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Abstract. It is desirable to design partitioning methods that minimize the I/O time incurred during query execu-
tion in spatial databases. This paper explores optimal partitioning for two-dimensional data for a class of queries
and develops multi-disk allocation techniques that maximize the degree of I/O parallelism obtained in each case.
We show that hexagonal partitioning has optimal I/O performance for circular queries among all partitioning
methods that use convex non-overlapping regions. An analysis and extension of this result to all possible parti-
tioning techniques is also given. For rectangular queries, we show that hexagonal partitioning has overall better
I/O performance for a general class of range queries, except for rectilinear queries, in which case rectangular grid
partitioning is superior. By using current algorithms for rectangular grid partitioning, parallel storage and retrieval
algorithms for hexagonal partitioning can be constructed. Some of these results carry over to circular partitioning
of the data—which is an example of a non-convex region.
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1. Introduction

Spatial databases and Geographical Information Systems (GIS) [9] have gained added im-
portance as a result of recent developments in information technology. In GIS applications,
the data objects are represented as two-dimensional vectors, and the similarity between
objects are defined by a distance function between corresponding vectors. Several index
structures have been proposed for the retrieval of spatial data [2, 17, 18, 24, 28, 29]. The
common approach is to group the objects according to their spatial locations, partition the
data space, and store the created groups as pages in physical storage.

Most common indexing algorithms for spatial data are based on clustering the data points
using a rectangular organization [2, 17, 18, 29]. Grid based file structures have been effec-
tively used to index spatial data [24]. There have also been several approaches based on
grid partitioning [17, 29]. Rectangles are the most common geometrical shape that have
been used to index spatial data, although other shapes have also been proposed. For exam-
ple, circles are suitable for multi-dimensional indexing for similarity searching [32]. One
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difficulty with using circles is that a true partitioning of the data space in the mathemati-
cal sense is often not possible (i.e., we need to allow for overlaps). These overlaps cause
degradation in the query performance, as a large number of intersections directly increases
the I/O cost of query processing.

Because of their simplicity in hashing and mapping to physical storage, regular equi-
sized partitioning such as regular grid partitioning is widely used for retrieval and storage of
spatial data. An important application of this type of partitioning is multi-disk declustering
in which the rectangles (buckets) are allocated to multiple I/O devices in such away that
neighboring rectangles are allocated to distinct disks as much as possible. In this way, locality
of a spatial query results in parallel retrieval of the buckets involved in processing the query.
Numerous methods have been proposed for declustering such as Disk Modulo (DM) [10],
Fieldwise Exclusive OR (FX) [23], Hilbert (HCAM) [12], Near Optimal Declustering (NoD)
[3], General Multidimensional Data Allocation (GMDA) [22], Cyclic Allocation Schemes
[26, 27], Coloring [1], Golden Ratio Sequences [7], Hierarchical [6], Discrepancy [8], and
replicated declustering [30]. These approaches are all based on non-overlapping rectangular
partitions. Another successful application of regular partitioning is the vector approximation
(VA) based indexing for multi-dimensional data [16, 31]. The VA-file approach divides the
data space into 2b non-overlapping rectangles where b is specified by the user. Each partition
is labeled by a b-bit binary string which is used to represent the data points that fall into the
partition.

Evidently, minimizing the number of I/O operations in query processing is crucial for
fast response times. This cost can be reduced by reducing the expected number of page
retrievals during the execution of queries. The expected number of page retrievals directly
depends on the underlying technique that is used to organize the data set, i.e., partitioning
of the data [5, 11, 13, 14]. It is therefore important to develop partitioning techniques
which minimize the expected number of partitions retrieved by a query. Since rectangles
are effective for non-overlapping partitioning, a natural question is whether rectangular grid
based partitioning is the optimal approach for non-overlapping partitioning to minimize the
I/O cost.

In this paper, we explore optimal partitioning for various types of queries. In particular,
we show that hexagonal partitioning has optimal I/O performance for circular queries
compared to all possible non-overlapping partitioning techniques that use convex regions.
For rectangular queries, except for the case of rectilinear queries for which rectangular grid
partitioning gives superior performance, hexagonal partitioning has overall better I/O cost
for a general class of range queries. We also develop simple methods for the storage and
retrieval of hexagonal partitioning in a multi-disk setting by applying the already developed
algorithms for rectangular grid partitioning. Although partitioning schemes that use convex
regions cover a wide range of applications by nature of their simplicity and efficiency, we
extend our results for the class of partitioning techniques that use non-convex regions as
well, thus demonstrating the general applicability and usefulness of our approach.

This paper is organized as follows: in Section 2 we discuss the importance of data
organization for minimizing the I/O cost of spatial queries and summarize available par-
titioning techniques. In Section 3, we analyze these techniques with respect to the I/O
cost of spatial queries and identify the optimal partitioning technique for each query type.
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Section 4 discusses the storage and retrieval of hexagonal partitioning using rectangular
grids. Section 6 discusses the relationship between the partitioning techniques and the I/O
cost in a more general setting, where the partitions are allowed to be non-convex. Conclu-
sions are presented in Section 7.

2. Data organization for efficient spatial queries

The two most common spatial queries are range queries and similarity queries. In a range
query, the user specifies an area of interest and all data points in this area are retrieved. In
a similarity query, a query point is specified and all points “similar” to the query point are
retrieved. A popular related query is k-nearest neighbor (kNN), which is the determination
of the k closest points to the query point q. Traditional range queries have been specified
using rectilinear queries, i.e., rectangular regions with sides parallel to coordinate axes.
A rectilinear range query Qr = ([a1, b1], [a2, b2]) specifies a range of values for each
dimension. The result of the query is the set of all data objects that have values within
the specified ranges. More generally, a rectangular query can be defined as a rectilinear
rectangle with a rotation angle of α with respect to the x-axis. For example, a rectilinear
square range query with a rotation of π/4 gives us a diamond query (see figure 1(b)).
Another commonly used query is circular range query Qc = (q, r ), also referred to as an
ε-similarity query. It specifies a query point q and a radius r = ε, which together define the
acceptable region of similarity. All data objects that fall into the circle defined by the pair
(q, r ) are in the answer set.

It is interesting to note that range queries of different shapes correspond to similarity
queries under different metrics. For example, the rectilinear rectangular range query cor-
responds to similarity in the L∞ metric, the diamond range query to similarity in the L1

metric, and the the circular range query to the L2 metric.
In both range and similarity queries, the pages that potentially contain a portion of

the query result are retrieved. As mentioned before, the spatial data objects are grouped
according to their spatial locations and are stored as pages in physical storage. An ideal
technique would require �QueryResultSize

PageCapacity � number of page accesses to answer any query [21].
However, this is not in general possible. A careful investigation is needed to develop a

Figure 1. Range queries intersecting all partitions.
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technique that is close to the ideal case, i.e., maximally reduces the I/O cost on the average.
For a uniformly distributed data space of unit area, the best possible (optimal) cost for a
range query with area A is equal to �Ap�, where p is the total number of pages. If a query is
executed in two differently organized copies of the same data set, different numbers of pages
will be retrieved depending on the way the data-space is initially organized. For efficient
queries, the underlying organization of the data must be designed to reduce the expected
number of pages retrieved by the queries. An organization of a database is I/O optimal if it
minimizes the expected number of page accesses incurred by the queries.

Regular equi-sized partitioning is widely used for the organization of spatial data since
it provides efficient functions for hashing and mapping to pages in storage. The general
approach is first to tile the data space into disjoint regular rectangular regions and then
to map each partition to a physical page. It is known that it is not possible to tile the
space with regular non-overlapping identical convex polygons with more than 6 edges.
Furthermore there are only three basic tile shapes (triangles, rectangles, and hexagons) for
regular partitioning [25]. We consider these three basic shapes for partitioning and compare
their behavior under various conditions. Equilateral triangles, squares, and regular hexagons
are considered for triangles, rectangles, and hexagons respectively. All of the techniques
discussed in this paper have simple hashing properties that can be used to map the partitions
to physical storage easily.

3. I/O cost for various query types

Consider different partitioning techniques that minimize the expected number of pages
retrieved for a given query. The partitions that have to be accessed are the ones that intersect
the range query region. We compute the expected number of these by using the idea of
Minkowski sum [4, 31]. The Minkowski sum of two planar regions R and S is defined as
the vector sum of these sets in a vector space, i.e., M(R, S) = {x + y | x ∈ R, y ∈ S}. This
operation essentially expands one region by the other. As an example, the Minkowski sum
of a square page of side length c and a circular region with radius r is the enlarged object
M(squarec, circler ), which is obtained by moving the center of the circular query over the
surface of the square (figure 2b). It consists of all points that are either in the square page
or within distance r to the boundary of the page. The points within this enlarged object
correspond to the center of all possible circular queries that intersect this page. Assuming
uniform distribution, the fraction of the area of the enlarged object to the area of the data
space is the probability P(page) that the corresponding page is being accessed. When the
data space is the unit square [0, 1]2, the area of the Minkowski sum gives the probability that
the page is accessed. Note that the regions created by the Minkowski sum of the partitions
on the boundary of the two-dimensional data space are negligible when compared to the
union of regions created by Minkowski sums of all partitions. The expected number E(q)
of pages which are intersected by a query q is the sum of the probabilities of the pages
intersected by the query. For regular equi-sized partitioning, i.e., p partitions of identical
shape, the expected number of intersected partitions by the query is p times the probability
of a page being accessed, i.e., E(q) = p · P(page). Therefore, for a partitioning scheme
that tiles the space with pages of shape s, the expected numbers of intersected partitions for
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a query q of any shape is

Es(q) = p · M(s, q), (1)

where p is the number of partitions. For example, for a square partitioning

Esquare(q) = p · M(squarec, q).

We next investigate which type of partitioning must be used to minimize the I/O cost,
assuming uniform distribution. We consider circular, rectilinear and rotated square queries,
which correspond to similarity using L2, L∞, and L1 metrics respectively.

3.1. I/O cost for circular range queries

To analyze the performance for circular range queries, we first compute the Minkowski
sums of triangle, square, and hexagon shapes with respect to a circular region of radius r .
Figure 2 shows the Minkowski sum regions for these three cases, i.e., M(trianglet , circler ),
M(squarec, circler ), and M(hexagons, circler ), respectively. The values of each edge, t , c,
and s, are assigned such that the area of each triangle, square, and hexagon partition is equal
to 1/p, i.e., t2

√
3

4 = c2 = s2 3
√

3
2 = 1/p. We obtain the following expressions for the areas

of the Minkowski sums:

M(trianglet , circler ) = t2
√

3

4
+ 3tr + πr2 (2)

M(squarec, circler ) = c2 + 4cr + πr2 (3)

M(hexagons, circler ) = s2 3
√

3

2
+ 6sr + πr2 (4)

Figure 2. Minkowski sums (M) w.r.t. circles.
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Note that the first term in each equation corresponds to the area of each partition, i.e.,
t2

√
3

4 = c2 = s2 3
√

3
2 = 1/p. From these equations, t = s

√
6, and c = s

√
3
√

3
2 , therefore for√

3
√

3
2 ≈ 1.612, and

√
6 ≈ 2.45, Eqs. (2) and (3) becomes:

M(trianglet , circler ) ≈ s2 3
√

3

2
+ 7.35sr + πr2. (5)

M(squarec, circler ) ≈ s2 3
√

3

2
+ 6.45sr + πr2. (6)

Comparing (4), (5) and (6), we find

M(hexagons, circler ) < M(squarec, circler ) < M(trianglet , circler ).

This means that for circular regions the Minkowski sum of a hexagon is always less than the
Minkowski sum of a square and the Minkowski sum of a triangle. Substituting this result
into Eq. (1), we finally find

Ehexagon(circler ) < Esquare(circler ) < Etriangle(circler ).

Thus the expected number of partitions intersected by a circular query in a hexagonal grid
is always less than the expected number in a square grid and a triangular grid. Therefore
if the sole or dominant types of the queries in a spatial database have circular shapes, then
hexagonal partitioning of the data space will give better results in terms of the number of
page accesses.

We now generalize the superiority of hexagonal partitioning further and prove that it is
optimal among all non-overlapping partitioning techniques of equal area convex regions,
with respect to the number of partitions retrieved as a result of a circular query of any size.

Lemma 1. For a convex polygon with a perimeter of length M, the Minkowski Sum with
respect to circular regions of radius r is:

M(polygon, circler ) = area(polygon) + M · r + πr2 (7)

Proof: For a convex polygon of n sides, the Minkowski sum with a circle of radius r
contains the polygon itself, plus n rectangles with sides r and the corresponding side of
the polygon, plus n pies with an angle of �i , for 1 ≤ i ≤ n. The area of the n rectangles
sum up to M · r , where M is the perimeter of the polygon. Each �i is equal to π − �i

radians, where �i is the corresponding angle in the polygon. Since the summation of all
these n angles of pies is 2π ,

∑n
1(π − �i ) = πn − π (n − 2) = 2π , they sum up to a full

circle.

Lemma 2. Minimizing the perimeter of the shape that is used for partitioning also mini-
mizes the expected number of partitions intersecting the circular query.
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Proof: In Eq. (7) r does not change with partitioning, and area(polygon) = 1/p. The
only parameter that makes a difference is perimeter M that is used in the pages. This is true
for all possible r values that a circular query can take.

Minimizing the perimeter of each partition minimizes the total boundary of the partition-
ing, which is defined as the length of the boundaries that are used to divide the data-space
into partitions (see Appendix A for an example). If each non-overlapping partition uses
smaller perimeters to cover larger areas, the total lengths of boundaries of these partitions
are also minimized (perimeter comparison of the three basic shapes is given in Appendix B).
It is known that any partitioning of the plane into regions of equal area has perimeter at least
that of the regular hexagonal honeycomb tiling [19]. The surprising instance of the geom-
etry of the beehives is seen as the best that could be done for their major purpose. In 1743,
Colin Mac Laurin summarizes this isoperimetric property of the beehives as follows: “The
geometry of the beehive supports least wax for containing the same quantity of honey, and
which has at the same time a very remarkable regularity and beauty, connected of necessity
with its frugality” [20].

By Lemmas 1 and 2, partitioning that minimizes the total boundary also minimizes the
expected number of partitions retrieved as a result of a circular query. Since hexagon par-
titioning minimizes the total boundary among all possible equal area partitioning methods,
it also minimizes the expected number of partitions retrieved as a result of a circular query.
Hence, we have the following result:

Theorem 1. Hexagonal partitioning is I/O optimal for circular queries among all non-
overlapping partitioning techniques using equal area convex regions.

3.2. I/O cost for square range queries

Now we consider the I/O cost for square range queries. We start with rectilinear square
query analysis on the three basic partitioning discussed in this paper. Then, we analyze
a more general class of square range queries where the sides of the range query do not
have to be parallel to the axes. We establish that hexagonal partitioning has better average
performance than a square grid for the general class of square range queries.

3.2.1. Rectilinear square range queries. For the analysis of rectilinear square range
queries, we first compute the Minkowski sums of the three shapes and a rectilinear square
region (see Appendix C for a similar analysis of rectilinear rectangular range queries).
Figure 3 illustrates the Minkowski sum for each case. As can be seen from the figures, we

have M(squarec, rectil2neara) = (c+a)2. Substituting c = s
√

3
√

3
2 , we find the Minkowski

Sum of the square page as follows:

M(squarec, rectilineara) = 3
√

3

2
s2 + 2

√
3
√

3

2
as + a2 (8)
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Figure 3. Minkowski sums w.r.t. rectilinear squares.

The total area of the M(hexagons, rectilineara) is the area of the rectangle inside the M
plus the two trapezoids created on both sides of M . Therefore,

M(hexagons, rectilineara) = (s + a)(s
√

3 + a) + (2a + s
√

3)s

2
(9)

M(hexagons, rectilineara) = 3
√

3

2
s2 + (2 +

√
3)as + a2 (10)

Similarly,

M(trianglet , rectilineara) = 3
√

3

2
s2 + (

3
√

2

2
+

√
6)as + a2 (11)

Comparing (8), (10) and (11), we have

M(squarec, rectilineara) < M(hexagons, rectilineara) < M(trianglet , rectilineara).

Therefore

Esquare(rectilineara) < Ehexagon(rectilineara) < Etriangle(rectilineara).

We conclude that for rectilinear square queries, the expected number of intersected partitions
in a square grid is less than the one in a hexagonal grid and a triangular grid.

3.2.2. General square range queries. In the previous section, we focused on rectilinear
square range queries, but queries can take any orientation and are not restricted to have
sides parallel to the axes, e.g., as in diamond queries. In this section, we analyze square
queries with arbitrary orientation. We will compare the hexagonal and square partitioning
by computing the Minkowski Sums for square and hexagon tiles with a rotated square region.
The square region has an angle α with the x-axis. Special cases include the diamond query,
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Figure 4. Minkowski sums w.r.t. squares (with orientation α).

i.e., α = π/4, and the rectilinear square query, i.e., α = 0. In this section, for simplicity, we
assume that the area of each partition is 1, i.e., c2 = s2 3

√
3

2 = 1. Figure 4 illustrates the case
when α = π/4. Because of the symmetric property of M , i.e., M(hexagons, squarea) =
M(squarea, hexagons), for simplicity we illustrate M(squarea, hexagons) in figure 4.

The sum of a square page with respect to a square query with an angle α with the x-axis
is:

M(square1, squarea) = 1 + a2 + 2
√

2a · sin(π/4 + α) (12)

where 0 ≤ α ≤ π
4 .

Similarly, the M of a hexagon with respect to a square with a rotation angle of α, is
computed as M(hexagon, squarea) = a2 + 1 + 2(S1 + S2), where S1 = as · sin(π

3 + α) and
S2 = as · sin(π

2 − α). Therefore,

M(hexagon, squarea) = a2 + 1 + 2as

(
sin

[
π

3
+ α

]
+ sin

[
π

2
− α

])
(13)

where 0 ≤ α ≤ π
6 .

The reason that the rotation angle α varies between 0 and π/6 in the hexagon and between
0 and π/4 in the square is that the symmetry is captured within these angles. There is no need
to compute other angles, because rotating an angle of β not in this range gives the same result
as rotating an angle of α = β mod π/6 for a hexagon and α = β mod π/4 for a square.
This behavior of the rotation can also be seen by the periodicity in figure 5. Figure 5 shows
the average number of page accesses for various square queries with varying angles. The
x−axis of the figure corresponds to the angle α in terms of radians. For example, an angle of
π/4 (≈ 0.785) corresponds to the diamond query which is the shape for similarity queries
in the L1 metric. For most angles which correspond to different query types, including
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Figure 5. Average I/O cost for general square queries with varying angles.

the diamond query, hexagonal partitioning achieves better performance results. Since we
have the general formula for the square query specified by a center and an angle, we can
compute the expected number of partitions intersected by such queries for both square and
hexagonal grids. By integrating over all such possible queries and computing the expected
number by taking the uniform average, we compute the expected M , EM , of each technique.
From Eqs. (12) and (13) for all possible values of α, we compute the expected M for each
partition.

EMsquare (squarea) = 4

π

∫ π/2

π/4
(M(square1, squarea)

= a2 + 1 + 8
√

2a

π

∫ π/2

π/4
sin αdα

Therefore,

EMsquare (squarea) = 1 + a2 + 8a

π
(14)

Similarly, for hexagons,

EMhexagon (squarea) = 1 + a2 + 2as · 6

π

∫ π/6

0
[sin(π/3 + α) + sin(π/4 − α)] dα

Solving this equation, we finally have,

EMhexagon (squarea) = 1 + a2 + 12as

π
≈ 1 + a2 + 7.44a

π
(15)

where s ≈ 0.62 since we assumed the area of the hexagon is 1, i.e., s2 3
√

3
2 = 1.
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Comparing (14) and (15), we find EMhexagon (squarea) < EMsquare (squarea). Hence, we con-
clude that hexagonal partitioning minimizes the expected number of partitions intersected
by a square query with any orientation α, compared to the square grid partitioning. The
analysis can be easily extended for rectangular queries.

4. Retrieval and storage of hexagonal partitioning

We have shown that hexagonal partitioning is effective for range queries, and hence can be
used as an effective alternative for regular grid partitioning. Traditional retrieval methods
developed for single disk and single processor environments may be ineffective for the
storage and retrieval of spatial data in multiprocessor and multiple disk environments. It is
essential to develop methods that are optimized for such environments. In this section, we
develop a multi-disk organization of the data using declustering (distributing the neighboring
partitions across multiple disks) and clustering (storing spatially close partitions close in
disk) of hexagonal partitioning.

We start by defining a hash function for regular hexagonal partitioning. The hashing
function finds the corresponding hexagonal partition of a given data point and is needed
for both declustering and clustering purposes. Hash functions for rectangular partitioning
are very simple and well-known. We will use rectangular hashing in the development of
the hexagonal hashing. We divide the data space logically into a regular grid of rectangles
with sides (s, h), where s is the side length of the hexagonal partitions and h = s

√
3

2 (see
figure 6). A hexagonal partition is defined by H (i, j), where i is the row number and j is
the column number of the partition. Similarly, a (logical) rectangular partition is defined by
G(i, j).

Figure 6. Hexagonal hashing using rectangular grid.
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Figure 7. Mapping of rectangular grid partitions to hexagonal partitions.

Obviously, the number of rectangular partitions is more than the number of hexagonal
partitions. Depending on the location, some of the partitions in this regular grid fall entirely
into a single hexagonal partition, and some fall into two hexagonal partitions. For example,
in figure 6, G(0, 0) is entirely in H (0, 0). Therefore, if a point is found to be in G(0, 0), it
is also in H (0, 0). On the other hand G(1, 1) falls mostly in H (1, 1) but also in H (0, 0).
Each grid partition can be mapped to one or two hexagonal partitions. Therefore, given a
data point we can hash the point using hashing on a regular grid and find the corresponding
hexagon(s). If there are two hexagons, an additional simple check (whether the point is in
the first hexagon) is needed to identify the hexagon where the point is located. The different
cases for mapping of rectangular grid partition to hexagonal partitions are shown in figure 7.
A grid partition G(i, j) is mapped to hexagonal partitions with a simple analysis on the
value of (i mod 2) and ( j mod 3). For example, grid partition G(2m, 3n), i.e., i mod 2 = 0
and j mod 3 = 0, is mapped to H (m, 2n). Given a point in G(2m, 3n), e.g., m = 2 and
n = 1 so G(4, 3), it is located only in H (m, 2n) (see figure 7), e.g., H (2, 2).

We now discuss how to decluster the hexagonal partitions over multiple devices and
cluster them in each disk. An observation important for two-dimensional declustering is
the following. For regular grid partitioning, a bucket has 4 direct neighbors each of which
shares an edge with the bucket, and 4 indirect neighbors each of which shares a point with
the bucket. For regular hexagonal partitioning, there are no indirect neighbors but only
6 direct neighbors which are equally important for the declustering function. Since the
importance of the neighbors is equal, the task of declustering in hexagonal partitioning is
well-defined. A metric, called counts, for the quality of neighbor declustering is defined
and used in [3, 27]. It is a measure of how far the allocation is from being optimal in terms
of declustering of neighbors of some degree. The count for an allocation scheme is the sum
of count for each bucket. The count for a bucket is the number of neighbors of the bucket
that are allocated to the same disk as the bucket itself. Thus a lower count indicates better
declustering neighbors. A count of 0 indicates optimal neighboring declustering.

Figure 8(a) illustrates a two-dimensional data space that is partitioned into 36 regular
hexagonal partitions with 6 rows and 6 columns. The labels in the figure specify the disks as
well as the page assignments of each partition on that disk, assuming that there are five disks
in the system. The ovals have the disk numbers, the rectangles have the page numbers. The
disk allocation is needed for declustering and the page allocation is needed for clustering
purposes. The disk assignment in figure 8(a) is developed by applying the Disk Modulo
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Figure 8. Declustering of hexagonal partitions.

(DM) declustering [10] for hexagonal partitioning. We assign the pages in row major order
for each disk. In general, the physical location of a partition, PartitionId = (i, j), where i
is the row number and j is the column number, can be computed as follows:

disk(i, j) = (i + j) mod M

page(i, j) =
⌊

i N + j

M

⌋

where N is the number of partitions in each dimension and M is the number of disks.
More effective but complex disk allocation techniques have been developed for regular

grid partitioning [22, 26]. As an example, figure 8(b) illustrates the Cyclic Allocation
Technique [13, 26] applied to hexagonal partitioning. Partition (0, 0) is assigned to device
0. Next, the partitions along row 0 are assigned to consecutive devices, i.e., partition (0, j)
is assigned to device j mod M . Each partition in row 1, (1, j) is assigned to device (H + j)
mod M , H devices away from the device on which the partition from the same column in
row 0 was assigned. Similarly, each partition on row i, (i, j) is assigned to device (Hi + j)
mod M . H is called the skip value and best H can be chosen according to the number of
partitions. In figure 8(b), the skip value in each row is chosen to be 2. The page allocation
function for Cyclic Allocation [13] can be applied to hexagonal partitioning in the same
way as disk allocation. Note that in this example, each hexagonal partition is assigned to
a different device from all its 6 neighbors, i.e., no two neighbor partitions are allocated to
the same device, which was not the case with DM declustering in figure 8(a). With enough
devices available, Cyclic Allocation on a rectangular grid guarantees that no two neighbors
(both direct and indirect neighbors) of a bucket are allocated to the same device [27].
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In a hexagonal partitioning, the neighbors of a bucket (i, j) are the buckets {(i − 1, j),
(i, j −1), (i, j +1), (i +1, j), (i +1, j −1), (i +1, j +1)}. The first four of these neighbors
correspond to the direct neighbors in a rectangular grid and the last two correspond to the
two of the indirect neighbors. Since the neighbor set in a hexagonal grid is a subset of the
neighbor set in a rectangular grid, Cyclic Allocation on a hexagonal grid also guarantees
that no two neighbors (which are all equally important) are allocated to the same device. In
this case, since the number of neighbors considered for declustering in a rectangular grid is
greater than the one in a hexagonal partitioning, the number of devices needed for optimal
declustering for a rectangular grid is also larger than hexagonal partitioning.

5. Experimental analysis over real data

The hexagonal partitioning clearly performs better for the case of uniform partitioning,
which has been the major focus of the declustering techniques proposed in the literature
so far. A representative result for the uniform data analysis can be seen at figure 5. For the
completeness, we also performed experiments on real-life data.

The real-data experiments in this section have been carried out on two data sets: North
East (NE) and Sequoia. The NE data set contains 123,593 postal addresses, which represent
three metropolitan areas (New York, Philadelphia and Boston), hence three clusters, with a
lot of noise, in the form of uniformly distributed rural areas and smaller population centers.
The Sequoia dataset contains the locations of 62,556 Californian Giant Sequoia groves. The
experiments are run on various types of queries: circular, rectilinear and general rectangular
with varying rotation angle α, and diamond. The results are reported for the average number
of pages retrieved for randomly chosen 100 query points and for various number of partitions
over the data space.

For circular queries, we varied the radius of the query q = {p(x, y) : d(p, q) < R}. The
values are for values of R from 0.09–0.14 in intervals of 0.1, for hexagonal, square and
triangular partitions of equal sizes, the number of partitions ranging from 600 to 1800. For
rectangular queries, we did three experiments: rectilinear rectangles, diamond queries, and
rotated rectangular queries with varying rotation angle α. The rectilinear rectangular query
corresponds to α = 0 and the diamond query corresponds to α = π/4. Another parameter
is the side length of the queries, A which is varied from 0.09 to 0.14 in increments of 0.01.

For all the experiments the hexagonal partitioning consistently performed better than
the traditional grid partitioning. The speedups are naturally not very huge but they are
significant, and they consistently show that hexagonal partitioning is a better alternative to
the grid partitioning. Here we illustrate some representative results for the NE data set. The
results for Sequoia data set are comparable to or slightly better than the NE results. For
instance, for circular queries of all radius values on the NE data set with 1600 partitions, the
average number of pages accesses is 3pages and 5diamond query of size A = 1.1 over 1100
partitions, the average number of pages accessed for hexagonal partitioning is 28, and it is
31 for the square grid partitioning. The relative numbers are similar for other parameters
that are mentioned above.

The figure 9 illustrates the average number of pages retrieved by general square range
queries with varying angles. It can be seen as real-data analogue of figure 5. This particular
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Figure 9. Average I/O cost for general square queries varying angles on NorthEast data.

figure presents results for randomly chosen 100 queries with side of 0.1 and with side of 0.13
over 1600 partitions. The behavior of the two partitioning techniques for various angles is
consistent with the theoretical analysis performed in the previous section. The larger query
accesses naturally more pages.

6. Partitioning using non-convex regions

The optimality of hexagonal partitioning is proved among all possible partitioning tech-
niques using convex regions. This proof was based on the observation that the total boundary
used for partitioning is the only factor to minimize the cost for ε-range queries. Although
partitioning using convex regions covers a large spectrum of applications, in this section,
we will generalize this result for a general class of partitioning techniques which also in-
cludes non-convex regions. In particular, we will show that the expected number of regions
a circular query of radius ρ intersects is minimized when the total boundary of the regions
(of any kind) forming the partition is minimized. However, although this is a more general
result including also the non-convex regions, the optimality result in this section is valid for
small size queries. Although there is no proof for theoretical optimality for large queries, our
experiments on large queries presented in this section are practically in perfect agreement
with the general optimality result.

6.1. The total boundary length and I/O cost (pages accessed)

We will show that the expected number of partitions a small query of radius ρ intersects is
minimized when the total boundary of all the partitions forming the grid is minimized. This
is not exactly right if ρ is not small, since the number of partitions meeting at a point is
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Figure 10. Crossing partition boundaries.

important in the calculation of the expected value, whereas the length of the boundary does
not directly take this into account (i.e. it treats the number of partitions intersected as either
1 (one side of a boundary line) or 2 (intersecting a boundary line)). However for small ρ,
we argue that this assumption is valid as follows:

Consider a strip of width 2ρ around each boundary line, with the boundary line running
at the center as shown in figure 10. Any query circle of radius ρ centered outside region S
in the unit circle formed by these strips is contained in a single partition. If the total area of
S is A, then the expected number E of partitions intersected by a random query circle of
radius ρ satisfies

1

π
(π − A) + 2

A

π
≤ E ≤ 1

π
(π − A) + n

A

π
.

This is because each query circle with center in S intersects at least 2 and at most n partitions.
Thus

1 + A

π
≤ E ≤ 1 + (n − 1)

A

π
, (16)

and for any fixed n, E approaches its minimum possible value of 1 as A approaches 0.
Therefore for small enough ρ, the expected value E is minimized for a partitioning into
equal tiles with minimum boundary. This is a type of an isoperimetric problem. Note that in
(16), it is possible to use planarity and reduce the quantity n − 1 for boundaries that are not
pathological. This is because by Euler’s formula the average degree of a vertex in a planar
graph is no larger than 6.

6.2. Analysis on circular data space partitioning

As an example of a class of non-convex partitioning we consider circular data-space parti-
tioning. The overall region of the data-space is also taken to be a circle. One extreme pos-
sibility is to partition the data-space by concentric circles (rightmost partition in figure 11).
Another extreme way is to partition the data-space into wedges without using any concentric
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Figure 11. Equi-area subdivision of a circular data-space into n = 2k regions consisting of 2r rings and 2k−r

central wedges: k = 3, r = 0, 1, 2, 3.

rings (leftmost partition in figure 11). These two ways are similar to the concentric hyper-
cubes and hyper-pyramids, respectively, which was proposed in [14]. Here, we will explore
the possibilities of having partitioning strategies in between these extremes, as illustrated in
figure 11, and identify the optimal way of partitioning the circular data-space to minimize
the expected number of partitions intersected by a query.

Now we assume that the query radius ρ is small, and calculate the value of r which gives
the optimal partitioning into n partitions. We assume that n = 2k for some integer k ≥ 0. We
also assume that the query circle is completely contained in the unit circle. In other words,
its center lies in the circle with origin as center and of radius 1 − ρ. Thus the boundary of
the unit circle itself need not be taken into account in these calculations.

The types of subdivisions of the unit circle into n = 2k partitions we choose to consider
are parameterized by r , and corresponding to r , the unit disk is first divided into 2r equal-area
concentric rings. Then each of these rings is further divided up by 2k−r central wedges of
equal angles for a total of 2k equal area regions. We will now find the value of r = 0, 1, . . . , k
that minimizes the total boundary.

The radius x1 of the innermost circle of the partitioning into 2r rings is found from πx2
1 =

π/2r as x1 = 1/
√

2r . Similarly, the radius of the i-th innermost circle is xi = √
i/

√
2r with

perimeter 2π
√

i/
√

2r . The sum of the perimeters of the 2r − 1 circles is then

2π√
2r

(1 +
√

2 +
√

3 + · · · + √
2r − 1 ).

To this sum, we add the lengths of the 2k−r radii that form the boundary of the wedges, to
obtain an expression for the total boundary in terms of r as

n

2r
+ 2π√

2r
(1 +

√
2 +

√
3 + · · · + √

2r − 1 ). (17)

To get an idea about the magnitude of r that minimizes this expression, we approximate

1 +
√

2 +
√

3 + · · · + √
x − 1 ≈

∫ x

0

√
t dt = 2

3
x3/2
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and minimize the real-valued function of x given by n
x + 4π

3
√

x
x3/2 on 1 ≤ x ≤ n . By

calculus, we find that the minimum is achieved at x = 1
2

√
3
π

√
n ≈ 0.489

√
n. This means

that the optimal exponent r for n = 2k is roughly

r ≈ 1

2
k − 1. (18)

For small values of k and n = 2k , the optimal values of r that minimizes the expression in
(17) can be calculated numerically. The corresponding value of 2r is the number of rings,
and n/2r is the number of wedges that the unit circle needs to be divided into to minimize
the boundary of the n equal-area partitions. The values of the optimal exponent r calculated
by brute force from (17) for k ≤ 19 are given in the following table.

.

k 1 2 3 4 5 7 8 9 10 11 12 13 14 15 16 17 18 19

r 0 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8

These values are in perfect agreement with the formula for r given in (18). In particular
when n is of the form n = 4k , then the optimal boundary subdivision has 2k−1 rings and
2k+1 wedges.

6.3. Implementation of circular partitioning

When we subdivide the unit disk in the plane into 2k partitions by first dividing into 2r equi-
area rings, and then dividing each ring into 2k−r by means of equi-area central wedges, each
partition is determined by 4 parameters. A pair of angles θ1, θ2 determines the wedge that
the partition is in, and a pair of radii r1, r2 determines which ring the partition is in. The
angles satisfy 0 ≤ θ1 < θ2 ≤ 2π . The boundary case θ1 = 0, and θ2 = 2π is interpreted
as the partition in which there are no wedges (i.e. r = k and the partitions consist only
of rings). The two radii satisfy 0 ≤ r1 < r1 ≤ 1. The extreme cases r1 = 0 and r2 = 1
correspond to the partition in which there are no rings (i.e. r = 0 and the partitions consist
only of wedges).

The partitions are labeled from 0 to 2k − 1 as follows. First of all, label the 2r rings from
0 to 2r −1 by increasing the radius from the origin to the boundary of the unit circle. In each
ring, label the 2k−r pieces determined by the wedges from 0 to 2k−r − 1 counterclockwise,
starting with the wedge that is incident to the horizontal axis in the first quadrant. An integer
m with 0 ≤ m < 2k can be written uniquely in the form m = q2r + s with 0 ≤ q < 2k−r ,
and 0 ≤ s < 2r . The pair (q, s) uniquely corresponds to the partition in the q-th wedge of the
s-th ring of the partitioning under this numbering scheme. For example the partition labeled
7 in figure 12 is encoded as the pair (3, 1), since 7 = 3 × 2 + 1. Aside from the extreme
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Figure 12. Labeling of the partitions: n = 24 and r = 1.

cases of r = 0 and r = k, the boundary of the m-th partition is described analytically by
the radii

r1 =
√

s√
2r

, r2 =
√

s + 1√
2r

,

and the two angles

θ1 = 2πq

2k−r
, θ2 = 2π (q + 1)

2k−r
.

6.4. Experimental results for partitioning

We have conducted experiments to calculate the expected number of partitions intersected
by a randomly selected query circle of radius ρ in the unit circle for varying values of
ρ. The experiments for the calculation of the expected values were conducted with three
parameters: n = 2k , r , and the radius ρ of the query circle. The data-space is divided into
2k partitions by first dividing into 2r equi-area rings, and then dividing each ring into 2k−r

by means of equi-area central wedges, r = 0, 1, . . . , k.
In the first set of experiments, we chose the number of partitions to be n = 212, i.e.

k = 12. When r = 0, then the partitioning is just the set of wedges without any concentric
rings, i.e., the leftmost partition in figure 11. When r = 12, the partitions are formed by
circles only, creating 212 concentric rings as partitions, analogous to the rightmost partition
in figure 11. In the experiments the query center is chosen randomly in the data-space
from the uniform distribution in such a way that the query region lies entirely within the
data-space.

We start with query radius ρ0 = 1√
n

, which gives the query circle the same areas as
the area of each partition. Figure 13 illustrates the results of the experiments run with this
initial value of ρ. The horizontal axis gives the values of r ranging from 0 to 12, and the
vertical axis is the average number of partitions intersected by a random query of radius ρ.



94 FERHATOSMANOĞLU ET AL.

Figure 13. Effect of the number of wedges versus rings on the average number of intersected partitions. Query
radius is ρ0 = 1/

√
n.

This quantity is proportional to the cost of retrieval from secondary storage, since the cost
of a query depends on the number of buckets retrieved as a result of the query, and this is
exactly the number of partitions which intersect the query circle. When r = 4 and r = 5 the
number of intersected partitions is found to be minimized with expected number E = 6.55
and E = 6.65, respectively. This result is in agreement with the theoretical analysis. When
r = 12, the average number of partitions intersected by the queries is E = 118.55, about
18 times greater than the average number of partitions intersected when r = 5.

We vary the radius of the query. The initial value of ρ0 = 1√
n

was reduced by a factor of
1
2 in each subsequent set of experiments. The corresponding radii are ρ1 = 1

2
√

n
, ρ2 = 1

22
√

n
etc., until the smallest radius value ρ4 = 1

24
√

n
. For each radius value ρ, we generate random

queries and find the number of partitions intersected by a query circle of radius ρ centered at
the query point. In figure 14 the horizontal axis is ρi , where 0 ≤ i ≤ 4, and the vertical axis
is the average number of partitions retrieved by the queries in the case of (1) optimal way
of partitioning, (2) partitioning based on our approximation, (3) fully-wedged partitioning
(leftmost partition in figure 11), and (4) fully-concentric partitioning (rightmost partition
in figure 11). The partitioning technique based on the theoretical analysis gives optimal
cost, i.e. optimal number of intersected partitions, for most of the queries. Our theoretical
analysis is in perfect agreement with the experiments. The number of partitions retrieved
by the queries in concentric and fully-wedged partitioning is much more than the hybrid
approach with the appropriate parameters developed in the previous sections.
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Figure 14. The performance of different partitioning techniques with varying query radius. The point i on the
horizontal axis denotes query radius ρi = 1

2i √n
.

6.5. Disk allocation in circular data space partitioning

Cyclic allocation can be applied to circular data space partitioning. We focus only on disk
allocation but a page allocation function can be treated in the same way. As in the general
case, we assign neighboring buckets to different disks. Direct neighbors are the partitions
that have a common boundary, e.g. in figure 12 direct neighbors of partition 2 are 0, 3, and
4. Indirect neighbors are defined as partitions that share a point, e.g. the indirect neighbors
of partition 3 are partitions 0 and 4.

Our data-space is partitioned into 2k equi-area regions determined by 2r concentric
rings and 2k−r central wedges where r = 	 1

2 k
 − 1. As mentioned before, each partition
corresponds to an ordered pair of integers (q, s), where s is the rank of the ring (0 ≤ q < 2r ),
and q is the rank of the wedge inside that ring (0 ≤ s < 2k−r ). For example, in figure 12
(0, 0) corresponds to the partition labeled 0, the pair (2, 1) corresponds to the partition
labeled 5, and (5, 0) corresponds to the partition 10. In general, the pair (q, s) represents
the partition labeled q2r + s. The allocation technique we propose is as follows. Given the
number M of available disks, we use a generic allocation technique parameterized by a skip
value H . The partition (0, 0) are assigned to device 0. Next, the partitions along this ring
(with rank s = 0) is assigned to consecutive devices, i.e. partition (q, 0) is assigned to device
q mod M . Each partition labeled (q, 1) in ring 1 is assigned to device (H + q) mod M ,
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which is H devices away from the device on which the partition from the same wedge
level in ring 0 was assigned. In general, a partition (q, s) on ring s is assigned to device
(Hq + s) mod M . This assignment is an extension of Cyclic Allocation applied to our
partitioning. Cyclic allocation was originally proposed for regular grid partitioning and
its performance depends on the H value that is used. The techniques discussed in [26]
to determine appropriate H values can also be used here. All other declustering for grid
partitioning can be applied here in the same way.

A simple round-robin allocation achieves the optimal I/O cost both for concentric and
fully-wedge partitioning. The hybrid partitioning with circles and wedges can be evaluated
using a mapping from grid partitioning. The maximum degree of parallelism is achieved
when buckets that are retrieved together are spread among all available disks as uniformly
as possible. However, since this optimality is not achievable in general, [3] introduced a
relaxed optimality definition which ensures that any two buckets that are direct or indirect
neighbors of each other are allocated to different disks. Such an allocation is called near-
optimal. The cyclic allocation is shown to be efficient for the first metric, and optimal
for the second one, i.e., it is possible to find appropriate skip values such that no two
direct or indirect neighbors are allocated to the same disk, if 2d disks are available for d
dimensional data. Excluding the border and innermost partitions, e.g. 0, 2, 4, . . . , 14, the
direct and indirect neighboring bucket pairs remain same in regular grid partitioning and
in the partitioning proposed here. Since the cyclic technique guarantees the distribution
of the direct and indirect neighbors to different disks in a regular grid partitioning, our
allocation technique on the new partitioning scheme also guarantees this. Therefore, the
disk allocation described in this section is also near-optimal. Similarly, we expect the same
good performance of cyclic allocation in this context. To avoid the neighboring problem for
the innermost partitions, we can just add one more partition in the center of the data-space.
This additional partition has two advantages. First, we eliminate the case that a single point,
i.e. the center, is contained in all 2n−r central wedges. This eliminates the retrieval of all
2n−r innermost partitions for a query point involving the center. Second, the innermost
non-adjacent partitions are no longer direct neighbors. Figure 15 illustrates this possible
extension.

Figure 15. Additional partition in the center.
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7. Discussion

This paper explored optimal partitioning techniques for different types of queries on spatial
data sets, focusing on partitioning methods that tile the data space without holes and over-
laps, and therefore have simple hashing schemes. We discussed a number of instances and
computed the expected number of pages retrieved for circular and rectangular queries. One
conclusion is that hexagonal partitioning has optimal I/O cost for circular queries over all
possible non-overlapping partitioning techniques that use convex regions. This optimality
basically comes from the fact that hexagonal partitioning minimizes the total boundary
length among all such partitioning strategies. This result was then extended and proved to
be valid for small queries over a wider range of partitioning schemes. We also showed that
hexagonal partitioning has less I/O cost than the traditional grid for a more general class
of square queries where the query is rotated with an angle. It is, however, interesting to
note that for the special case of rectilinear square (or rectangular) queries, the traditional
grid partitioning provides superior performance. This could be explained by the symmet-
ric relationship between the rectilinear square query and the rectilinear square page. This
may also indicate why for traditional relational database applications only rectangular grid
partitioning were considered [10, 26]: in a relational database, a select operation specifies
a range in each dimension or attribute which corresponds to a rectilinear rectangle. Novel
spatial applications need more general query structures. Our results indicate that for such
applications, a hexagonal partitioning of the space is appropriate. Hexagonal partitioning is
effective for circular and rectangular queries, and it can be used as an alternative to regular
grid partitioning with no major changes on the existing algorithms. For instance, a widely
used application of regular grid partitioning is declustering where non-overlapping parti-
tions are created and distributed to multiple disks for efficient I/O. It is possible to adapt the
algorithms that were developed for regular grid partitioning [10, 22, 26] for hexagonal par-
titioning [15] and develop techniques for the storage and retrieval of hexagonal partitioning
in multi-disk environments. In conclusion, the techniques developed in this paper consider
objectives that are crucial for multi-disk searching: minimizing the number of page accesses
during the execution of the query, maximizing I/O parallelism, and minimizing disk-arm
movement (seek time).

Appendix

A. Total boundary length

In figure 16(a) the data space is the unit square, divided into sixteen partitions by using six
line segments each of length 1, three vertical and three horizontal line segments not counting
the boundary of the data space. The total length of the boundaries of this partitioning,
excluding boundary of the data space is 6, while the total boundary length in figure 16(b)
is 8.

In regular non-overlapping partitioning, as shown in figure 8(a), each edge is shared
by two partitions, excluding the ones in the border. Therefore, the total boundary used to
tile a data space into n partitions is proportional to the number of partitions that are used
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Figure 16. Total boundary length.

and the perimeter of each partition. It has already been observed that the total boundary
of the partitions is a factor in determining the average number of page accesses for small
circular queries [11]. Our analysis in this paper generalizes this result for all possible sizes
of circular queries by showing that the technique that minimizes the total boundary of the
partitions minimizes the expected number of partitions intersected by circular queries of any
size.

B. Perimeter comparison of the three basic shapes

As we noted, circles can not be used for non-overlapping partitioning of the data space.
However, the circle has an isoperimetric property known since ancient times: it covers more
area compared to its perimeter than any other shape. For a perimeter of 4 units, triangle
covers 2

√
3

3 , square covers 1, and hexagon covers 4
√

3
9 units of area. In other words, for a

unit area covered by the square, the triangle covers approximately 0.77 units of area and
hexagons covers approximately 1.155 units of area.

The honeycomb observation shows the optimality of regular hexagonal partitioning
among all equal area partitioning methods. A comparison of hexagonal partitioning with
the three basic shapes is given as an example of this observation. We compare the perime-
ter of a triangle, a square, and a hexagon covering the same area. If the area of these
shapes is fixed, the hexagon is the one that has minimum perimeter. For a fixed area
of 1/16 units square, the square has a perimeter of 1, the triangle has a perimeter of
1.14 and the hexagon has a perimeter of 0.93 units (figure 17). Therefore, to cover a
fixed area a hexagon has a boundary length of approximately 93% of the one that is
used in a square. Therefore, the total boundary length of n hexagonal partitions that are
used to cover a given area is again approximately 93% of the total boundary length of
n square partitions. Even though the area of each partition and the total area to be cov-
ered in each partitioning is same, the total boundary length is minimized with hexagonal
partitioning.
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Figure 17. Area and perimeter comparison of three basic shapes.

Figure 18. Minkowski sums w.r.t. rectangles.

C. Rectilinear rectangular range queries

In this section, we compare the triangular, square, and hexagonal grid partitioning with
respect to the expected number of page intersections for rectilinear rectangular queries
with side lengths (a, b). Figure 18 shows the Minkowski sum for each shape with equal
area with respect to the rectilinear rectangular query (a, b), i.e., M(trianglet , rectanglea,b),
M(squarec, rectanglea,b), and M(hexagons, rectanglea,b).

As can be seen from the figures, we have M(squarec, squarea) = (c + a)(c + b). Substi-

tuting c = s
√

3
√

3
2 we find the Minkowski Sum of the square page as follows:

M(squarec, rectanglea,b) = 3
√

3

2
s2 + (a + b)

√
3
√

3

2
s + ab (19)

The total area of the M(hexagons, squarea) is the area of the rectangle inside the
Minkowski sum M plus the two trapezoids created on both sides of M . Therefore,

M(hexagons, recta,b) = (s + b)(s
√

3 + a) + (2a + s
√

3)s

2
(20)

M(hexagons, recta,b) = 3
√

3

2
s2 + 2as + bs

√
3 + ab (21)
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Similarly,

M(trianglet , recta,b) = 3
√

3

2
s2 +

√
6as + 3

√
2

2
bs + ab (22)

Comparing (21) and (22), we have M(hexagons, recta,b) < M(trianglet , recta,b). To com-

pare Eqs. (19) and (21), we need to compare the different terms, i.e., (a+b)
√

3
√

3
2 s and 2as+

bs
√

3. Substituting
√

3
√

3
2 ≈ 1.612 in both equations, we find that M(squarec, rectanglea,b)

< M(hexagons, rectanglea,b). Similar to the previous analysis, we conclude that

Esquare(rectanglea,b) < Ehexagon(rectanglea,b) < Etriangle(rectanglea,b).

For rectilinear rectangular range queries square grid partitioning outperforms hexagonal
and triangular partitioning in terms of the expected number of page accesses.
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