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Abstract

A mathematical model based on transport and reaction equations describing initiation

of pitting corrosion at a MnS sulfide inclusion in 0.1M NaCl electrolyte was used as a

test problem for development of efficient numerical procedures for corrosion simulation and

sensitivity analysis. The equations associated with the corrosion model were formulated

using a reaction invariant approach, which resulted in a stiff index-2 Partial Differential-

Algebraic Equation (PDAE) system. The original PDAE system was regularized to yield a

lower index PDAE system, for which we were able to formulate an effective preconditioner

for use in the DASPK3.0 DAE solver. This approach was found to improve the efficiency

of the Krylov iterative solver as well as to provide the parameter sensitivities with very

little additional effort, in comparison with another method reported recently. In agreement

with previous findings, the results obtained with this approach indicate that the model is

most sensitive to the parameters associated with the heterogeneous dissolution of the sulfide

inclusion.
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1 In tro duction

The onset of material degradation by corrosion involves multiple phenomena that occur sponta-

neously as a consequence of exposure to an aggressive environment. Numerous system-specific

mechanisms for corrosion initiation have been proposed, many of which are supported by math-

ematical models. In this work we consider the case of corrosion pit initiation at sulfide inclusions

on Type 304 stainless steel in chloride solution, a problem of long-standing fundamental interest.1

Although a large experimental literature exists, direct measurement of local behavior during pit

initiation is very difficult. As a result, mathematical models need to address not only multi-

ple phenomena that occur over broad ranges of time and distance, but also uncertainty in the

underlying physicochemical mechanisms, the values of system parameters, and the quality and

heterogeneity of the experimental data.

The sustained increase in both computing power and algorithm development is driving a broad

trend toward increasingly sophisticated models as well as a growing demand for new methods

that solve equations quickly and with quantification of uncertainty. Pit initiation models typ-

ically include consideration of various chemical species that are consumed or produced in the

vicinity of the initiation site through heterogeneous surface reactions, equilibration by homoge-

neous reactions, and transport by diffusion, migration and convection. Such models typically

lead to a system of Partial Differential-Algebraic Equations (PDAE) that can be extremely stiff2

(i.e., the eigenvalues of the Jacobian matrix are widely spaced and the eigenvalues of largest

magnitude correspond to stable solutions). In the case of pit initiation the stiffness is due to

the disparate rates between transport and equilibration of rapid homogeneous chemical reaction.

The PDAE system consists of a set of coupled nonlinear partial differential equations which

must be solved simultaneously with a series of algebraic constraints. Stable implicit methods are

well-suited for the solution of such systems, but their use is complicated by the fact that these

methods require solving linear system(s) at each time step, accomplished for such large-scale

systems by a preconditioned iterative method. Unfortunately, the pit initiation problem exhibits
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a challenging index-2 mathematical structure which ensures that the resulting linear systems will

be highly ill-conditioned3,4. The motivation for the present work is to seek improved algorithms

and software for efficient solution of PDAE systems encountered in models of pit initiation, as

well as for extracting sensitivity information from large-scale simulations which may be used to

assess proposed pit initiation mechanisms.

Fundamental understanding of pit initiation is crucial because small pits5 may propagate6{ 9

and become sites that trigger macroscopic failure including crevice corrosion10{ 12, corrosion fa-

tigue13,14, stress-corrosion cracking15{ 17, and failure of coatings18{ 20. The problem we consider

in the present work is based on a mathematical model that was reported recently21 for pit ini-

tiation at sulfide inclusions in Type 304 stainless steel in chloride solution. The key features of

the model are that pit initiation occurs when a critical concentration of thiosulfate (produced

by electrochemical dissolution of the sulfide inclusion) is reached within a microcrevice between

the inclusion and the steel. The model equations were initially solved with use of the PETSc

(Portable, Extensible Toolkit for Scientific Computation)22 library, which provided equation

solvers and storage methods for reducing memory requirements associated with large, sparse

matrices, as well as efficient methods for parallelizing the numerical solution with the use of

structured grids and distributed arrays. The method of solution provided numerical results that

compared favorably with some experimental data, but not at the high dissolution rates that are

of special interest near the pitting potential. Near the pitting potential, the numerical algorithm

exhibited a large number of Krylov iterations and, in some cases, failed to converge.

Mathematical models of pitting corrosion typically require consideration of several dozen chem-

ical species along with the physicochemical parameters such as equilibrium constants for homo-

geneous reactions, rate constants for surface reactions, transport coefficients, etc. Although the

values of some of these parameters may be uncertain, it is well-known that the dynamic behavior

of complicated systems is often determined by only a small subset of the parameters. For the case

of pit initiation, we have recently reported on the use of sensitivity analysis to determine which
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parameters are the most significant by determining their influence on selected outputs of the

model.23 In that work, a finite difference method was used to compute the normalized sensitivity

coefficients for each physical parameter at the steady state, at the location where pit initiation

was expected to occur. The post-priori finite-differencing method has the disadvantage that it

requires repeated solution of the model upon perturbation of each parameter, and the results are

very sensitive to the size of the perturbation and to errors in the numerical simulation.

In the present work we investigate the performance of DASPK 3:024, a numerical package

which is designed to provide efficient and accurate solution as well as forward sensitivity analysis

for large-scale stiff DAE systems. A regularization method is employed to improve the structure

of the numerical model (e.g., its index is lowered from 2 to 1 and its Jacobian matrix becomes

better conditioned). A preconditioner which makes use of the structure of the regularized system

is investigated. We use the Method of Lines to discretize the spatial derivatives by means of finite

differences because it is relatively straightforward to implement and to employ the adaptive time-

stepping capabilities of DASPK 3:0. Moreover, DASPK 3:0 can compute sensitivities efficiently,

making use of the local Jacobian matrices from the original DAE system.

2 Theoretical Mo del

The mathematical model simulates dissolution of a single sulfide inclusion on a passive stainless

steel surface, prior to the initiation of pitting corrosion. The system geometry corresponds to a

recently reported experimental cell for which data were measured at an isolated single MnS sulfide

inclusion on stainless steel with use of a micro-capillary electrochemical cell21,25. The model

considers species transport by diffusion and migration, homogeneous chemistry between the

model species in solution, and heterogeneous dissolution of the sulfide inclusion and the stainless

steel matrix. The single sulfide inclusion was assumed to undergo both electrochemical and

chemical dissolution while the surrounding stainless steel matrix undergoes passive dissolution.

The metal surface was assumed to be held at a constant applied overpotential for sulfide inclusion
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dissolution of 150mV , under steady state conditions in an electrolyte, taken to be a stagnant

solution of 0:1M NaCl. The values for the parameters characterizing both the electrochemical

dissolution and chemical dissolution were estimated previously from experimental data21,26. The

particular choice of experimental conditions represented by the nominal physical parameters

selected for this model are taken to correspond to those considered in the base case of the original

mathematical treatment21, in order to provide a test for the development and implementation of

the numerical techniques of the DASPK 3:0 software.

The original mathematical treatment considered a domain whose geometry is shown in Fig. 1.

The center line of the cell is represented by line AB, while the capillary wall is located along

line GH. Surrounding the sulfide inclusion (line BC) is a passive stainless steel surface (line

FG). Due to preferential dissolution at the edges of the sulfide inclusion, a small microcrevice

is considered to have formed, in which one wall represents the sulfide inclusion (line CD) and

the remaining surfaces are stainless steel. Since implementation and investigation of improved

numerical techniques are the main focus of the current work, a simplified microcrevice domain

was chosen for study in the present paper. The computational domain consisted of a sub-region

of the original domain representing the microcrevice (CDEF in Fig. 1) in which the bottom

surface DE was inert. It is worth noting, however, that the local chemistry in the microcrevice

region has been identified by many experimentalists as the key region where the critical events

that trigger pit initiation take place. It is in the microcrevice region where the application of

new computational methods for numerical analysis of computed results, especially parameter

sensitivity analysis, would be of particular interest.

The 2-D model domain consists of the microcrevice region which surrounds the periphery of the

sulfide inclusion (Fig. 1). It is defined by the section CDEF, with height and radial width of 1.0.

The boundary conditions were specified as follows: (a) on the top border of the domain (CF) the

“bulk solution” conditions prevail, (b) on the left side (CD) the reactions pertaining to the sulfide

inclusion apply, (c) on the right side (EF) the stainless steel undergoes very slow dissolution at
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a rate characteristic of its passive state, and (d) on the bottom (DE) there are no reactions.

Species which do not explicitly appear in the specified boundary constraints are assumed to take

on no-flux boundary conditions. At the sulfide inclusion we assume electrochemical dissolution

of manganese sulfide to form thiosulfate, manganese ion, and hydrogen ion according to the

reaction (1), and chemical dissolution at the sulfide boundary to produce hydrogen sulfide and

manganese ion while consuming hydrogen ion, via the reaction (2)

2M nS + 3H2O → 2M n2+ + S2O2−
3 + 6H + + 8e− ; (1)

M nS + H + ⇒ M n2+ + H S− : (2)

At the stainless steel surface we assume that passive dissolution of the metal is occurring to

produce F e2+ and Cr 3+ , via the reactions

F e→ F e2+ + 2e−; Cr → Cr 3+ + 3e− : (3)

The species that participate in the homogeneous reactions are taken to to be in a state of chemical

equilibrium, represented by standard equilibrium relationships (see the Appendix).

The starting point for the derivation of the PDAE system is the consideration of the mass

balance. The general form of the mass balance adopted for this model is given by

@Ci

@t
= −∇ · Ni + Ri ; (4)

where the molar flux of species i , N i, is given by

Ni = −D i∇Ci −
ziD iciF

RT
∇Á: (5)

This implicitly assumes the Nernst-Einstein relationship for the species mobility ui =
D i

RT
.

A reaction invariant approach gives a series of mass balances that do not contain the source
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terms for the homogeneous chemical reactions

∑

sk
i

(

@Ci

@t

)

= −
∑

sk
i∇ · N i ; (6)

with sk
i constant coefficients. These reaction invariant mass balances are combined with a series

of equilibrium relationships for the homogeneous reactions, of the form

K eq =
Π(cδi )

Π(cβj )
: (7)

The equilibrium relationships result in a system of algebraic equations governing the ratios be-

tween specified species in the numerical solution. The electroneutrality condition is also imposed

0 =
ns−1
∑

i=1

ZiCi ; (8)

where ns−1 is the total number of chemical species. At the upper boundary of the computational

domain (line DC in Fig. 1), the model species take on their assumed nominal bulk concentrations,

while the electric potential in solution is assumed to be 0 relative to the reference electrode

Ci = cbi ; Á= 0:0 : (9)

At the sulfide boundary (line AD in Fig. 1) we have both electrochemical dissolution and chemical

dissolution. Based on previously reported experimental studies21, the electrochemical dissolution

reaction has been fit to an exponential kinetic expression

j MnS · n∗ = j o,MnS exp[m(Eappl − EMnS − Á)] : (10)

with n∗ the unit surface normal vector. The chemical dissolution reaction has been fit experi-
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mentally to a first-order rate law

r c = kcCH+ : (11)

At the stainless steel surface (line CD in Fig. 1) passive dissolution is assumed to proceed at a

constant current density j ss, where the fraction of the passive current contributing to the flux of

each species is given by

f i =
ziM i

Σ(zjM j)
: (12)

The bottom of the microcrevice is assumed to be chemically and electrochemically inert

N i · n∗ = 0 : (13)

We therefore arrive at a system of non-linear PDEs which must be solved simultaneously with a

set of algebraic relationships to comprise the PDAE system. It should be noted that the electric

potential Ádoes not explicitly appear in the physical equation for the electroneutrality constraint.

Thus the PDAE system has a mathematical structure of index-2 †, which is well-known3 to be a

source of numerical difficulties, and in particular to render a badly conditioned Jacobian matrix.

3 Computational Algorithms

The governing equations (6)-(8) were discretized in space using the finite difference stencils shown

in the Appendix. After this semi-discretization in space, the model has the structure

y′ +Nx ′ = f (x; y; v; w; z) ; (14)

0 = g(x; y; v; w) ; index-1 constraints ; (15)

0 = h(x; y) ; index-2 constraints ; (16)

†The index of a DAE system is defined as the number of times the constraints must be differentiated in order to
reach a standard form ODE system. While this differentiation process usually is not used in the actual solution
of the system, the additional constraints that arise during the procedure have significance in determining the
numerical behavior of the solution3.
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where

∣

∣

∣

∣

@g
@[x; v;w]

∣

∣

∣

∣

6= 0,

∣

∣

∣

∣

@h
@y

@f
@z

∣

∣

∣

∣

6= 0 and N is a constant matrix.

Eqs. (14)-(16) form a mixed semi-implicit index-1 and Hessenberg index-2 DAE system3. The

vector y represents the discretized values of the species for which the differential equations are

solved at the interior points of the domain, while the vector x represents the discretized values

of the remaining species (excepting the potential) which were represented by the differential

equations that were eliminated and replaced by the algebraic equilibrium relationships at the

interior points of the domain. The vectors v and w, respectively, represent the values of the same

species at the boundary points. The species are listed in the Appendix. The discretized values

of the potential (both at interior and boundary points) are stored in the vector z. The vector y

is index-0 (differential variables); x, v and w are index-1; and z are index-2 algebraic variables.

The boundary conditions for the model are implemented as algebraic constraints of index 1. The

electroneutrality constraint is an algebraic equation of index-2.

The numerical solution of an index-2 DAE system is subject to many numerical difficulties3.

Among them is the requirement that additional constraints on the system, which can be revealed

using the theoretical differentiation procedure mentioned in the previous section to derive the

system index, must be satisfied in addition to the constraints which explicitly appear in the

system. Finding a set of initial conditions consistent with the model and its constraints (both

explicit and “hidden”) is an additional concern. For given initial conditions for the differential

variables, DASPK 3:0 finds the consistent initial values for the algebraic variables, along with

initial derivatives for the differential variables24,27.

For solving the DAE system, DASPK 3:0 uses variable-stepsize, variable-order backward dif-

ferentiation formulas (BDF) of orders 1-5. These are implicit methods that are well suited to

handling the stiff, index-2 DAE system considered here. These methods require the solution of

a linear system of equations at each time step. To do this efficiently is the biggest challenge for

our problem.

There are essentially two approaches (direct and iterative) for solving the system of equations.
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Direct methods are typically applicable for small problems, with few numbers of state variables

and a limited computational domain, or for highly structured problems where the Jacobian

matrices are banded with small bandwidth, e.g., solving PDEs in one dimension. The storage

requirements for the direct methods proved to be too large for the size of our problem. There-

fore we selected the preconditioned GM RES (generalized minimal residual) iterative method in

DASPK 3:0. To be practically useful for computing a numerical solution, such iterative meth-

ods require the use of a preconditioner. To improve the efficiency of this approach, we modified

the original index-2 DAE system to yield a lower index DAE system for which we were able to

formulate an effective preconditioner.

The concept of a preconditioner is based on a simple observation: the system Ax = b has the

same solution as M−1Ax =M−1b, for any nonsingular matrix M. However, if we iteratively

solve the second equation, its convergence rate will depend on the properties of M−1A, instead

of those of A. We do not construct M−1 explicitly, but rather as the solution of systems of

equations of the form My = C. Assuming that M and C are known, solving that system is

equivalent to constructing vectors of the type M−1C. Thus, useful preconditioners M should

be chosen such that My = C can be efficiently solved, while M is “close enough” to A in some

sense (e.g., the eigenvalues of M−1A are close to 1, or clustered). The preconditioner for the

linear system solution must capture the effects of the index-2 structure and deal with the stiffness

arising from both reaction and diffusion.

For a DAE system F (u; u′) = 0, DASPK 3:0 solves linear systems involving the following

iteration matrix

CJ
@F (u)

@u′
+

@F (u)
@u

; (17)

where CJ is a parameter that is inversely proportional to the time step.

We regularized the DAE system (14)-(16), replacing the constraint (16) by

z = ° h(y) : (18)
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The parameter ° > 0 was chosen by comparing the results of a simulation using the original

constraint with the corresponding results using the modified constraint. ° was selected to be the

smallest number for which the difference between these solutions is within the required tolerance

for the solution. We note that, as ° → ∞, the original constraint is satisfied†. We remark

that the modified constraint determines a new problem, which does not have the exact same

solution as the original problem. In particular, the “new” solution will not satisfy the original

constraint (16). Nevertheless, from a numerical point of view one would be satisfied with the

results, since the error between the solution of the modified problem and the “original” solution

is within a given (very small) tolerance.

In application to the current equation system, if we consider C∗
i
to be the exact solution for

the species concentrations, it must satisfy the electroneutrality constraint

ns−1
∑

i=1

ZiC
∗
i = 0 : (19)

If we then consider the numerical solution C̄i to the DAE system, we have

ns−1
∑

i=1

ZiC̄i = ² : (20)

Subtracting the exact solution from the numerical approximation to form the residual, we obtain

ns−1
∑

i=1

Zi

(

C∗
i − C̄i

)

= ² : (21)

Thus, ² is the summed difference between the exact solution and the numerical solution, scaled

by the species’ ionic equivalences, and its value is constrained by the tolerances of the numerical

algorithm. Provided that we choose ² to be a sufficiently small number, the numerical algorithm

is satisfied as well as if the constraint were set explicitly to zero. With this fact in mind, we

†The parameter γ > 0 was chosen by performing simulations on a very small computational domain using
direct methods for the linear algebra.
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therefore wish to use the regularization concept to reduce the system index of the problem and

alter the linear algebra problem to one that can be easily preconditioned. We therefore choose a

value of ² =
z
°
, where z is the discretized value of the index-2 variable Φ and ° is sufficiently large

such that the numerical solution is preserved, while also allowing the regularization procedure

to lower the system index. Thus the electroneutrality constraint is replaced by

0 = Φ− °
ns−1
∑

i=1

ZiCi : (22)

It is a well-known fact that a very small deviation from the exact imposition of the condition of

electroneutrality of the electrolyte results in very large potential fields28. Thus, the regularization

procedure which we have introduced must be treated with great care, such that the constraint

is satisfied within the confines of Eq. (19). Although the solution of Eq. (22) does not satisfy

the original index-2 electroneutrality constraint (8), it is sufficiently close, within the tolerance

of the numerical algorithm, to a solution that does satisfy Eq. (8).

The preconditioner is based on the regularized model. Since the spatial grid has N R points in

the r−direction and N Z points in the z−direction, we partition the preconditioner into N R×N Z

rectangular matrices, each of size ns× (ns×N R×N Z ) and corresponding to a single grid point.

In order to obtain the elements of this submatrix, we consider only the derivatives of the equations

with respect to the discretized values of the species at that particular grid point, which greatly

reduces the memory costs associated with the construction of the preconditioner.

At a given interior node, the preconditioner that we used is based on the block diagonal of the

Jacobian of the regularized (semi-discretized) DAE system. It corresponds to the virtual system

@y
@t
+N

@x
@t

= f INT (x; y; v; w; z)

0 = gINT (x; y; v; w)

0 = Φ− °
ns−1
∑

i=1

ZiCi ⇔ 0 = z − °
∑

Zyy − °
∑

Zxx ; (23)
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where x; y; v; w; and z are the variables described earlier in the formulation of the DAE system.

The expressions for f INT and gINT are derived from the original right-hand sides of the differ-

ential equations, respectively the homogeneous reactions (Table 2 in the Appendix), by retaining

only the elements associated with the spatially discretized values (of the species and potential) at

the interior grid point considered. More precisely, f INT is associated with the differential mass

transport operators and gINT is associated with the algebraic constraints from the homogeneous

reactions.

Similarly, at a given boundary point the preconditioner is constructed for the iteration matrix

of the virtual system

0 = f BC(x; y; v; w; z)

0 = gBC(x; y; v; w) (24)

0 = Φ− °
ns−1
∑

i=1

ZiCi ⇔ 0 = z − °
∑

Zyy − °
∑

Zxx ;

with f BC and gBC the corresponding subsets of the expressions in the boundary conditions,

respectively in the constraints shown in Table 2.

Thus, using block matrices, the blocks corresponding to interior grid points are given by















CJ ∗ I −
@f INT

@y
CJ ∗ N ∗ I −

@f INT

@x
−

@f INT

@v
−

@f INT

@w
−

@f INT

@z

−CJ ∗
@gINT

@y
−CJ ∗

@gINT

@x
−CJ ∗

@gINT

@v
−CJ ∗

@gINT

@w
0

CJ ∗ ° ∗ Zy CJ ∗ ° ∗ Zx 0 0 −CJ















; (25)

and the blocks corresponding to the boundary points are given by















−CJ ∗
@f BC

@y
−CJ ∗

@f BC

@x
−CJ ∗

@f BC

@v
−CJ ∗

@f BC

@w
0

−CJ ∗
@gBC

@y
−CJ ∗

@gBC

@x
−CJ ∗

@gBC

@v
−CJ ∗

@gBC

@w
0

CJ ∗ ° ∗ Zy CJ ∗ ° ∗ Zx 0 0 −CJ















: (26)
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The linear systems formed from each ns × ns block of the preconditioner were solved by the

standard dense linear algebra solvers DGEFA and DGESL from LINPACK.

We also considered a preconditioner which included, in addition to the block diagonal, all of the

upper blocks. However, it was overall less efficient than the simpler block diagonal alternative.

The sensitivities with respect to problem parameters offer a means of assessing the relative

importance of particular chemical reactions to the model results. The parameter sensitivities

are obtained by DASPK 3:0 as the solution of the derived sensitivity equations for the DAE

system.24 The sensitivity equations are linear; moreover, the Jacobian matrix for the sensitivity

problem is the same as the Jacobian for the original DAE problem. DASPK 3:0 is designed to

exploit this structure to solve the sensitivity system efficiently.

To compute the sensitivities, we chose the staggered corrector method (as implemented in

DASPK 3:0). This method does not solve for the state variables and sensitivities simultane-

ously. Instead, on each time step it solves for the state variables first and then for the sensitivity

variables. An automatic differentiation tool (ADIFOR) was employed for evaluating, with accu-

racy up to round-off error, the matrix-vector product in the Krylov iteration and the residuals

for the sensitivity equations. ADIFOR-generated derivative code usually outperforms finite-

difference approximation, especially if the problem is badly scaled (which is the case for the

model considered). For the convergence control, a root-mean-square (RMS) norm of the error

was evaluated separately for the state variables and, respectively, for the sensitivities with respect

to each parameter.

Next we address an obvious question: What are the advantages of the new approach, which

uses DASPK 3:0, over the earlier implementation (PETSc)?.

The PETSc implementation used a spatial discretization similar to the one presented here.

The DAE system was solved by a fixed-timestep, fully implicit Euler scheme. The nonlinear

system at each timestep was solved by a Newton method with linesearch, combined with a

Krylov algorithm with Additive Schwartz Preconditioning.
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A discussion about the benefits of our approach should start from a fundamental characteristic

of the corrosion pit initiation model, namely that is an index-2 DAE system3,4. Since the PETSc

routines were not specifically designed to recognize and account for it, our simulations were

performed using a specialized DAE solver (DASPK 3:0). The preconditioner implemented in

DASPK 3:0 takes into account the scaling of the problem, which is essential for DAEs. Consistent

initial conditions were not imposed in the PETSc simulation, while DASPK 3:0 has a built-in

mechanism to compute them.

In several cases the PETSc simulations did not converge. It is possible that the boundary

conditions were not consistent with the (inconsistent) initial conditions. For example, for a tran-

sient simulation at an applied overpotential of 250 mV and a stainless steel current density of

10
mA
cm2

, the PETSc implementation failed to converge, whereas an identical implementation in

DASPK 3:0 converges to a steady state result. Moreover, the adaptive time-stepping abilities of

DASPK 3:0 make the DASPK solution more accurate and efficient than the PETSc implemen-

tation. The number of Krylov iterations decreased significantly in the new implementation, due

both to the new preconditioner and the DASPK 3:0 algorithms.

For both implementations, the problem was solved over a real time interval of 150 seconds,

corresponding to a computational time interval of 1:5× 105. A fixed time step (0.5 in real time

or 500 in computational time) was used in the PETSc implementation, thus having a total of

300 time steps. For the DASPK 3:0 approach, the adaptive selection of the stepsize resulted in

much smaller timesteps at the beginning of the simulation. Afterwards, the DASPK timesteps

gradually increased. Near the end of the time window for the simulation, the steady state region

was fully observable and the DASPK time steps were up to two orders of magnitude larger

than the constant PETSc stepsize. The total number of timesteps was 60 for the DASPK 3:0

approach.

In the DASPK 3:0 implementation, the absolute tolerance was taken to be 10−8, except for

the first 2 species, N a and Cl , where it was given the value 10−6. We used lower tolerances for
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those species because they have concentrations which are generally much greater than anything

else in solution. The relative tolerance was taken to be 10−6 for all variables.

4 Numerical Results

4.1 Simulation Results

To determine whether the numerical simulation gives predicted behavior that is qualitatively and

quantitatively consistent with intuition and with previously established treatments, a steady state

profile was calculated for the isolated microcrevice region at an applied overpotential for sulfide

inclusion dissolution of 150 mV. For the parameters characterizing these experimental conditions

(see Appendix), the simulations predict a solution composition at the bottom of the microcrevice

consisting of a pH of 5.2, a maximum concentration of thiosulfate of 25 ¹M, a concentration of

hydrogen sulfide of 21 ¹M, and a chloride concentration which increases from its nominal bulk

value of 0.1 M by less than 1%.

To make a direct comparison between the DASPK 3:0 simulation results and results of the

previous PETSc technique, the computational domain of the original treatment was modified in

order to perform additional calculations on a domain which had the identical geometry (a 20×20

regularly spaced grid) to that used for the DASPK 3:0 simulations. The species concentrations

obtained by the two numerical methods were compared from top-to-bottom at three locations

along the width of the microcrevice. It was found that the greatest difference between the meth-

ods, which was observed at the bottom of the microcrevice, was less than 5% of the value of all

species present in concentrations above 10−4M with the exception of H S−, whose concentration

is only slightly larger than the solution tolerance at a value of 0:15¹M .

Results obtained with use of the previously reported numerical method (PETSc) gave a

summed value of the order of the numerical tolerance for Eq. (20), the numerical version of

the original electroneutrality constraint (8). The current numerical results obtained with use of
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the DASPK software and the modified electroneutrality constraint (21) return a value of the sum

(and the electric potential in solution) that remained of the order of the numerical tolerance and

matched the corresponding value in the PETSc implementation to within 5%.

4.2 Sensitivity Analysis

Of particular interest in the current simulations is calculation of the parameter sensitivities.

The parameter sensitivities ®i
j for the i th model species ci to the j th model parameter pj were

normalized as follows:

®i
j =

pj

ci

@ci
@pj

: (27)

In this way, significance can be attached not only to the magnitude of the sensitivity, but also to

the shape of the contour throughout the domain. In cases where the value of the model species

was lower than the absolute tolerance of the iterative method used to solve the equations, the

value of the tolerance was used to normalize the sensitivity. Otherwise, artificially high values

of the sensitivity would be achieved for all species whose predicted values approach zero.

The parameters which were selected in this study were the values of the equilibrium constants

for the homogeneous chemistry, the values of the parameters j o,MnS and m associated with

the electrochemical dissolution of the sulfide inclusion to produce thiosulfate, and the value of kc

associated with the chemical dissolution of the sulfide inclusion to produce hydrogen sulfide. This

calculation results in 315 plots ((20 species + potential) x 15 parameters) for the sensitivities at

each point in the computational grid. To demonstrate the nature of the results and summarize

the key points, example simulation results are shown for the sensitivities of selected model species

to the parameters associated with the heterogeneous reactions. For comparison, we also show

the sensitivities of these species to the value of the equilibrium constant for the first hydrolysis

reaction of Cr 3+ . The magnitude of the sensitivity for this equilibrium constant was the largest

value and was thus found to be the most significant of the equilibrium constant parameters

on the selected model species. Results are provided in Figs. 2-5. The region external to the
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microcrevice thus appears at the back of the plots, while the bottom of the crevice is in the fore.

In this orientation, the sulfide boundary is on the left edge of the plots, and the stainless steel

boundary appears at the right edge.

Sensitivities for the response of the species concentrations to the equilibrium constant for the

hydrolysis of chromium are shown in Fig. 2. Relative to the sensitivities of the other species,

the concentration of chromium ion is most strongly affected. The negative value of the sen-

sitivity reflects the stoichiometry of this reaction: when the equilibrium constant is increased,

the concentration of chromium ion decreases. It also can be seen that the concentration of the

hydrogen ion is relatively unaffected by the equilibrium constant for chromium. We attribute

this numerical result to the physical fact that the rate of steel dissolution in the passive condition

is very low.

The effect of the value of the parameter j o,MnS , however, was found in Fig. 3 to be signif-

icant for all the selected species, except the concentration of chloride ion. The most strongly

affected species are those directly associated with the electrochemical dissolution reaction (1):

M n2+ ; S2O−2
3 and H + . The results in Fig. 3 indicate that an increase in the value of j o,MnS leads

to an increase in the concentrations of the selected species.

The effect of the kinetic parameter m, also associated with the electrochemical dissolution

reaction, is shown in Fig. 4. These results are very similar to those for j o,MnS , only more

pronounced, due to the exponential nature of the appearance of this parameter in the kinetic

expression.

The sensitivities associated with the parameter kc are shown in Fig. 5. The most strongly

affected species is the concentration of hydrogen sulfide. The value of the electric potential in

solution and the concentration of hydrogen ion are also fairly strongly effected. Owing to the sto-

ichiometry of Reaction (2) for the chemical dissolution of the sulfide inclusion, the concentration

of the hydrogen ion decreases with crevice depth as the value of the parameter kc is increased.

Inspection of the plots of the sensitivities of the selected species concentrations to the param-
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eters shown in Figs. 2-5 demonstrates the trends observed from the full range of calculations

performed. From the plots of the parameters associated with the sulfide boundary condition,

it can be seen that the most sensitive parameters for this case are those associated with the

electrochemical dissolution reaction, followed by the value of the chemical dissolution constant.

Based on the foregoing results, the sensitivity of the model species is seen to be much stronger

for the parameters j o,MnS; m and kc than for the chromium hydrolysis reaction. This observation

is consistent with results reported recently by Kamrunnahar and Alkire23, although the mag-

nitudes of some of the sensitivities calculated using the post-priori finite differencing technique

differ from those reported here. The relevant differences are noted in Table 4 of the Appendix,

which contains the complete set of sensitivity calculations for the DASPK simulations. Numerical

values are shown only if their order of magnitude is at least O(10−2). For this reason, the table

does not contain any entries corresponding to the sensitivities with respect to the first, second,

seventh, tenth and twelfth parameters: K 1; K 2; K 7; K 10 and K 12. The trend extracted from the

example sensitivity plots is displayed more fully in Table 4. These results support the conclusion

that for the model considered in this work, the parameters that are the most important to the

development of the local chemical environment in the microcrevice region surrounding a sulfide

inclusion prior to the initiation of pitting corrosion are those associated with the heterogeneous

dissolution of the sulfide inclusion, namely j o,MnS; m and kc.

5 Conclusions

Improved algorithms were implemented in the software DASPK 3:0 for efficient solution of the

PDAE systems representative of localized corrosion and extraction of information from large-

scale simulations which may be used to assess proposed pit initiation mechanisms. The corrosion

problem was formulated as an index-2 DAE system through semidiscretization in space and

transformation of the boundary conditions into algebraic constraints. To address the numerical

complexity of the index-2 system, the PDAE model was regularized to obtain a system with

19



reduced index. The resulting semidiscretized DAE system was then solved with the DASPK 3:0

software package, making use of a preconditioner that takes into account the structure of the

regularized PDAE system. The mathematical model was solved on the isolated microcrevice

domain shown in Fig. 1.

The species concentrations were compared with the numerical solution which was obtained

previously through the use of the PETSc software, and were found to agree within 5% for all

species with concentrations above 10−4M . Sensitivities were computed using DASPK 3:0 with

automatic differentiation techniques, which required very little additional computational effort

once the concentration and potential distributions were obtained. The results of the sensitivity

calculations were found to be more accurate than sensitivities computed directly by a post-priori

finite-difference method. Although the equilibrium constant for the first hydrolysis of the Cr 3+

ion was found to be the most sensitive of the equilibrium constants considered in this work,

it was also found that the numerical solution for the concentration and potential distributions

was relatively insensitive to variations in this equilibrium constant (Fig. 2). By contrast, the

numerical solution was strongly affected by variations in the parameters associated with the

heterogeneous dissolution reactions of the sulfide inclusion: j o,MnS; m and kc in descending order

(Figs. 3-5).
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Figure 2: Sensitivities of the following species: Cl [a], Cr [b], H [c], HS [d], Φ [e], S2O3 [f ]
with respect to the third equilibrium constant K 3. The values from left-to-right across the
microcrevice region appear along the abscissa of the plots, and the value of the crevice depth
appears along the ordinate.
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Figure 3: Sensitivities of the following species: Cl [a], Cr [b], H [c], HS [d], Φ [e], S2O3 [f ]
with respect to the parameter j o,MnS associated with the electrochemical dissolution. The values
from left-to-right across the microcrevice region appear along the abscissa of the plots, and the
value of the crevice depth appears along the ordinate.
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Figure 4: Sensitivities of the following species: Cl [a], Cr [b], H [c], HS [d], Φ [e], S2O3 [f ]
with respect to the parameter m associated with the electrochemical dissolution. The values
from left-to-right across the microcrevice region appear along the abscissa of the plots, and the
value of the crevice depth appears along the ordinate.
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Figure 5: Sensitivities of the following species: Cl [a], Cr [b], H [c], HS [d], Φ [e], S2O3 [f ]
with respect to the parameter kc associated with the chemical dissolution of the sulfide inclusion.
The values from left-to-right across the microcrevice region appear along the abscissa of the
plots, and the value of the crevice depth appears along the ordinate.
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APPENDIX : Model Parameters and Numerical Discretizations

This appendix contains the parameters that characterize the adaptation of the base case model

(Webb and Alkire21) and the numerical discretizations that are used in the current work.

Table 1: Model Species and Values of Transport Parameters

Species No. Species D i x 10
5

[

cm2

sec

]

Zi

[

equiv
mole

]

1 N a+ 1.334 1.0
2 Cl− 2.032 -1.0
3 H + 9.311 1.0
4 F e2+ 0.719 2.0
5 M n2+ 0.712 2.0
6 Cr 3+ 0.595 3.0
7 S2O2−

3 1.132 -2.0
8 H S− 1.731 -1.0
9 F eOH + 0.719 1.0
10 M nOH + 0.712 1.0
11 CrOH 2+ 0.595 2.0
12 F eCl+ 0.719 1.0
13 M nCl+ 0.712 1.0
14 H2S 1.731 0.0
15 F eCl2 0.719 0.0
16 M nCl2 0.712 0.0
17 CrCl2+ 0.595 2.0
18 CrCl+

2 0.595 1.0
19 Cr (OH )+2 0.595 2.0
20 H S2O−

3 1.132 -1.0
21 Á - -
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Table 2: Characterization of Homogeneous Reactions

Reaction Equilibrium Relationship Log10(K i)

F e2+ + H2O ⇔ F eOH + + H + K 1 =
CFeOH+ · CH+

CFe2+
-9.5

M n2+ + H20 ⇔ M nOH + + H + K 2 =
CMnOH+ · CH+

CMn2+

-10.6

Cr 3+ + H2O ⇔ CrOH 2+ + H + K 3 =
CCrOH2+ · CH+

CCr3+

-4.0

F e2+ + Cl− ⇔ F eCl+ K 4 =
CFeCl+

CFe2+ · CCl¡
0.9

M n2+ + Cl− ⇔ M nCl+ K 5 =
CMnCl+

CMn2+ · CCl¡
0.61

H2S ⇔ H S− + H + K 6 =
CHS¡ · CH+

CH2S

-7.0

S2O2−
3 + H + ⇔ H S2O−

3 K 7 =
CHS2O

¡
3

CS2O
2¡
3

· CH+

1.4

F e2+ + 2Cl− ⇔ F eCl2 K 8 =
CFeCl2

CFe2+ · C2
Cl¡

0.04

M n2+ + 2Cl− ⇔ M nCl2 K 9 =
CMnCl2

CMn2+ · C2
Cl¡

0.7

Cr 3+ + Cl− ⇔ CrCl2+ K 10 =
CCrCl2+

CCr3+ · CCl¡
1.7

Cr 3+ + 2Cl− ⇔ CrCl+
2 K 11 =

CCr(Cl)+
2

CCr3+ · C2
Cl¡

-9.7

Cr 3+ + 2H2O ⇔ Cr (OH )+2 + 2H
+ K 12 =

CCr(OH)+
2
· C2

H+

CCr3+

1.69

Table 3: Base Case Parameters

CCl¡ pH m ´ (EMnS − Eo) j o
MnS kchem

0.1M 6.0 0.02112 mV−1 150 mV 100
¹A
cm2

0.74
cm
sec

j ss w l r i r

1
¹A
cm2

0.0001 cm 0.0001 cm 0.001 cm 0.005 cm
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The following finite difference operators were used in the MOL method used to deduce the

numerical system for solution.

∂2C

∂x2

¯
¯
¯
¯
inter ior

≈ P1Cj +1 + P2Cj + P3Cj −1 where (P1, P2, P3) =
1

∆x2
(1,−2, 1) (A-1)

∂

∂x

µ
C
∂Φ

∂x

¶ ¯
¯
¯
¯
inter ior

≈ A1Ci +1Φi +1 +A2Ci +1Φi +A3Ci +1Φi−1 +A4CiΦi +1 +A5CiΦi + (A-2)

A6CiΦi−1 +A7Ci−1Φi +1 +A8Ci−1Φi +A9Ci−1Φi−1

where (A1, A2, A3, A4, A5, A6, A7, A8, A9) =
1

∆x2
(1,−1.5, 0.5,−0.5, 1,−0.5, 0.5,−1.5, 1) (A-3)

∂C

∂x

¯
¯
¯
¯
inter ior

≈ V1Ci +1 + V2Ci−1 where (V1, V2) =
1

2∆x
(1,−1) (A-4)

∂C

∂x

¯
¯
¯
¯
boundar y

≈ B1C1 +B2C2 +B3C3 where (B1, B2, B3) =
1

2∆x
(−3, 4,−1) (A-5)

C
∂Φ

∂x

¯
¯
¯
¯
boundar y

≈ C1(B1Φ1 +B2Φ2 +B3Φ3) where (B1, B2, B3) =
1

2∆x
(−3, 4,−1) (A-6)

The discretization formulas at an interior point are described in (A-7). To distinguish between

the discretization corresponding to differentiation with respect to r, respectively z, we employ

superscripts r, respectively z.

µ
∂2C

∂z2
+

1

r

∂

∂r

µ
r
∂C

∂r

¶¶
+ Z ·

µ
∂

∂z

µ
C
∂Φ

∂z

¶
+

1

r

∂

∂r

µ
rC

∂Φ

∂r

¶¶ ¯
¯
¯
¯
r i;zj

≈ (A-7)

µ
∂2C

∂z2
+

1

r

∂C

∂r
+

∂2C

∂r2

¶
+ Z ·

µ
∂

∂z

µ
C
∂Φ

∂z

¶
+

1

r

∂

∂r

µ
C
∂Φ

∂r

¶
+ C

∂Φ

∂r

¶
=

µ
P z

1 Ci;j +1 + P z
2 Ci;j + P z

3 Ci;j −1

¶
+

µ
1

ri
(V r

1 Ci +1;j + V r
2 Ci−1;j )

¶
+

µ
P r

1Ci +1;J + P r
2Ci;j + P r

3Ci−1;j )

¶
+ Z ·

·
Az

1Ci;j +1Φi;j +1 +Az
2Ci;j +1Φi;j +Az

3Ci;j +1Φi;j −1 +

Az
4Ci;j Φi;j +1 +Az

5Ci;j Φi;j +Az
6Ci;j Φi;j −1 +Az

7Ci;j −1Φi;j +1 +Az
8Ci;j −1Φi;j +Az

9Ci;j −1Φi;j −1

¸
+

Z

ri
·

·
Ar

1Ci +1;j Φi +1;j +Ar
2Ci +1;j Φi;j +Ar

3Ci +1;j Φi−1;j +Ar
4Ci;j Φi +1;j +Ar

5Ci;j Φi;j +

Ar
6Ci;j Φi−1;j +Ar

7Ci−1;j Φi +1;j +Ar
8Ci−1;j Φi;j +Ar

9Ci−1;j Φi−1;j

¸
+ Z ·

·
Ci;j (V

r
1 Φi +1;j + V r

2 Φi−1;j )

¸

Finally, the average values for sensitivities are described in Table 4. The empty entries corre-

spond to values that are below the imposed threshold of 0.01.
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Table 4: Average values for sensitivities

K 3 K 4 K 5 K 6 K 8 K 9 K 11 A B º
N a+

Cl−

H + 0:5 2:0 −0:5
F e2+ −0:5
M n2+ 0:1 0:01 1:0 2:0 0:3
Cr 3+ −0:01 0:04 0:01
S2O2−

3 1:0 2:0 1:0
H S− 0:02 0:75 0:2 0:5 1:0

F eOH +

M nOH + 0:01 0:02
CrOH 2+ 0:1 −0:1 −0:1 0:05 0:3
F eCl+ 0:5
M nCl+ 0:75 0:01 1:0 2:0 0:3

H2S 0:01 −0:01 1:0 0:5 0:5
F e(Cl)2 −0:1
M n(Cl)2 0:1 1:0 0:75 2:0 0:3
Cr (Cl)2+ 0:02
Cr (Cl)+2 0:01

Cr (OH )+2 −1:0 −0:01 1:0 −3:0 −1:0
H S2O−

3 1:0 3:0 −0:4
Á −0:1 −0:02 0:75 2:0 0:1
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LIST OF SYMBOLS

Ci concentration of species i [M ]

Cb
i bulk concentration of species i [M ]

CJ DASPK parameter to control time step size, inversely proportional to step-size [sec−1]

Di diffusion coefficient for species i
·
cm2

sec

¸

Eappl aplpied metal potential [mV (SCE)]

EM nS characteristic onset potential for electrochemical dissolution in sulfide inclusion [mV (SCE)]

F Faraday’s constant = 96, 485 C oul
equiv

fi fraction of current density going to species i

jM nS current density of electrochemical sulfide dissolution
·

A

cm2

¸

jss current density of stainless steel dissolution
·

A

cm2

¸

kc rate constant for chemical reaction
·
cm

sec

¸

Ki equilibrium constant for the ith reaction

m exponential coefficient term in the empirical fit of the electrochemical dissolution current

density for the isolated sulfide inclusion
·
M

V

¸

n∗ unit surface normal vector

N i flux of species i
·
moles

cm2sec

¸

ns the number of species in the mathematical model

nk number of electrons passed in the kth electrochemical reaction

R ideal gas constant = 8.3145 J
mol K

Ri net rate of generation of species i due to homogenous chemical reaction
·
moles

cm3sec

¸

sk
i stoichiometric coefficient of species i in reaction k

ui mobility of species i
·
cm2

V sec

¸

T temperature [K]
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