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ABSTRA CT

No v el algorithms based on the Discrete F ourier T ransform (DFT) are prop osed to es-

timate the size of relations resulting from join op erations. W e start with an approac h in

whic h the frequency distribution v alues are transformed using the DFT and the F ourier

co e�cien ts are used to construct histograms. Our main con tribution is a direct approac h

whic h uses the amplitudes of the DFT co e�cien ts iterativ ely . The prop osed algorithm

giv es the exact join size using logarithmic space for the sp ecial case of self join. A gener-

alization to compute the join of arbitrary relations is then used to dev elop t w o tree-based

tec hniques that pro vide a sp ectrum of algorithms whic h in terp olate storage requiremen ts

v ersus accuracy of the estimation obtained. Finally , w e presen t exp erimen tal results to

exhibit the e�ectiv eness of our approac h.

Keywor ds: Database join, histogram, query optimization, Discrete F ourier T ransform.

1. In tro duction

Query optimization is an imp ortan t issue in Database Managemen t Systems

(DBMSs). There ma y b e sev eral w a ys for executing a giv en query . Finding all

these di�eren t access plans and deciding the b est one ma y not b e practical for

a user. As a result, DBMSs need to p erform this complex optimization pro cess

b y themselv es. F or this reason, most DBMSs use a comp onen t called the query

optimizer. The aim of query optimizers in relational database systems is to select

the most e�cien t w a y among all p ossible w a ys of executing a query . In practice

this pro cess requires appro ximating the cost of p ossible execution sequences and

selecting the c heap est one in terms of a cost metric, whic h is usually the cum ulativ e

size of in termediate op erations. Ev en though these p ossible w a ys result in the same

answ er, their execution sequence ma y b e di�eren t, and hence they ma y result in

di�eren t execution costs. A necessary pro cedure in estimating the execution cost of

a query is to estimate the result size of eac h op eration in eac h p ossible execution

sequence. This information dep ends on the frequency distribution of the underlying

data. In practice, most database systems store summarized information ab out the

frequency distribution (or �nd it dynamically when needed) and use this information

�
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to estimate the result size of v arious op erations and then the cost of the executions.

The accuracy of this appro ximation is crucial to the p erformance of the database

systems. A small error in tro duced in the execution of a p ortion of the query can

gro w exp onen tially and a�ect the o v erall p erformance considerably

7

.

In this pap er, w e prop ose no v el tec hniques based on the Discr ete F ourier T r ans-

form (DFT) to estimate the size of relations resulting from join op erations. T radi-

tionally , the frequency distributions of the underlying data is stored in the form of

histograms. As a �rst approac h, w e also use histograms for appro ximation, but in-

stead of constructing the histogram directly , w e �rst apply DFT, and then construct

the histogram based on the amplitudes of the F ourier co e�cien ts. If w e consider the

frequency v ector of an attribute as a time domain signal then the DFT co e�cien ts

represen t the frequency c haracteristics of this signal. W e base our histogram con-

struction approac h on the end-biase d approac h

8

, where the most frequen t v alues

are stored in the histogram as the �rst few v alues, and the rest are a v eraged. F or

man y time domain signal distributions, the �rst few DFT co e�cien ts dominate the

represen tation of the signal. Th us b y storing the �rst few DFT co e�cien ts pre-

cisely and b y a v eraging the rest of the co e�cien ts in the histogram, the DFT based

approac h promises to pro vide a go o d appro ximation of the original data frequency

distribution.

The second approac h is the iterated application of DFT to the frequency dis-

tribution v alues mo dulo the phase information whic h allo ws a logarithmic size rep-

resen tation of a giv en v ector. The algorithms based on this metho d are our main

con tribution. The �rst v ersion of this metho d called Self Join using A bsolute V alue

(SJA V) is exact for self join op erations. F or arbitrary join op erations it pro vides an

upp er b ound on the size of the join, w e refer to this as Appr oximation by A bsolute

V alue (AA V) . The generalizations of AA V , T r e e Appr oximation A lgorithms (T AA)

and T r e e Appr oximation A lgorithms with T runc ation (T AA T) are built up on a bi-

nary tree represen tation of the v ectors obtained through the iterated application of

the DFT. T AA uses AA V as a subpro cedure at the lo w er lev els of the tree, whereas

T AA T is obtained b y truncating the tree at an appropriate lev el. Both T AA and

T AA T pro vide a sp ectrum of algorithms that in terp olate storage requiremen ts v er-

sus accuracy of the estimates obtained.

This pap er is organized as follo ws. In Section 2 w e summarize the previous

w ork on the problem. In section 3 w e giv e the problem statemen t. In Section 4 w e

presen t fundamen tal prop erties of the DFT that are used in our algorithms. The

algorithms are dev elop ed in Sections 5, 6 and 7. W e ev aluate the p erformance of

the algorithms in Section 8 and conclude the pap er in Section 9.

2. Related W ork

Sev eral tec hniques (histogram based, parametric and sampling based) ha v e b een

prop osed in the literature for estimating query result sizes. The surv ey b y Mannino,

Ch u and Sager is a go o d reference on the early w ork on database size estimation

11

.

These tec hniques presen t v arious trade-o�s in terms of storage, precision, run-time

o v erhead, and mak e v arying assumptions ab out the distribution of the underlying
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data.

2.1. Histo gr am T e chniques

Histogram based tec hniques

12 ; 6

dep end on the underlying data distribution.

They do not mak e an y assumptions ab out the c haracteristics of the data distri-

bution. They scan the database to extract summary information ab out the data

distribution and store this information in to a histogram. Since the nature of this

tec hnique is static, as the underlying data c hanges, the histograms should b e re-

constructed to re
ect these c hanges. Histograms are the most commonly used tec h-

niques in practice

6

and a signi�can t amoun t of w ork is done on histogram based

estimation tec hniques. Ioannidis and P o osala made use of t yp es of histograms called

serial and end-biase d histograms

8

. Later on they iden ti�ed sev eral k ey prop erties

that c haracterize histograms and pro vided a taxonom y of histograms based on these

prop erties

16

. Most recen t w ork on histogram based tec hniques are on histogram

main tenance

4

and m ulti-dimensional histogram construction

15

.

2.2. Par ametric T e chniques

P arametric tec hniques use parameterized mathematical distributions, e.g. uni-

form, Zipf, to estimate query result sizes

18 ; 2

. The assumption is that the underlying

data follo ws the a priori selected distribution mo del. The main adv an tage of these

metho ds is that they do not require m uc h storage and they ha v e a v ery small run

time o v erhead. On the other hand, in case of large up dates the precomputed dis-

tribution parameters ma y not re
ect the distribution c haracteristics an ymore and

need to b e re-computed. In addition, actual data ma y or ma y not follo w the selected

distribution mo del.

2.3. Sampling T e chniques

Sampling based tec hniques compute their estimations at run time (query opti-

mization time) b y sampling and pro cessing data from the database

5 ; 10

. They do

not store an y summary information in the database. Th us they do not require an y

storage space for estimation and do not incur an y prepro cessing o v erhead for esti-

mation. In addition, they re
ect the most up to date information ab out the state

of the database. The estimation error can b e b ound b y selecting an appropriate

sample size using the w ell-kno wn theory of statistics. On the other hand, the esti-

mation is done p er query and no information is stored for future reference. Th us

they incur the cost rep eatedly .

3. Problem F orm ulation

W e �rst describ e the problem of join size estimation in databases. The dev el-

opmen t and motiv ation closely follo ws that of Ioannidis and P o osala

6 ; 8

. Consider

a database with relations R

0

; R

1

; : : : ; R

n

. Let a

i

, a

i + 1

b e attributes of relation R

i

.
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A tree function-free equalit y-join query Q is de�ned as

Q = ( R

0

:a

1

= R

1

:a

1

and R

1

:a

2

= R

2

:a

2

and : : : andR

n � 1

:a

n

= R

n

:a

n

) :

The attributes a

1

; a

2

; : : : ; a

n

are called join attributes . Relations R

i

, 2 � i � n � 1

participate in Q with t w o attributes a

i

and a

i +1

and relations R

0

and R

n

with one

attribute, a

1

and a

n

resp ectiv ely .

In order to optimize the execution of query Q , the size S of the resulting rela-

tion m ust b e estimated. F requency matrices T

i

k eep trac k of the join t-frequency

distribution of attributes a

i

and a

i +1

of R

i

. An exact expression for S is the matrix

pro duct

S = T

0

T

1

: : : T

n

; (1)

but the storage of the frequency matrices and exact computation of this pro duct is

to o costly .

W e follo w the common assumption of attribute indep endenc e form ulated in

2

and

adopted b y most database systems. According to this assumption, the distribution

of attribute v alues are indep enden t of eac h other. Therefore, if v

i

and h

i +1

are the

frequency distributions of individual attributes a

i

and a

i +1

in R

i

, then the frequency

matrix T

i

can b e written as the outer pro duct

T

i

=

1

j R

i

j

( v

T

i

� h

i +1

)

where v

T

i

is transp ose of v

i

and j R

i

j represen ts the n um b er of tuples in R

i

. This

assumption and asso ciativit y enables the calculation of S from

( h

1

v

T

1

)( h

2

v

T

2

) � � � ( h

n

v

T

n

) : (2)

Note that h

i

v

T

i

= < h

i

; v

i

> is the standard inner pro duct of the v ectors X = h

i

and Y = v

i

.

Example 1 L et T

i

=

0

@

40 24 12

30 18 9

20 12 6

1

A

b e the fr e quency matrix of a r elation R

i

.

Then T

i

c an b e written as

T

i

=

1

171

0

@

76 ;

57 ;

38

1

A

( 90 ; 54 ; 27 )

wher e j R

i

j = 171 , v

i

= ( 76 ; 57 ; 38 ) and h

i +1

= ( 90 ; 54 ; 27 ) .

4. Preliminaries

The main motiv ation for our approac h is the use of DFT based tec hniques to

estimate eac h of the factors in (2), and therefore (1). DFT has b een used in v arious

estimation problems in database researc h suc h as dimension reduction for searc hing

as w ell as indexing high dimensional data

1 ; 17

.
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Consider an N -dimensional real v ector X = ( x

1

; x

2

; : : : ; x

N

). The Dis-

cr ete F ourier T r ansform (DFT) of X is the N -dimensional complex v ector

^

X =

( ^ x

1

; ^x

2

; : : : ; ^x

N

) giv en b y

^

X = F X where F = (1 =

p

N ) k !

( i � 1)( j � 1)

k is the N � N

F ourier matrix with ! = cos(2 � = N ) + I sin(2 � = N ), and I =

p

� 1 . It is w ell kno wn

that the DFT of X can b e computed using the F ast F ourier T ransform in O ( N log N )

arithmetic op erations. The fundamen tal prop erties of the DFT that w e mak e use

of are summarized b elo w

3 ; 13

. If w e start with an N -dimensional nonnegativ e real

v ector X with transform

^

X , then

� ^x

1

= ( x

1

+ x

2

+ � � � + x

N

) =

p

N is a nonnegativ e real n um b er.

� ^x

i

and ^x

N � i +2

are conjugate complex n um b ers for i = 2 ; 3 ; : : : ; d

N

2

e .

In our presen tation, w e assume that N is o dd for simplicit y , although our tec hniques

extend to the case of arbitrary N . If w e write N = 2 m + 1, then the co e�cien t

^x

1

is nonnegativ e real, and the lists ( ^ x

2

; ^x

3

: : : ; ^x

m

) and ( ^ x

N

; ^x

N � 1

; : : : ; ^x

m +1

) pair

up exactly in conjugate pairs. The most imp ortan t prop ert y of the DFT w e use is

P arsev al's iden tit y

3

:

Theorem 1 Supp ose X and Y ar e two N -dimensional r e al ve ctors. Then

< X ; Y > = <

^

X ;

^

Y > wher e < ; > denotes the standar d c omplex inner pr o duct.

W e use P arsev al's iden tit y in the follo wing expanded form for real v ectors X

and Y . Supp ose

^

X = � + I � is the decomp osition of

^

X in to its real and imaginary

comp onen ts. Similarly , write

^

Y = 
 + I � . Then P arsev al's iden tit y implies that

< X ; Y > = <

^

X ;

^

Y > =

N

X

j =1

( �

j

+ I �

j

) ( 


j

+ I �

j

)

=

N

X

j =1

( �

j




j

+ �

j

�

j

) + I

N

X

j =1

( �

j




j

� �

j

�

j

)

= < �; 
 > + < � ; � > + I ( < � ; 
 > � < �; � > ) (3)

Since X and Y are real, the imaginary part on the righ t hand side of the ab o v e

equation is zero and

< X ; Y > = < �; 
 > + < � ; � > : (4)

In other w ords,

N

X

i =1

x

i

y

i

=

N

X

i =1

�

i




i

+

N

X

i =1

�

i

�

i

: (5)

5. DFT Based Histograms

As men tioned earlier, histograms are the most commonly used tec hniques in

query result size estimation. In this section, w e presen t DFT based histogram

tec hniques for the query result size estimation problem. W e start with a brief

review of database histograms based on P o osala et al.

16

.

5.1. Datab ase Histo gr ams
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A histo gr am on an attribute X is constructed b y partitioning the data distri-

bution T in to � m utually disjoin t subsets called buckets and appro ximating the

frequencies and v alues in eac h buc k et in some common fashion. In order to con-

struct a histogram on an attribute X , the frequency information for eac h attribute

v alue is computed (either b y scanning the whole relation or b y sampling). Then

the < v al ue; f r eq uency > tuples of attribute X are used in the construction. His-

tograms are c haracterized b y the follo wing prop erties (the terminology is from P o os-

ala et al.

16

):

� P artition Class: The class of histograms considered b y the partitioning rule.

F or example a histogram is serial in the sense that histogram buc k ets corre-

sp ond to groups of elemen ts of T that are con tiguous in the order of the sort

parameter.

� P artition Constrain t: The mathematical constrain t that uniquely iden ti�es

the histogram within its partition class. F or example V-Optimal histogram is

the one in whic h w eigh ted v ariance of the source v alues is minimized.

� Sort and Source P arameters: These are parameters deriv ed from T . In the

construction of histograms, < v al ue; f r eq uency > tuples are sorted based on

the sort parameters and then buc k et b oundaries are determined according to

partition constrain t applied on the source parameters. P ossible parameters

are attribute v alues (V), frequencies (F), and area (A), whic h is de�ned as

frequency times spread of an attribute v alue ( a

i

= f

i

� s

i

)

16

.

Example 2 A c c or ding to ab ove char acterization, some of the imp ortant histo gr ams

ar e de�ne d as b elow:

� V-Optimal(F,F) is a histo gr am in which a weighte d varianc e of the sour c e

values is minimize d (p artition c onstr aint) and the < v al ue; f r eq uency > tu-

ples ar e sorte d b ase d on fr e quencies (F) and bucket b oundaries ar e de cide d

ac c or ding to p artition c onstr aint using fr e quencies (F) as b eing sour c e p ar am-

eter.

� V-Optimal-End-Biase d(F,F) is a histo gr am which plac es some of the high-

est and some of the lowest sour c e p ar ameter values in individual buckets

and aver age out the r emaining ones in a bucket (p artition c onstr aint) and

< v al ue; f r eq uency > tuples ar e sorte d b ase d on fr e quencies (F) and bucketi-

zation is applie d using again fr e quencies (F) as sour c e p ar ameter.

� MaxDi�(V,F) is a histo gr am which plac es a bucket b oundary b etwe en two

sour c e p ar ameter values that ar e adjac ent (in sort p ar ameter or der) if the

di�er enc e b etwe en these values is one of the � � 1 lar gest such di�er enc es

wher e � is the numb er of buckets. It sorts < v al ue; f r eq uency > tuples b ase d

on attribute values (V), and uses fr e quencies (F) as sour c e p ar ameter.

An imp ortan t c haracteristics of V-Optimal(F,F) histograms is that they ha v e

b een pro v en optimal for tree equalit y-join queries

8

. On the other hand �nding

a V-Optimal(F,F) histogram is computationally exp ensiv e. Instead Ioannidis and

P o osala use V-Optimal-End-Biased(F,F) histograms whic h are practically easier to

construct and are close to optimal histograms in most cases

8

.
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Belo w is an example on construction of End-Biased(F,F) and MaxDi�(V,F)

histograms:

Example 3 L et X = f (b, 133), (a-, 97), (b+, 89), (b-, 62), (c+, 52), (c, 43),

(a, 39), (c-, 37), (d, 12) g b e the fr e quency ve ctor of an attribute in a r elation. The

optimal bucketization with � = 3 for End-Biase d(F,F) is shown in Figur e 1 and that

of MaxDi�(V,F) is shown in Figur e 2. The c orr esp onding histo gr ams ar e shown in

Figur e 3 and Figur e 4.

b a � b + ; b � ; c + ; c; a; c � ; d

133 97 89 ; 62 ; 52 ; 43 ; 39 ; 37 ; 12

Fig. 1. Optimal buc k etization for End-Biased(F,F) histogram

a a � ; b + ; b b � ; c + ; c; c � ; d

39 97 ; 89 ; 133 62 ; 52 ; 43 ; 37 ; 12

Fig. 2. Optimal buc k etization for MaxDi�(V,F) histogram

133 b

97 a �

47 : 7 other s

Fig. 3. End-Biased(F,F) histogram

39 a

106 : 3 a � ; b + ; b

41 : 2 other s

Fig. 4. MaxDi�(V,F) histogram

5.2. Construction of DFT Base d End-Biase d Histo gr ams

W e no w dev elop end-biased histograms using the absolute v alues of DFT co-

e�cien ts. Other classes of DFT based histograms could similarly b e constructed,

e.g., DFT based MaxDi�. In the case of End-Biased(F,F) histograms, in order to

�nd the optimal histogram, the < v al ue; f r eq uency > v ector is sorted based on the

frequency order and then buc k etization is applied on this sorted v ector. In the case

of DFT based end-biased histogram dev elopmen t, the < v al ue; f r eq uency > v ector

is k ept in the attribute v alue order. The reason is that in the end-biased histograms,

when the frequency v alues are sorted, the corresp ondence b et w een attribute v alues

and the frequencies are preserv ed. But in the DFT domain, the individual DFT

co e�cien ts do not ha v e a direct relation with the individual attribute v alues. F or

example, consider an attribute a with a frequency v ector X . Then the frequency

v alue x

i

corresp onds to the attribute v alue a

i

, but when w e consider

^

X , the DFT

of X , then the en try ^x

i

do es not ha v e a direct relation with the attribute v alue a

i

.

That implies that in �nding a result size S b y using DFT based histograms, the

7



188 : 7 54 : 3 ; 54 : 3 30 : 7 ; 30 : 7 ; 26 : 6 ; 26 : 6 ; 30 : 8 ; 30 : 8

Fig. 5. Optimal buc k etization for DFT-based End-Biased histogram

188 : 7 54 : 3 29 : 4

Fig. 6. DFT based End-Biased histogram

frequency v ectors of t w o participating relations should b e in the same order. F or

this reason, in order to eliminate the corresp ondence problem, the frequency v ector

X is k ept in attribute v alue order and then the DFT transform is applied on it.

After obtaining

^

X , histogram buc k ets are constructed based on absolute v alues of

the DFT co e�cien ts.

Consider the frequency v ector X in the previous example. Then the DFT based

end-biased histogram is built b y using the absolute v alues j

^

X j of the DFT co e�cien ts

of X :

j

^

X j = f 188 : 7 ; 54 : 3 ; 30 : 7 ; 26 : 6 ; 3 0 : 8 ; 30 : 8 ; 2 6 : 6 ; 30 : 7 ; 5 4 : 3 g :

Recall that the DFT co e�cien ts ^x

2

; ^x

3

; : : : ; ^x

d

N

2

e

and the co e�cien ts ^x

N

;

^x

N � 1

; : : : ; ^x

d

N

2

e +1

are complex conjugates. By considering this prop ert y w e can

re-arrange the v ector j

^

X j as

j

^

X j = f 188 : 7 ; 54 : 3 ; 54 : 3 ; 30 : 7 ; 3 0 : 7 ; 26 : 6 ; 2 6 : 6 ; 30 : 8 ; 3 0 : 8 g :

A t this p oin t, since w e do not deal with individual attribute v alue corresp on-

dences, applying this op eration do es not cause an y error in the pro cess. F urther-

more, in deciding the optimal end-biased histogram, w e ignore duplications in the

j

^

X j and �nd the optimal buc k etization b y treating duplicates as one n um b er. This

increases the accuracy of the appro ximation b y in tro ducing less error due to a v er-

aging within the m ulti-v alued buc k et. The optimal buc k etization for DFT based

end-biased histogram is sho wn in Figure 5. Based on this buc k etization, w e con-

struct our DFT based end-biased histogram as in Figure 6.

Notice that, unlik e the End-Biased(F,F) histograms discussed previously , w e

do not sho w an y corresp ondence b et w een buc k et v alues and the actual attribute

v alues. This implies that b y using DFT based end-biased histograms w e do not

store this corresp ondence information, th us w e sa v e in storage compared to the

original End-Biased(F,F) histograms.

6. Dev elopmen t of Iterated DFT based Algorithms

6.1. Self Join using A bsolute V alues of DFT Co e�cients

In this subsection w e presen t the iterated DFT based appro ximation approac h.

W e start b y motiv ating our approac h b y using the simple case of a self join, i.e.

when a relation is joined with itself on the same attribute. W e start with the self

join case b ecause it is simple and motiv ates our general approac h. F urthermore,

8



the self join is of particular in terest for an y application where a dataset is joined

with itself on an attribute to �nd items that share a particular c haracteristic. This

arises in sev eral scien ti�c dataset applications. F or example consider a h ydrological

set of data samples tak en o v er a time p erio d of o cean temp eratures. A scien tist

ma y b e in terested in iden tifying v arious datasets that share the same temp erature.

Our approac h is particularly e�cien t for suc h queries.

Consider a relation R with an attribute a and let X b e the frequency v ector

of a . W e will assume for ease of represen tation that X is N -dimensional where N

is of the form of N = 2

k

� 1 for some in teger k . The size S of the result for self

join is the inner pro duct of the frequency v ector X b y itself, i.e. < X ; X > . Using

P arsev al's iden tit y in the form (4) with Y = X w e ha v e

< X ; X > =

N

X

i =1

x

2

i

= < �; � > + < � ; � >

=

N

X

i =1

( �

2

i

+ �

2

i

) =

N

X

i =1

j ^x

i

j

2

= <

^

X ;

^

X >; (6)

where j ^x

i

j =

p

�

2

i

+ �

2

i

is the absolute v alue of ^x

i

. Hence the inner pro duct of a

real v ector b y itself can b e calculated either b y summing the squares of its v alues or

b y summing the squares of the absolute v alues of its complex DFT co e�cien ts. Ho w-

ev er the DFT co e�cien ts ^x

2

; ^x

3

; : : : ; ^x

N

of a real v ector o ccur in complex conjugate

pairs for o dd N . In particular, let a complex v ector

^

X = ( ^ x

1

; ^x

2

; ^x

3

; : : : ; ^x

N � 1

; ^x

N

)

b e the DFT of a real v ector X with N = 2

k

� 1. Then the complex n um b ers ^x

2

and

^x

N

are complex conjugate pairs with x

2

= �

2

+ I �

2

and x

N

= �

N

+ I �

N

where

�

2

= � �

N

. Similarly ^x

3

and ^x

N � 1

and so on are complex conjugate pairs.

Since conjugate n um b ers ha v e the same absolute v alue, j ^x

i

j

2

= j ^x

N � i +2

j

2

for

2 � i � ( N + 1) = 2. Therefore com bining with (6),

N

X

i =1

x

2

i

= ^x

2

1

+ 2

N +1

2

X

i =2

j ^x

i

j

2

: (7)

This reduces the calculation of the desired sum on the left of (7) to the calculation

of

P

N +1

2

i =2

j ^x

i

j

2

: This latter sum is the inner pro duct of the ( N � 1) = 2-dimensional

v ector X

1

= ( j ^x

2

j ; j ^x

3

j ; : : : ; j ^x

( N +1) = 2

j ) b y itself. Since this v ector is also real, w e can

tak e its DFT and iterate this pro cess b y using P arsev al's iden tit y and (7) at eac h

step. When N = 2

k

� 1, the next v ector to b e considered has ( N � 1) = 2 = 2

k � 1

� 1

elemen ts, the one after that 2

k � 2

� 1, and so on. Therefore this pro cess ends in

k = log ( N + 1) � 1 iterations. Let X

0

= X and de�ne X

j

to b e the real v ector

X

j

= ( x

j 1

; x

j 2

; : : : ; x

j N

j

) of length N

j

= 2

k � j

� 1 obtained after the j -th iteration,

where the j -th iteration consists of taking the DFT of the N

j � 1

-st dimensional real

v ector X

j � 1

, and consequen tly setting X

j

= ( j ^x

j � 1 ; 2

j ; j ^x

j � 1 ; 3

j ; : : : ; j ^x

j � 1 ;N

j

+1

j ).

Let ^x

01

= ^x

1

, and let ^x

j 1

b e the �rst elemen t of the DFT

^

X

j

of the v ec-

tor X

j

. By iterating (7), w e obtain the sequence of nonnegativ e real n um b ers

9



^x

01

; ^x

11

; : : : ; ^x

k � 1 ; 1

with the prop ert y that

< X ; X > = ^x

2

01

+ 2 [ ^ x

2

11

+ 2 [ ^ x

2

21

+ � � � ] � � � ] ] =

k � 1

X

j =0

2

j

^x

2

j 1

: (8)

Hence the self join of a relation on an attribute a with N v alues can b e calculated

using the k = log ( N + 1) represen tativ e v alues computed. W e call this algorithm Self

Join using A bsolute V alue (SJA V) , and denote the sequence of k v alues obtained

b y this metho d from X b y S J AV ( X ).

Example 4 Consider the ve ctor X = (54.34, 79.7, 25.88, 97.13, 10.74, 37.52,

66.94) with < X ; X > = 25413 : 9 . The applic ation of SJA V on X is given in Fig-

ur e 7. The r esulting values SJA V ( X ) that ar e stor e d ar e ^x

01

= 140 : 7 , ^x

11

= 49 : 33 ,

^x

21

= 13 : 69 .

1

Values to Store

0

0
^
X  = ( 54.34, 79.7, 25.88, 97.13, 10.74, 37.52, 66.94 )

2
^

2

X  = ( 13.69 )
X  = ( 13.69 )

1X  = ( 18.87, 22.42, 44.16 )
X̂  = ( 49.33, -8.33 - 10.87 i, -8.33 + 10.87 i  ) 49.33

140.7

13.69

X  = ( 140.7, 13.03 + 13.65 I, 12.04 - 18.92 I, -23.53 + 37.36 I, 
                           -23.53 - 37.36 I, 12.04 + 18.92 I, 13.03 - 13.65 I  )

Fig. 7. Example 1: The tree structure of SJA V .

By using these r epr esentative values for X , and using (8), we c alculate

< X ; X > = ^x

2

01

+ 2 ^ x

2

11

+ 2

2

^x

2

21

= 140 : 7

2

+ 2 � 49 : 33

2

+ 4 � 13 : 69

2

= 25413 : 9

The self join algorithm using absolute v alues calculates the exact size of the

self join. This is quite signi�can t since all prior algorithms can only pro vide an

appro ximation to the size of the resulting set. Consider again our h ydrology example

with o cean temp erature. If w e assume that the range of w ater temp erature is sa y

from � 10

0

C to 110

0

C , then only sev en v alues need to b e main tained b y the query

optimizer to calculate the exact self join sizes. If the domain of the self join attribute

is 10

6

, only 20 v alues need to b e main tained b y the query optimizer.

6.2. Appr oximating the Size of A rbitr ary Joins

Unfortunately there is no direct equiv alen t to equation (6) as a w a y of repre-

sen ting the inner pro duct of t w o di�eren t v ectors. Supp ose X and Y are t w o real

v ectors with DFTs

^

X = � + I � and

^

Y = 
 + I � . Th us ^x

i

= �

i

+ I �

i

and ^y

i

= 


i

+ I �

i

10



for i = 1 ; 2 ; : : : ; N : Ev en though < X ; Y > = <

^

X ;

^

Y > b y P arsev al's theorem, the

expression (5) for the inner pro duct can b e expanded in the frequency domain as

<

^

X ;

^

Y > =

N

X

i =1

�

i




i

+

N

X

i =1

�

i

�

i

;

whic h is not necessarily equal to

N

X

i =1

j ^x

i

jj ^y

i

j =

N

X

i =1

q

�

2

i

+ �

2

i

q




2

i

+ �

2

i

: (9)

Ho w ev er b y the Cauc h y-Sc h w arz inequalit y the sum in (9) is an upp er b ound to the

actual inner pro duct <

^

X ;

^

Y > and therefore

N

X

i =1

x

i

y

i

�

N

X

i =1

j ^x

i

jj ^y

i

j :

A t this p oin t w e will use the righ t hand side of the ab o v e inequalit y as an appro x-

imation to the left hand side and call this as Appr oximation by A bsolute V alues

(AA V). No w w e can use the logarithmic represen tation obtained ab o v e b y SJA V

as follo ws: Supp ose SJA V pro duces the sequences SJA V ( X ) = ^x

01

; ^x

11

; : : : ; ^x

k � 1 ; 1

for X and SJA V ( Y ) = ^y

01

; ^y

11

; : : : ; ^y

k � 1 ; 1

for Y . Then

N

X

i =1

j ^x

i

jj ^y

i

j =

k � 1

X

j =0

2

j

^x

j 1

^y

j 1

:

This appro ximation to < X ; Y > using SJA V is exact when X = Y . When Y

is close in the N -dimensional space to a constan t m ultiple of X , w e exp ect the

error in the appro ximation to b e small as a consequence of the equalit y condition

in the Cauc h y-Sc h w arz inequalit y . As the t w o v ectors b ecome more distan t in this

sense, the error will increase. This crude appro ximation to < X ; Y > has some

remark able asymptotic prop erties whic h w e men tion in Section 6 where w e presen t

our exp erimen tal results. What w e refer to as the Appr oximation by A bsolute V alue

(AA V) algorithm is outlined in Figure 8.

11



AA V Algorithm:

1. Calculate SJA V ( X ) for all N -dimensional frequency v ectors X b y iterated

DFT. Eac h SJA V ( X ) is a sequence of log( N + 1) real n um b ers.

2. Appro ximate < X ; Y > b y

k � 1

X

j =0

2

j

^x

j 1

^y

j 1

where SJA V ( X ) = ^x

01

; ^x

11

; : : : ; ^x

k � 1 ; 1

and SJA V ( Y )

= ^y

01

; ^y

11

; : : : ; ^y

k � 1 ; 1

.

Fig. 8. Outline of the AA V algorithm.

7. Impro ving AA V: T ree Based Algorithms

AA V is a tec hnique that giv es us an upp er b ound for the inner pro duct of t w o

real v ectors, whic h is exact for self join op erations. No w w e use AA V as a subroutine

to dev elop more accurate appro ximation b y means of a tree based structure. This

results in a sequence of metho ds called T r e e Appr oximation A lgorithms ( T AA

l

), one

for ev ery l ranging from 0 to k � 1. This approac h exploits the form of P arsev al's

iden tit y giv en in equation (4) for N -dimensional real v ectors X and Y . The main

idea is to k eep the real and the imaginary parts of the transformed v ector

^

X exactly

(i.e. without losing the phase information b y taking the absolute v alue as in AA V ).

This results in t w o real v ectors � and � , eac h N -dimensional where

^

X = � + I � .

Since ^x

i

and ^x

N � i +2

are conjugate complex n um b ers for i = 2 ; 3 ; : : : ; ( N + 1) = 2,

the n um b ers in the list �

2

; �

3

; : : : ; �

N

app ear in pairs. Similarly the n um b ers in

�

2

; �

3

; : : : ; �

N

app ear in pairs. Consider the v ectors h ( � ) = ( �

2

; �

3

; : : : ; �

( N +1) = 2

)

and h ( � ) = ( �

2

; �

3

; : : : ; �

( N +1) = 2

). W e in v ok e t w o instances of the AA V algorithm:

one on h ( � ) corresp onding to the real part of

^

X (left subtree), and one on h ( � )

corresp onding to the imaginary part of

^

X (righ t subtree). Th us these t w o real

v ectors h ( � ) and h ( � ) are treated as ra w inputs to the AA V algorithm, pro ducing

t w o lists AA V ( h ( � )) and AA V ( h ( � )) consisting of k � 1 nonnegativ e real n um b ers

eac h, where N = 2

k

� 1. W e demonstrate this pro cess on an example.

Example 5 Consider the ve ctor X of the pr evious example, N = 2

3

� 1 = 7 . The

applic ation of T AA

1

in which we now use AA V at level l = 1 r esults in the tr e e

structur e given in Figur e 9.

F or this example w e need to store t w o lists AA V ( h ( � )) and AA V ( h ( � )) of length 2

eac h, plus the n um b er ^x

01

that is computed at the ro ot of the tree. The structure

of the total list to b e stored for X is itself a tree whic h is depicted on the righ t side

of Figure 9. Since the calculation at the ro ot of the tree in Figure 9 is exact and the

application of the appro ximate AA V algorithm starts at lev el l = 1 of the tree, this

algorithm is denoted b y T AA

1

. Note that AA V can b e view ed as the sp ecial case

T AA

0

, starting the application at lev el 0. W e see that this immediately generalizes

12



140.7

0.88 18.53

20.83 28.26X̂   = ( 20.83)2
X̂   = ( 28.26 )2

0

0
^
X  =  ( 54.34, 79.7, 25.88, 97.13, 10.74, 37.52, 66.94 )
X  = ( 140.7, 13.03 + 13.65 I, 12.04 - 18.92 I, -23.53 + 37.36 I,

            -23.53 - 37.36 I, 12.04 + 18.92 I, 13.03 - 13.65 I )

Values to Store

X  = (13.03, 12.04, -23.53 )1

1X̂  = ( 0.88, 10.84 + 17.78 I,

X  = ( 13.65, -18.92, 37.36 )1

1X̂  = ( 18.53, 2.56 - 28.14 I,

Im

10.84 - 17.78 I ) 2.56 + 28.14 I )

Re

Fig. 9. Example 2: The tree structure of T AA

1

, corresp onding to lev el l = 1.

to arbitrary lev el l , and results in an algorithm T AA

l

for l = 0 ; 1 ; : : : ; k � 1 in whic h

the data is exact up to lev el l and the AA V algorithm is applied to the v ectors at

the next lev el. As a b oundary case, w e set AA V ( X )= X if X is a v ector of length

1.

Example 6 Continuing with the ve ctor X of the pr evious examples, the applic ation

of T AA

2

in which we use AA V after level l = 2 gives the tr e e structur e of Figur e 10.

140.7
0

0
^
X  =  ( 54.34, 79.7, 25.88, 97.13, 10.74, 37.52, 66.94 )
X  = ( 140.7, 13.03 + 13.65 I, 12.04 - 18.92 I, -23.53 + 37.36 I,

            -23.53 - 37.36 I, 12.04 + 18.92 I, 13.03 - 13.65 I )

X  = (13.03, 12.04, -23.53 )1

1X̂  = ( 0.88, 10.84 + 17.78 I,
10.84 - 17.78 I )

X  = ( 13.65, -18.92, 37.36 )1

1X̂  = ( 18.53, 2.56 - 28.14 I,
2.56 + 28.14 I )

Re Im

Re Im Re Im

18.530.88

Values to Store

2 2 2 2
^^^^ X   = ( -28.14 )X   = ( 2.56 )X   = ( 17.78 )X   = ( 10.84 ) 10.84 17.78 2.56 -28.14

Fig. 10. Example 3: The tree structure of T AA

2

, corresp onding to lev el l = 2.

The generation of the represen tativ e data in the form of a tree for a real v ector

X using algorithm T AA

l

can b e describ ed recursiv ely in Figure 11.

7.1. T r e e Appr oximation A lgorithms and the T AA Pr o duct

In the ab o v e, w e presen ted the T AA

l

tec hnique to extract a new set of repre-

sen tativ e data for a v ector. In this pro cess, b y dela ying the application of AAV

i.e. increasing the v alue of l , w e will b e storing more exact data and hence the

appro ximation based on this data will result in more accurate estimations. In this
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T AA data generation Algorithm

1. Supp ose N = 2

k

� 1, X is an N -dimensional real v ector, and

^

X =

( ^ x

1

; ^x

2

; : : : ; ^x

N

) = � + I � .

2. If l = 0, then T AA

l

= AA V , and the tree T of v alues computed as AA V ( X )

is a linear list of length log( N + 1), where N is the length of X .

3. If l > 0, then T has t w o principal subtrees T

Re

and T

I m

. The v alue at the

ro ot of T is ^x

1

. The subtrees T

Re

and T

I m

are constructed b y applying

algorithm T AA

l � 1

to the v ectors h ( � ) and h ( � ), resp ectiv ely .

Fig. 11. T AA represen tativ e tree generation algorithm.

subsection w e presen t the appro ximation algorithm that uses the represen tativ e

data v alues found in the ab o v e pro cess.

De�nition 1 Supp ose T

1

and T

2

ar e two tr e es of height H and the same shap e

wher e the data �eld in e ach no de stor es a r e al numeric al value. L et V e c

l

( T

1

) denote

the ve ctor of values in the no des at level l of T

1

or der e d fr om left to right. Similarly,

de�ne the ve ctor V e c

l

( T

2

) for T

2

. The T AA pr o duct of T

1

and T

2

is de�ne d as

T AA ( T

1

; T

2

) =

H � 1

X

l =0

2

l

< V e c

l

( T

1

) ; V e c

l

( T

2

) > (10)

In other w ords w e �rst imagine T

1

and T

2

lined up so that corresp onding no des

are on top of one another. W e then m ultiply the n umerical v alues in the paired

no des, further m ultiply this n um b er b y 2**(lev el of the no de), and then add up the

resulting n um b ers from eac h no de.

Remark 1 In terms of the T AA pr o duct, the appr oximation given by AA V to <

X ; Y > is simply T AA ( T

X

; T

Y

) wher e T

X

and T

Y

ar e the tr e es (chains) of values

AA V ( X ) and AA V ( Y ) r esp e ctively, pr o duc e d by algorithm AA V .

T AA algorithm at lev el l for the appro ximation of result sizes of join op erations

can b e describ ed succinctly in terms of the T AA pro duct. This is sho wn in Figure 12.

Theorem 2 Supp ose X and Y ar e N -dimensional r e al ve ctors wher e N = 2

k

� 1 .

L et T

l

X

and T

l

Y

denote the tr e es that ar e gener ate d by T AA

l

for the r epr esentation

of X and Y r esp e ctively, l = 0 ; 1 ; : : : ; k � 1 . Then

� Each appr oximation T AA ( T

l

X

; T

l

Y

) c ompute d as given in (10) is an upp er

b ound to the inner pr o duct < X ; Y > .

F urthermor e

T AA ( T

0

X

; T

0

Y

) � T AA ( T

1

X

; T

1

Y

) � � � � � T AA ( T

k � 1

X

; T

k � 1

Y

) ;

and T AA ( T

k � 1

X

; T

k � 1

Y

) = < X ; Y > is exact.

� The numb er of elements stor e d in the r epr esentative tr e e T

l

X

gener ate d by

T AA

l

is 2

l

( k � l + 1) � 1 :
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T AA Algorithm for Lev el l :

1. Calculate the represen tativ e trees T

X

for all N -dimensional frequency v ec-

tors X b y the T AA

l

data represen tation generation algorithm giv en in

Figure 11.

2. Appro ximate < X ; Y > b y the T AA pro duct

T AA ( T

X

; T

Y

) =

k � 1

X

j =0

2

j

< V e c

j

( T

X

) ; V e c

j

( T

Y

) > :

Fig. 12. Outline of the T AA algorithm.

W e giv e an example for the calculation of the appro ximation to < X ; Y > using

the T AA pro duct of the trees T

X

and T

Y

for l = 2.

Example 7 T ake X as in the pr evious examples. The tr e e T

X

pr o duc e d by algo-

rithm T AA

2

for X is as given on the right hand side of Figur e 10. T ake Y =(69.97,

82.28, 49.67, 36.22, 29.81, 95.85, 51.74). The applic ation of T AA

2

on Y pr o duc es

the tr e e T

Y

given in Figur e 13. The appr oximation to the inner pr o duct < X ; Y >

157.06

8.1 17.9

16.13 -14.18 -14.96 -2.04

Fig. 13. The tree T

Y

: Application of T AA

2

to v ector Y .

using the formulation in (10) on T

X

and T

Y

is c alculate d as fol lows:

l = 2 : V e c

2

( T

X

) = (10 : 84 ; 17 : 78 ; 2 : 56 ; � 28 : 1 4) ;

V e c

2

( T

Y

) = (16 : 13 ; � 14 : 18 ; � 14 : 96 ; � 2 : 04 ) ,

c ontribution to (10): 2

2

� (10 : 84 � 16 : 13 � 17 : 78 � 14 : 18 � 2 : 56 � 14 : 9 6 + 28 : 14 � 2 : 04 )

l = 1 : V e c

1

( T

X

) = (0 : 88 ; 18 : 53) ; V e c

1

( T

Y

) = (8 : 1 ; 17 : 9) ,

c ontribution to (10): 2

1

� (0 : 88 � 8 : 1 + 18 : 53 � 17 : 9)

l = 0 : V e c

0

( T

X

) = (140 : 7) ; V e c

0

( T

Y

) = (157 : 06) ;

c ontribution to (10): 2

0

� 140 : 7 � 157 : 06

Summing the c ontributions fr om e ach level, we �nd T AA ( T

X

; T

Y

) = 22544 . Sinc e

we ar e using T AA

2

and 2 = k � 1 , this appr oximation is exact, i.e. < X ; Y > =
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