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Abstract

We describe a new iterative method for simulation of
large scale modular systems using reduced order mod-
els that preserve the interconnection structure. Our
technique essentially involves simulating in turn each
subsystem connected to model reduced versions of the
rest of the subsystems. The data from this simulation is
then used to update the reduced model for that particu-
lar subsystem. We illustrate the method using a power
grid example modelled by nonlinear swing equations.

1 Introduction

Modeling and simulation are some of the important
steps in designing control methodologies for complex
dynamical systems. Especially large scale systems such
as the power grid of the United States present chal-
lenges in modeling and simulation. One failed power
line can cause a cascade of failures which can be hard to
predict without accurate modeling and simulation. On
such systems conventional methods of direct numerical
integration of the entire system may not be practical
without massive computing resources.

An example from outside the control community is the
simulation of VLSI circuits, where the need for efficient
and accurate simulation has resulted in the develop-
ment of new techniques that use an iterative approach
that takes advantage of the modular structure of cir-
cuits. This technique is known as waveform relazation
(WR) in circuit simulation community. See Lelarasmee
et al [8, Miekkala and evanlinna [ , and Miekkala
[ for instance. Other advantages of such modular ap-
proach are that they help exploit parallel computation,
exploit multirate nature of some problems, and the po-
tential to use di erent numerical techniques for di erent
subsystems.

Another way to deal with models that are too complex
is via model reduction techniques. Several model re-
duction techniques have been studied by researchers in
various elds. alan e tr n ation has been studied by
the control community [ , , 7o erort o onal e om
o ition ( O ) has been applied in the study of tur-
bulence [ , cascading failures in power grids [ , and
control of compressors [ ) etc., ele tive mo al anal i
has been developed by researchers in the electrical pow-
er eld[ ),and in lar ert r ation techniques have
been applied to modular control systems [ ), to name
a few. In the case of large scale modular systems it is
also desirable that the reduced order model maintain-
s the modular structure (i.e. respects the modular
structure). See [ and [ for some ideas.

In this paper we present an iterative approach to simu-
lation that takes advantage of the modular nature of
a large scale system and uses reduced order models
that respect the modular structure. Our approach
involves simulation of each subsystem in turn while it
is connected to reduced order models of the rest of the
subsystems. The simulation results are then used to
update the reduced order model for that particular sub-
system. If the reduced order models are small enough,
then the combination of an unreduced subsystem with
the rest of the reduced subsystems results in a system
small enough not to pose any computational difficulties.
In principle any model reduction method that uses da-
ta from tra ectories could be used in this iteration. In
this paper weuse O (also knownas ar mnen oeve

e om o ition) for the model reduction. We shall also
provide an error analysis of the computed solution of a
reduced model obtained from O

Our method may be compared with WR, which involves
simulating each subsystem in turn with the couplings
coming from other systems treated as inputs. At the
end of each iteration these couplings are updated. In
our method, during each simulation of a subsystem the
couplings are accounted for in a more direct, albeit ap-
proximate manner. This contrast makes our method
di erent and hence could be expected to be a comple-



mentary method to the WR technique.

od r duction usin ro r ort o ona
d co osition

The model reduction technique described here essential-
ly consists of rst nding a subspace in the full phase s-
pace of a given dynamical system and then constructing
an approximating dynamical system in that subspace.
The original dynamical system may be nonlinear and
in that case the resulting lower dimensional model will
also typically be nonlinear.

1 ro rort o ona d co osition
iven a set of data points , O seeks a
subspace so that the total square distance

(where is the orthogonal pro ection onto the sub-
space ) is minimi ed. The norm considered is the
-norm. (Thus we assume that the phase space comes

equipped with a notion of inner-product.) The solu-

tion to this problem requires the construction of the
orrelation matriz de ned by

ote that is symmetric positive semide nite. Let
be the ordered eigenvalues of

. Then the minimum value of over all () di-
mensional subspaces is given by () In
addition the that minimi es is the invariant sub-

space corresponding to the eigenvalues

ar 1 We assumed that the data were dis-

crete set of points. If we have a continuous tra ectory

() as data then the summations need to be replaced
by integrals.

Often it may be best to nd an affine subspace as op-
posed to a linear subspace. This requires rst to nd
the mean value of the data points

and then construct the owvarian e matrix  given by

( ) )

Let  be the invariant subspace of the largest eigen-
values of . Then the best approximating affine sub-
space passes through and is obtained by shifting

by . Algebraically the pro ection onto the subspace
is given by

C ) ()

where are coordinates in the subspace
are coordinates in the original coordinate system
in , and the matrix  of the pro ection consists of
row vectors ( ) where  are the unit
eigenvectors corresponding to the largest eigenvalues
of . ote that given any point with coordinates
the coordinates of the same point in the
original coordinate system are given by

or more information see olmes et al [ , Moore [ ,
Lall et al [ , lavaski et al[ and references therein.

a r in ro ction
The procedure for constructing a vector- eld on the ap-
proximating subspace is known as alerkin pro ection
and has been widely used in reducing Es to O Es,
see [ for more details. Suppose the original dynamical

system in is given by a vector- eld ,
()
Let be the best dimensional approximat-

ing affine subspace with pro ection given by ( ). A
vector- eld in the subspace is constructed by the
following rule for any point compute the vector-

eld ( ) and take the pro ection () onto the
subspace to be the value of ( ). If are the sub-
space coordinates of then ( ) ( ).
Thus we obtain the following reduced model,

() ( ) ()

If we are solving an initial value problem with ()
, then in the reduced model one has the initial con-
dition () where

( )
The approximating solution () in the original coordi-
nates in is given by
0) )

rom the above it is easy to see that the approximating
solution () is the solution to the following initial value
problem

) O ( ) ()
where is the matrix of the pro ection
expressed in the original coordinate system in . Also
note that  is ust the pro ection of  onto the affine
subspace



rror ana sis o t od
onsider solving the initial value problem (),
() , using a reduced order model in interval
Then in e ect we are solving the initial value
problem ( ). We shall derive an estimate for the er-

ror () () (). Let us denote the component
of () orthogonal to the subspace by () and the
component parallel to by (). Thus ()and ()

are orthogonal vectors. ence by de nition ()
and () (). Tt is important to observe that ()
comes from the rst part of the method, i.e. the sub-
space approximation. It is the error between () and
its pro ection onto the subspace . If one is consider-
ing a data compression problem then () (). ut
since we form a reduced order model by pro ecting the
vector- eld onto , we make further approximations re-
sulting in the additional error ().

ar ote that for any function | ,

() is a norm in which shall be the -norm

throughout this paper. The function norm will be de-

noted by and we shall explicitly state which func-
tion norm is being used.

We can derive an error estimate for () in terms of

(). 1 erentiating () () () () and
substituting the O Es for and we get
) )
Multiplying on the left by  and using we

obtain the initial value problem for ()

(O 0 ) O ) O)
()

ote that () since the starting point  is the
pro ection of  onto . We treat () and () like
forcing terms. Let and  be Lipschit constants for
the vector- eld () (in the -variable) in a neigh-
bourhood of (), respectively in the directions parallel
to and orthogonal to . In other words suppose there

exist such that for all in a neighbourhood
of ()for | that is large enough to contain ()
we have

c ) )
where ( ) and . ( ote
that and areessentially sensitivitiesof ( ) with

respect to near () in the directions parallel to and
orthogonal to  respectively.)

We obtain the following inequality from ( ) using the
fact that (in the induced -norm).

oting () , and applying some basic results from
di erential inequalities (see ale [ , pages - ) we

get

0) ()

Applying the auchy-Schwar inequality on the right
side, we get

O — () ()
() in [

ow let the root-mean-square value of

be ,i.e. let . Then we obtain the following
bounds for The maximum value in [ of s
bounded by,

Also bounding () by and integrating ( )

we obtain an upper bound for which can be com-
bined with to get a bound for total mean-square
error ,

—( ) ()

ar The value of depends only on the true
solution (), and the pair ( , ) which determine
the reduced order model, but not on . If and
were computed from the true solution () in the in-
terval [ (this is somewhat an ideal situation), then
ut if the reduced model was com-
puted from some other tra ectories as often is the case
in applications of model reduction methods, then will
depend on how close () was to the tra ectories used as
data in addition to the quantity (typically
will be larger than ).

oduar od r duction
In this paper mo lar  tem shall mean any system
expressed in the form

( ) (8)

ote that any system () can be written in
this form. All that is involved is a partitioning of the
states ( ) where are vectors.

This partitioning may arise naturally from the physical
interpretation of the system as in the power grid exam-
ple presented later on, or may be introduced according
to some optimal criteria for the simulation problem at
hand. In this paper we are considering situations where
the overall system is very large and hence we modular-
i e the system by breaking it into manageable smaller
parts.

iven such a partitioning one may be interested in mod-
el reduction methods that respect the partitioning.



In O method this could be accomplished by forming
separate covariance matrices for each subsystem states

7

( ) )

and computing separate pro ections that
operate within the state space of a subsystem. Thus
the reduced model will be

( )

t odo si uationusin r duc d
ordr od s

It rati

In this section we shall describe our iterative approach
for simulating a large scale modular system of the form
(8). onsider the modular system (8) with initial con-

ditions () and suppose we are interested in a
simulation interval [ . Our method is described as
follows.

Start with some initial reduced model for each subsys-
tem ( ) for . One way to generate
these is to simulate each subsystem in isolation setting
the states of the other subsystems to some constant val-
ues, for instance the initial conditions. In other words,
simulate the following equations

( )

with initial conditions . The resulting solutions
() are then used to compute the covariance matrices

At the th step in the iteration we have the reduced
models from the previous step ( ). We al-

so have the tra ectories () [ which were
used in constructing these reduced models. ow for

connect the unreduced subsystem with
the reduced versions of all other subsystems and simu-
late the resulting system which is given by

()
()

where is the following list of vector arguments.

( ) ( )
( ) ( )

We use the resulting tra ectory for the th subsystem
() to compute an updated reduced order model

()

( ) for the th subsystem. We use as conver-
gence criterion

sup 0) () tol

where tol is some speci ed tolerance.

ar ote that the solutions () obtained
from the solution of ( ) at the th step are not directly
used to evaluate anything. Only the tra ectory ()
is used. Thus model reduction only a ects the coupling
dynamics but not the dynamics internal to subsystems.

or any technique involving reduced order models, ac-
curacy is an important issue. Since reduced order mod-
els are computed from the tra ectories obtained from
the given initial value problem, our situation is reason-
ably close to the circumstances under which the accu-
racy of the O method could be expected to be as
good as possible as (see Remark ).

We have observed from various examples that our
method generally converges. We have also found exam-
ples where it fails to converge, but on those occasions
breaking up the time interval [ into smaller ones
[ , where and

and running the algorithm successively in each interval
achieves convergence. ut of course there is an opti-
mal length beyond which making the intervals smaller
results in higher computational e ort. In addition we
have theoretical results on convergence and accuracy of
this method ([ ) which are beyond the scope of this

paper.

In some examples our method has a clear advantage
over WR. or instance if subsystem does not have
direct coupling with subsystem but is coupled only
via a sequence of some other subsystems, then the e ect
of on will take a few iterations to be accounted for
in WR, resulting in an initial overhead which could be
large when there are many subsystems involved, while
in our method it is immediate. In general we expect
our method to be complementary to WR.

a o r rid

We applied our technique to simulate the transient be-
haviour of a power grid model ( win e ation ) taken
from the paper [ . Swing dynamics may interact with
protection mechanisms and lead to cascading failures.
See [ for a study of cascading failures, as well as [ ,
[ ,and [ for more details.

We used a power grid consisting of  nodes arranged in
a by square grid. Each node is either a generator or



a load. We assumed that the loads were all induction
motors. The swing equations involve the variables
(the generator or motor rotor angle), where indices

. The equations are given by

()

where and are inertia and damping terms for
the generator or motor, is the mechanical power
and is the electrical power. It is assumed that the
voltage magnitudes at the nodes are maintained xed
by regulators. The electrical power is given by

e ) e )

()

where , and is the admittance

matrix for the network. We assumed that the lines

were lossless ( ). The are the terms of the
e tan e matrix

The grid we chose is shown in igure The gener-
ators are marked by circles, and all other nodes are
motors. We chose all the voltage magnitudes to be
the same (constant) value. The mechanical powers
were chosen to be for motors and for gener-
ators so that the total sums to ero. iven these pa-
rameters the swing equations have a nontrivial (not all

are ero) steady state solution. We picked a random
initial condition. A plot of the reference solution (ob-
tained by direct integration of the entire system) for
for some of the nodes is shown in igure . In order to
apply our iterative method we modulari ed the system
so that the square grid of by nodes was split into

subsystems each consisting of a square subgrid of
by nodes. reaking the interval [ into smaller
intervals of length each achieved convergence. Ini-
tial reduced models were obtained by simulating each
subsystem in isolation (all other subsystem states were
assumed to remain ero) for the time interval under
consideration. The reduced order models of all subsys-
tems were chosen to be of dimension (the full dimen-
sion of each subsystem is 8). The solution obtained
is shown in igure for the same nodes as in igure

. The solutions of the reference method and ours are

visually indistinguishable and so we plotted them on
separate gures. In fact the maximum pointwise error

() () (includes all states) was computed to be
less than

An important point during swing dynamic transients is
that large deviations of and  can trigger the pro-
tection mechanisms that can shut down a line or a gen-
erator and this may cascade into a large failure (see

[ ). Since our scheme predicts the solutions accu-
rately, we expect it to predict the rst failure (location
and time) accurately. owever beyond the rst failure,
for accurate prediction we have to restart our itera-
tion for a time interval beginning at the failure since
failure changes the system parameters discontinuously.

umerical simulations done by ao and et old [ re-
vealed that the reduced model formed from tra ectories
obtained before a failure was not accurate after the fail-
ure and could not be used to predict further failures. If
we include failures in our model, our iterative method
may need to be modi ed. uring our iterative simu-
lations if a subsystem indicates failure, then the time
interval of simulation may be shortened so that the re-
duced models remain more accurate. We have not yet
numerically investigated this type of scenario, but it is
an important next step.
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onc usions and utur or

We presented an iterative approach to simulation of
large scale interconnected systems that uses reduced
order models of subsystems which are also re ned dur-
ing the iterations. We used the O method for model
reduction and also provided an error analysis of O
obtaining error bounds for a computed solution of an
initial value problem.

We presented a power grid example where our method
converged well and gave very accurate simulation re-
sults. uture work will include failure models, and as
outlined in Section we may need to modify the itera-
tions to make sure that accuracy is maintained.
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