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Abstract

In this paper, we consider the asymptotic stability of linear constant coefficient delay differential-algebraic
equations and of #-methods, Runge—Kutta methods and linear multistep methods applied to these systems. © 1997
Published by Elsevier Science B.V.
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1. Introduction

In recent years, much research has been focused on the numerical solution of systems of differential—
algebraic equations (DAEs) [5,10,22]. These systems can be found in a wide variety of scientific and
engineering applications, including circuit analysis, computer-aided design and real-time simulation of
mechanical (multibody) systems, power systems, chemical process simulation, and optimal control.

During the same period of time much work has also been done in the field of numerical solution of
delay differential equations (DDEs) [3,6,11,13-21,26,27]. Delay differential equations arise from, for
example, real-time simulation, where time delays can be introduced by the computer time needed to
compute an output after the input has been sampled, and where additional delays can be introduced
by the operator-in-the-loop [9]. Delays arise also in circuit simulation and power systems, due to, for
example, interconnects for computer chips [12] and transmission lines [24], and in chemical process
simulation when modeling pipe flows [25].

Delay differential-algebraic equations (DDAEs), which have both delay and algebraic constraints,
appear frequently in these fields. However, not much work has been done on numerical methods for
DDAEs. In [2,7,8,11], the structure of DDAEs and order and convergence of numerical methods have
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been studied but the asymptotic stability of these systems and numerical methods still remains to be
investigated.

The stability of numerical methods for DDEs has been very intensively studied. Different kinds of
stability have been defined [27], and stability of RK methods has been studied in [6,13,15,17,19,26],
where scalar or systems of DDEs with constant or variable delays are considered. In [4,14,16,20,21],
stability of #-methods is studied for DDEs with different structures. Most of these results are for linear
constant coefficient systems with constant delay.

In this paper, we focus on asymptotic stability of numerical methods for linear constant coefficient
DDAEs. We first study the asymptotic stability of multistep methods and RK methods for linear
constant coefficient DAEs, which helps us understand the DDAE case better. We then give conditions
for linear constant coefficient DDAESs to be asymptotically stable, followed by results on the asymptotic
stability of §-methods, multistep methods and RK methods. Stability results for nonlinear DDAEs will
be given in a subsequent paper.

2. Asymptotic stability results for DAE

In this section, we consider asymptotic stability of linear constant coefficient DAE and numerical
methods.

2.1. Linear constant coefficient DAE

We consider DAEs of the form
Az’ + Bx =0, (2.1)

where A, B € R™™™ are constant matrices and A is singular. This is the simplest kind of DAE.
Solvability, which is essentially the existence and uniqueness of the solution, is given by the following
theorem in [5].

Theorem 2.1. The system (2.1) is solvable if and only if the matrix pencil AA+ B is regulay, i.e., not
identically singular for any A

We give the definition of asymptotic stability of the solution of (2.1) here.

Definition 2.1. The solution z(t) of (2.1) is said to be asymptotically stable if there exists a constant b
such that, for any other solution, y(¢) of (2.1) satisfying

|z(to) —y(to)| <b,  lim |2(t) —y(t)] = 0.
The following result concerning asymptotic stability of the null solution of (2.1) is given in [23].

Theorem 2.2. The null solution of DAE system (2.1) is asymptotically stable iff the singular values
of the matrix pencil (A, B) all have negative real part.
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Here, the singular value of the matrix pencil (A4, B) is A € C, such that det[A\A + B] = 0. Thus for
the system (2.1) to be asymptotically stable, B is required to be nonsingular since otherwise A = 0
will be a singular value of the matrix pencil (A, B).

To determine the asymptotic stability of a given system, we note that it suffices to consider the case
that the matrices A and B can be transformed to triangular matrices simultaneously. To see this, we
first give the following theorem from [5].

Theorem 2.3. Suppose that AA + B is a regular pencil. Then there exist nonsingular matrices P, Q)
such that

¢ 0

I 0
PAQ = ., PBQ=
0 N 0 I

where N is a nilpotent matrix.

By the Schur decomposition theorem, we always can find unitary matrices P, (J; such that
pilcp=C., QfNQ, =N

are triangular matrices. Because N is nilpotent, N is strictly triangular. Thus the nonsingular matrices

H

P 0 P 0
P Q

0 @ 0 @

will transform the matrices A and B into triangular form.
2.2. Asymptotic stability of linear multistep methods

Asymptotic stability of numerical methods for system (2.1) is similarly defined. Instead of the exact
solution, the numerical discrete solution is considered.
Consider the multistep method

S S
Y ez =hY Bifars. 2.2)
=0 =0

When (2.2) is applied to (2.1), we have
S

Z(ajAIVH-j + hﬁjBQ?»,H_j) =0. 2.3)
=0

If as A+ hB3s B is nonsingular, (2.3) is solvable. This can be ensured by requiring o535 > 0. s # 0,
if the system (2.1) is assumed to satisfy the asymptotic stability condition of Theorem 2.2.
We begin our study of the stability of (2.3) by considering its characteristic polynomial

p(z) = det {Z(aj/l + hB;B)2

=0

. (2.4)
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We want to know under what conditions (2.4) will have no root z with |z| > 1, which will give the
asymptotic stability of the numerical solution.
The matrices A and B can be transformed to triangular matrices simultaneously,

al .. * bl A *
PAQ = x|, PBQ = x|, bi#0 (i=1,...,n).
Qnp, bn

Then the characteristic polynomial can be rewritten as
a;ay + hﬂjb] s *

p(z) = det P! - det Z * 2| detQ!. (2.5)
=0
’ (e 7127 + hﬂ]bn

Since P and @ are nonsingular, p(z) = 0 is equivalent to

II (Z(ajai + hﬂjb,-)zj> =0, (2.6)

i=1 \ j=0
Thus our problem is reduced to considering the roots of (2.6).

According to the value of a;, we have two cases. First consider the case a; # O for some 3. Then,
for the ith term in (2.6),

S S
‘ bi\
Z(ajai + hﬁjbi)zj = q; 2 (aj + hﬁjf)Z]. 2.7
7=0 §=0 @i
The characteristic polynomial of the method (2.2) applied to the standard test problem y' = Ay is
given by

8

g(z) =Y (o — hAB;)7. (2.8)

3=0
If h)\ € Sr, where SR is the stability region of method (2.2), (2.8) will have no root on or outside the
unit circle. In our problem, ¢ = —b;/q; is just the singular value of the matrix pencil (A4, B) which

is in the left half-plane. If ho € Sg, (2.7) will not have a root lying on or outside the unit circle.
Next consider the case when a; = 0 for some ¢. In this case, b; # 0 and the corresponding term in
(2.6) becomes

)
> hBibiz!. (2.9)
=0
For (2.9) to have only roots inside the unit circle, we need Z;‘:o ;27 to be a Schur polynomial. Thus
we have shown

Theorem 2.4. The multistep method (2.2) is asymptotically stable for asympiotically stable DAEs
Qnif Ejzo Bjz? is a Schur polynomial and ho € Sg where o are the singular values of the matrix
pencil (A, B) and Sy is the stability region of (2.2).
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2.3. Stability of Runge-Kutta methods

The RK method for (2.1) can be written as

s
AKp; + hB(Im +Zainm’j> =0, i=1,...,s,

s j=1 2.10)
T+l = Ty + Z/l;iKm,ia
i=1
where Kp i = (K} i, ..., KT, i=1,...,s, are the stage derivatives multiplied by h.
By a rearrangement of the elements of the stage derivatives
T
Km=[KhLy o Ky o Ko Koo KRy, K
we can rewrite (2.10)
ARI;+hB®A O K 0 hB®e K,
@l H i ™o+ m o, 2.11)
—I,®bT I, Tt 0o I, T
where A = (a;5) and b = [by,...,b,]T define the RK method and e = [1,1,...,1]T.
Consider the characteristic polynomial of the difference equation (2.11)
ARI;+hB® A)z hB®e Ty T
p(2) = det (Ae 1 - ) —det| " TR 2.12)
1 ® bTZ Inz—1, Ty Tn

We need the conditions under which (2.12) will have all its roots inside the unit circle. Equivalently,
we consider under what conditions |z| > 1 gives p(z) # 0.

Again, we use the fact that for a solvable DAE, A, B can be transformed simultaneously to lower
triangular matrices by nonsingular matrices P, (). Thus it suffices to consider systems (2.1) where
A, B are triangular. Here we just consider RK methods with nonsingular 4.

Under the conditions already given, 71; = (A ® I; + hB ® A)z is nonsingular when h is small,
since A is nonsingular and the solvability of (2.1) implies the pencil (A, B) is regular, as has been
pointed out in [5]. So we have

Ty O I T5'T
p(z) =det H det non |
Ty, I 0 Ty —-TnT) T
= det[Tll] det [Tzz — Tlel“llle]
= det[Tll]q(z), (2.13)
where
q(z) = det[Ty, — TuT}; ' Tia] = det[Inz — M], (2.14)

M=1I,-h{l,@b")(A® I, + hB® A~ (B®e). (2.15)
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The matrix M does not depend on z and also from (2.14), it is clear that the zeros of ¢(z) are
eigenvalues of M. So we just prove that the eigenvalues of M are inside the unit circle. Expanding
(2.15) using

(11 + hby A)~! 0 0
(AR, +hB® A)~! = * (axl + by A1 - 0
* * (anI + hbnA)—l

(where a;,b; (i = 1,...,n) are diagonal elements of A, B) and by the definition of the Kronecker
tensor, we arrive at

[ 1T (] + ki C) ' hbre - 0
” 0
M=
% I—ZT(anI+han)_lhbneJ

Recall that the stability function of the RK method defined by A, BT is given by
R(Z) =1+ 36T(1 — 24) le. '" (2.16)

As in Section 2.2, there are two cases according to the value of a;. If a; # O for some 7, then
o; = —b;/a; is a singular value of the matrix pencil (A, B) and as pointed out before, if the DAE is
asymptotically stable, it will have nonzero negative real part. Thus in this case, if ho; € Sg, where

S is the stability region of the RK method with coefficient matrices .4 and ET, we have
|R(hoy)| = [1+BT(I — (=hb;/a;)A) ™ (~hbi/a;)e| < 1.

This adds no extra requirement on our RK method for stability. The second case is that a; = 0 for
some <. In this case, we have

1—bT(al + hb;C) 'hbe =1 — b6 ' A be =1 - 5T A e
which requires the RK method to satisfy
1-3TA e < 1. 2.17)

This is just the requirement for strict stability for RK methods, as pointed out in [5]. Thus we get the
following theorem concerning the asymptotic stability of the RK method.

Theorem 2.5. The RK method (2.10) with A nonsingular for the asymptotically stable system (2.1)
is asymptotically stable if it satisfies the strict stability condition (2.17) and if ho; is in the stability
region of (2.10) for all i, where o; are the singular values of (2.1). '
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3. Asymptotic stability results for DDAE

In this section, we are concerned with linear delay differential algebraic equations of the form
Az’ + Bz +Cx'(t —7)+ Dx(t — 1) =0, 3.1

where 7 is the delay and A, B,C, D € R™*" are constant coefficient matrices, and A is singular. An
initial function ¢(¢) must be specified on the time interval (—7,0) for a unique solution of (3.1). Here,
since only the asymptotic stability of the null solution of (3.1) is considered, we consider ¢(¢) such
that its value is in a neighborhood of the null solution for ¢t € (—7,0).

As has been pointed out in [2,7,8], Eq. (3.1), though in the form of a neutral or retarded equation,
may in fact be of advanced type. However, as we will see later, under some conditions on the coefficient
matrices, the system can only be of retarded or neutral type and thus it’s enough to consider only the
exponential solutions of the system for asymptotic stability.

3.1. Asymptotic stability of the solution of the DDAE

The asymptotic stability of the solution of system (3.1) can be defined similarly as in Section 2.1.
We require that the initial function ¢(t) lies in a neighborhood of the null solution.

As we know, the solution of a linear differential equation can be studied via the characteristic
equation of the original system. In our problem, the system (3.1) can be reduced to a linear essential
underlying delay ODE [1] and the stability of its exponential solutions can be studied via the charac-
teristic equation. However, we now consider directly the stability of the exponential solutions to (3.1),
assuming existence and uniqueness of a continuous solution are satisfied.

Considering exponential solutions of (3.1) of the form ce®?, the characteristic equation of (3.1) can
be easily obtained

P =det[(sA + B) + (sC + D)exp(—7s)] = 0. (3.2)

To prove the asymptotic stability of the solution, we need only show that the roots s of (3.2) all have
negative real part bounded away from 0. We first give a well-known lemma that can be found in many
papers [13,17].

Lemma 3.1. Given a polynomial P(s,z) in the complex variables s and z such that the following
conditions are satisfied:

(i) P(s,0) # 0 for s such that Res > 0,

(i) P(s,z) # 0 for (s,z) such that Res =0 and |z| < 1,
then we have P(s,z) # 0 for (s, z) such that Res > 0 and |z| < 1.

Let P(s,z) = det[(sA + B) + (sC + D)z]. We have P(s,0) = det[sA + B]. Condition (i) in
Lemma 3.1 implies that the matrix pencil (A4, B) cannot have a singular value with real part greater
than or equal to 0. Thus the matrix sA + B is nonsingular for Re s > 0, and P(s, z) can be written

P(s,z) = det[(sA + B)| det[I + (sA + B)~!(sC + D)z], forRes > 0.
If we require that
sup p[(sA+B)"!(sC+D)] <1,

Re s20
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where p denotes the spectral radius, the second condition of Lemma 3.1 will also be satisfied since
Res > 0 implies |2| = |e™*"| < 1 automatically. Thus the result of Lemma 3.1 holds and the roots
of the characteristic equation (3.1) will all have negative real part. This also ensures the system (3.1)
can only be of retarded or neutral type since the characteristic equation of an advanced type system
has an infinite number of roots with arbitrarily large real part.

To prove that the real parts of the roots of P(s,z) are bounded away from 0, i.e., there is a small
number 6 > 0 such that P(s,z) # 0 when Res > —§, we need some additional assumptions. Using
the similar arguments of [4] and [20], it can be shown that when the following condition holds

[uTAu[ > ’uTCu‘ for all u € R”,

the roots of the characteristic equation (3.1) are bounded away from the imaginary axis. However, this
condition is not used in proving the asymptotic stability of the numerical solution.

Theorem 3.2. If the coefficient matrices of (3.1) satisfy the following conditions:

the matrix pencil (A, B) only has singular values with negative real part, (3.3.1)
sup p[(sA+ B)"'(sC +D)] < 1, (3.3.2)

Re s=0

luTAu| > [u"Cu| for all u € R, (3.3.3)

then system (3.1) is asymptotically stable.

Corollary 3.3. System (3.1) is asymptotically stable under the conditions that

the matrix pencil (A, B) only has singular values with negative real part, 3.3.1)
sup p[(sA+ B)"!(sC +D)] <1, (3.3.2)

Re s=0

|(u, Au)| > [{u,Cu)| for all u € R™, (3.3.3)

The corollary is a direct result of the maximum principle in complex analysis. For a proof of the
inequality

sup p[(sA+ B)~(sC+D)] < sup p[(s4+ B)~!(sC + D)],
Re s>0 Re s=0

refer to [14], for example.
3.2. Stability of 6-methods

We first give a definition of asymptotic stability for numerical methods.

Definition 3.1. The solution z,, of a numerical method for an asymptotically stable system (3.1) is
also asymptotically stable iff for some constant b, such that if |zy| < b, then z,, — 0 when n — oo.

For the linear systems considered here, the constant b can be any fixed positive value and is not
used in the proofs.
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The #-method applied to (3.1) gives
h(n+1)h—1) —2h(nh —7)

AT L 9Bg, 4+ O +6Dz"((n+ 1)k — 1)

h h
+(1 = 6)Bz, + (1 — 8)Dz"(nh — 1) = 0, (3.4)
where z"(t) with ¢ > 0 is defined by piecewise linear interpolation
t—kh E+1)h—t
") = 5 Tk + (———h)—xk, (3.5)
for kh <t < (k+1)h, k=0,1,.... In fact (3.5) gives
xh((n + l)h - T) = 6mn+2—m + (l - 5)$n+l—ma (3.6)

xh(nh —7) =0Tpt1-m + (1 = 8)Tp-m,
where 0 < § =m — 7h™! < 1 and m is the smallest integer with 7h~! < m.
Expanding (3.4) using (3.6), we eventually arrive at
(A+6hB)zp1 = (A+ (0 — DhB)z, — 6(6hD + C)znia—m
— [(HhD +C)(1-68) + ((1—6)hD — C)(S] Tnt+l-m
— [(l ~0)hD — C] (1 =68)Tp—m. 3.7

For (3.7) to be solvable, we require that A+ 6hB nonsingular for 65 > 0, but this is just the condition
(3.3.1) of Theorem 3.2. To study the stability of the difference equation (3.7), we first obtain its
characteristic equation

det[((A +0rB)z™ — (A~ (1 — 0)hB))2™ + §(0hD + C)2*
+ ((6RD + C)(1 = 8) + ((1 — O)hD — C)8)z + ((1 — §)AD — C)(1 — §)] = 0. (3.8)
Define the polynomials P(z) and Q(z,§) by
P(z) = (A+6hB)z — (A— (1 — 6)hB),
Q(z,8) = (6z+ (1= 6)((z— 1)C + (0z+ (1 — 6))hD).
Then the characteristic equation (3.8) can be written as
det[2™P(z) + Q(z,6)] =0. (3.10)

We give the main result of this section here.

3.9)

Theorem 3.4. For systems (3.1) satisfying the conditions of Theorem 3.2, the 8-method is asymptoti-
cally stable if 6 € (1/2,1].

We just need to prove that under the conditions of Theorem 3.2, the roots of the characteristic
equation (3.10) have modulus less than 1. We first prove the following lemma.

Lemma 3.5. P(z) is nonsingular iff 6 € (1/2,1], |z| > | and condition (3.3.1) holds.
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Proof. Let A\(A, B) denote the singular values of the matrix pencil (A4, B). From condition (3.3.1) of
Theorem 3.2, we have Re A(A, B) < 0. We consider two cases. First consider the case z # 1, |2| > 1.
Then rewrite P(z) as

P(z)=[(z = 1I [A (
Since z # 1, det[(z — 1)I] # 0. A direct calculation shows that

R(gﬂggT—M)>O i 0> 1/2,

z—1

02k + ( 1—9)h>3}.

which is equivalent to
-1

z—1 ) z

zh + (1—6

from (3.3.1). So eventually we have

der | a4 (ZEEZER 8] 20

A+B|#0

z—1

and hence det P(z) # 0. The second case is when z = 1. In this case we have P(z) = hB. When
h # 0, P(z) is nonsingular since B is a nonsingular matrix, i.e., 0 is not a singular value of (4, B). O

Proof of Theorem 3.4. To prove that method (3.4) is asymptotically stable, we just need to prove
that det[z™ P(z) + Q(z, 6)] is a Schur polynomial. A sufficient condition is that P(z) is invertible and
p[P~1(2)Q(z,6)] < 1 for |z| = 1, according to the main result of [17].

First we note that

P(z2) z—
A+ hB,
bz r1-6 92+1—9 *
Q(z.5) | 3.11)
z, B B -
Gy = e 100 )
since when 6 > 1/2 and |z| > 1, we have 8z + 1 — 8 # 0.
Because P(z) is nonsingular when ¢ > 1/2 and |z| > 1, we have
[P (2)Q(z6)] = |52+ 1~ 6lp 2=l ) —i——~0+hD
’ fz+1-6 z+1-6 ’
for |z| = L.
However, for 0 < § < 1 and |2| = 1, we have |6z + 1 — 6| < 1— 6 + 8|]z| = 1 and thus
-1
P_l z z .
P[P~ (2)Q(z,6)] < K@T——§A+Mﬁ (??ITEC+MO] (3.12)
Letting
z—1 1-6
£ =

bz+1-6° = g °
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we have that when 6 € (1/2,1], -y satisfies 0 < v < I and

lz—1 1 ~1
Re&zRe—z = - ReZ
Bz+~ 6  z+4~

>0 for|zl=1and0<é<1.

transforms the unit circle {2: |z| < 1} into {£: Re > 0}. So (3.12) is equivalent to
p[P7'(2)Q(2,6)] < p[(€A+hB)"'(£C + AD)] for Reg > 0.
However from condition (3.3.2') of Corollary 3.3, we have

sup p[(EA+ rB)~l(¢C + hD)! < 1.
Re €20

Hence, from (3.13),
p[P“l(z)Q(z,é)} <1 for|z| =1,

which completes the proof of Theorem 3.4. O
3.3. Stability of BDF methods

Consider an s-step BDF method applied to (3.1). As in [5], we get

A@h—" + Bz, + C&’;l‘ﬂ + Dxp_p, =0,

where

8
pT 1
T 2 9t
=0

257

(3.13)

(3.14)

(3.15)

and now we assume m = 7 /h for simplicity. Then the characteristic polynomial of (3.15) is given by

[ s ‘ s .
P(z) =det Z a; Az + hB2® + Z a;Cz7™m + th"m}
L j=0 j=0

=det (Zajz_j)A+hB+z_m

§=0

S a;z7 |C+ hD
(o)

J=0

} |

(3.16)

Theorem 3.6. An A-stable BDF method is asymptotically stable for systems (3.1) satisfying the con-

ditions of Theorem 3.2.

Proof. To prove that scheme (3.15) is asymptotically stable when the corresponding BDF method is
A-stable, we just need to prove under this assumption that the characteristic polynomial (3.16) has no

root z with |z| > 1, i.e., P(z) # 0 when |z| > 1.
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We first prove that

8§
Re(Zajz”j) 20 for|z|>1
=0

when the corresponding BDF method is A-stable. Consider the BDF method applied to the test equation
y' = Ay with Re A < 0. The characteristic polynomial is given by

p(z) = Zajz"j —hA.
=0

Since the BDF method is A-stable, for every £ = hA with Re{ < 0, we have p(z) # 0 for |z| > 1.
We can conclude from this fact that

S
Re ( Z ajz_j> > 0.
=0

We prove this by contradiction. Suppose that there exists a z with |z| > 1 such that
$ .
Za]-z'J =a+1ib where a < 0.

§=0

Then from the A-stability of the method, we always can find £ = hA =a + ib,v a < 0, in the stability
region of the method but still satisfying

8
p(z) =Y ;277 —£=0 with || > 1.
j=0

So

8
Re(Zajz_j> 20 for|z| >1
=0

and thus from condition (3.3.1’) of Corollary 3.3,

8
(Zajz_j) A+ hB
§=0

is nonsingular and

P(z) =det [(iajz_j>x4 + hB

=0

- det l:[—{wz_m((g)ajz_j)A-% hB) : ((gajz—j>0+hD)}
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However, from condition (3.3.2') of Corollary 3.3, we also have

det {I—kz'm((Za]z J)A+hB> ((gajz—f)cmpﬂ #0

since |z~™| < 1 when |z| >
3.4. General multistep methods

In this section, we consider the stability of general multistep methods for the linear system (3.1).
However, we have to make an additional assumption. As we know [5], for a linear constant coefficient
DAE system to be solvable, it must be regular and thus can be represented in canonical form. As we
have shown in Section 2, this is equivalent to requiring that A, B can be transformed simultaneously
to triangular matrices by nonsingular constant matrices P and (). We assume here that the matrices
C and D can also be transformed to triangular form by these two matrices. This assumption is true
for Hessenberg DDAE:s.

Hence in the following discussion, we will only consider the case that all the coefficient matrices
are upper triangular. We use the notation of Section 2 to denote these triangular matrices.

Considering again the characteristic polynomial of (3.1), we have, under the assumption of this
section

P(s,z) = det[(sA+ B) + (sC + D)z s{ai + ¢iz) + (b + ds2)], (3.17)

z&

i:l
where a;, b;, ¢;, d; (i =1,...,d) are the diagonal elements of the corresponding matrices and d is

the dimension of the problem and z = exp(—7s). We have the following proposition to ensure the
asymptotic stability of (3.1).

Proposition 3.7. System (3.1) is asymptotically stable if
(1) for any i, if a; =0, then ¢; = 0.
(i) |ai| > |e| for all i such that a; # 0, |b;| > |d;| for all i such that a; = 0 and when
a; #0, Re((a; + c;z) V(b + d;z)) > 0 for |2] < 1
(i) |uTAu| > [uTCul| for all u € R™

Proof. Notice that when Res > 0, |z| < 1. We need to prove that under the conditions above,
P(s,z) # 0 when Re s > 0. First consider the case that a; = ¢; = 0 for some . In this case, we have
b; + diz # 0 from |b;] > |d;| and |z| < 1 (Res > 0). In the case a; # 0, we have a; + ¢;z # 0 from
la;| > |¢;| and thus

b; + d;z
s(a; + ¢iz) + (b; + diz) = (a; + ¢;2) (S * a; + Ciz) 70

since Re (a; + ¢;2) 71 (b +d;z) >0 for 2] < 1. O

Condition (i) of Proposition 3.7 is also necessary for the system (3.1) to be retarded or neutral.
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Consider a general multistep method

s 8
> 0Tnij =hY_ Bifnis. (3.18)
j=0 J=0
When (3.18) is applied to (3.1), we have
S
Z(ajAl‘n+j + hﬁjB$n+j + aijn+j_m + h,BjDZ‘n+j_m) =0, (3.19)
§=0

where m has the same meaning as before.
Again, we consider the characteristic polynomial of (3.19), using the fact that all the coefficient
matrices are triangular. We prove that the polynomial will be nonzero when |z| > 1.

$
p(z) =det Z (ajA2? + hB; B2 + o;C2 ™ + hﬂjDzj—m):l
7=0

=TI (@i +ciz™)ay + h(bi + diz™™)B;) 2. (3.20)

=1 =0
Consider an arbitrary term in (3.20). If a; # O then we rewrite it as

S . ° b +d;z7™ ;
Z ((a; + iz ™)y + h(b; + diz™™)5;) 2" = (a; + ¢;z™™) Z (aj + h—iz——@)zj,

7=0 =0 it

since when |z| > 1 we have a; + ¢;z~™ # 0 from the condition of Proposition 3.7. Thus because we
already have

. La—m
a; +c;z7m
then if
bi +diz™™
—h— € §
a; +c;z7™ € OR
where SR is the stability region of the corresponding multistep method,

Z ((ai + 2" ™) + h(b; + diz'm)ﬁj)zj # 0.

7=0

In the case a; = 0 for some 4, the corresponding term of (3.20) reduces to

(XS: ﬁjzf) (b +diz™™).
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If ijo B; 27 is a Schur polynomial, this term is nonzero from the condition of Proposition 3.7. This
finishes the proof of the following theorem.

Theorem 3.8. If the DDAE system (3.1) satisfies the conditions of Proposition 3.7 and also the con-
dition that

b, +d;z
a; + ¢z

—h € Sg for |z| 21,

then if the multistep method satisfies that ijo Bj 27 is a Schur polynomial, the solution of the multistep
method is asymptotically stable.

3.5. Asymptotic stability of Runge—Kutta methods

Consider now the RK method for (3.1). We have

8 8
AK,;+ hB (mn + ZainnJ) +CKp_mj; +hD (IL‘n_m + Zainn_mJ) =0

J=l j=l
fori=1,...,s, (3.21)

s
Tnyl = Tp + Z biKn,ia

i=1

where K, ; = [K!

nire
/b\T = [/61’/52, Ce ,/55], A= (alj)7

we assume that the eigenvalues of A4 all have positive real part. Such RK methods do exist. A
simple example is the semi-explicit RK method with positive diagonal coefficients. Another example
is the implicit two-stage fourth order Butcher-Kuntzmann formula, [13]. After a rearrangement of the
variables of the stage derivatives as

. ,Kgyi]T, i=1,...,s, are stage derivatives multiplied by h. Denoting again

Kn=[K)y, ... KL K2, K2, . .. K&, .. K&],
we can rewrite (3.21) in the form
ARI,+hB® A 0 K, N 0 hB®e Ky
-1y ®BT 1 Tn+1 0 -1, In
CeI;,+hD®o A 0O K, _ 0 hD®e K, _
s n—m + n—1l—m _ 0, (322)
0 0 Tntl—m 0 0 Tr—m
where e = [1,1,...,1]L.

8

The characteristic polynomial of (3.22) is given by

A@I; +hB®A 0 0 hB®
p(z) =det | z™! T + 2™ ¢
——Id®bT Iy 0 —1Ig
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CRI,+hDRA 0 0 hD®e T T
+ z + = , (3.23)

0 0 0 0 T T
where
T =2"""A® L, +hB®A)+2(C®I; + hD ® A),
T, =2"hB®e+ hD Qe,
Ty = —2"M1;®b7,

T22 = zm+1Id - ZmId.

(3.24)

We first prove that, under the conditions of Proposition 3.7, T7; is nonsingular. Using the fact that all
the coefficient matrices are of upper triangular form, we have

d .
det[Tyy] = [ [ det[z™ M (@il + hbiA) + z(cif + hd; A)]
i=1
d
= H det[z" ! (a; + ciz™™)T + 2T (b; + dizT™) A (3.25)
i=1
For each term in det[T);), if a; # O it can be rewritten as
_ bi +diz=™
q(Z) = det [zm+1 ((Li + ¢z m) (I + hmA)] . (3.26)
When |z| > 1, we have
e b +d;z7™
a; +cz™™
from the conditions of Proposition 3.7. Thus ¢(z) # 0 from the fact that all the eigenvalues of .A have
positive real part. For each term with a; = ¢; = 0, we have
q(z) = det[zm“h(bi +dizT™)A] #0
since b; + d;z~™ # 0 for |z| > 1. Thus we have shown that T}; is nonsingular. Hence p(z) can be
rewritten as

p(z) = det[Tll] det [Tzz — T21T1_11T12]

a; +¢z”™#0, R >0

where Tl_l1 is upper triangular with diagonal elements
z(mt1) ((as + ciz™™) + h(b; + diz_m).A)-l, i=1,2,...,d.
By direct calculation, we have
det [Tzz — T21T1—11T12]
d
=[]z {z~ (1 =" ((ai + c;z™™)I + h(b; + dsz"™).A) " (i + diz"™)e)]. (327

i=1
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Consider the terms in (3.27). When a; # 0 for some ¢, we have
1 —BT((ai +c¢;iz7 ™) + h(b; + diz_m)A)_lh(bi +diz"™)e
_ -1 - -
~ . . m b i m b d m
—~1-3T I+hM—A> plitdia™™ R(—hﬂ—_——)
a; +cz7™m a;+ciz7™ a; + ¢;z7m
where
R(Z) =1-2b"(I -2A) e
is the stability function of the RK method. Since
3 L=
Re(_u_z_) < 07
a; +ciz”™
if we also have
b; +d;z7™
a; +ciz™™
where Sy is the stability region of the RK method, then we have
1= 5T ((a; + ciz ™I +h(b; + diz"™)A) " h(b; + dz"™)e < 1.
Thus the terms in (3.27) corresponding to this case will be nonzero when |z| > 1.
In the case that a; = ¢; = 0 for some 4, the terms in the product reduce to the form
1 =5 ((a; + ciz ™) + h(b; + diz"™)A) " h(b; + diz"™)e = 1 —bTAe.

Thus if the RK method satisfies |1 —bT.A™'e| < 1, i.e., the RK method is strictly stable, then the terms
in (3.27) corresponding to this case will also be nonzero. So we proved that when |z| > 1, p(z) # 0,
which leads immediately to the following theorem.

~h € Sg for |z| 21,

Theorem 3.9. For linear systems (3.1) which satisfy the conditions of Proposition 3.7 and also the
condition

bi +d;z7™

—h € Sg when |z| 2 1
m

a; + ¢z~
for a strictly stable RK method for which all the eigenvalues of its coefficient matrix A have positive
real part, which has stability region Sg, the numerical solution is asymptotically stable.
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