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ABSTRACT

The recursie dubling algorithm as deloped by Stone can be used to sadvtidiagonal linear system of
size n on a parallel computer wittn processors usin@ (logn) parallel arithmetic steps. In this paper
we give a Imited processorersion of the recurge doubling algorithm for the solution of tridiagonal linear

. n . . .
systems usingO ( B +logp) parallel arithmetic steps on a parallel computer with< n processors.

The main technique relies oast parallel prefix algorithms, which can be efficiently mapped onyiherh
cube architecture using the binary-reflected Gray cé@e. p << n this algorithm achiees linear speed-
up and constant fiency over its sequential implementation as well asrahe sequential LU decomposi-
tion algorithm. These results are confirmed by numerixpéements obtained on an Intel iPSC/dfpér-
cube multiprocessor.

Categories and Subject Descriptors2 A [Analysis of Algorithms and Problem Complexity): Numerical
Algorithms and Problem&omputations on matricess.1.0 Numerical Analysig): GeneralNumerical
algorithms, parallel algorithmsG.1.3 [Numerical Analysig: Numerical Linear Algebrd-inear systems
(direct and iterative methods§.4 [Numerical Analysisl: Mathematical Softare-Algorithms Analysis,
Efficiency C.1.2 [Processor Achitectureg: Multiple Data Stream Architectures (Multiprocessaviti-
ple-instruction-stream, multiple-data-stream procesgdiMD)

General Terms: Tridiagonal systems, hypercube multiprocessors

Additional Key Words and Phrases: Recwesibubling, mapping, binary-reflected Gray code, parallel pre-
fix, LU decomposition, speed-up and efficignc



1. INTRODUCTION
We ae interested in solving the following system of linear equations

Ax=d 1)

where A is a (honsymmetric) tridiagonal matrix of order

nbo Co 0
Ua; by ¢ O
E a, by ¢ E
A=0 O
O ] ) O
0 O
O an-2 bn—2 Ch-2 O
O an-1 bn—l u
and x and d are vectors of dimensiom
X:(XOIle" 1Xn—21xn—1)T

d:(do,dl,..,dn_z,dn_l)T .

We dall assume thah , x and d have real coefficients. Extension to the compbase is straight-
forward. Tridiagonal systems of equations appear frequently in the solution of partial differential equa-
tions, cubic spline interpolation, and in numerous other areas of science and engineering. There has been a
considerable amount of work to sel{l) on parallel computers; see, for example, tiwéeve articles [4],
[13], and [19]. More recently Johnsson, et héve devdoped algorithms to soévaich systems on ensem-
ble architectures [5,6,7,8]. The recwesibubling algorithm is one of the first algorithms that has resulted
from considering parallelism in computation. This approach relates the LDU decompositfortafirst
and second order linear recurrences. The well known relationship between (1) and linear recuasences w
utilized by Stone to delop an algorithm to sol/(1) in O(logn) parallel arithmetic steps witm pro-
cessors [18]. This algorithm can be generalized toedmnded linear systems as well [9].

The recursie doubling algorithm is suitable when a large number of processing elementgifre a
able, such as the Connection Machime.this paper we ge a Imited processor version of the recwesi
doubling algorithm on hypercube multiprocessor architectures withn processors. This algorithm is
more suitable for hypercubes of smaller dimension such as the Caltech Hypercube, the Intel iPSC series,
and the NCUBE. W show that the limited processor version recuestbubling algorithm solves a tridiag-

onal system of sizen with arithmetic compleity O( — +logp) and communication compidy

O(logp) on a hypercube multiprocessor withp processors. The algorithm becomes mofiieht if
p < <n. The main techniques rely oast parallel prefix algorithms for which we describe ditieht
mapping using the binary-reflected Gray code. These techniques can alderukee to sol banded or
block tridiagonal linear systems.

We compare the algorithm proposed here to the LU decomposition algorithm and to a seqgaential v
sion of the recurse dubling algorithms. The theoretical estimates for speed-up éictedy, as well as
the experimental results on an Intel iIPSC/¢gpdrcube multiprocessor indicate that the limited processor
recursve doubling algorithm achiees linear speed-up and its efficignis more than 0.5.

2. THE LU DECOMPOSITION ALGORITHM

One of the most efficieniisting sequential algorithms for solving (1) relies on tHé decomposi-
tion of A ; see, for example, [2]. Herd is decomposed into a product ofaidiagonal matrices. and
U as follows :
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The algorithm then proceeds to slfor y from Ly =d and then findsx by solving U x =y . More
precisely the LU decomposition algorithm ( the LU Algorithm ) to seliie system (1) consists of the fol-
lowing steps:

The LU Algorithm
Step 1.Compute LU decomposition of given by

fo = Dby

e=g/f4 l<isn-1

fi=b-e*¢, 1<isn-1
Step 2.Solwe for y from Ly =d using

Yo = do

yi=di-e*y; l<isn-1
Step 3.Computex by solving U x =y using

Xn-1 = Yn-1/ foa
Xi=(Vi=C*Xis )/ T 0<isn-2

We record the number of arithmetic operations required by the algorithm as
THEOREM 1.

The LU Algorithm solves the tridiagonal linear system of sizaising 8n — 7 arithmetic opea-
tions.

PROOF.

The proof is straightforard counting of the number of multiplication, division and subtraction-oper
ations performed iSteps 1, 2and3 abore. ®

2. SOLUTION OF TRIDIAGONAL SYSTEMS USING PREFIX ALGORITHMS
The equation (1) can be represented as a three-term recurrence relation
g Xi-1 + by X + G Xj41 = 0 2
for 1<i<n-2 with
bo Xo + Co X1 = dg
an-1 Xn-2 + Bp-g Xp-a = dpg -

Define ag=c,1 =1 ad x4 =x,=0. Then with this cowention, the relation in (2) holds for
O<isn-1.
Solving for x;.; in equation (2) we get
bi q di

Xsg =—— Xj — — Xjg + — . 3
i+1 G i C i-1 G ()



Here we assume that adl 's are nonzero, since otherwise the system of equations can be brokendnto tw
decoupled tridiagonal systems which can then be treated sep&gatehg

(3) can be rewritten as
Xi+1 = Qi Xi + Bi Xi-1 + H
forO<i<n-1 .This recurrence formula can be put in a matrix form neatly as
Xiap Hai B vl X g
ox 0=51 0 oYpgx, 0
010 p[o o 11 @

which is essentially the same idea@eped in [18]. Nov define

0% o Oai B n O
Xi = OXi—1 [ and B = 51 0 og.
010 00 0 1
Then we may write
Xi1=B X, 0<is<n-1 )

This matrix recursion formula alles us to calculate allX; for 1<i < n-1 provided that the initial gc-
tor X, is available. Since
g g ofg
Xo=0x0=000
Uq 0 0Oq10

all we need is to calculate, to start the computation. Monote that by repeated application of (4) we
obtain

X1 =By Xp

Xy =By X1 =By By Xp

Xn = Bn-1 Bn2 -+ By By X
Now let
Ci:BiBi—l"'BlBO 0<isn-1.
Then X, =C,-1 Xy, or more explicitly
0% g H9o 901 Y020 %

OXp-1 0= D910 J11 912 O OX-1 0O
O O
U1 0730 0 1bz1d

where

0900 Y01 Y02 0
Cp1= Bglo 011 912 E
g0 O 1

and the g; depend anda; , 5, y; for 0<i<n-1. Snce x, = X4 =0, by multiplying the first rav
of C,; with X, we obtain

0=0oo Xo *+ do2 »



which gives 15 xg as
902
Xo=—— . ®)
° Yoo

Once X, is available in this mannemwe @an calculate allX; for 1<i <n-1 by using the matrix recur
sion formula X; = Ci_; X; .

The sequential prefix algorithm ( The SP Algorithm ) to sdhe tridiagonal system (1) thus pro-
ceeds as follows :

The SPAlgorithm
Step 1.Form the matricesB; for 0<i<n-1 using

and
Bai Bi Vig
B=251 0 07.
00 0 1

Step 2.Compute the chain products; by
Co = BO

CizBiCi—l 1<isn-1
Step 3.Denote C,,.; computed irStep 2by

0900 Y01 Y02 0
Cp1= Bglo 011 912 g .
0o 0 1
Compute x, and henceX, using

xo=— 32
Joo

p* g g*opg
Xo=0Ox1 0,00 O -
U1 0 090
Step 4.Compute X; and hencex; using
Xi 0
Xi = 0O%j—1 0= Ci—1 Xo l<i<n-1
0q 0

Step 2of this algorithm essentially calculates prefixes of the matric8g, B; , By, -, By—1)
(here we imagine that the matrix products in performedvarse order). If this algorithm is used to selv
a tridiagonal system of dimension sequentiallythen O(n) arithmetic operations suffice, but the algo-
rithm turns out to be slightly less efficient then the LU Algorithevertheless it is more suitable forfief
cient implementation on a parallel machine than the LU Algorithm.

THEOREM 2.

The SP Algorithm for the solution of the trigamal linear system of equations (lgquires
15n - 11 arithmetic operations.

PROOF.



Step lrequires 3 divisions to form theB; matrices. InStep 2we perform n — 1 matrix multi-
plications to compute theC; matrices, but because of the special structure of the matrices each matrix
multiplication can be performed using floating-point multiplications and4 floating-point additions.
HenceStep 2requires @ n—1) multiplications and4 (n-1) additions. Step 3is a single division. In
Step 4to compute allx; for 1<i<n-1 we perform n-1 multiplications andn -1 additions. Thus
the total number of arithmetic operations sums tan £511 . ©®

3. PARALLEL PREFIX ALGORITHMS ON HYPERCUBE MULTIPROCESSORS

In this section we shothat the prefix algorithm for the solution of a tridiagonal linear system of
equations can implemented efficiently on hypercube multiprocessors.

Step 2of the SP algorithm where the prefsxof the matriceg By, B1 , -+, B,—1 ) are computed is
the bottleneck point in the algorithm. An efficient parallel implementation of the reewdsibling algo-
rithm depends on hoefficiently this computation can be performeédarious parallel algorithms ke been
developed for prefix computation [10] [11]. The prefixes of the quantifje ,d;, -+, dn-1) Can be
computed inlogn stepd given n processors. Hereach step consists of a suitably defined binary opera-
tion performed in ayof the identical processorsofF n = 8 the parallel prefix algorithm isggn in Fgure
1. This algorithm is the same as the algorithmergin [10] and [18]. For simplicity we denote the product
block gjQj-1..0+1 G as ji . For exampleq; gs gs g4 is denoted by the pair 4 .

If the elementq; is initially allocated to processop; then at stepk , for 1< k <logn, processor
p; sends its data to processq@; where j =i + 21 Processor p; receves this data and multiplies
with its own and writes the result where its data resides.

The implementation of this algorithm on a hypercube multiprocessor will be efficient only if the
communication requirements of this algorithm are minimal. This requires that we map the parallel prefix
algorithm efficiently on the cube. First wevsgia cfinition of a hypercube connected parallel computer:

Definition: Hyperccube connected parallel computéf: p =29 and by ---b; is the binary representation
of b for bO[O0,..,p-1] ad b" is the number whose binary representation is
bg...bi41bibi_; - - -by , where by is the complement ob; and 1<i <d then in a hypercube connected
computey processing elemenb is connected to processing elemdft , for 1<i<d [15,16,17].

Now we gve the definition of the binary-reflected Gray code and a lemma related to the mapping of
the parallel prefix algorithm on the cube:

Definition: Binary-reflected Gray code: G(b) =9q40q4-1---91 of a d bit binary number
b= byby-1---b; is defined by setting [14]

gi=b +by mod2, fori=21,2,..,d-1, gq=Dhby

LEMMA 1.

If b and c are two d -bit binary numbers such th&i<b<29-1-2* and c=b + 2 then
the Hamming distance betwedg(b) and G(c) is 1 if k=1 and 2 if 2<k<d . Furthermore the
communication paths are disjoint.

( For proof see Lemma 5.1 in [6].)

Thus we allocate the element to processorG (i ). The parallel prefix algorithm requires that at
step k for 1<k <logn, the node to which elemerd; is allocated should communicate with the node
to which elementq;, - is allocated. The distance between nodeé3(i) and G(i+2%1) is 1 if
k=1 and 2 if 2<k<logn. Hence we see that by making use of the properties of a Gray code, local-
ity is achieed at he sole expense of slightly increasing the number of routing instrucfidvestypercube
implementation of the parallel prefix algorithm proposed here requires at most twice the number of routing
instructions of a fully-connected system implementation.

The following pseudo-code shows the required computations. This code runs in all nhodes concur
rently. The binary address of each node is returned when the subrontideid () is clled. The

T All logarithms are base 2.
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subroutineG™ (.) converts from Gray code to binary cod&or example G™ (110 )= 100 .Initially the
node G (i) contains the elemengj; . This element, which is local to nod8 (i ) , is denoted byQ . At
the end of the computation node (i) contains the productyy q; - - g; . Without loss of generality we
assume than =29 .

PROCEDURE Brallel_Prefix (n, Q)
i =G (nodeid())
FOR k=1 TO logn DO BEGIN
IFi0{0,..,n-1-21} THEN
SEND Q TO PROCESSORG (i +21)
IFiO{2%', ..,n-1} THEN
RECEIVE temp Q
Q=tempQ* Q
END FOR
END PROCEDURE.

Thus we hae te following lemma:
LEMMA 2.

The prefixes olh dements can be computed logn arithmetic and in2 logn — 1 communication
steps on a hypercube with nodes.
PROOF.

It follows from Lemma 2 that the first step will co&t arithmetic and 1 communication stepThe
remaining steps cost lag— 1 aithmetic and2 (logn — 1) communication steps®

Now we sippose that we e p processors withp < n and m p=n. Then the prefixes oh ele-
ments are computed as follows: we allocateelements to each processor and perform sequential prefix at
each processor to find prefixes of these elements. Then we find prefixes pfgheduct blocks by per
forming the parallel prefix algorithmProcessori sends this product to processo# 1 for 0<i<n-2
and this element is multiplied with each element in the processor except the labtitaley we allocate
the elementsq.1ym-1, di+1ym—=2 ., ***» Gm t0 nNode G (i ). These elements, which are local to node
G(i),are denotedQ; ,Q,,..,Q . After the sequential prefix at each node we obtain a product block
at each node. This result

Q1 Q2 - Qm = Jg+nym-1 Ag+1ym-2 * * * Cim
also resides in nod& (i ) . At the end of all computations the no@( i) contains the products

o d1 92 - - dg+1ym-1

Go 91 G2 - - Y+1ym-1 Y(+1)m-2

Qo d1 92 - - d+1ym-1 d+1)m-2 - - dim

The following code shows the required computations:

PROCEDURE Brallel_Prefix (n, p,Q1,Q2,..,Qn) { limited processor casen=m p }
i =G Y(nodeid())
FOR k=2 TO m DO BEGIN
Qk = Qk * Q1
END FOR
FOR k=1 TO logn DO BEGIN
IFi0{0,..,n-1-2%} THEN
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SEND Q,, TO PROCESSORG (i +21)
IFiO{2%",..,n-1} THEN
RECEIVE temp Qp,

Qm =temp Qm * Qm
END FOR

IFi0{0,..,n-1-2"} THEN
SEND Q,, TO PROCESSORG (i +1)
IFiO{1,..,n-1} THEN
RECEIVE temp Qp,
FOR k=1 TO m-1 DO BEGIN
Qk = temp Qp, * Q
END FOR
END PROCEDURE.

LEMMA 2.
The prefixes ofn=m p dements can be performed iB% +log p -2 arithmetic and 2 logp

communication steps on a hypercube withnodes.
PROOF.

First we perform sequential prefix computation which costs- 1 aithmetic steps. The parallel
prefix costslog p arithmetic and2 logp —1 communication steps according to Lemma 2. The transfer
of the last element of each block to the next processor wél takmmmunication step. Then we multiply
this element with each element in the processoept the last one which will takm — 1 aithmetic steps.
Thus the total number of arithmetic and communication steps becmerlogp -2 and 2logp,
respectiely. ©

In Figure 2 we illustrate the limited processor parallel prefix algorithm for the valuas=df2 and

: L 12 . :
p=4.Thus ittales 2log4=4 communication steps and 7 +log4-2=6 aithmetic steps to com-
pute prefixes ofl2 terms with 4 processors.

For parallel implementation of the SP Algorithm ( henceforth called the PP Algorithm ) we allocate
m matrices to each processor and perform the limited processor parallel prefix algorithm with these matri-
ces. Considering all four steps of the SP algorithm for the solution of (1)weeheafollowing theorem:

THEOREM 3.
n
The PP Algorithm solves (1) with=m p n 35B +20logp — 29 parallel arithmetic and

13 logp communication steps on a hypercube wiithnodes.
PROOF.
Step 1is performed in 3n divisions since there aren matrices allocated to each processor.

Step Zhas 3 substeps. In the first we perform sequential prefix at each proBessmse of the spe-
cial structure of the matrices each matrix multiplication is performed @ithultiplications and4 addi-
tions. Hence the first substep codf8 (m - 1) aithmetic operations. In the second substeftep 2we
perform parallel prefix using these product block® Mée some of the structure in the matriceslired
and perform matrix multiplication usind2 multiplications and 8 addition§hus the parallel prefix step
will take 20 logp arithmetic steps. Since only the firstotwows of the matrices need to be communicated,
the parallel prefix step will tak 6 (2 logp — 1) communication steps. In the third substeBStép 2we
first send the product block in processBr(i ) to processorG (i +1) which will cost 6 communica-
tion steps. Then we multiply this element with all the elements in the processor except the |133tione.
substep cost20 (m—1) aithmetic steps since the matrices are multiplied with floating-pointmulti-
plications and8 floating-point additions.
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In Step 3processor p — 1, which holds the matrixC,_; , calculates x, by performing a single
division, and thenx, is broadcast to all other processors. This operation can be perforniegl pn com-
munication steps by embedding a suitable tree of démjlp [15,16]. InStep 4we calculate allx; by
performing m multiplications andm additions per processoiThe total result follows by summing the
number of arithmetic operations and communication stéps.

Step ArithmeticCompleity CommunicationComplexity

1 3m -

2 0 (m-1)+20Ilogp 12 logp

3 1 logp

4 2m -
Total 35m+ 20 logp - 29 13log p

Finally it is interesting to obseevthat an SIMD system with processor masking capability is ade-
guate for the algorithm although in actuaperiments we used the Intel iPSC/d5 which is an MIMD sys-
tem.

5. ESTIMATED SPEED-UP AND EFFICIENCY

The speed-up andfifieng of the PP Algorithm with respect to the LU and the SP Algorithms can
be estimated using the arithmetic and communication complexity figures foundughg We haveper-
formed e&periments, similar to those mentioned in [12], on the Intel iPSC/d5 hypercube running XENIX
286 R3.4 and iPSC Sofare R3.1 to measure the time it takes to perform a floating-point operation
( Tcomp), @nd the time it tads to transfer a floating-point number to an adjacent nogdg,{). Theexperi-
ments indicated that.,y,,= 0. 058 milliseconds for floating-point multiplication, ant.qmm= 1. 48 mil-
liseconds. Usinghese we can estimate the speed-up of the PP Algorithm with respect to the LU and the SP
Algorithms as

Ty (8n_7)rcomp

SppiLu = Too = n
PP ( 35 E +20 |ng -29 )Tcomp+ ( 13 Iog p ) Tcomm

’

S :E: (15n—ll)rcomp
PRISP = T n B .
(35 P 20 logp - 29 )Tcomp (131logp) 7comm

Similarly the eficiency of the PP Algorithm with respect to the LU and the SP Algorithms is found

as
E :SPP/LU - (8n_7)rcomp
PRILY p (35n+20plogp-29p) Tcomp+(13 plogp) rcomm
E _ Sprisp _ (15n-11)7comp
PPISP = =

p (35n+20plogp_29p)Tcomp+(13plogp)rcomm

The results are shown in Table 1 for the valuepof 32 .

6. EXPERIMENTAL RESULTS AND CONCLUSIONS

We haveexperimented on an Intel iPSC/d5 hypercube system for the valuashstween 32 and
8192 .The LU and the SP algorithms were run on a single node and the PP algorithm waslrunan
3, 4 aad 5 dimensionasubcubes. The initial loading of the data was not taken into accountyfof an
these algorithms. Thexperiments were done to compute the cubic spline approximation of some random
data. The types of tridiagonal matrices that arise in cubic spline approximation are diagonally dominant and
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mostly symmetric [1]. It has been st that some stability problems arise in the use of the reeudsu-
bling algorithm when the size of system is large [3]. Since the size of memory on the Intel iPSC/d5 is
about 300 kilobytes/node, experimentation was kept to tridiagonal systems of size no more than 8192.

The computation and communication time were measured usirodptt€ ) routine at the bginning
and end of each program. The timings of the LU, thea®PPP algorithms are\gn in Table 2 in millisec-
onds. Usinghese data we can compute the measured speed-upfiai@hgf of the PP Algorithm with
respect to its sequential counterparts. These am@rshoTable 3 for the value op = 32 (comparelable
1 to Table 3). Also, in Figures 3a, and 3b wewhbe estimated and measureticéncy of the PP Algo-
rithm with respect to LU algorithm as a function of dimension of the cubedioes of n = 4096 and
n = 8192 ,respectiely. Smilarly, the PP Algorithm is compared to the SP Algorithm in Figures 4a and 4b
The small differences between the estimated and measaless\are due to the fact that we assumed all
floating-point operations takthe same amount of time, and alserbead factors, such as loop control,
memory fetch etc. were not taken into account.

The experimental results V& hown the proposed algorithm achés linear speed-up and itsfief
cieng/ is smewhere between 0.50 and 0.60.
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Table 1. Estimated speed-up and efficigrior p =32

n Spiu | Sprise | Eppitu | Epeise
32 0.14 0.27 0.004 | 0.008

64 0.28 0.53 0.009 | 0.017
128 0.54 1.02 0.017 | 0.032
256 1.02 1.01 0.032 | 0.060
512 1.79 3.35 0.056 | 0.105
1024 2.87 5.39 0.090 | 0.168
2048 4.13 7.74 0.129 | 0.242
4096 5.28 9.89 0.165 | 0.309
8192 6.13 | 11.49 0.192 | 0.359
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Table 2. The timings of the LU, SP and PP Algorithms (in milliseconds)

0 LU sp PP PP PP PP PP
p=2 p=4 p=8 p=16 p=32
32 15 40 40 30 25 25 75
64 30 75 80 45 35 60 85
128 60 155 155 85 55 65 90
256 120 315 310 160 95 80 100
512 235 625 615 315 165 125 120
1024 | 480 1250 1225 620 320 210 150
2048 960 2495| 2445 1230 625 370 230
4096 | 1920| 4990 4885 2450 1235 655 400
8192 | 3840| 9990, 9775 4895 2455 1260 685
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Table 3. Measured speed-up and efficigrior p =32

n Spiu | Sprise | Eppitu | Epeise
32 0.20 0.53 0.006 | 0.017

64 0.35 0.88 0.011 | 0.028
128 0.67 1.72 0.021 | 0.054
256 1.20 3.15 0.038 | 0.098
512 1.96 5.21 0.061 | 0.163
1024 3.20 8.33 0.100 | 0.260
2048 4.17 | 10.85 0.130 | 0.339
4096 4.80 | 12.47 0.150 | 0.390
8192 561 | 14.58 0.175 | 0.456




