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ABSTRA CT

The lo cal sequence alignmen t problem is the detection of similar subsequences in t w o

giv en sequences of lengths n � m . Unfortunately the common notion of lo cal alignmen t

su�ers from some w ell-kno wn anomalies whic h result from not taking in to accoun t the

lengths of the aligned subsequences. W e in tro duce the length r estricte d lo c al alignment

pr oblem whic h includes as a constrain t an upp er limit T on the length of one of the

subsequences to b e aligned. Ob vious extensions of dynamic programming form ulations

for the solution of the length restricted lo cal alignmen t problem result in exp ensiv e

computations: O ( T nm ) time and O ( T m ) space. W e prop ose an e�cien t appro ximation

algorithm using whic h w e can �nd a solution satisfying the length b ound, and whose

score is within di�erence � of the optim um score for an y giv en p ositiv e in teger � in time

O ( nmT = �) using O ( mT = �) space. W e also in tro duce the cyclic lo c al alignment problem

and sho w ho w our idea can b e applied to this case as w ell. This is a dual approac h to the

w ell-kno wn cyclic edit distance problem. These results generalize directly to the case of

a�ne gap p enalties.

Keywor ds: Lo cal sequence alignmen t, edit distance, cyclic edit distance, appro ximation

algorithm.

1. In tro duction

The lo c al se quenc e alignment problem in computational molecular biology aims

to rev eal similar regions in a giv en pair of sequences X and Y whose lengths are

n and m resp ectiv ely with n � m . The Smith-W aterman algorithm �nds the

lo cal alignmen t b y searc hing for t w o segmen ts with maxim um similarit y score b y

discarding p o orly conserv ed initial and terminal fragmen ts. Since it is not designed

to exclude non-similar in ternal fragmen ts, an alignmen t returned b y the algorithm

ma y con tain a mosaic of w ell-conserv ed fragmen ts arti�cially connected b y p o orly

conserv ed or ev en unrelated fragmen ts. As a result, a lo cal alignmen t with score

1,000 and length 10,000 ( long alignment ) ma y b e c hosen o v er a lo cal alignmen t with

score 998 and length 1,000 ( short alignment ), although the latter one is probably

�
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more imp ortan t biologically . This de�ciency causes t w o forms of anomalies: \mosaic

e�ect" and \shado w e�ect". Mosaic e�ect in an alignmen t is observ ed when a v ery

p o or region is sandwic hed b et w een t w o regions with high similarit y scores. Shado w

e�ect is observ ed when a biologically imp ortan t short alignmen t is not detected

b ecause it o v erlaps with a signi�can tly longer y et biologically inadequate alignmen t

with only a sligh tly higher score.

W e consider the length r estricte d lo c al alignment ( LRLA ) problem in whic h w e

searc h for substrings I and J that maximize the score s ( I ; J ) among all substrings

I and J with j J j � T where T is a giv en upp er limit on the length of J . This is

y et another attempt to eliminate problems asso ciated with lo cal alignmen t. The

ob jectiv e is similar to that of normalized lo cal alignmen t algorithms [5], in that w e

aim to circum v en t the undesirable mosaic and the shado w e�ects. The degree of

fragmen tation in this new problem is con trolled b y v arying the b ound T .

Length restricted lo cal alignmen t can b e solv ed b y extending the dynamic pro-

gramming form ulation of lo cal alignmen t problem. Ho w ev er the resulting time

complexit y is O ( T nm ), whic h ma y not b e practical for large v alues of n , m , and T .

In this pap er, w e prop ose t w o appro ximation algorithms for LRLA . The �rst one is

a simple

1
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-appro ximation algorithm, and its complexit y is the same as that of the

lo cal alignmen t problem (Algorithm HALF , section 4). The second algorithm (Al-

gorithm AP X - LRLA , section 4) returns a score guaran teed to b e within di�erence

2� of the optim um for a giv en � � 1. The time complexit y of this algorithm is

O ( nmT = �), with O ( mT = �) space. These t w o appro ximation algorithms can also

b e used to appro ximately solv e the cyclic lo c al alignment problem ( CLA ) of maxi-

mizing s ( I ; J ) where I is a substring of X , and J is a substring of a cyclic shift of

Y . Both algorithms can easily b e implemen ted, without increasing the complexit y ,

for the case of a�ne gap p enalties.

The outline of this pap er is as follo ws. In section 2, w e discuss related previous

w ork in the literature on algorithms for restricted v ersions of lo cal alignmen t, and

cyclic edit distance. In section 3 w e presen t the requisite notions and giv e the

notation w e use. Section 4 con tains the description of the appro ximation algorithms

HALF and AP X - LRLA . Conclusions are presen ted in section 5.

2. Previous W ork

The anomalies of mosaic e�ect and shado w e�ect that exist in the ordinary for-

m ulation of lo cal alignmen t and the Smith-W aterman algorithm lead to problems in

comparison of long genomic sequences and comparativ e gene prediction, as recen tly

p oin ted out b y Zhang et al., 1999 [20 ]. They prop osed to decomp ose a disco v ered

lo cal alignmen t in to sub-alignmen ts that a v oid the mosaic e�ect. Ho w ev er, the

p ost-pro cessing approac h ma y miss the alignmen ts with the b est degree of similar-

it y if the Smith-W aterman algorithm missed them in the �rst place. As a result,

highly similar fragmen ts ma y b e ignored if they are not parts of longer alignmen ts

dominating other lo cal similarities. Another approac h to �xing the problems with

the Smith-W aterman algorithm is based on the notion of X - dr op , a region within

an alignmen t that scores b elo w X . The alignmen ts that con tain no X -drops are
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called X - alignments . Although X -alignmen ts are exp ensiv e to compute in practice,

Altsc h ul et al., 1997 [4 ] and Zhang et al., 1998 [19 ] used some heuristics for searc hing

databases with this approac h.

It is w ell-kno wn that the statistical signi�cance of the lo cal alignmen t dep ends

on b oth its score and length (Altsc h ul and Eric kson, 1986 [2], 1988 [3 ]). Alexandro v

and Solo vy ev, 1998 [1 ] prop osed to normalize the alignmen t score b y its length and

demonstrated that this new approac h leads to b etter protein classi�cation. Arslan

et al., 2001 [5] de�ned the normalize d lo c al alignment pr oblem where the goal is

to �nd substrings I and J that maximize s ( I ; J ) = ( j I j + j J j ) among all substrings

I and J with j I j + j J j � t , where s ( I ; J ) is the score, and t is a threshold for the

minimal o v erall length of I and J . Because of the cubic time complexit y of the exact

algorithm as an appro ximation to the original problem they prop osed a solution to

the maximization of s ( I ; J ) = ( j I j + j J j + L ) for a giv en parameter L . This can b e

done in time O ( nm log n ) and using O ( m ) space [5].

The length restricted lo cal alignmen t ( LRLA ) problem considered in this pap er

is essen tially another attempt to eliminate problems asso ciated with lo cal alignmen t

b y an appro ximation algorithm that runs in reasonable time and whic h allo ws for

a con trol o v er the length of the optimal lo cal alignmen t sough t. The limit is placed

on only the substring J of Y . W e b eliev e that the underlying scoring sc heme

should limit the length of the other substring in v olv ed in an optimal alignmen t

automatically , and therefore ha ving t w o limits, one for j I j and another for j J j is

redundan t.

An application of length restricted lo cal alignmen t is the form ulation of the cyclic

lo c al alignment problem as a sp ecial case of LRLA . The cyclic lo cal alignmen t is

the problem of maximizing s ( I ; J ) o v er all I and J , where I is a substring of

X , and J is a substring of a cyclic shift of Y . A cyclic shift of a string s is a

string obtained b y concatenating sym b ols of s in a circular fashion. F or example

c c dab , c dab c are cyclic shifts of string ab c c d . The cyclic lo cal alignmen t problem

is the length restricted lo cal alignmen t problem with strings X and Y Y , and limit

T = j Y j . The appro ximation algorithms w e dev elop can readily b e used for this

problem. Moreo v er it de�nes a dual approac h to w ell-kno wn cyclic e dit distanc e

pr oblem whic h aims to �nd the minim um edit distance b et w een string X and a

cyclic shift of Y o v er all p ossible cyclic shifts of Y .

Cyclic edit distance problem app ears in man y applications, and there is extensiv e

literature on the sub ject. Bunk e and B • uhler, 1993 [6 ] presen ted cyclic edit distance

as a metho d for t w o-dimensional shap e recognition. Uliel et al., 1999 [15 ] suggested

using it for detecting circular p erm utations in proteins. There are man y algorithms

for the problem. F u and Lu [8] presen ted an O ( nm

2

)-time algorithm extending

the dynamic programming edit distance algorithm of W agner and Fisher, 1974 [16 ].

Maes [13 ] prop osed an algorithm with O ( nm log m ) time and O ( nm ) space com-

plexit y , and describ ed ho w to reduce the space complexit y to O (( n + m ) log m ).

There are also O ( nm )-time sub optimal algorithms dev elop ed b y Gorman et al.,

1988 [9], Bunk e and B • uhler, 1993 [6], and Uliel et al., 1999 [15 ]. Gregor and Thoma-

son, 1996 [10 ] presen ted an output-size sensitiv e algorithm whose time complexit y
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ranges from O ( nm ) to O ( nm

2

). There are faster algorithms for the case of unit-

cost edit op erations in whic h eac h edit op eration has w eigh t 1 except for a matc h

(substitution of the same sym b ol, or no op eration) whose w eigh t is 0. F or this

case, Ch ung, 1998 [7 ] prop osed an algorithm for a generalized v ersion of the prob-

lem called b ande d cyclic string-to-string c orr e ction pr oblem whose time complexit y

ranges b et w een O ( nm ) and O ( nm log m ) for cyclic edit distance computation. Lan-

daue et al., 1998 [12 ] describ ed an algorithm for incremen tal string comparison

whic h can b e used to solv e cyclic edit distance problem with unit costs in time

O ( m

2

).

Since cyclic lo cal alignmen t problem is a sp ecial case of length restricted lo cal

alignmen t, the appro ximation algorithms w e describ e in this pap er can also b e used

to solv e the cyclic lo cal alignmen t problem with the same e�ciency . This mak es

cyclic lo cal alignmen t an alternativ e to cyclic edit distance in applications using

cyclic string comparison. In addition, our algorithms can easily b e implemen ted,

without increasing the complexit y , for the case of a�ne gap p enalties in whic h total

cost asso ciated with eac h blo c k (called a gap ) of indels (insertions or deletions) is

a linear function of a gap op en p enalt y and the n um b er of individual indels in the

gap.

3. Preliminaries and De�nitions

Giv en t w o strings X = x

1

x

2

: : : x

n

and Y = y

1

y

2

: : : y

m

with n � m , the align-

ment gr aph G

X ;Y

( Edit Gr aph in the con text of string editing) is used to represen t

all p ossible alignments b et w een X and Y . It is a directed acyclic graph ha ving

( n + 1)( m + 1) lattice p oin ts ( u; v ) as v ertices for 0 � u � n , and 0 � v � m (Figure

1). An alignment p ath for substrings x

i

� � � x

k

, and y

j

� � � y

l

is a directed path from

the v ertex ( i � 1 ; j � 1) to ( k ; l ) in G

X ;Y

where i � k and j � l . Horizon tal and

v ertical arcs corresp ond to insert and delete op erations resp ectiv ely . The diagonal

arcs corresp ond to substitutions whic h are either matc hing (if the corresp onding

sym b ols are the same), or mismatc hing (otherwise). If w e trace the arcs of an align-

men t path for substrings I and J and p erform the indicated edit op erations in the

giv en order on I , w e obtain J .

The ob jectiv e of sequence alignmen t is to quan tify the similarit y b et w een t w o

strings. There are v arious scoring sc hemes for this purp ose. In the b asic sc oring

scheme , the arcs of G

X ;Y

are assigned w eigh ts determined b y non-negativ e reals �

( mismatch p enalty ) and � ( indel or gap p enalty ). W e assume that s ( x

i

; y

j

) is the

similarit y score b et w een the sym b ols x

i

, and y

j

whic h is normally 1 for a matc h

( x

i

= y

j

) and � � for a mismatc h ( x

i

6= y

j

). W e will use the terms alignmen t and

alignmen t path in terc hangeably .

The follo wing is the classical dynamic programming form ulation [17 ] to compute

the maxim um lo cal alignmen t score S

i;j

ending at eac h v ertex ( i; j ):

S

i;j

= max f 0 ; S

i � 1 ;j

� �; S

i � 1 ;j � 1

+ s ( x

i

; y

j

) ; S

i;j � 1

� � g (1)

for 1 � i � n , 1 � j � m , with the b oundary conditions S

i;j

= 0 whenev er i = 0 or

j = 0.
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Figure 1: Alignmen t graph G

X ;Y

where x

i

� � � x

k

= AT T GT and y

j

� � � y

l

=

AGGAC AT . Matc hing diagonal arcs are dra wn as solid lines while mismatc h-

ing diagonal arcs are sho wn b y dashed lines. Dotted lines are used for horizon tal

and v ertical arcs. An example alignmen t path is sho wn. Lab els of the arcs on this

path are the corresp onding edit op erations where � denotes the n ull string.

Let � indicate the substring relation. The lo c al alignment ( LA ) problem seeks

for substrings I � X and J � Y with the highest similarit y score. The optimal

v alue LA

�

( X ; Y ) for this problem is giv en b y

LA

�

( X ; Y ) = max f s ( I ; J ) j I � X ; J � Y g = max

i;j

S

i;j

(2)

where s ( I ; J ) is the b est alignmen t score b et w een I and J . LA

�

can b e computed

using the Smith-W aterman algorithm [14 ] in time O ( nm ). The space complexit y

is O ( m ) b ecause only O ( m ) en tries of the dynamic programming matrix need to

b e stored at an y giv en time. In what follo ws, for an y optimization problem P ,

w e denote b y P

�

its optim um v alue, and sometimes drop the parameters from the

notation when they are ob vious from the con text.

As de�ned in [5 ], the ob jectiv e of the normalize d lo c al alignment problem ( NLA t )

is:

NLA t

�

( X ; Y ) = max f s ( I ; J ) = ( j I j + j J j ) j I � X ; J � Y ; j I j + j J j � t g (3)

Figure 2 includes examples where optimal alignmen ts for LA and NLA t ma y b e

di�eren t. In eac h case, the long alignmen t has the highest ordinary score whereas

the shorter alignmen ts ha v e higher normalize d sc or es . The normalized score of an

alignmen t is obtained b y dividing its score b y its length, whic h is de�ned as the sum

of the lengths of the substrings in v olv ed in the alignmen t. If w e use ordinary scores

as the similarit y measure then the long alignmen ts in Figure 2 are optimal. If w e use

5



normalized scores then the alignmen ts returned dep end on the v alue of t . F or the

alignmen ts in Figure 2 t = 200 is a separating v alue in determining the optimalit y

of short and long alignmen ts. The need to ha v e con trol o v er the alignmen t lengths

b ecomes apparen t when w e use normalized scores. Without con trolling the desired

alignmen t lengths, with normalized scores short alignmen ts o v ershado w the true

long alignmen ts causing y et another anomaly . Arslan et al., 2001 [5] c hanged the

ob jectiv e function to s ( I ; J ) = ( j I j + j J j + L ) b y in tro ducing parameter L whic h giv es a

degree of con trol o v er the total length of the optimal subsequences. In this w a y , the

length constrain t can b e dropp ed [5 ]. This ga v e rise to an e�cien t algorithm whic h

runs in time O ( nm log n ) and using O ( m ) space. Ho w ev er an adequate con trol o v er

the length through parameter L is di�cult to describ e.

(0,0)

(n,m)
n

x2

1

1 2 m

(0,0)y  y 1 2 ym

(n,m)
xn

x2

x1

xn
(n,m)

(0,0) ymy  y 1 2
x1
x2

(ii)

100

100

100

100 100 100

100

10080

120

80

120

80

-40

80
120

300 300

300300

100

100

(i)

(iii)

y  y y
x

x

Figure 2: Some example alignmen ts. The n um b ers written in italic are the ordi-

nary scores of the alignmen ts. The normalized score of the shorter alignmen t(s) is

80 = 200 = 0 : 4 while that of the longer alignmen t is 120 = 600 = 0 : 2 .

Giv en a limit T , w e de�ne the length r estricte d lo c al alignment ( LRLA ) score

b et w een X and Y as

LRLA

�

( X ; Y ; T ) = max f s ( I ; J ) j I � X ; J � Y ; and j J j � T g (4)

Figure 3 illustrates the length constrain t sc hematically . In LRLA problem, the

horizon tal lengths of the resulting alignmen ts are con trolled b y upp er limit T on one

of the substrings, whic h in practice will b e determined b y biological considerations.
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F or the alignmen ts in Figure 2, setting T = 100 or T = 300 c hanges the optimalit y

of the short and long alignmen ts when the ordinary scores are used.

J| | < T

I

J

X

Y

Figure 3: Candidates for I and J in the computation of LRLA

�

( X ; Y ; T ).

The cyclic e dit distanc e ( CED ) b et w een X and Y is the minim um edit distance

b et w een X and an y cyclic shift of Y :

CED

�

( X ; Y ) = min f ed ( X ; �

k

( Y )) j 0 � k < m g (5)

where ed denotes the edit distance, and �

k

( Y ) is the cyclic shift of Y b y k whic h is

de�ned as follo ws: �

0

( Y ) = Y , and for 0 < k < m , �

k

( Y ) = y

k +1

: : : y

m

y

1

: : : y

k

.

Maes' algorithm [13] computes CED

�

( X ; Y ) in O ( nm log m ) steps. F or an y k ,

ed ( X ; �

k

( Y )) is the cost of the shortest (least-cost) path P ( k ) b et w een the v ertices

(0 ; k ) and ( n; m + k ) in G

X ;Y Y

as sho wn in Figure 4. Maes' idea is to mak e use of

the \non-crossing" prop ert y of shortest paths, whic h restricts the candidate P ( k )

to b e squeezed b et w een P ( i ) and P ( j ) where i < k < j as illustrated in the �gure.

Ho w ev er this idea cannot b e generalized to the case of a�ne gap p enalties in whic h

the total cost of a gap of size a , i.e. a blo c k of a insertions (or deletions), is

� + ( a � 1) � where � is the gap op en p enalt y . It can easily b e seen that P ( i ) and

P ( j ) ma y b e crossing eac h other in this case.

sJ= (Y)k

P(i)X

(n,m)

P(k)

(n,m+k)

P(j)

(0,0) (0,i) (0,k) (0,j)

YY

(n,m+i) (n,m+j)

Figure 4: Finding P ( k ) b et w een P ( i ) and P ( j ) as a step to w ard the computation

of CED

�

( X ; Y ).

As a dual approac h to CED w e de�ne cyclic lo c al alignment ( CLA ) problem b y

expressing its ob jectiv e in the form

CLA

�

( X ; Y ) = max f s ( I ; J ) j I � X ; J � �

k

( Y ) for some k ; 0 � k < m g (6)
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Note that CLA is a sp ecial case of LRLA . More sp eci�cally

CLA

�

( X ; Y ) = LRLA

�

( X ; Y Y ; j Y j )

T o solv e the LRLA problem, and consequen tly the CLA problem, w e can extend

the dynamic programming form ulation in (1) b y adding another dimension to store

at eac h en try of the dynamic programming matrix optim um scores for all p ossible

horizon tal lengths up to T . Ho w ev er this increases the time complexit y to O ( T nm )

whic h ma y b e impractical.

4. Appro ximation Algorithms for LRLA

W e �rst giv e a simple

1

2

-appro ximation algorithm HALF for the LRLA problem.

Clearly , w e can assume T < m , for otherwise w e can run the lo cal alignmen t

algorithm without alteration on G

X ;Y

and obtain the exact solution to LRLA in

time O ( nm ). Let u = d m=T e and put

Y

j

= y

( j � 1) T +1

� � � y

j T

for 1 � j < u with Y

u

= y

( u � 1) T +1

� � � y

m

. Th us Y = Y

1

Y

2

� � � Y

u

, and the Y

j

partition Y in to blo c ks of length T eac h (except p ossibly for Y

u

, whic h ma y b e

shorter). Let

HALF

�

= max

1 � j <u

f s ( I ; J ) j I � X ; J � Y

j

Y

j +1

g (7)

Finding an optimal alignmen t a for HALF requires solving u � 1 ordinary lo cal

alignmen t problems among strings X and Y

j

Y

j +1

for 1 � j < u as sc hematically

describ ed in Figure 5 . T otal time tak en for this is O ( nm ), as eac h Y

j

needs to b e

considered at most t wice during the computations. The space complexit y of HALF

is O ( m ).

2a

1a

(0,2T)(0,0)

Y Y Y Y Y
(0,T)

j+1 Y uj u-1

Y

(n,m)

1 2

(0,(j-1)T) (0,(j+1)T) (0,(u-2)T) (0,(u-1)T)

X

Figure 5: Regions of alignmen t graph explored in computing HALF

�

, and parts a

1

and a

2

of an optimal alignmen t a .

Let a b e an optimal alignmen t found b y HALF . W e obtain an appro ximation

to LRLA

�

from a as follo ws. Supp ose a � Y

j

Y

j +1

for some j . Let a

1

; a

2

denote the
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t w o halv es of a that lie in Y

j

and Y

j +1

, resp ectiv ely as sho wn in Figure 5. Without

loss of generalit y , assume that a

1

is the one with the higher score, sa y

b

S . Then

2

b

S � LRLA

�

, and therefore

1

2

LRLA

�

�

b

S � LRLA

�

:

Clearly the horizon tal length of a

1

is � T . The same appro ximation and complexit y

results hold for the cases of arbitrary scoring matrices and a�ne gap p enalties. T o

solv e the individual lo cal alignmen t problems, Algorithm HALF uses the existing

algorithms in the underlying scoring sc heme.

W e giv e next an appro ximation algorithm AP X - LRLA , whic h computes a lo cal

alignmen t score

b

S � LRLA

�

within a prescrib ed di�erence 2� from LRLA

�

, i.e.

LRLA

�

� 2� �

b

S � LRLA

�

:

If desired, the p osition of an alignmen t ac hieving

b

S , and consequen tly the substrings

I � X and J � Y with j J j � T ac hieving this score can also b e iden ti�ed. The

complexit y of the algorithm is O ( nmT = �) time and O ( mT = �) space.

F or simplicit y , w e assume a basic scoring sc heme: i.e. score b et w een the sym b ols

x

i

, and y

j

is 1 for a matc h ( x

i

= y

j

) and � � for a mismatc h ( x

i

6= y

j

), and the indel

score is � � . W e argue later that the algorithm can b e easily mo di�ed within the

same complexit y results for the cases of arbitrary scoring matrices, and also a�ne

gap p enalties.

Our appro ximation idea is that instead of a single score, w e main tain at eac h

no de ( i; j ) of G

X ;Y

, a list of scores with the prop ert y that for an y giv en optim um

score ac hiev ed b y an alignmen t ending at ( i; j ) and starting within a past horizon tal

windo w of size T of ( i; j ) at least one elemen t of the list lies within 2� of this score.

W e sho w that the dynamic programming form ulation can b e extended to preserv e

this prop ert y through the no des. In particular, an alignmen t with maxim um score

b

S

in the list of scores computed in one of the no des ( i; j ) will b e b et w een LRLA

�

� 2�

and LRLA

�

. W e assume that � is in tegral, otherwise w e use the largest in teger

smaller than the giv en v alue for �.

Similar to the case of HALF , w e imagine the columns of the graph G

X ;Y

as

group ed in to v ertical slabs of � + 1 columns eac h, starting with the leftmost column

(i.e. j = 0). Tw o consecutiv e slabs share a column whic h w e call a b oundary . The

left and the right b oundaries of the slabs are de�ned as the leftmost and righ tmost

column p ositions in the slab. W e agree that a slab do es not con tain the v ertical

edges among the v ertices on the left b oundary . No w to a giv en column j in G

X ;Y

,

w e asso ciate a n um b er of slabs as follo ws. Let slab 0 with resp ect to j b e the slab

that con tains column j . W e order the consecutiv e slabs to the left of slab 0 with

resp ect to j as slab 1, slab 2, : : : . This orders the slabs w eakly to the left of column

j , with resp ect to j . In other w ords, slab k with resp ect to column j is the subgraph

of G

X ;Y

comp osed of v ertices placed inclusiv ely b et w een columns b j = � c and j if

k = 0, and b et w een columns ( b j = � c � k )� and ( b j = � c � k + 1)�, otherwise. A

slab con tains all the edges in G

X ;Y

inciden t to the v ertices it con tains except for

9



the v ertical edges on the left b oundary whic h b elong to the preceding slab. Figure

6 includes sample slabs with resp ect to column j , and alignmen ts ending at some

no de ( i; j ) . F rom the dynamic programming form ulation (1), w e note the follo wing

observ ation for optimal alignmen ts with the basic scoring sc heme assumed: an y

optimal alignmen t (with p ositiv e score) ending at a giv en no de ( i; j ) has to start

with a matc h since only the matc hes ha v e p ositiv e scores.

j /D -1 D j /D Dj /D

. . .

(i,j)

. . .

. . .D-k

slab k slab 1 slab 0

Figure 6: Slabs with resp ect to column j , and alignmen ts ending at no de ( i; j )

starting at di�eren t slabs.

Let S

i;j;k

for 0 � k � b T = � c � 1 represen t the optim um score ac hiev able b y an y

alignmen t ending at no de ( i; j ) and starting at slab k with resp ect to column j . F or

LRLA , w e are only in terested in alignmen ts with horizon tal length not exceeding T .

A single slab can con tribute at most � to the score of an y alignmen t. Consequen tly ,

w e need to store at eac h no de at most b T = � c scores S

i;j;k

, for 0 � k � b T = � c � 1

corresp onding to the b T = � c slabs that include ( i; j ) and span a past horizon tal

windo w of length not exceeding T . Figure 7 sho ws the steps of our appro ximation

algorithm AP X - LRLA . The pro cessing is done ro w-b y-ro w starting with the top

ro w ( i = 0) of G

X ;Y

.

W e can mo dify the Smith-W aterman algorithm suc h that it breaks the ties in

scores b y selecting alignmen ts with smaller horizon tal lengths. This mo di�ed algo-

rithm can b e used in Step 1 to c hec k if the maxim um score o v er all the alignmen ts is

ac hiev ed b y an alignmen t whose horizon tal length do es not exceed T . Step 2 of the

algorithm p erforms the initialization of the lists of the no des in the top ro w ( i = 0).

Step 3 implemen ts computation of scores as dictated b y the dynamic programming

form ulation in (1):

� If the curren t no de ( i; j ) is not on the �rst column after a b oundary then no des

( i � 1 ; j ), ( i � 1 ; j � 1) and ( i; j � 1) share the same slabs with no de ( i; j ) . In

this case S

i;j;k

is calculated b y using S

i � 1 ;j;k

, S

i � 1 ;j � 1 ;k

, and S

i;j � 1 ;k

as

S

i;j;k

= max f 0 ; S

i � 1 ;j;k

� �; S

i � 1 ;j � 1 ;k

� s ( x

i

; y

j

) ; S

i;j � 1 ;k

� � g

where S

i � 1 ;j � 1 ;k

� s ( x

i

; y

j

) = S

i � 1 ;j � 1 ;k

+ s ( x

i

; y

j

) if S

i � 1 ;j � 1 ;k

> 0 or k = 0;

and 0 otherwise. This is b ecause, b y de�nition, a lo cal alignmen t has a p ositiv e

score, and it is either a single matc h, or it is an extension of an alignmen t

10



whose score is p ositiv e. Therefore w e do not let an alignmen t with no score

b e extended unless the resulting alignmen t is a single matc h in the curren t

slab.

� If the curren t no de is on the �rst column follo wing a b oundary (i.e. j mo d

� = 1) then the slabs for the no des in v olv ed in the computations for no de

( i; j ) di�er as sho wn in Figure 8. In this case slab k for no de ( i; j ) is slab k � 1

for the no des at column j � 1 . Moreo v er an y alignmen t ending at ( i; j ) starting

at slab 0 for ( i; j ) can either only include one of the edges (( i � 1 ; j ) ; ( i; j )),

(( i � 1 ; j � 1) ; ( i; j )), or (( i; j � 1) ; ( i; j )), or extend an alignmen t from no de

( i � 1 ; j ). The edges (( i � 1 ; j ) ; ( i; j )) and (( i; j � 1) ; ( i; j )) b oth ha v e negativ e

w eigh t � � . Therefore, S

i;j; 0

is set to max f 0 ; s ( x

i

; y

j

) ; S

i � 1 ;j; 0

� � g . F or slab

k > 0, S

i;j;k

is calculated b y

S

i;j;k

= max f 0 ; S

i � 1 ;j;k

� �; S

i � 1 ;j � 1 ;k � 1

� s ( x

i

; y

j

) ; S

i;j � 1 ;k � 1

� � g

During these computations, the running maxim um score is also up dated whenev er

a newly computed score S

i;j;k

is larger than the curren t maxim um, and the �nal

v alue is returned in Step 3. The alignmen t p osition ac hieving this score ma y also b e

desired. This can b e done b y main taining for eac h optimal alignmen t its start and

end p ositions b esides its score. In this case in addition to the running maxim um

score, the start and end p ositions of a maximal alignmen t should b e stored and

up dated.

If there is an alignmen t with the maxim um score and with horizon tal length not

exceeding T then the algorithm returns this score in Step 1. Otherwise, w e �rst

sho w that for an y no de ( i; j ) and slab k , S

i;j;k

calculated b y the algorithm is the

optim um score ac hiev able o v er the set of all the alignmen ts ending at no de ( i; j ) and

starting at slab k with resp ect to column j . This claim is pro v ed b y induction. If

w e assume that the claim is true for no des ( i � 1 ; j ), ( i � 1 ; j � 1) and ( i; j � 1), and

for their slabs, then w e can easily see b y follo wing Step 3 of the algorithm that the

claim holds for no de ( i; j ) and its slabs. Consider the alignmen ts with horizon tal

length at most T . If there is an optimal alignmen t with score LRLA

�

and with

length at most T � 2�, then this alignmen t is captured during the calculations at

its righ t end p oin t. In this case, b y the previous claim, the algorithm returns the

optim um score LRLA

�

.

If all optimal alignmen ts with score LRLA

�

ha v e horizon tal length > T � 2�, w e

sho w that during the computations the algorithm observ es a score whic h do es not

di�er more than 2� from the optim um score LRLA

�

. T o see this, let an optimal

alignmen t start at no de ( i

0

; j

0

) and end at no de ( i; j ). W e kno w that its horizon tal

length is larger than T � 2� . Let ( i

00

; j

00

) b e the no de the alignmen t crosses at the

b oundary ( b j = � c � b T = � c + 1)�. This is the left b oundary of slab k = b T = � c � 1

relativ e to column j as sho wn in Figure 9. Note that the score of the part of the

alignmen t b et w een no des ( i

0

; j

0

) and ( i

00

; j

00

) is at most 2� according to our basic

scoring sc heme. Since ( i

00

; j

00

) is one of the no des in slab k relativ e to j S

i;j;k

is

larger than or equal to the score of the part of the giv en optimal alignmen t b et w een

11



Algorithm AP X - LRLA ( � ; � )

1 : Run a modified Smith-Waterman algorithm. If the maximum score is

achieved within horizontal length � T then return this score and exit

2 : Initialization:

set LRLA

�

= 0

set S

0 ;j;k

= 0 for all j; k , 0 � j � m , and 0 � k � b T = � c � 1

3 : Main computations :

for i = 1 to n do f

set S

i; 0 ;k

= 0 for all k , 0 � k � b T = � c � 1

for j = 1 to m do f

if ( j mod � = 1) then

f

set S

i;j; 0

= max f 0 ; s ( x

i

; y

j

) ; S

i � 1 ;j; 0

� � g

set LRLA

�

= max f LRLA

�

; S

i;j; 0

g

for k = 1 to b T = � c � 1 do f

set S

i;j;k

= max f 0 ; S

i � 1 ;j;k

� �; S

i � 1 ;j � 1 ;k � 1

� s ( x

i

; y

j

) ; S

i;j � 1 ;k � 1

� � g

set LRLA

�

= max f LRLA

�

; S

i;j;k

g

g

g else

f

for k = 0 to b T = � c � 1 do f

set S

i;j;k

= max f 0 ; S

i � 1 ;j;k

� �; S

i � 1 ;j � 1 ;k

� s ( x

i

; y

j

) ; S

i;j � 1 ;k

� � g

set LRLA

�

= max f LRLA

�

; S

i;j;k

g

g

g

g

g

3 : Return LRLA

�

Figure 7: Algorithm AP X - LRLA whic h appro ximates LRLA

�

within di�erence 2�.

Dj /

(i,j)

(i-1,j)(i-1,j-1)

(i,j-1)

D

for column j
slab 0

&
for column j

slab 0
for column j-1

for column j
&

for column j-1

. . . . . .. . .

slab k

slab k-1

slab 1

Figure 8: Left b oundary of slab 0 with resp ect to column j , and n um b ering of slabs

with resp ect to columns j and j � 1.
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j /D D

T /D

T /Dj /D - +1 D

<
< D2

. . .

slab -1 slab 1 slab 0

j /D -1 D

(i,j)

. . .

T

(i'',j'')
(i',j')

. . .

Figure 9: Orien tation of an optimal alignmen t ending at no de ( i; j ) when its hori-

zon tal length is larger than T � 2�.

( i

00

; j

00

) and ( i; j ) b y our previous claim on the optimalit y of S

i;j;k

. Th us S

i;j;k

do es

not di�er from LRLA

�

b y more than 2�, i.e.

LRLA

�

� 2� � S

i;j;k

Note that it is lik ely that a score higher than the guaran teed lo w er b ound

LRLA

�

� 2� is returned frequen tly in practice as the algorithm explores all the

no des as p ossible end p oin ts.

Algorithm AP X - LRLA essen tially implemen ts the dynamic programming for-

m ulation (1). It is similar to the Smith-W aterman algorithm except at eac h no de

instead of a single score, b T = � c scores are stored and manipulated. Therefore the

resulting complexit y exceeds that of the Smith-W aterman algorithm b y a factor of

b T = � c . That is, the time complexit y of AP X - LRLA is O ( nmT = �). The algorithm

requires O ( mT = �) space since w e need the en tries in the previous and the curren t

ro ws to calculate the en tries in the curren t ro w.

F or a giv en � w e can obtain error b ound � on the absolute di�erence from

the optim um score LRLA

�

b y using max f 1 ; b � = 2 cg as � in the algorithm without

increasing the asymptotic complexit y .

Algorithm AP X - LRLA can easily b e generalized to other common scoring

sc hemes with simple mo di�cations. F or example, v arying p enalties (or scores) can

easily b e incorp orated for the computation of optim um scores at eac h no de for

arbitrary scoring matrices. F or the appro ximation result to hold w e assume that

the maxim um p ositiv e score for an y individual op eration is at most 1. In the scoring

sc hemes w e study in this pap er this can b e satis�ed b y normalizing all the scores

b y dividing them b y the maxim um individual p ositiv e score whic h do es not a�ect

the optimalit y of the alignmen ts. A�ne gap p enalties require a sligh tly di�eren t

dynamic programming form ulation than the one giv en for basic scoring sc heme (1).

It can b e describ ed as follo ws ([17 ]) : Let E

i;j

= F

i;j

= S

i;j

= 0 when i or j is 0,

and if � is the gap op en p enalt y , then de�ne

E

i;j

= max fS

i;j � 1

� �; E

i;j � 1

� � g ;
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Algorithm AP X - LRLA - AF F I N E ( � ; �; � )

1 : Run a modified Smith-Waterman algorithm. If the maximum score is

achieved within horizontal length � T then return this score and exit

2 : Initialization:

set LRLA

�

= 0

set E

0 ;j;k

= F

0 ;j;k

= S

0 ;j;k

= 0 for all j; k , 0 � j � m , and 0 � k � b T = � c � 1

3 : Main computations :

for i = 1 to n do f

E

i; 0 ;k

= F

i; 0 ;k

= S

i; 0 ;k

= 0 for all k , 0 � k � b T = � c � 1

for j = 1 to m do f

if ( j mod � = 1) then

f

set E

i;j; 0

= 0

set F

i;j; 0

= max fS

i � 1 ;j; 0

� �; F

i � 1 ;j; 0

� � g

set S

i;j; 0

= max f 0 ; s ( x

i

; y

j

) ; F

i;j; 0

g

set LRLA

�

= max f LRLA

�

; S

i;j; 0

g

for k = 1 to b T = � c � 1 do f

set E

i;j;k

= max fS

i;j � 1 ;k � 1

� �; E

i;j � 1 ;k � 1

� � g

set F

i;j;k

= max fS

i � 1 ;j;k

� �; F

i � 1 ;j;k

� � g

set S

i;j;k

= max f 0 ; S

i � 1 ;j � 1 ;k � 1

� s ( x

i

; y

j

) ; E

i;j;k

; F

i;j;k

g

set LRLA

�

= max f LRLA

�

; S

i;j;k

g

g

g else

f

for k = 0 to b T = � c � 1 do f

set E

i;j;k

= max fS

i;j � 1 ;k

� �; E

i;j � 1 ;k

� � g

set F

i;j;k

= max fS

i � 1 ;j;k

� �; F

i � 1 ;j;k

� � g

set S

i;j;k

= max f 0 ; S

i � 1 ;j � 1 ;k

� s ( x

i

; y

j

) ; E

i;j;k

; F

i;j;k

g

set LRLA

�

= max f LRLA

�

; S

i;j;k

g

g

g

g

g

3 : Return LRLA

�

Figure 10: Algorithm AP X - LRLA - AF F I N E : Algorithm for a�ne gap p enalties

whic h appro ximates LR LA

�

within di�erence 2�.
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F

i;j

= max fS

i � 1 ;j

� �; F

i � 1 ;j

� � g ;

S

i;j

= max f 0 ; S

i � 1 ;j � 1

+ s ( x

i

; y

j

) ; E

i;j

; F

i;j

g (8)

A�ne gap p enalties do not increase the complexit y of the lo cal alignmen t prob-

lem, i.e. the problem can b e solv ed in time O ( nm ) and using O ( m ) space. Figure

10 sho ws algorithm AP X - LRLA - AF F I N E whic h is a v ariation of our algorithm

AP X - LRLA for a�ne gap p enalties. It uses the same idea that at eac h en try of

the dynamic programming matrix, instead of a single score a n um b er of scores are

main tained and manipulated as dictated b y the ab o v e dynamic programming for-

m ulation, and b y using the tec hnique emplo y ed in algorithm AP X - LRLA .

Remarks

Let r b e a p ositiv e real n um b er. Supp ose that w e run Algorithm HALF �rst, and

consequen tly run Algorithm AP X - LRLA with � = HALF

�

= (2 r ). Then

1

2

LRLA

�

= (2 r ) � � � LRLA

�

= (2 r ) ;

and it is easy to v erify that Algorithm AP X - LRLA returns a score at least as large as

(1 �

1

r

) LRLA

�

in time O ( nmr T = LRLA

�

) and space O ( mr T = LRLA

�

) . This output-

size sensitiv e complexit y result implies an ac hiev emen t of a go o d p erformance in

practice whenev er w e can set a relativ ely large lo w er limit S of scores for lo cal

alignmen ts of in terest. F or example, whenev er the scoring sc heme is suc h that

imp ortan t lo cal alignmen ts sough t in the giv en pair of sequences ha v e b etter scores

than some b ound S , where S � cT for some p ositiv e real constan t c , setting � =

S= (2 r ) in AP X - LRLA giv es a score � (1 �

1

r

) LRLA

�

if LRLA

�

� S in time O ( nmr )

and space O ( mr ) .

In b oth algorithms HALF and AP X - LRLA , the stated ob jectiv e is to compute

the b est p ossible score for a lo cal alignmen t with the assumed length constrain t. In

general w e ma y b e in terested in �nding man y signi�can t lo cal alignmen ts. The al-

gorithms prop osed b y W aterman and Eggert [18 ], and b y Huang and Miller [11 ] �nd

b est k non-in tersecting alignmen ts for a giv en k . The v ariations of these algorithms

whic h are based on the computations in AP X - LRLA can b e dev elop ed so that the

resulting algorithms compute appro ximations for the b est k non-in tersecting align-

men ts whose horizon tal lengths do not exceed T . W e omit the details of these

constructions.

5. Conclusion

W e considered the length restricted lo cal alignmen t problem LRLA to circum-

v en t the undesirable mosaic and the shado w e�ects of the ordinary lo cal alignmen t

algorithm. In length restricted lo cal alignmen t w e searc h for substrings I and J that

maximize the score s ( I ; J ) among all I � X and J � Y with j J j � T . LRLA can b e

solv ed b y extending the dynamic programming form ulation of lo cal alignmen t prob-

lem. Ho w ev er the resulting time complexit y is O ( T nm ), whic h ma y not b e practical

for large v alues of n , m , and T . In this pap er, w e prop osed t w o appro ximation algo-

rithms for LRLA . The �rst algorithm is a simple

1

2

-appro ximation algorithm whic h
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has the same time and space complexit y as the ordinary lo cal alignmen t algorithm.

The second algorithm AP X - LRLA obtains a score within di�erence 2� from the

optim um for an y giv en p ositiv e in teger �, and runs in time O ( nmT = �).

A sp ecial case of the length restricted lo cal alignmen t problem is cyclic lo cal

alignmen t. This giv es rise to a dual approac h to the cyclic edit distance problem.

Within the same complexit y b ounds of our algorithms and the same appro ximation

guaran tee, w e can compute

CLA

�

( X ; Y ) = max

0 � k <m

f s ( I ; J ) j I � X ; J � y

k +1

: : : y

m

y

1

: : : y

k

g :

The algorithms can b e generalized to the more common scoring sc heme of a�ne

gap p enalties whic h is widely used in practice. W e presen t an algorithm AP X -

LRLA - AF F I N E whic h generalizes LRLA to the a�ne case with the same p erfor-

mance guaran tee as LRLA .

The algorithms are simple to implemen t and pro v ably e�cien t. The degree of

appro ximation can b e con trolled with a reasonable trade-o� of optimalit y v ersus

time and space. There is also reason to b eliev e that the appro ximate score returned

is on the a v erage m uc h closer to the actual optim um than the w orst case error

b ound of 2�.
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