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1 RELATIONSHIP TO THE MODEL BY
BITTERLI AND D’EON [Bitterli and d’Eon
2022]

Our model and the model by Bitterli and d’Eon [2022] are related.

They have different formulations, but their formulations can be

proved equivalent for specific bounces. In this section, we provide

the formulation of these two models in Sec. 1.1 and then prove

their equivalence for specific bounces (2 and 3) in Sec. 1.2.

1.1 Formulation of two models

Our model. We follow the multiple-bounce BRDF model by Wang
et al. [2022], defining the contribution of a light path with vertex
terms and segment terms. In our model, the contribution of a light
path includes vertex terms and a segment term:

i=k—1
f®) =( [ Ui)Sk(do, dis....dp), (1)
i=0
where the segment term S; has the formulation, as also shown in
the main text:
1

1+ A(=dg) +A(dy)’

0, ifdg.z > O or dg.z < 0, (2)
Sk (do,- -, dk) = 151 (do, di) (Sg-1 (do. - ... dg—1) +

Sk—1 (d1,...,dg)), otherwise.

S1 (do,d1) =

The model by Bitterli and d’Eon [2022]. Bitterli and d’Eon [2022]
perform a preintegration of the height component, using an ex-
plicit formulation of the height distribution as a hyperexponen-
tial distribution, resulting in an angular domain-only formulation.
Their final formulation includes a phase function and a pexit:

i=k—1

fx) = ( n fp(di,di+1)) Pexit (do, d1, ..., dg), 3)
i=0
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where f}, is the phase function of the scattering, as defined by Heitz
et al. [2016]:

F (i, p) Do; (@)
ﬁo = b e ) (4)

4 oy, - il

The pexit is the probability of a photon exiting the medium, con-

ditioned on the directions it takes after each collision, defined as:
ai,j

Ni
Pexit(do, d1,...,dg) = ; m (5)

Ni, a; j, b;j are the number and coefficients of exponentials in
the i-th height distribution, where:

a1 = b1 =A(dg), N1 =1,

at = 45) K(di)~bi;° if j < Nis1,
o Z;\]:il —ajt1,j,  else,
! bij if j < Nit1 L 7 (6)
= LJ> i+1, A
bi+1,j = { A(d;), else, and Ny, =N; +1,

A(d;) 1

T — .. (I~
iv1,j = 4ij m i+1,j = bij and N;\ ) = Ni.

The superscripted arrow is the direction of the i-th bounce.
Note that, their model model might have singularities, which
come from the minus of two A functions.

Comparison between two models. This peyit from Bitterli and
d’Eon [2022] is similar but not equivalent to our segment term,
since some terms in their peyit are included in our vertex term.
The relationship between our path segment term and the peyis is:

i=k—-1

pexie(do,d1,....,dg) = ( [T 1aal

i=0

Sk(do,d1,...,dg). (7)

1.2 Equivalence derivation between two
models

We find that Bitterli and d’Eon [2022]’s model and ours are equiv-
alent for specific bounces. Here, we provide explicit derivations of
equivalence between their model and ours for specific paths with
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Algorithm 1: SegmentTerm

Algorithm 2: Sample

class SegmentTerm(A,) //
def m « 1
def N <0
def e[], g[].1[]
function addBounce(Ag)
if Ay < 0Othen // Downwards
NeN+1
I[N]  |Agl
1
e[N] - A0+‘Ak|
gIN] <0

m e« m-e[N]|// cache the results when

Initialize Ao

sampled rays are only downwards
else // Upwards
if m = 0 then
g9[N]
| 9IN] < x4
else // Tnitialize g

V[N]*ﬁm

m«0

fori — N - 1 .1do
+g[z+1]
t U v i

unction getSy ()
if m# 0then // Return results if cached
L return m

=y

s« 0
fori < N..1do
Ls<—e - (s+gli])

return s

2 or 3 bounces. However, it is non-trivial to generalize to arbitrary
bounces.

Equivalence derivation for light path with two bounces.

N;
. NG
pex1t(d0)d1,d2) = Z bi,j +A(dk)
_1A(do)! AL A (dg)| - et

AT = TA(o)] TAWD = TA(d)]
A(dz) + [A(do)] A(dz) + [A(dy)]
_ 1A(do)] - 1A(dy)] ( 1 1 )

1A(dD)] = [A(do)| \ A(d2) +[A(do)|  A(d2) +|A(d1)]

_ 1A(do)[ - [A(d)] (A(d2) +1A(d1)] - (A(d2) + IA(do)I))
[A(d1)] = [A(do)| \ (A(d2) +[A(do) ) (A(d2) +|A(d1)])
_ 1A(do)[ - [A(d)] ( |A(dD)] - A(do)] )
[A(d1)] = [A(do)] \ (A(d2) +[A(do)) (A(d2) +|A(d1)])

_ [A(do)| - [A(d1)]
(A(d2) + [A(do) ) (A(d2) +[A(d1)])

i=k-1
=( [T 1@l

i=0

Sk(do,d1,d2).

Result: weight w and direction dj
pe—1// pdf
k<« 0 // bounce
we«1// weight
do — —wj
while true do
(dk-prwi) < sample(dy_1)
W W wg
PP Pk
if d..z > 0 then
1
1 < R
if rand() < G; then // the ray continues
the tracing with G; as the probablity

‘ pep-G
break;
else
L pe—p-(1-Gyp)
k—k+1
if k > maxBounce then
| break;
W — W - Sk(do, ceny dk)
w — %

Algorithm 3: Eval

function eval(w;, wo)

SegmentTerm s(A(wp))// initializing
f«0// result

k0 // bounce

w e« 1// weight

do « —w;

while true do

s.addBounce(A(dg))

ke—k+1

if k >=rrDepth then

if rand() > g then
| break;

W, .
W — 7/'/ russian roulette

f e f+w-o(dg wo) - s.getSk ()
if k > maxBounce then

| break;
dg+1,pk < sample(dy)

w  woldidir)
L Pk

return f

Equivalence derivation for light path with three bounces.

@
Pexit (do,d1,do,d3) = Z #/i(dk)
i,j
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Ay Alds)
IAdo)| TRy [A@)] * ATd)+TAM@D]

A(d3) +[A(do)]

[A(d1)] . A(dz)
[A(d1)[-[A(do)[ ~ A(d2)+[A(dy)]

A(d3) +|A(dy)]
_ |A(do)[ - [A(d1)] - [A(d2)]
(IA(dD)[ = [A(do)]) (JA (d1) [+ A (d2))
1
(1A (d1) [+ A (ds)) (JA (do) [+ A (d2)) (JA (do) | + A (d3))

: (IA (do) |- A(d3) = |A(do) | - A (d2) +[A (do) |?

—A(do)| -

+

—[A(d1) |- A(d3) +|A(d1) [- A(d2) - |A(d1) |2)
_ |A(do)[ - [A(d1)] - A(d2)
(1A (d1) [ +A(d2)) (IA(do) | +A(d3))

1 1
'(|A<do>|+A(d2> i |A<d1>|+A(d3>)

i=k-1
=( 1 |A<di>|)5k(do,d1,d2,d3>.

i=0

2 IMPLEMENTATION DETAILS

In this section, we provide the pseudo-code for our models (both
BRDF evaluation and sample) and show the explicit implementa-
tion difference between Bitterli and d’Eon [2022] and our model.

2.1 Implementation details of our model

Evaluation. We provide the pseudo-code of our BRDF evalua-
tion with the unidirectional estimator in Alg. 3 and further show
the detailed implementation of our segment term using dynamic
programming in Alg. 1.

Sample. We show the multiple-bounce BRDF sample in Alg. 2.
At each bounce, we sample the VNDF to get the outgoing direction
and then compute the masking function (G; function) of the sam-
pled ray to decide whether to exit the microgeometry. Otherwise,
we treat the sampled direction as the incoming direction and con-
tinue sampling until the ray leaves the surface. After getting such
a light path, we compute the path contribution by evaluating the
light path divided by the PDF. Using the masking function of the
last sampled ray as the exit probability enables satisfying results
with less time cost, while using the entire sampled path to compute
the exit probability introduces a large time overhead.

BDPT. The bidirectional estimator is the same as Wang et
al. [2022], except for the segment term. We did not provide the re-
sults of Bitterli and d’Eon [2022] (BDPT), since we can not get the
correct results after implementing their pseudo-code. We also find
that their algorithm does not provide an expected result (single-
bounce microfacet BRDF, even set the path length as 2).

2.2 Implementation comparison between our
model and Bitterli and d’Eon

In this section, we compare the implementation details between
our segment term and the peyit by Bitterli and d’Eon [2022]. We
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Algorithm 4: SegmentTerm (Ours)

class SegmentTerm(A,)
N0

me1

def e[],g[1.1[]
function addBounce(Ag)

if Ay <0 then
N<N+1
I[N] « |A]
e[N] (_A¢)+|Ak|
gIN] <0

m e« m-e[N]

else
if m = 0 then
g[N]
| 9Nl = x4

else
L 9IN] < Rimy

m« 0

fori — N-1...1do

. glil+g[i+1]
| ot — R

unction getSy ()

if m # 0 then
L return m

=

s—0

fori < N...1do
| s —elil - (s+glil)

return s

have highlighted the main parts of our algorithm in Alg. 4 and their
algorithm in Alg. 5.

The different formulations of the two algorithms lead to differ-
ent performances. In the end, our method has less time cost when
rendered with an equal sample rate.

3 MORE RESULTS

As shown in Figure 1, our PDF is less accurate for anisotropic
BRDFs than for isotropic media, since our mapping function aver-
ages the roughness for anisotropic BRDFs. Even though, our PDF
is still better than the single bounce + the Lambertian term approx-
imation.
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Figure 1: Comparison between our improved PDF, the previ-
ous solution (single bounce + the Lambertian term) by Heitz
etal. [2016] and the ground truth using the multiple-bounce
BRDF reflectance.
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Algorithm 5: HeightDistribution (Bitterli and d’Eon)

class HeightDistribution(A,)
def N, a[],b[]

function addBounce(Ag)
if N =0 then

(1[1] — Ak

b[1] « Ag

N« N+1

Ise if A; < 0 then

o

fori < 1..N do
| alil < alil 5 2

a[N+1] «< 0

fori < 1..N do
L a[N+1] « a[N+1]-ali]

b[N+1]<—Ak
N<N+1

else

fori < 1..N do
L ali] < ali] —Akﬁ;;[l.]

a[N+1] «< 0
B[N +1] — —Ag

function getP oyt ()

s« 0

fori < 1..N do

ali]
L S S+ Rl

return s
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