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Abstract: The Stochastic Simulation Algorithm (SSA) iswiddy used in thediscrete
stochastic smulation of chemical kingtics. Thepropensty fundionswhich play acentra
rolein this algorithm have been derived unde thepoint-molecule assumption, i.e., that
thetotal volume of the moleculesis negligible compared to thevolume of the container.
It has been shown andytically tha for aonedimensiond system and the A+A reaction,
when the point molecule assumptionis relaxed, the propendty fundion need only be
adjuged by replacing thetotal volume of the system with thefree volume of the system.
In this pagper we investigae vianumerical smulationstheimpact of relaxing the point-
molecule assumption in two dimensons Wefindtha thedistribution of timesto thefirst
collisonis close to exponential in mog cases, so tha theformalism of the propensty
fundionis till applicable. In addition, we find tha the area excluded by the moleculesin
two dimengonsis usudly highe than thar close-packed area, requiring alarger
correction to the propendty fundion than jug thereplacement of thetotal volume by the

free volume.

(PACS Codes: 0250.Ga, 0270Ns, 05.10.Ln, 05.70.Ln)



1. INTRODUCTION

The Stochastic Simulation Algorithm (SSA) [1] istheworkhorse agorithm for discrete
stochastic smulation of networks of couded chemical reactions Thephyscal system, in
this case, is a collection of molecules of variouschemical speciestha movearound
ingdeafixed volume, and are subject to a set of chemical reactionsin which the
molecules may bereactants or produds or both. The chemical reactionsare all assumed
to be Gementary" in thesense tha they occur essentially ingantaneoudy. Elementary
reactionswill invariably be either unimolecular or bimolecular; al other types of
reactions(trimolecular, reversible, etc.) will congst of a series of two or more elementary
reactions If thesystem iswell-stirred, we can defineits state ssmply by giving thevector
x of themolecular popuationsof thevariouschemical species. Inthat circumstance, itis

usudly possible to describe the dynanmics of each reaction channd R, by a"propensty
fundion” a; (x) , defined so that if the system isin state x, then a; (x)dt givesthe

probability tha thereaction will occur somewhere ingdethe system in the next

infinitesmal timeinterval dt. Themagnitudeof a; (x) thusmeasures the "propensty” of

reaction Rj to occur in theimmediate future.

Thepropengty fundionisvery close to, and sometimes numerically equd to, what in
deterministic chemical kindicsis called the"reactionrate’. But the propengty fundion

does not make the assumption tha reactionsoccur continuousy and deterministically,



andits produd with dt is mathematically treated as a probability. The outcome of such a
set of assumptionsis the chemical master equation (CME) and the stochastic smulation
algorithm (SSA), as discussed in numerousarticles over the past three decades [1]. Inthe
thermodynamic limit (infinite popuktionsand infinite system volume with finite
concentrationy, the CME and SSA almog aways reduce to the ordinary differential

equdionsof deerministic chemical kinetics.

The SSA generatestimes !  between successive reactions as samples of an exponential
distribution whose mean is equd to theinverse of the sum of the propendty fundions
Themos commonly used propensgty fundionsare of amass action form, according to
which therate of areactionis propottiond to the combinaorial produd of the reactantsO

popuktions

Mass action propendty fundionsfor e ementary reactionshave been rigoroudy derived
in awell-stirred, dilute hard sphere setting [2]. In this setting molecules are represented
by hard sphees moving bdlisticaly in avacuum We refer to them as point molecules,
because, athoughthey mug have nonzero diameter | in order to collide, the volume of
all themolecules combined is negligible compared to thevolume of ther containe. If the
point molecule assumption is relaxed, to what extent does the volume occupied by the

reactant molecules themselves affect the rates of the reactionsin which they participae?

We will be studying the effect of reactant-excluded volume, in asimple but

computationdly tractable physca modd. Specificaly, we will attempt to answver the



following two questions First, isthetime between successive reactionsin awell-stirred,
nonpoint molecule system exponentially distributed, as it mug befor thestochastic
process theory which undeliesthe SSA to hold? Second, if thereactiontimes are
exponentially distributed, what is the mathematical form of the propendty fundionsin

this setting?

Since bimolecular reactionsare always initiated by a collision, the probability of a
reaction between two molecules can be broken down into a) the probability tha thetwo
molecules will collide, times b) the probability tha they will react given tha they have
collided. Throughoutthis work we make the smplifying assumption that (b) is unity, and
thususe theterms collision and reaction probability (and inter-collision andinter-

reaction time) interchangegbly.

We have previoudy shown how, for aonedimengonal system, the mass action
propendty fundionsneed to be modified when thevolume of thereactant moleculesis
comparable to thetotal system volume[3]. We andytically derived thefollowing exact
formulafor thereaction probability, in the next infinitesmal time dt, of thereaction

A+ Al products in aonedimensond system of N nonoverlapping hard rodsof
length | moving bdligtically inavolume of length L :

N(N! Dsq

Peol (dt) = 2L NI

(1)

(Inthelimitof /! O thisisequd to theusud dilute gasreactionrate law.) The
propendty fundionfor thereactionis, by definition, this probability divided by dt. In

Eq. (1), s isthemean relative speed of two randomly chosen rods The correctness of



this formula was then confirmed throughan extensve series of exact hard rod molecular

dynamics smulations

An andogoustreatment of thetwo-dimensond hard disc system has proved to be
chdlenging. Thedifficulty arises when trying to find an andytical intermolecular
distance distribution fundion for non-overlapping, non-zero sized hard disksin afinite
area. Theonedimensond case, givenin [3] isessentialy a consequence of the Tonks
result [4]. But, to the best of ourknowledge atwo or three-dimensond exact version has

not been reported in theliterature, and we have notbeen able to deive it ourselves.

Thus in this pgpoer we use the hard sphaes molecular dynamics simulation methodobgy
to conmputationally investigae the effect of molecule size on the propendty for the

A+ A — products reactioninthetwo-dimensond version of the system. We consde a

system of N hard disks, each of diameter /, initially distributed uniformly randomnly
with no overlap ingdeacircular container with hard reflective walls and diameter L. The
choice of hard indead of periodic boundaies was made after careful consderation. We
beieve tha hard boundaies bring our smple system closer to being QealisticQ Periodic
boundaies would introduce the unphyscal GippearanceOof molecules from nowhere, as
they crossthebounday. Also, for molecules tha have nonzro diameter, periodic
boundaies make choices regarding initial randomplacement and inter-molecular

collison deection awkward, if notarbitrary.



Themolecules movebdligtically, and ther initial velodties are drawn from a Maxwell-
Boltzmann distribution. Theseinitial conditionsrepresent awell-stirred system in
thermal equilibrium. For this system, we collect statistics for thetime ! fromthe
initialization of the system until thefirst inter-molecular collision. We will not be
concerned with the evolution of the system beyondthefirst collision, because our god
hereis smply to study theform of the propensty fundionswhen thewell-stirred
condition, which is assumed by the SSA, holds beore each reaction. The question of
unde wha conditionssuch a system will return to awell-stirred state is both interesting
and important, butwe do not address tha questionin this paper. We do, however, briefly

congder the effect of container shapeon our results.

We find that thedistribution of inter-collisontimes = in this system is approximately
exponential, but with noticeable deviationsin certain circumstances. We study howthe !
distribution varies with the parameters / and L, which, for afixed N, deerminethearea
dengty of the system (defined as theratio of the area of the molecule disks to thetotal

area of thesystem).

For small numbe's of molecules, it appearstha three typesof t distributonare
present: at intermediate values of the area dendty, thedistributionisindistingushable
from an exponential; as the system tendsto the point molecule limit (low area densty),
longinter-molecular collision times are overepresented; as the area dengty of the system

becomes high, short inter-molecular collision times are overrepresented.



It isknown tha the choice of containe shape affects the degree of ergodicity of the
moleculesCirgjectories, with some container shapes encouraging trajectories that sample
only small parts of the container® area. In thelow popuktion and small molecule size
limit, we find tha thesmall number of molecules, combined with a choice of non-ergodic
container shape (e.g. circular, as oppoed to GtadiumQ, gives rise to ove-represented
longtimes, whilethe ! distributonfor short timesisjug as predicted theoretically.
Eithe inaeasing the number of molecules, or improving the shgpe of the bounday,

ameliorates this effect.

Asthearea density of the system becomes high (i.e. for large // L ), andfor low
popuktion, wefind that the excluded area inferred from the simulation measurementsis
larger than wha onemight expect from taking into accountthe area of the molecule
disks, or ther close-packed area, or even several less dense packings[5]. However, asthe
number of moleculesisincreased, the excluded area approaches the close-packed area, as

onemight have expected.

These results suggest tha excluded areain two and three dimensond, finite, dense
systems has a somewha predictable impact for systems with alarge number of
molecules, but may have greater impact than onemight have initially suppo®d for

systems with low popuktion.

In section 2 we present the physical system under consderation and the computationd

algorithms used to smulate its kinetics. In section 3 we give a brief derivation of the



probability of collisonfromfirst prindples. In section 4 we present the results of our

simulations Section 5 summarizes and attempts to explain our findings

2. HARD SPHERE MOLECULAR DYNAMICS

A. TheHard Sphere Molecular Dynamics algorithm

Thehard sphae molecular dynamics simulation algorithmis asimple billiard bals
simulator. Given randomy uniform initial postions and randomMaxwellian velodties

for themolecules, it returnsthetime to thefirst inter-molecular collision.

Thealgorithm, as used for thetwo-dimensond problem, has thefollowing steps
1. Initialize N molecules, each adisk of diameter /, with:
a. uniform randomnon-overlapping postionsin afinite containe of area A
(see placement agorithms in subsectionsB and C);
b. velodtiesdistributed according to the Maxwell-Boltzmann distribution
2. For each molecule, compute the next putative collision time with the bounday of
the system (ignoling al the other moleculesin the system).
3. For each par of molecules, compute the next putative inter-molecular collision
time, if it exists.
4. Choos thesmallest of al molecule-bounday and inter-molecular collision times,
and advance thetime by that amount
5. If thecollisonwas:

a. inter-molecular, then report thetime and exit;



b. beween a molecule and the bounday, then reflect the colliding molecule
according to a specular reflectionformula; advance the postionsof the

remaining molecules, and go back to step 2.

Thevelodties of the molecules are Maxwell-Boltzmann distributed, meaning that each

Cartesian component of thevelodty vector is a statistically independent normal random

variable with mean 0 and temperature-determined variance / 2.

Statistics for thedistribution of times ! to thefirst collision are obtained by running an
ensemble of 100000realizationsof the hard sphees molecular dynamics algorithm (for a

given N, |, and L), each with different randomseeds

B. Generating exadt initial postions

For the onedimengonal problem it was possible to derive aregjection-free Monte Carlo
algorithmfor generating samples of themolecules initial postions An andogous
procedure for two dimensonshas proven elusve (this problem is equivalent to finding
theandytical formulafor theintermolecular distance distribution fundion), so aregjection
based Monte Carlo algorithm was used to generate uniform randomnon-overlapping

postionsfor themoleculesin two dimendons

Thergection-based initial placement algorithm has thefollowing steps

For moleculeindex i =1K ,N:
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1. Geneate putative coordinates (X, Y;) for thecenter of molecule i uniformly and

randomy insidethe container.

2. Check whether the proposd placement will overlap any of the (i! 1) previoudy

placed molecules
a. If anoverlap isdiscovered, discard the entire set of placed molecules

(indicesLK ,i). Reset theindex to i =1 andrestart the procedure.

b. If noovelap isdiscovered, accept the placement, increment theindex and
go to step 1.
Step (29) istheonly nonobviousstep of the placement algorithm: we discard theentire
set of already placed molecules, as oppod to only the very last one which produced the
ovelap. Thelatter procedure will result in a biased distribution, as can be demondrated

both andyticaly and by numerical simulationin aonedimensond setting.

Thecomputationd cod of thisrejection-based methodincreases with thetotal nunber of
molecules, and with thearea dendty of the system. The smulationswe were able to
perform usng this placement methodreached up to area densties of 40% for small

valuesof N (e.g. N=6).

C. Generating approximate initial postions

One approximate alternaive to generating theinitial postionsof the molecules by the

rejection-based Monte Carlo methodisto use a pre-stirring procedure. In this scheme we

initialize the postionsof the molecules on aregular grid and then allow themolecules to
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boune arounduntil ther postionsare randonized. The success of such an initiaization
dependson choosng a goodstopping condition. This can be a) atime by which an
ensemble of postionsis guaanteed to have become well-stirred, b) atarget valuefor a
fundion (e.g. theradia distributionfundion), which when reached would denote awell-
stirred state, or ¢) noticing that afundion (agan, possibly theradial distributonfundion)
appears to have converged, withoutexplicitly having atarget valuefor it. We were
unable to locate either (a) or (b) in theliterature, and our experience with checking the
radial distributionfundionfor convegence suggested tha it was too noisy for systems

with small numbers of molecules.

Thereisasubtie aspect to choosng the stopping criterion when the system is ssimulated
not by traditiond Molecular Dynamics (i.e. integration of the laws of motion), but by our
exact hard sphae agorithm, which stepsfrom collision to collision. If we stop pre-
stirring the system immediately after an intermolecular collision has occurred, thetwo
molecules which have jug collided will betouding. Thus choosng a stopping criterion
tha isbased ontheideatha an exact number of collisonsmug occur before stopping
will yield ensembles of initial postionswhich systematically contain two molecules
touching. Onemug remember to remove such a bias by evolving the system for some
time past thelast collision, or avoid introdudng such a bias in thefirst place, by choosng
a stopping condition expressed as a duration of time rather than number of collisons We

dothelatter.
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In our experiments exploring different amounts of pre-stirring we foundtha
unexpectedly longamounts of pre-stirring time were necessary for other indicators, e.g.
themean of ! , which isthefocusof this pgoer, to reach the values obtained by the
rejection-based method. For agiven system (i.e. given N, | ,L) we quantify the duration of
pre-stirringas FN @ units of time, where F isa scaling factor, N isthe nunmber of
molecules, and @b istheexpected time to thefirst collision for this system, unde the
assumptionthat ¥, =V, = Na (see section 3). Figure 1 shows, for a system with N=9,
L=10,1=2, howthemean timeto thefirst collison computed by simulations initialized
with pre-gtirring (circles) approaches tha computed by a smulationinitialized by

rejection-based Monte Carlo (solid linewith dashed confidence interval), with increasing

F.

For afactor F=300, and thesystem of Figure 1 (N=9), we see on average 4113
intermolecular collisions i.e. each molecule experiences on average 457 collisonswith
another molecule. We also see on average 2401 collisonswith thebounday, i.e. on
average 267 collisonswith thebounday per molecule. So F is a conservative estimate of
thenumber of intermolecular collisionseach molecule experiences during the pre-stirring

simulation.

While the pre-stirring method of obtaininginitial postionsmakesit possible to work with
dense, high-popuktion systems which we would otherwise not have been able to
examine, it is neverthdess very time conauming. As can be seen from Figure 1, F=300is

subopimal in terms of achieving goodstirring (if the mean of the ! -distributionisused
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as aconvegence criterion). However it would take 10 times as longto simulate with
F=3000,in order to achieve the dubiousimprovement of having the 95% confidence
interval of the pre-stirring method overlap tha of thergection-based Monte Carlo.
Simulating ensembles of size 100000with a stirring factor of F=300already takes days
on aworkstation, so theresults we show in this pgper are based on simulationswith

F=300,rather than a highe value

Dueto thelack of arigor of our pre-stirring method, we do not congder it to beonequd
footing with thergection-based Monte Carlo. Nearly all theresultsin this paper were
obtained usng smulationsinitialized by rejection-based Monte Carlo. Thesingle
exceptionis Figure 7, which would have been impossible to obtain by rejection-based

Monte Carlo, and which we therefore consgder speculative.

3. THEORY FOR THE TWO-DIMENSIONAL CASE

Here we derive an expression for the probability p, ,(dt) of an inter-molecular collision

occurring in the next infinitesimal time interval dt . This probability is given by the
produd of: (thenumber of ways onecan chocse arandompair of molecules) times (the
probability tha arandomly chosen par of moleculeswill collidein thenext dt ). Because
of therandonly uniform spatial distribution, the second factor can befurthe decomposd
into theratio: (the area onemolecule will sweep outrelative to the other molecule in the

next dt) over (thetotal areaindgdethe container accessible to the other molecule).
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Theinitia velodties of the molecules are assumed to follow the equilibrium Maxwel |-

Boltzmann distribution, i.e. thar Cartesian components are normal randomvariables with
means 0 and variances o = kyT Im , where T isthe absolute temperature of the system,
mis the mass of themolecules and k is Boltzmann® condant. The mean rel ative speed

of two randonly chosen moleculesin such adistribution can be shown to be

S :<|Vre||>:\/-T" - (2

Suppo® we randonly choos apar of molecules. We can dothisin S N(N'! 1) ways.

Now we changeour frame of reference so tha we are standing on oneof thechosen
molecules. Then thearea swept out by the other molecule in the next infinitesmal time
increment dt relative to the center of theonewe are standing on is (see Fig. 2) 2Is,dt .

To ge the probability of our randonly chosen par of molecules collidingin thenext dt ,
we mug dividethis area by thetotal area available to themolecules. If we assume tha
themolecules have no extent (1 =0), thearea A available to themoleculesisthetotal
area of thesystem. If the shape of the container iscircular, and the diameter isL , thearea
isgivenby A, =/ L. For a GtadiumOcontiner (formally known as a Bunimovich
stadium [6]), in which semi-circles of diameter L are separated by a square of side L,

theareais 4, =1/ I*+ I?.

If werelax the pant molecule assumption (i.e. | > 0), thearea available to themolecules

will belessthan thetotal area A of thesystem by at lead the area excluded by the disks
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of themolecules themselves (V, = Na = N ! 1?). Thequestion of exactly how largeis

the excluded area has prompted this research. We will call the excluded area as estimated

from the simulation data the effective excluded area V, , and we will showin theresults

sectionthat it is quite a bit larger than 7, .

Findly, combining all of theabove we find that the probability of an inter-molecular

collisoninthenext dt isgiven by:

NN!'D 2sy @)

dt) =
pool( ) 2 Al Ve

with V, =0 at thelimit / =0.

If we assume that the same probability p,, (dt) holdsfor each successive infinitesmal

timeincrement dt , fromtheinitialization of the system untl thefirst inter-molecular
collison occurs, then thetimes ! will be samples of the exponential distributonwhose
mean istheinverse of the codficient of dtin Eq. (3). If we further assume tha every
collisonresultsin areaction, tha coeficient will bethe propengty fundion of the

Stochastic Simulation Algorithm and the master equation for tha reaction [1].

4. SIMULATION RESULTS

A. Collisontimedistribution methodology
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To fully characterize thedistributionsof timesto thefirst collision, ! , we asked the
following questions wha istheempirical distribuionof ! at different area dengties,
and wha is therelationship between this empirical distribution and theandytical
exponential in Equdion (3) with the mog conservative estimate of excluded volume

(V. =V, =Na)?

Uponcasud visud ingection, al thedistributionscertainly appear exponential. To
quantitatively test for exponentiality, we used a common two-sample comparison test, the
Kolmogorov-Smirnoff test [7]. Totesta! distribution (100000values) for
exponentiality, we generated the same number of randomsamples from an exponential
with the same mean asthe ! distribution. We then used Matlab@ kstest routine at the
default significancelevel /' =0.05. Theroutinergjects thenull hypotesis tha the
samples came from the same distribution (exponantial) if the so-called p-valuereturned
by thetest is< 0.05; it fails to reject the null hypothesis tha the samples came from the

same distribution, if thep-valueis> 0.05.

B. Collisontimedistribution for N=6

We began by consdering thelow molecule countcaseN = 6, with / =1 inacircular
container of diameter L . Figure 3 shows theregionsof (L,l) phase space where the
distributonof ! isorisnotsatistically indistinguishable from an exponential according

to the K-Stest. At intermediate values of area dendty, for ensembles denoted with G0
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thedistributionisindistinguishable from the exporential. At low and high area dendty

values, for ensembles denoted with @Qthe distribution deviates from the exponential.

However, the p-value of the K-S test does notreveal howtheempirical ! distribution
differs from an exponential distribution. To gan some indgghtinto thisissue we note
tha the standard deviation of an exponential distributionisequd to its mean. We

therefore computed themean u, andthestandad deviation ", of theempirica
distribution, and then examined thequantity I, # (", /i, )$1. If I were exponentialy
distributed, we would have I, =0. If I, <0 theempirical ! distributonwould be more
peaked aroundits mean than an exponential distribution would be andif 7, >0 the

empirical T distribution would be more spread outthan an exponential distribution.

Thegrayscale portion of Figure 3 givesaplotof /, , aganfor N =6 and o =1, inthe
(L,I)-plane Theplot shows where thedistribution of = ismore spread outor less
spread out than an exponantial. One possible interpretation of this plotisthefollowing: a
large portion of the distribution of the T sample is exponential, but supaimposed ontha
isacomponent tha ruinsthe overall exponentiaity. In areaswith 1, <0Othevaluesin the
added component are close to themean, i.e. small. In areaswith I, >0 thevaluesin the

added component are larger than themean. Thelatter component, in fact, containssome

very largeoutliers.
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This can be seen by comparing the hypahesized andytical exponential, whose mean is

given by theinvese of thecoefficient of dt in equaion (3), to the histogram of the ©

daa Aningance of asystem for which I >0 isthe GmallOmolecule case ! =1,

N =6, L=35,/=0.1. Themean for the datais ~191and the standard deviation is ~204
Figure 4 breaks down the pdf of the ! distributioninto three segmentsfor clarity (note
thedifferent scales on thevertical axes). For shorter times (top plot), theempirical !
distribution (solid line) follows our andytical prediction (dashed line) very well.
Approximately two standad deviationsto theright of themean (~600, middle plot), the
data becomes heavier than tha modd prediction, and is better described by an
exponential with the empirical mean (dotted ling). Findly, at longtimes (bottom plot),

theddaais heavier than both exponentials. So it appearstha, inthe 1, >0 regime, the

datafollowstheandytical exponential at shorter ! values, but has heavier than

exponential tailsforlongt values.

To better undestand this behavior, we looked at some of therealizationsthat contributed
theoutlier / samples, i.e. very longtimes. Thetrgjectories of themoleculesin those
systems were notable for therr non-ergodicity; more specifically, there would frequently
be oneor more molecules tha moved alongthecircle boundry (a Qvhispeing gdleryO
mode[8]), or tha crossed very close to the center (and therefore bouned back and forth
alongthediameter). These trgjectories are non-ergodic in the sense tha the molecules are
not sampling the entire container volume. This has the effect of redudng the number of
potential paringsof molecules, which is small to begin with, thereby reduang the

probability tha some par will collide In thisway, the shapeof the containe bounday
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combined with the small number of molecules contributes to theincreased number of

longtime outliersin the t distribution.

Oneisalso led to sugpect the bounday@ role from the observation that the nurmber of
bounday collisionspreceding each inter-molecular collisionincreases dramatically as
oneapproaches the point molecule limit Bsomething that does not hgppenin aone
dimensond system. To test thehypothesistha thebounday contributes to the over-
represented longtimes, we tried several modificationsto the hard circular bounday that

we initialy studied.

Oneclass of modificationsleft the shgpe of thebounday intact, but changed howthe
molecules were reflected after they struck it. Since our hypohesisistha specular
reflectionsfromthecircular bounday tend to orchestrate the moleculesQirgjectories in
such away tha they did notalways sample the entire space, we modified thereflection
formulasin several ways, in an attempt to increase therandonmess in thetrajectory of the
molecules as they depart thebounday. First, we completely randonized thedeparting
velodty of themolecule after a collision, while keeping the speed congant. Surprisingly,
this had the effect of further lengthening the mean collision time. We next tried adding a
small randomangle to the departure angle after areflection. This had the effect of very
dightly shifting themean collision time towardsthe modd mean. Both of these were
ways tha intuitively seemed to usas thoughthey would increase the ergodicity of the

trajectoriesin the system; yet, they yielded very incondusve results.
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Theother class of modification tha we tried retained specular reflection butchanged the
shapeof thebounday to onewhich is suppo®d to discourage non-ergodic tragjectories.
More specifically, we moved from a circular bourdary to a Bunimovich stadiumQ[6].
Thisissmply theinterior of abounday made by joining two semi-circles of diameter L
with asquae of sideL in between. This bounday shgpeis suppo®d to create fewer non
ergodic tragjectories than eithe asquae or acircle bounday alone Indesd, we observed
tha it affected the T distribution by moving its mean dightly, but noticeably, closer to the
andytically predicted mean, and also the standard deviation closer to themean (as it
should befor an exponential). For indance when comparing two 400K run ensembles
with / =1, N=6,1=0.1, onein acircular container of diameter L=30,A=7069 and the
other in astadiumwith L=19.9, A=707.0, we fourd amean ¢ of 1409 for thecircleand
1389 for the Bunimovich stadium, alongwith a standad deviation of 1495 for thecircle
and 1459 for the stadium. Theandytical mean and standard deviationof ! for avolume
of thisarea are 132.9. We confirmed that theeffect is general by noticing tha the p-
valuesfor the K-S exponentiaity test imply tha the test is much closer to accepting the
distributionsas exponential for Bunimovich stadium volumes than for circular volumes

of thesame area.

It seemsto ustha whether a bounday( shape and reflection characteristics contribute to
nonergodic trgjectories is not a simple yes-or-no question, but rather oneof degree.
Some boundaies will cause moleculesCirgjectories to sample the container@ areain a
shorter amountof time than others. Our smulations would be modly affected by the
degree of ergodicity within a set finite amountof time (the expected time to a collision),

not GeventudlyQ Thus we suspect tha there is no such thing as an Gdeal Obounday that
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would completely eliminae the effects of nonrergodic trgjectories. If thisis so, thenitis
not surprising tha the Bunimovich stadium did not completely abolish thelongtime
tails; indead, it is satisfying tha it produeed a measurable changein the expected

direction.

At the other extreme of the area dengty, we see adifferent picture. An example system
for which 7, <0 isgiven by the QargeOmolecule case 0 =1L, N =6,L =10, = 2.8. The
mean for thedaais ~0.1511andthe standard deviationis ~0.146Q Figure 5 gives a
breakdown of thepdf of the ! distributonfor those parameters. Themog noticeable
feature of the pdf is the complete mismatch between the modd exponentia curve (dashed
line) andthedata (solid line). Thisis dueto thefact that themodd exponential (dashed

line) is computed usng the very conservative estimate tha V, = Na. But we see tha the

exponential curve with the empirical mean (dotted curve) follows thedata (solid line)
rather well. Themajor deviationin tha regard isthat at abouttwo standard deviationsto
therightof themean (~0.5), thedaa dightly undeshoots the dotted exponential curve,

which has the effect of biasing themass of the distribution closer to the mean.

C. Collisontimedistribution for largepopulation

We have shown that in thelow molecule popuktion and low area dengty case the small

number of molecules congires with thenonergodc bounday to introdue long-time

outiiersinthe! -distribution. Figure 6 shows tha increasing the nunmber of molecules
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while maintaining thelow area densty abolishes this effect, restoring exponentiality to

thedistribution.

Butisit also thecase tha thelow popuktion but high area dendty non-exponentiality,
which we described in the previoussection, can beabolished by increasing the number of
molecules? A definitive answer to this question could be given if our exact ssimulation
methodobgy were tractable on dense, high N systems. However, therejection-based
Monte Carlo initialization of the postionsof the molecules takes prohibitively longto
complete for such systems. A tentative answer, which is hopdully ahintin theright
direction, can be obtained usng thepre-stirring based molecule postioninitialization
routine Figure 7ashows tha increasing the numbe of molecules while maintaininga
high area dengty restores exponentiality to the T -distribution. (We will discuss figures

7band 7cin thenext section.)

D. Excluded volume

Our initial god inthis effort was to investigate the effect of reactant-excluded volume on
thekineticsof the A+ A! products reactionin our smulation experiments. Themos
straightforward way to estimate the excluded volume felt by the moleculesin these
expeimentsisto proceed asfollows. Assume thedistributionof / to beexponentia;

then estimate the propengty P astheinverse of themean p, of theempirical ! -

distribution; findly, compute the effective excluded volume by solving the following

equéionfor V,:
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15 N(N-D) 2,

4
u, 2 A-V, @

Theeffective excluded volume computed this way can then be compared to severa
Qheoreticaly plausbleOexcluded volume formulas. The simplest such formula takes into

accountonly the area excluded by the disk molecules themselves: V, = Na.

Another possibility would beto condder volumes of theform V, = Na/!; , where ¢, isa
pading fraction. Some packing fractionstha have been theoretically studied by others
are ! =" /24/3#0.90, the &lose packingOfraction; / , = 0.69, the GreezingOpacking
fraction; and /. = 0.82, the @andomcloseOpacking fraction [5]. It should benoted that

in onedimengon, al three of these packing fractionsare equd to 1; therefore, if we were
to find that in two dimensonsany oneof these fractionsis the desired factor, thetheory

would limit nicely to thelower dimensond result.

Since all the proposd excluded volumes aboveare of theform V' = fNa , with f the
inverse of a packing fraction, areasonable quantity to visudize is theeffective inverse
padingfraction, f,=V,/Na. Highe f, isassodated with looser packings i.e. highe
per-molecule excluded volume. Theinverse @lose packingOfractionis

fo, =~1/0.90 =~1.1; theinverse GreezingOpacking fractionis f; ~1.45; andtheinverse

OQandomcloseOpacking fractionis £, ! 1.22.



24

Thethree paameters of thesimulation are N, the number of molecules, L, thediameter of
thecircular container, and|l, the diameter of the molecules. In each of theplotsin Figure

8, we keep two of these parameters fixed and vary the other. In theleft plots we show V,
(solid line), as estimated from solving Eq. (4), along with V; = Na for comparison
(dashed ling). In theright plotswe show f, . Notetha f, istheratio of thesolid and

dashed lines from theleft plots.

Thefirst two l€eft plots (in which we vary N and |) show that the effective excluded
volumeis highe than just thedisk volume, as expected. But does the effective excluded
volume correspondto some packing fraction?Thefirst two plots on theright address jus
tha question: it seems tha no condant packing fraction can accountfor the effective
excluded volume we observe, across the whole rangeof area dengties and popuktions

Theeffectiveinverse packing fraction, f, , decreases with increasing area dendty and

with increasing popuktion (see Figures 7b and 7c, as well, for a speculative result based

onthepre-gtirringinitialization of postions.

Thisimplies tha the excluded volume situaionfor finite, reflective bounday containers
isnotas simple intwo dimendonsasit isin onedimenson. Since the effective excluded
volumeisafundionof themean u, of theempirica ! -distribution (Eq. 4), thereason
why the packing appears more compact as the number of molecules increases mud relate
back to the ! -distribution. But we have already shown tha in situaionswith low
population, the ! -distribution contains artifacts introduced by the reflective bounday,

which ruin its exponentiality, and which obvioudy impact its mean. So it is reasonable
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tha in situaionswhere the t -distribution is not exponential, the packing estimated from

theempirical is surprising, in this case for its looseness.

At high popuktion and intermediate densty, e.g. N=20 and area densty ~12% at the

rightend of Figure 8b, thepacking reaches f, =1.8. At high popubtion and high area

dendty (butsimulated with pre-stirring), e.g. N=50 and area densty ~42%, at theright

end of Figure 7¢, the packing reaches f, =1.45, thefreezing packing fraction. So, it

appears that for dengties at which theexcluded areais a significant portion of thearea of
the system, at high popuktion, the effective excluded areais reasonably closeto close

packed.

5. SUMMARY AND DISCUSSION

We have used computer smulationsof hard disk dynamics to study the effect of reactant
size ontherates of intermolecular collisonsin thebdlistic setting. We have foundthat
thedistribution of collision ratesis close to exponentia. It can bethoughtof as mogly
exporential, except at low popuktion, where we observe an additiond modewhich

dependson the area dengty of the system.

At low popuktion and low area dendty, nonergodc trajectories contribute to longe than
expected intermolecular collisontimes. At low population and high area dengty shorter

intermolecular collision times are over-represented. We condude on thebasis of exact
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simulations that increasing the popuktion abolishes thelow area dendty effect; onthe

basis of approximate smulations we speculate that the same istrueat high area densty.

At intermediate and high area dengties, the volume excluded by thereactants ranges
from about2.5 times the area of the moleculesCdisks, at low population or low area

dengty, to near the close packed volume, at high population or high area densty.

In spite of differencesin the details of theformulafor the effective excluded volume in
different popuktion and area dengty regimes, it is clear that the probability of collision,
and hence the reaction® propensity fundion, will be highe in a system with large

molecules, compared to a system with the same number but smaller molecules.
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FIGURE CAPTIONS

FIG 1: Themean of the! -distribution, as calculated from simulationsinitialized with
rejection-based Monte Carlo, is given by thesolid lines. The dashed lines give the 95%
confidence interval in the estimate of the mean. The circles and error bars give the means
and 95% confidence intervals of themeansof the ! -distribution, as calculated from
simulationsinitialized with pre-stirring with F given by therespective x-coordinaes. The

systemisN=9, L=10, [=2.

FIG 2: To calculate theprobability of collision of two randomy chosen molecules of

diameter /, moving with relative velodty v, , inthenext infinitesmal time dr we

compute the area tha onemolecule sweepsrelative to the othe in that amountof time:

2ls .dt .

rel

FIG 3: Results of K-Stest for exponentiality of the ! -distribution at significance level
! =0.05, supeimposd on agrayscale plot of thequantity 7, # (", /i, ) $1. The
popuktionis N =6 for al samples; the standad deviation of the Cartesian velodty
componentsis ! =1for al samples; thevertical axisis /, thediameter of onemolecule,
andthehorizontal axisis L, thediameter of the system. 3CQdenotesa ! -distribution
which isindistinguishable from exponential (p-vaue> 0.05), while @COdenotesa ! -

distribution which deviates from theexponential (p-value< 0.05). Postive | values
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imply adistribution with more spread than an exponential, while negaive values imply a

distribution with less spread than an exponential.

FIG 4: Piecewise histogram of the ! distributonfor! =1,N =6,L =35,/ =0.1 vs
andytical pdfs of two exponentials. The dotted exponential has the same mean asthe t
distribution (~191). Thedashed exponential isthemog conservative theoretical

prediction (with V, =V, = Na, where ais the area of onemolecule).

FIG 5: Piecewise histogram of the ! distributonfor! =1,N =6,L =10,/ =2.8 vs
andytical pdfs of two exponentials. The dotted exponential has the same mean asthe !
distribution (~0.1511) The dashed exponential isthe mos conservative theoretical

prediction (with V, =V, = Na , where ais the area of onemolecule).

FIG 6: Plot of theindicator I, # (", /i, ) $1 for fixed low area density 0.5%, L=10, and

varying N. 3Odenote 7 -distributionswhich are indistinguishable from exponential
according to the K-Stest at significance 0.05, while @Gdenote ! -distribuonswhich are

nonexponential.

FIG 7: (6a) Plot of theexponentiality accordingto the K-S test, and theindicator
|, = (o, /1,) -1 for fixed high area dendty ~42%, L=10, and varying N. 3Cdenote ! -
distributonswhich are ind stinguishable from exponential, according to the K-S test at

significance 0.05, while @COdenote ! -distributonswhich are notexponential by theK-S
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test. They-coordinate of the 3Cand @Cgivesthe 1, valuefor each distribution. Plot of
the effective excluded volume V, (7b), andinverse packing fraction f, (7c), asafundion

of N, for the same fixed high area densty ~42%, and L=10. Thedashed linein (7b) gives

V, = Na.

FIG 8: Plots of the effective excluded volume ¥, (left) and inverse packing fraction f,
(right), asafundion of thethree parametersL, |, and N, keeping two parameters fixed,
and varying the other. For al plots we haveo =1, ensembles of size 100000, and 95%
confidence intervals. Thedashed lines give V, = Na . Inthetop plotswe vary N, the
number of disks, while maintaining L=35, 1I=2.8; in themiddle plots we vary I, the
diameter of the molecule disks, while maintaining N=6, L=10; in the bottom plots we

vary L, thediameter of the container circle, while maintaining N=6, 1=2.8.
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