa2(p) = (-1)*~ det(XT D7 Xo)u® 2 + ... .

For the Lobatto quadratures we have & > 0 [15, Theorem TV.12.7), implying that
u > 0. Thus we can express D;! as D.'”zD.'ln. The matrices D.'”:.X&, and
D;7M2XT are of full rank s — 1. Thus the matrices XoD;71XT and X7 D;1X are
strictly positive definite, hence their determinant is strictly positive. Therefore the
leading terms {of degree 25 — 2) of py1(p) and p22(u) do not vanish and are of the
same sign. Thus we finally conclude deg(p;i (i) + p22(p)) =25 -2. D

4.
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To remedy the non periodic-stability of the Lobatto IIIA-IIIB PRK methods for
highly oscillatory systems, we propose instead the use of the s-stage P-stable Lobatto
II1A schemes with s > 3 to treat the terms responsible of the oscillations (18] (see
also the next section).

3. Nonlinear highly oscillatory systems. For nonlinear highly oscillatory
Hamiltonian and mechanical systems P-stability is not sufficient. The convergence
of the method is mostly dictated by its behaviour when applied to a nearby holo-
nomically constrained system. A rigorous analysie for the smooth motion of stiff
oscillatory mechanical systems and for a certain subclass of Runge-Kutta methods is
given by Lubich in [22). In the article {22] the considered equations are

i=v,
(16) M(g)i = flg,%) = VI (@)

with 0 < ¢ € 1. It is assumed that:

H1. M(q) is symmetric and positive definite.

H2. V(g) attains a (Jocal} minimum on a d-dimensional manifold V.

H3. In a neighbourhood of V, V(q) is strongly convex along directions non-

tangential to V. '

It is shown that for the smooth motion the convergence of the considered Runge-Kutta
methods is dictated by their behaviour when applied (direct approach) to a nearby
holonomically constrained system

§=7,
(17) M@ = F(7.9)~ G @D,
0= g(3)

with 0 = g(§) if and only if § € V, G¥(§) == 9;{&), and

M@ GT(@ \ . .
( G(g) 0(9 ) invertible .

This system {17) is a differential-algebraic system of index three.

Since the midpoint rule and the trapezoidal rule do not converge when applied
to such index three systems (17) for the direct approach {13], they usually fail when
applied with large stepzsizes to highly oscillatory systems, although both methods
are P-stable [11, 26, 27). We emphasize the fact that the (Rattle}-Verlet algorithm,
the midpoint rule, and the trapezoidal rule fail even if the amplitudes of the oscilla-
tions are neglectible (smooth motion). To overcome all these difficulties when solving
highly oscillatory Hamiltonian and mechanical systems, we propose the use of P-stable
schemes which are convergent when applied (direct approach) to index three systems
of the form (17). Examples of such methods are given by the s-stage (s > 4) Gauss
methods and the s-stage (s > 3) Lobatto IIIA methods. Although they suffer from
some order reduction, a common phenomenon when stiffness is encountered, this or-
der reduction is not drastic. Such phenomenon can also been observed for any other
numerical method like the Radau I1A RK schemes [22] and also for other types of
stiffness, e.g., in the theory of B-convergence [15, Sections IV.15, V.8 & V.9]. For the
Gauss methods we have the following convergence result.
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THEOREM 3.1 ([13]). Consider the indez three problem (17) with consistent
initial values (§o, Uy, Ao). Then the global error for the s-stage (& > 4} Gauss methods
(direct approach) satisfies

Tin) = Ga = O(B') , Tltn) = Tu = O(R*"%), A(tn)—=An = O(K*~Y)

where h = max; h; and nh < Const. For constant siepsizes h; = h and 5 > 3 odd,
the convergence rale is one order higher for all three components, 0

For the Lobatto IIIA methods, since the first row of their Runge-Kutta matrix is
zero, the first internal stage value for 4\ denoted by A;, must be carefully determined
o be consistent with the definition of the direct approach. Since these methods are

stiffly accurate, i.e., ayi = b fori=1,,..,8, it is easily seen that at the nth-step we

have Ay, = A, n-) the last stage for A of the previous step. For the initial step we
must take A; = Xo a consistent initial vaiue for (17). For this application of Lobatto
I11A methods (direct approach) we have the following convergence result.

THEOREM 3.2. Consider the indez three problem (17) with consisient initial
values (Go, o, Ao). Then the global error for the s-stage (s > 3) Lobatio I1IA methods
{direct approach) satisfies

) =G0 = O(W*™%), F(ta) =T =O0(R*"Y), Xta) -3 = O(R*"%)

where h = max; h; and nh < Const.

A proof of this theorem in a more general situation will be given in {17).

In the paper of Lubich [22] Runge-Kutta methods satisfying |R{(iw)[ < 1Yw € R
and |R{co)| < 1 were considered where R(z) is the stability function of the method.
Symmetric Runge-Kutta methods are known to satisfy |[R(iw)| = 1 Vw € R and
jR(oo)| = 1. A first reason why such methods were not included in [22] was because
the main interest was in methods able to damp the oscillations with high frequency.
A second reason was because convergence results for index three problems were only
known for methods satisfying |R{co0)} < 1 at this time [14, Theorem 6.4). Since then
convergence results for Gauss methods have been given in {13] (see Theorem 3.1). For
Lobatto IIIA methods such results will be established in {17] (see Theorem 3.2). For
stiff oscillatory mechanical systems, with the help of these two convergence results,
following the lines of [22], we arrive at the following result.

TREOREM 3.3. Let us consider a stiff oscillatory mechanical system (16) sai-
isfying the assumptions HI1-HS. Let us suppose that the ezact solution (¢ (1), v*{t))
of (16) with initiel values (g§, v§) is smooth. Let us consider the application of the
s-stage Gauss methods and of the s-stage Lobatio IIIA methods to this system. Then
for 0 < € < h < hg, with hy sufficiently small bul independent of ¢, there exists a
unigue numerical solution of the stiff oscillatory mechanical system (16}, whose error
satisfies for the s-siege (s > 4) Gauss methods

@i — ¢ (tn) = O’ + 2172, of =" (ta) = O(W* "2+ 279,
and for the s-stage (s > 3) Lobatio IIIA methods
— g (ta) = O(R¥* 14 2h*7Y),  of — o' (ta) = O(A*" ) 4+ e2h*7%) |

uniformly for h = max; h; and nh < Const. For the Gauss methods applied with

constant stepsizes h; = h and s > 3 odd, the convergence rate is one order higher in
h.
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As mentioned in [13] the stage order s of Gauss methods and Lobatto IIIA meth-
ods has to be sufficiently high to ensure convergence. The midpoint rule and the
trapezoidal rule do not converge. This has been numerically observed in [11, 26, 27).

For the solution of oscillatory systems, any numerical scheme obviously introduces
phase errors up to its order of accuracy. A phase error analysis of Runge-Kutta meth-
ods can be found in {29], where forcing oscillating forces have also been considered.
It has even been proved in [28] that symmetric Runge-Kutta methods introduce no
phase lag for the forcing oscillating forces. This is however not especially relevant
since this is generally not the main source of phase errors.

It is also worth mentioning that when using stepsizes much Jarger than the shortest
period of oscillation the actual bigh frequencies of the system are all aliased to a lower
‘numerical frequency’ and are therefore not sampled correctly in a certain sense. This
is however not a drawback due entirely to the numerical approximation, but inherently
. asampling problem. Even if the exact values were known at the given large time steps
then the actual high frequencies of the system could not be recovered from these values
according to Shannon’s criteria in sampling theory.

4. Simplified Newton iterations. Up to this point we have assumed implic-
itly that the nonlinear systems arising in the definition 2.1 of (P)RK methods are
solved exactly. In practice they are solved iteratively by the use of simplified Newton
iterations. Standard simplified Newton iterations may fail for highly oscillatory sys-
tems, unless the stepsizes are chosen sufficiently small so that the system is no longer
stiff, making implicit methods less efficient than explicit methods [21]. We therefore
propose some medifications in the simplified Newton iterations. For the starting val-
ues of the internal stages of an implicit (P)RK method we make use of a nearby slow
manifold

(18) M ={(3,%) e R” xR" | 0=¢(7), 0= G(g)7}

coming from (17). We stress the point that we do not make use of the dynamics of a
slow solution, but only of one of its geometric invariants, the slow manifold M. The
dynamics on the slow manifold can differ significantly over mid and long-time intervals
- to that on the smooth manifold of (18), i.e., on the manifold of smooth motion. The
projection on the slow manifold is purely geometric and does not require further
analysis of the differential systemn as needed for the smooth manifold. These two
manifolds are in a O(e?)-neighbourhood and the corresponding values of %V, differ
only by an order O(e?) [22, Theorem 2.2]. If V/(q) is of the form z39(q)7 K g(g) with
K a strictly positive definite symmetric matrix then the constraint function g in (17)
can be chosen as ¢ in —ﬁ-,g(q)TK ¢(¢). In molecular dynamics such potentials represent
for covalent bond stretchings and bornd-angle bendings [23]. For such potentials we
can use Hairer’s reformulation [14, p. 120} of the system (16)

(192) i=v,
{18b) M(q)o = f(g.v) - GT(g)2,
(18¢) 0= Kg(g) ~ £ .

For more geperal strong potentials we advocate the use of the modifications proposed
in [22, Section 8].

In the simplified Newton iterations, for the starting values of the internal stages
of an implicit (P)RK method based on a unique quadrature formula (&,¢;), our
choice comes from the analysis of the harmonic oscillator (1). For k4 fixed and letting
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gt — oo, when the matrices of Runge-Kutta coeflicients A, A are invertible the internal
sta.ges of the PRK solution satisfy ¥; = 0 and Z; = =(1/h)- eTA(AA) 11, . 4, and

= (1/4?) - €T (AA)=110, - yo + (1/k) - eT A(AA)"11, - zo with A = y/e?. This can be
seen from (2), (6), and (12). As initial guesses for the system (18a)-(19c) we therefore
propose to use (see also [14, p. 95]) fori=1,...,s

Q¥ = o + heio ,
o l - -~ —~
VO =g - 5 & A(AA)'D, - (g0 = Fo) »

A = L T, (o =T+ - T AN - (- T)

where (go. Vo) € M are projected values of {go, vg) |16, Subsection I11.1 3] on the slow
manifold M

0 = M{%o)(Fo — g0) + GT (Fo)ro »
0 = g(3o) ,

0 = M(Go)(%o — vo) + G (@)
0 = G(go)7o .

A value for o would be simply Xo = (1/£2)K (o) = 0. We also advocate the use of
(o, %o) instead of (o, vo) when evaluating the simplified Jacobian matrix. Moreover,
the quantities ||go ~ gol|| and [[To — voll could be used as measures of the size of the
oscillations. They could be used in the stepsize control mechanism. If these quantities
are larger than the desired precision TOL then the stepsize should not be larger than
one period of oscillation and should therefore be restricted by accuracy requirements.
However, if one stil]l wants to take large stepsizes, since the phase information of the
oscillations is lost, arbitrarily large errors should be allowed in directions orthogonal
to the smooth and slow solutions. Nevertheless, we conjecture that the projections
of the numerical solution onto the smooth or slow manifolds will still converge to the
corresponding projections of the exact solution onto these manifelds.

- For Lobatto IIIA methods the Runge-Kutta matrix A = A is not invertible. For
the harmonic oscillator (1), for h fixed and by letting 4 — oo, the internal stages
sat.lsfy Yi=v, 2 = zn, Ay = 2o = yo/€?, and for i = 2,...,8 Y; = Ri(o0)ya,

= Ri(oo)zo~(1/h)-ely A~2(Ay+Alyo1) p0, Ai = &(w)Ao+(1/h=) T, A2,y
¥o + (1/h)-eT A-2(4, +AI]._1) - 20 where R;{c0).= —e]. 5A'1A1, is the j-th unit
vector in R‘~!, and the Runge-Kutta matrix A of Lobatto IIIA coefficients is given

by
0 0 ... 0
AF(E; i )

This can be seen by computing the inverse of the matrix in the left-hand side of (6)

: - 1 0 ven 0 0 0 ... 0
I, —pA _ | wnia) N(p) =va(us) P(u)
pA 1, =l o o 0o 1 0

wly) —-P)  wul N

- - S
where wi(y) = pAva(p), va(8) = —pNWA, N@) = (L1 +4227), Pla) =
wAN(p), by using (2), and by letting 4 — co. For the Lobatto IIIA methods we thus

s |
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propose to use instead @) = go, V] = vo, Ay = Ap = (1/6%)Kglgo), and fori=2,...,s

@ = G + Ri(oo)(go — §o) + hc‘vu )
Vi = ¥ + Ri{oo)(vo — Ta) — E‘ el A4 + Zﬂ.—-;) (90— o) »

1 ~ - 1 ~ ~ -~ -
AL = Ri(oo)ho + 5 - €T 1 A0,y - (g0 — §o) + 5 - T A~2(Ay o+ AL,_1) - (vo = T} ,
h h

For large amplitudes in the oscillations the above approach will generally fail,
i.e., the Newton iterations will not converge. Unlike stiff problems with very large
negatwe eigenvalues [15, Theorem IV.14.2], existence and uniqueness of the numerical
solution cannot be proved for highly oscillatory systems, unless the amplitudes of the
oscillations are sufficiently small [22, Lemma 5.1].

5. Numerical experiments. A typical example of a stiff oscillatory mechanical
system is given by the stiff spring pendulum [14, 22). It consists of a point of mass m
suspended by a massless spring with a large Hooke’s constant 1/¢?, 0 < ¢ < 1. Using
Cartesian coordinates ¢ = (g;,42)7, the kinetic energy T and the potential energy U
of the system are given respectwely by

2
. m.,. .
T@)=F @+, Ul =mom+ 5y (Ve +a3-¢)

where £ denotes the rest position of the spring and g the gravity. The Lagrange
equations of motion can be written, using Hairer's reformulation (19¢)

gy (=
@) (4)=(2).
(21b) w(2)=( - i
(21c) 0=fg}+gd—E~¢c%).

By using the generalized momenta p = (py, pz)T = (mvy,mv2)7 these equations form
also a Hamiltonian system with Hamiltonian # = T + U. For the limit case ¢ — 0,
we obtain the pendulum equations with the holonomic constraint

0=/af+ef-¢

and A has now the role of a Lagrange multiplier. Differentiating once this contraint
leads to

O=qiv1 +q2v2 .
Another differentiation gives
m
A= 3 (F+ - gaa) -

In the following numerical experiments the parameters have been taken as m = 1,
£=1,9=1, and € = 107°. For those values the Jacobian of the system possesses
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two eigenvalues with large imaginary part of size 1/ leading to bighly oscillatory
behaviour for small £.. Different numerical methods have been applied on the interval
[0, 20] with a constant stepsize k = 10~2 which is 10® times greater than £. For the
initial values we have chosen ¢3(0) = 0, v;(0) = v2(0) = 0, and different values for
¢:(0). A smooth solution is given by q,(0) = 1 — 3¢* - 90¢8 + O(¢!?). A pumerical
approximation of the solution has been computed using the 5-stage Gauss method and
is plotted in Fig. 1. The energy of the smooth solution is equal to H = 4.5¢%+ O(e?).
The behaviour of the computed energy is mainly due to the errors at the end of the
Newton process. For the slow solution ¢,(0) = 1, i.e., the solution starting on the
slow manifold (18), the obtained numerical results were identical since £4 was smaller
than the machine precision.

stift spring pendulum

positions
[=] -

]
b

velocities

0 2 4 6 8 0 .12 14 16 18 20
tima '

FiG. 1. Smooth solution with the S-stage Glauss method, h = 0,01,

We have perturbed the smooth solution by adding a perturbation 10~% to the
previous value of g3 (0), leading to the highly oscillatory solution drawn in Fig. 2. This
perturbation has been chosen sufficiently small to ensure existence and uniqueness of
the numerical solution (see [22, Lemma 5.1]). The 5-stage Gauss method mimics well
the highly oscillatory behaviour in the velocities, the amplitudes of the osciliations
in the positions being too small to be ohserved. The energy of the system oscillates
around its exact value H == 0.5, this is a typical behaviour for a symplectic integrator.

In Fig. 3 these oscillations are not present when using the 4-stage Gauss method
since this method satisfies R(oo) = 1, whereas the 5-stage Gauss method satisfies

{9
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stiff spring pendulum

L L L L

0 2 4 6 8 10 12 14 16 18 20
time

Fic. 2. Highly oacillatory solution with the 5-stage Gavss method, h = 0.01.

R(00) = —1. Qualitatively the behaviour of methods satisfying R{oo) = =1 is there-
fore preferable to those satisfying R{co) = 1, although in terms of precision they are
comparable. The behaviour of the computed energy is similar however. By increasing
too much the perturbation in the smooth solution, the Newton iterations begin to
fail. This can be simply explained by the fact that existence and uniqueness of the
pumetical solution fails to hold for Jarge perturbations (see [22, Lemma 5.1]).

" Finally we have applied the 3-stage Radau IIA method, an L-stable method,
with the same previous initial values on the highly oscillatory solution. The intrinsic
damping property of this numerical scheme suppresses the highly oscillatory behaviour
of the solution, this can be observed in Fig. 4. For the first two steps the numerical
energy decreases from 0.5 to 4.5 - 10~% and —2.6 - 1072° respectively. Such behaviour
has been analyzed in detail in a more general setting in [22].

6. Conclusion. In this article we have identified and analyzed numerical meth-
ods which are able to obtain satisfactorily solutions with large stepsizes to highly
oscillatory systems such as Hamiltonian and mechanical systems. The amplitude of
the high-frequency oscillation must be small to ensure existence and uniqueness of the
numerical solution for nonlinear problems.

The methods that we propose are the s-stage (s 2 4) Gauss methods or the &-
stage (s > 3) Lobatto ITIA methods. These methods have the important property of
P-stability, which requires the method to preserve the amplitude of high-frequency
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stiif spring pendulum

velocilies
L=

ol'\) :

0.55
&
& 058
=
@

.45+ 1 1 i i 1 ol i L 1

0 2 4 6 8 10 12 14 16 18 20
tims

FIG. 3. Highly oscilistory solution with the 4-slage Gausse method, h = 0.01.

oscillations for linear systems, and of sufficiently high order that they are convergent

for the Hessenberg index-3 DAE system which is the limit as ¢ — 0 of the consid-

ered ‘oscillatory system. We show that for smooth solutions to the class of problems

under consideration, these methods are convergent for stepsizes of size independent

of the frequency of the oscillation. Some numerical experiments with the stiff spring
. pendulum equations are given.

The proposed methods are implicit. For such large stepsizes, convergence cannot
be achieved without some modifications in the Newton iteration at each time step. In
particular, we have reformulated the system as suggested by Hairer [13]. The starting
values for the internal stages are obtained by using projection onto the slow manifold.
The Jacobian matrix is also evaluated on the slow manifold. The projection is purely
geometric and numerical, and does pot require further analysis of the differential
system.

We note that the Lobatto IFIA-IIIB partitioned Runge-Kutta methods, of which
(Rattle)-Verlet is 8 member, that are widely in use for this type of oscillatory Hamil-
tonian system are not effective for stepsizes which are much larger than the smallest
period of the oscillation. This is because they are not P-stable. Other widely-used
methods, the trapezoidal and midpoint, are also not effective for large stepsizes and
nonlinear osciliatory problems because their order is not high enough for the method
to be convergent for the limiting index-3 DAE.

We wish to emphasize that the proposed methods are effective only for small-
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stiff spring pendulum

velocities

lmcw 1 ] L) 1 3 3 L) 1 ¥
B )
@ -3.11 -
&

-3.2r -

0 2 4 6 8 10 12 14 16 18 20
time

F1a. 4. Highly oacillatory solution with the 3-otape Radau 1A methed, h = 0,01,

amplitude oscillations. A different approach is necessary if the amplitudes of the
oscillation are large, which is the case in most molecular dynamics applications.
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