Solving Linear Systems

Ax = b
Tx =21
21
r=—=3
7

r =7 1%x21=.142857 x 21 = 2.99997



The MATLAB Backslash Operator

AX =B
X = A\B
XA=B

X = B/A



A 3-by-3 Example

10 -7 O 1
—3 2 6 o

10x1 — 7o
—3x1 + 222 + 623

561 — xo + 5x3

L3

o b~ N



0

—7
2.5

0.2

L1
L2
L3

L1
L2
L3

L1
L2
L3

6.1
2.5

2.5
6.1

2.5
6.2



6.2x3 = 6.2
2.5z5 4+ (5)(1) = 2.5.

101+ (-7)(—-1) =7

(3






LU = PA



Permutation and Triangular Matrices

permutation matrix

(0 0 0 1)
s_|1 000

0 0 1 0

\0 1 0 0/
Pxr =5

r = Plp



upper triangular matrix

(12 3 4)
s_|0o 5 6 7
0 0 8 9
\0 0 0 10/

unit lower triangular matrix

(1 0 0 0)
,_|2 1 00
3 5 1 0
\4 6 7 1)




LU Factorization

U = My 1Py 1 MaPoM1P1A

LiLp--- Ly 1 U=PFP, 1---PoPA

L=1LjLy---Lp_1
P=F, 1---PP

LU = PA
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Ly = Pb
Ur=y
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Why Is Pivoting Necessary?

10 —7 O 1 7
-3 2.099 6 xo | = | 3.901
5 —1 5 T3 o

10 —7 O x1 7
O —-0.001 6 xo | = | 6.001
O 2.5 5 3 2.5

(5+ (2.5-103)(6))z3 = (2.5 4+ (2.5 - 103)(6.001))
(5 + 1.5000 - 10M)z3 = (2.5 4+ 1.50025 - 10%)

1.5005 - 10%z3 = 1.5004 - 104
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_1.5004 - 104

= 15005.10% _ 009993

I3
—0.001z5 + (6)(0.99993) = 6.001

1.5.10"3
o —

— = —1.5
—1.0-10-3

1021 4+ (=7)(=1.5) =7

r1 = —0.35
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Effect of Roundoff Errors

error

€E — T — Tx

residual

r=>b6— Axy
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0.780 0.563)\ (x1) [0.217
0.913 0659/ \z>/) \0.254
0.780
0.913

0.913 0659\ (x1) [0.254
0 0.001) \z»/ \0.001

— 0.854 (to three places)

|

|
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_0.001

= = 1.00 (exactly),
"2~ 0.001 ( )
0.254 — 0.659x»
L1 —
0.913

= —0.443 (to three places).
—0.443
1.000

r=b—Aaz*=<

I x

0.217 — ((0.780)(—0.443) + (0.5
0.254 — ((0.913)(—0.443) + (0.6

~ {—0.000460
— \ —0.000541
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(

0.913000 0.659000
O 0.000001

)

—0.000001
ro —
0.000001
0.254 — 0.659x5
r] =

0.913
1.00000,

L]

L2

)=

= —1.00000,

0.254000
—0.000001
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Gaussian elimination with partial pivoting
IS guaranteed to produce small residuals.
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Norms and Condition Numbers

lzllp = (Y |aP)L/P
1=1

[
8

||| 1
1=1
- 2\1/2
lzlla = (X |z)®)Y
=1
lzlloo = max|z;]
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O ifz+#0

0

c|||x]| for all scalars ¢

|lz|| 4+ |ly||, (the triangle inequality)
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A
M = max v
[Eal
Az
m = min
[Eal
max 1
A _ X
o) min 1Azl

r(A) = [|Af[ A7
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Ar = b
A(x + éx) = b+ 6b
6] < M||z||

16b]| = m||o|]

| 190]]
< K(A)
{£d 6]
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bl = 13.8,

=] =1
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100]]
[0]

0.01
1.63
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|66

16
19|

[E:

0.0007246

= 1.63

1.63

k(A) > = 2249.4
0.0007246

k(A) = 2249.4
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16—
b — Az||

| A
[ Al |2
[E:
— x|
(e

pe,

prk(A)e
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|Az]]
(E4|

|Al| = max

|A|l1 = mjaxz |a; ;1
7

[ Ao

mzaxz |ai7j|
J
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Bl _
| A

16 = Az || = [[Ex]| < || E]|[[z«]

[ A[[||]]

Jols
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T —xx = AH(b— Azy)

—1
|z — ]| < LA E[ ||l

< p|lA[[|A7 Y|l
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Sparse Matrices and Band Matrices

(01 \ [ )

bo ¢ T2
a> b3 c3 L3
an—2 bp—1  cp—1 Ln—1
\ Anp—1 bn ) \ Ln )
[ 4
do \
_ | ds
dn—l
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PageRank and Markov Chains

9ij = 1, if nodej — node;
Cjzzgija T’i:zgij
2 J

a;j = pgz’j/cj + 9, where § = (1 —p)/n.

r = Ax

in:l
)
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(I —A)x=0

xr = Ax

x = (p(?—l—éeeT)a:
T

ecx=1

(I — pG)x = de
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[U,G] = surfer(’http: ... ?);

C
D

b

sum (G)
spdiags(1./c’,0,n,n)
.85

delta = (1-p)/n

e
I

X

ones(n,1)
speye (n,n)
(I - p*GxD)\(deltaxe)

36



Power method

while termination_test
X = Axx;

end

37



Inverse iteration

(I - A)\e

x = x/sum(x)

38



