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ABSTRACT
We presenta micromixer fabricatedusingMEMStechnol-

ogywhich takesadvantageof electroosmosisto mix�uids. A time
dependentelectric�eld is appliedandtheresultingelectroosmo-
sisperturbsthe low Reynoldsnumber�ow. It is shownthat the
electric�eld canbedeemedquasi-steadyandtheelectroosmotic
slip boundaryconditioncanbeappliedwhentheincompressible
NavierStokesequationis solved.Boththeelectric �eld andthe
electroosmotic�ow are simulatednumerically. Studyof thepar-
ticle tracesshowsfoldingandstretching of materiallines,anda
positiveLyapunovexponentis foundwhich indicateschaotic-like
mixing.

INTRODUCTION
The ability to mix two or more �uids thoroughlyand in a

reasonableamountof time is critical to thecreationof fully inte-
grated“on-chip” micro-electromechanical�uid processingsys-
tems.But mixng in micronsizedchannelsis dif�cult dueto the
low Reynoldsnumbersthatcharacterizethese�o ws. The�o w is
restrictedto the laminar �o w region andthereis no turbulence
which couldassistthemixing. If we rely only on moleculardif-
fusionto mix the�uids, themixing channelmustbeextendedto
beextremelylong.

To achieve fast mixing, several passive micromixers have
beendevelopedandstudied,suchastheT-type[1], L-shaped[2],
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serpentinepipe[3], �o w splitting [4], ridged-�oor mixer [5] and
soon. They do not improvemixing signi�cantly, andneedto be
fabricateddelicately. A few active micromixershave alsobeen
demonstrated.A mixing chambermimicking a source/sinksys-
tem[6] is designedto stir �uids effectivelyusingmicrofabricated
valves and phase-changeliquid micropumps. Pressuredistur-
bancesfrom sidechannelshavealsobeenaddedto microchannel
�o wsto enhancemixing [7,8]. Encouragingprogressin enhanc-
ing mixing hasbeenreported.

In thepasttwo decadesit hasbeendemonstratedthatchaos
canbe usedto mix �uids in laminar �o ws [9], andthe chaotic
regimesare associatedwith stretchingand folding of material
lines [10]. Chaosmay arise in a nonlineardynamicalsystem
providedthatthesystemhasat leastthreedimensions.Addinga
time dependentexternalperturbationto a two dimensional�o w
providesthethird dimension,andchaoticmixing mayarise.

Here we presenta silicon microfabricatedmixer with no
movingparts,whichmakesuseof timedependentelectroosmotic
�o w to mix two �uids. Numericalsimulationis carriedout to
helpunderstandthemixing of �uids in this micromixer.

DESCRIPTION OF THE MIXER
The geometryof our electroosmoticmicromixer is shown

in Figure1. It takes two �uids from different inlets andcom-
binestheminto a singlechannelwhich is 10µmwide. The�uids
thenenterthe centralloop with the inner andouter radii being
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5µmand15µmrespectively. Fourmicroelectrodesarepositioned
on the outer wall of the central loop at angularpositions45� ,
135� , � 45� , and � 135� . Thesemicroelectrodesimposea spa-
tially varyingelectric�eld, andthe�uids aremanipulatedvia the
electroosmoticslip boundaryconditionbeforethey entertheout-
let channel. Electric potentialson the microelectrodesarealso
time dependent,which addsthe third dimensionnecessaryfor
chaoticmixing. The aspectratio (channeldepthover channel
width) is 5 : 1, whichvalidatesour2-D assumptionin thenumer-
ical simulation.

Figure 1. Geometry of the micromixer

FABRICATION
Themicromixeris built onasiliconwaferusinglithographic

anddeepetchingtechnique. A ScanningElectronMicroscope
(SEM)pictureof themicromixeris shown in Figure2. To obtain
a suf�ciently high aspectratio of the microelectrodes,heavily
Borondopedsiliconis usedasthefabricationmaterial.SOI (Sil-
icon On Insulator)wafer is usedto isolatethe device from the
substratebulk material. The surfacesare thermallygrown sili-
con dioxide (quartz),andexhibit a zetapotentialwhenbrought
into contactwith the �uid. The gapbetweenthe electrodeand
thewall is also�lled by thethermallygrown silicondioxide.

MATHEMATICAL MODEL
The �uid motion is governedby the incompressibleNavier

Stokesequation

r

�

¶V
¶t �	�

V 
 Ñ � V ��
�� Ñp
�

µÑ2V
�

r eE � (1)

wherer e is theelectricchargedensity, andE is theelectric�eld
intensity. E is relatedto theelectricpotentialF by

Figure 2. SEM picture of the micromixer

E 
�� ÑF � (2)

andF is governedby thePoissonequation

Ñ2F 
��

�

r e �

e��� (3)

wherethe permittivity e of the mediumis equalto the permit-
tivity e0 of a vacuummultiplied by thedielectricconstant(also
known as the relative permittivity) er . SubstitutingEquation2
andEquation3 into Equation1, weobtain

r
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Equation2andEquation3 canbesimpli�ed furtherto obtain
amoresolvableform. Thechargedensityr e is givenby

r e 
 F å
i

zici � (5)

andtheionic concentrationof speciesi, ci , is givenby theBoltz-
manndistribution

ci 
 ci¥ exp ���

ziFF
RT �

� (6)
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whereF is Faraday's constant,R is the gasconstant,T is the
temperature,zi is thechargenumberof speciesi, andci¥ is the
averageconcentrationof speciesi. SubstitutingEquation6 and
Equation5 into Equation3, we obtain

Ñ2F 
��

F å i zici

e

��

F
e å

i
zici¥ exp ���

ziFF
RT �

� (7)

UndertheDebye-Ḧuckel approximation[11], ziFF � RT,
we canexpandtheexponentialtermas

exp � �

ziFF
RT ���

1 �

ziFF
RT

� (8)

Sinceå i zici¥ 
 0 (to preserve electroneutralityin the bulk
electrolyte),Equation7 becomes

Ñ2F 


F
l 2

D
� (9)

wheretheDebyelengthl D is givenby

l D 
��

eRT
F2å i ci¥ z2

i �

1 2

� (10)

CombiningEquation3 andEquation9, we obtain the fol-
lowing expressionfor thechargedensity

r e 
�� e
F
l 2

D
� (11)

WhentheDebyelengthis small (typically 10nm) andthez
potentialis not large(typically 0 � 1V), thedistributionof charged
speciesnearthewall is governedmainlyby thez potential,andis
affectedvery little by theexternalelectric�eld [12]. Thecharge,
andhencethepotential,distribution nearthewall canbe deter-
mined independentof the externalelectric �eld. The effect of
the�uid motionon thechargedistribution canalsobeneglected
whenthe �uid velocity is small, i.e., whenthe inertial termsin
the momentumequationare not dominantor when the Debye
lengh is small. Undertheseassumptions,the electric �eld and
the �uid �eld canbe decoupled,andthepotentialF canbe de-
composedinto apotentialdueto theexternalelectric�eld f , and
a potentialdueto thez potentialy

F 
 f
�

y � (12)

wherey is determinedby Equation9, andf is determinedby
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�

eÑf �!
 0 � (13)

whenthespatialchargedensityis zeroin thebulk of the�uid.
Thus, the �uid velocity inside the electric doublelayer is

governedby

r

�

¶V
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eÑ2y E � (14)

wheretheelectric�eld intensityE is givenby

E 
�� Ñf � (15)

If the Debye length is small comparedwith the channel
width, thenthecurvaturetermscanbeneglectedandEquation14
reducesto theone-dimensionalform appropriateto theelectroos-
motic �o w pasta longplanechannel

µ
¶2u
¶y2 
 e

¶2y
¶y2 Ex � (16)

wherexandyarethecoordinatesalongandnormalto thechannel
wall.

IntegratingEquation16twicewith boundaryconditionsy 


z at u 
 0 and¶u
�

¶y 
 ¶y
�

¶y 
 0 at y # ¥ , we obtaintheslip
velocityat theedgeof theelectricdoublelayer

Usli p 
��

ezEx

µ
� (17)

This is known as the Helmholtz-Smoluchowski equation
[11]. The velocity “slips” at the wall, and the �uid movesas
in plug �o w, assumingthe doublelayer thicknessis very small
comparedwith thecharacteristiclength,sayd

�

l D $

100.
In thebulk of the�uid (outsidetheelectricdoublelayer),y

vanishes,andthe�uid motion is governedby theNavier Stokes
equation

r

�

¶V
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�
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with theslip boundayconditiongivenin Equation17.
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MODEL VALIDATION
Cummingset al. [13] showed that to apply the Helmholtz-

Smoluchowski Equation17 at the �uid-solid boundaries,the
electric�eld mustbeat leastquasi-steadyin orderto neglectthe
transienteffects. In otherwords,the time scaleof theunsteady
electric�eld mustbemuchlargerthanthatof thetransient�o w.

In Stokes' �rst problem,i.e., the �o w dueto the impulsive
motionof a �at plateparallelto itself, the�uid velocitysatis�es

u
U


 1 � er f

�

y
2% nt

�&� (19)

Thesimilarity solutionis shown in Figure3, wherey is the
distancefrom theplate,n is thekinematicviscosityof the �uid
andU is thevelocityof theplate.
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Figure 3. Similarity solution of laminar �o w due to an impulsively started

�at plate

In this impulsively started�o w, theinitial vorticity is simply
diffusedoutward, resultingin an increasein the width of �o w.
Wede�ne thecharacteristictimettrans featuringthetransient�o w
asthetime requiredfor u to reach95%of U acrossthechannel
width. FromFigure3, u

�

U 
 0 � 95 correspondsto h 
 0 � 0443.
Therefore

d
2

%

n 
 ttrans )

0 � 0443� (20)

wheren 
 10 * 10+

6m2
�

sis thekinematicviscosityof thewater.
d 
 10µmis thewidth of thechannel,andof thecentralloop as

well. Thusweobtainanestimateof thetimescaleof thetransient
effect in themicromixerasttrans 
 0 � 0127sec.

If we apply sinusoidal(in time) electric potentialson the
microelectrodeswith frequenciesbetween0 � 1Hz and10Hz, the
correspondingtime scalesarebetween10secand0 � 1sec. Com-
paredwith the time scaleof the transient�o w, theelectric�eld
changesata muchslower rateandcanbedeemedquasi-steady.

NUMERICAL SIMULATION
Both theelectric�eld andthe�o w �eld aresolvedin FEM-

LAB [14]. Equation13 is solved for the electricpotentialin a
rectangulardomain(Figure4) with insulationboundarycondi-
tionson thefour sidesof therectangle.

Figure 4. Computational domain

Theelectricpotentialson thefour microelectrodesaresinu-
soidal in time with the samemaximumvalue of 0 � 1V and the
samefrequency of 8Hz, but alternatein polarities.Potentialson
electrode1 andelectrode3 aref 
 f maxcos

�

2p f t � , andpoten-
tials on electrode2 and electrode4 are f 
,� f maxcos

�

2p f t � .
Water in the channelhasa relative permittivity of 78� 3. Ev-
erywhereelseis assumedto bevacuumwith thepermittivity of
8 � 854 * 10+

12CV +

1m+

1.
TheincompressibleNavier Stokesequation(Equation18) is

solvedfor the�uid velocity in themixer, with theslip boundary
condition(Equation17) on the inner andouterwall of thecen-
tral loop. A z potentialof 0 � 1V is usedin Equation17. Water
is �o wing in from theleft andtheinlet velocity is parabolicwith
a meanvalueof 10+

4m
�

s. Sincethemicroelectrodesmustbein
contactwith the �uid to facilitateion exchange,silicon dioxide
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is removedon thesurfaceof theelectrodethatis alsopartof the
mixingchamberwall. A no-slipboundaryconditionisappliedon
theseelectrodesurfaces.Becausetheelectric�eld decaysexpo-
nentiallyaway from themicroelectrodesandtheslip velocity is
proportionalto theelectric�eld intensity, wecanneglecttheslip
velocityalongthewall of thehorizontalinlet andoutlet,wherea
no-slipboundaryconditionis used.

Figure 5 showstheequalpotentialcontourlinesin thecen-
tral loop region at t 
 0 � 25sec. Fluid streamlinesat t 
 0 � 25sec

Figure 5. Equal potential contour lines at t 
 0 � 25sec

areshown in Figure 6. We canseethat in thecentralloop the
�o w splits into domainswith eddyrotationsseparatedby sepa-
rating streamlinesnearthe microelectrodes.A properlychosen
time-varying protocolof the actuationwill causethe separatrix
to breakup.

Simulationof the �uid particletrajectoriesshows that �uid
particlesstayin the centralloop, andexperiencestretchingand
folding, for asuf�ciently longtimebeforethey enterthehorizon-
tal outlet.This factnotonly indicateschaoticadvection,but also
facilitatesthe �nal stageof mixing: moleculardiffusion. Fig-
ure 7 depictsthis kind of stretchingand folding by tracking a
smallvolumeof �uid releasedin asmallrectangularboxnearthe
channelsymmetryaxis in theupstreamregion. We seethat this
rectangularvolumeturnsinto acomplicatedpatternveryquickly.
Theredoesexist a setof stretchingandfolding of materiallines
in thecentralloop thatis neededfor thechaoticmixing.

Lyapunov exponent(LE), astheaverageexponentialrateof
divergenceof nearbytrajectories,canbeusedto describechaotic
mixing in a quantitative manner. A positive Lyapunov exponent

Figure 6. Streamlines at t 
 0 � 25sec

Figure 7. Stretching and folding of a small volume of �uid. Red and blue

curves are particle trajectories starting from the upper and lower half of

the inlet respectively.

is indicativeof chaoticmixing. In Figure8 we plot ln
�

d
�

t �-� ver-
sust, whered

�

t � is the distancebetweentwo nearbyparticles
releasednearthesymmetryaxisof theinlet channel.Weseethat
the two particlestravel closeto eachother in the horizontalin-
let channel,until they enterthecentralloop. Thenthe ln

�

d�

)

t
curve goesup linearly with a positive slope.This positive slope
is theLyapunov exponent.Wenotethatthecurveis neverexactly
straight,having wigglesbecausethestrengthof theexponential
divergencevariessomewhatalongthestrangeattractor. Because
of theboundedgeometry, thedivergencealsostopswhenparti-
clesgetcloseto thewall. This explainsthe leveling off or satu-
rationof thecurve in Figure 8.
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Figure 8. Evolution of the distance between two nearby particles. A pos-

itive slope implies an exponential divergence.

CONCLUSIONS
An active electroosmoticallyactuatedmicromixer is de-

signedand investigatednumerically. The existenceof chaotic
behavior is demonstratedby the observation of stretchingand
folding of the material lines. A positive Lyapunov exponent,
indicative of chaoticmixing, is found by simulationof particle
trajectoriesandevaluationof theseparationrateof neighboring
�uid particles. Furtherinvestigationis underway to optimize
�uid mixing in this micromixer by identifying the propertime-
varying electric �eld. As a part of the future work, numerical
resultswill alsobecomparedwith experimentaldata.
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