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ABSTRACTA common model for computing the similarity of two stringsandY” of lengthsm
andn respectively, withn > n, is to transformX into Y through a sequence of edit operations,
called aredit sequenceThe edit operations are of three types: insertion, deleiad substitu-
tion. A given cost function assigns a weight to each edit afp@n. Theamortized weighfor a
given edit sequence is the ratio of its weight to its lengtid the minimum of this ratio over all
edit sequences is tmormalized edit distanceexisting algorithms for normalized edit distance
computation with proven complexity bounds requidémn?) time in the worst-case. We give
provably better algorithms: afl(mn log n)-time algorithm when the cost functionusiform,

i.e, the weights of edit operations depend only on the tygenbtion the individual symbols
involved, and arQ (mn log m)-time algorithm when the weights are rational.

Keywords Edit distance, normalized edit distance, algorithm, agitaprogramming, fractional program-
ming, ratio minimization.

1 Introduction

Measuring similarity of strings is a basic problem in computer scientie applica-
tions in many fields such as computational biology, text processirgabgharacter
recognition, image and signal processing, error correction, informagisieval, pat-
tern recognition, and pattern matching in large databases.

Given two stringsX andY over a finite alphabet whose lengths ateandn re-
spectively withm > n, we consider sequences of weighéglit operationginsertions,
deletions, and substitutions of characters), by means of wki¢htransformed into
Y. If we call each such sequence ediit sequencahen the ordinary (conventional)
edit distance problendE D) seeks for an edit sequence with minimum total weight
over all edit sequences. Tledit distancebetweenX andY is defined as the weight
of such a sequence. Although the edit distance is a useful measure ftarisynaf
two strings, for some applications the lengths of the strings @vetbneed to be taken
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into account. Two binary strings of length 1000 differing in 1 bit nieayve the same
edit distance as two binary strings of length 2 differing in 1 bit, @lish one would
most likely state that only the 1000-bit strings are “almost equal”. 2dband Vidal
considered an alternate measure catiedmalized edit distanc@V E D) betweenX
andY [7] that takes the lengths into account. If we define the amortized weight of
an edit sequence as the ratio of the total weight of the sequence to the d¢érigeh
sequenceN ED is the minimum amortized weight over all edit sequences. Marzal
and Vidal showed tha¥ £ D yields better results in empirical experiments. However,
it seems that the computation 8fE D requires significantly more work than those
of ordinary edit distance algorithms, which are mostly dynamic @ogning based.

It is also interesting to note th&f £ D cannot be obtained by “post-normalization”,
i.e., first computing the ordinary edit distance and then dividing ithe length of the
corresponding edit sequence [7].

Ordinary edit distance can be computedifmn) time [13, 17, 5], 00 (mn/ log n)
time if the weights are rational [8]. In order fé&¥ £D computations to be advanta-
geous, the computational complexity of an algorithm for the latteukhioot signifi-
cantly exceed these.

There are several algorithms to compweéZ D, both sequential [7, 11, 16] and
parallel [4]. Observing that the length of an edit sequence lies in the rangad
m + n inclusive, anD (mn?)-time dynamic programming algorithm can be developed
for this problem [7]. Furthermore, it has been noted tNdt D can be formulated as
a special case afonstrained edit distangeroblems [11]. By adapting the techniques
used for the constrained edit distance probleM#&D can be computed i) (smn)
time wheres is the number of substitutions in an optimal edit sequence [11]. iBogs
s can be as large as the worst case time complexity remaifigrmn?).

Another approach forV ED computation usefractional programming16]; an
iterative method in which an ordinary edit distance algorithm is invakiedach it-
eration. Experimental results on both randomly generated synthetic datagaln
applications performed by Vidal, Marzal, and Aibar [16] suggest that tmebau of
iterations necessary for tié £ D computation with this method is bounded by a small
constant. This implies an achievement of experimefitahn) time complexity for
N E D computation, but as argued by Vidal, Marzal, and Aibar, a mathematical proof
of a theoretical bound for this algorithm seems difficult, althougheayine possible to
analyze at least the average time complexity under a reasonable prolzatitigel.

In this paper, we direct our attention f§ £D computations for common types
of cost functions. First, we analyze the case when the cost functionifern i.e.
weight of an edit operation does not depend on the symbols involved ioptbration,
but only on its type. In this case, we classify the edit operations ioto fypes :
insertion, deletion, matching and non-matching substitutions. $ecea analyze
the case when the weights ai@ional, i.e. they are integral multiples of a fixed
real number, but not necessarily uniform. These and more restricted casest of co
functions have been studied in the literature in the context of argiadit distances
[12, 15, 10, 8].

The previously suggested algorithms fdrED do not specialize to faster than
O(mn?)-time algorithms for the cases we analyze in this paper. We proposalgyov
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better algorithms forV E D computation in these cases. Our algorithms are similar
to the fractional programming normalized edit distance algorithm in tiney iter-
atively solve certain subproblems that involve shortest path compogatiEach of
these subproblems is solved by a standard ordinary edit distancetlatgpsuch as
the one proposed by Wagner and Fisher [17]. But unlike the fractiongrgmming
algorithm, our algorithms perform a binary search for the optimuraealf N ED by
making use of a technique developed by Megiddo [9] for the optintradf the ratio

of two linear functions. The worst-case resulting time complexitgur algorithms
are O(mnlogn) when the weights are uniform (Corollary 4.4), a@dmn log m)
when the weights are rational (Corollary 4.9).

The outline of this paper is as follows. Section 2 consists of prakmés; defini-
tions, notation used, and the problem statement. In section 3 we deberiyatimiza-
tion of the ratio of two linear functions and Megiddo's method. Sectioutlines our
algorithms and gives proofs of their worst-case time complexitibss i€ followed by
remarks in section 5 and conclusions in section 6.

2 Definitions

Let X = zy29 -2, andY = y1y» - - -y, be two strings over an alphabEtwith
m > n > 0, not both null. We assume that the edit operations applicable on the
symbols of X to transform it into}” are of three types: inserting a symbol ink
deleting a symbol fromX, or substituting a symbol frorit for a symbol ofX. The
substitution operation can further be broken down into matching anenmatching
substitutions.

More formally for1 < i < m, the allowable edit operations are

(1) Insertiont any symbols € ¥ can be inserted before or aftey,
(2) Deletion the symbolz; can be deleted.

(3) Substitutionthe symbol:; can be replaced by a symbok X.
A substitution operation is

(3-a) amatchingsubstitution ifs = x;,

(3-b) anon-matchingsubstitution ifs # ;.

A common framework for edit distances is thdit graphG x v, of the stringsX
andY, and a given cost functiom . The edit graph is a weighted directed acyclic
graph havingm + 1)(n + 1) lattice points(i, j) for0 < i < m, and0 < j < mn
as vertices. The cost functiondetermines the edge weights as we will explain later.
The top-left extreme point of this rectangular grid is labeled)) and the bottom-
right extreme point is labelefin, n), as shown in figure 1. The arcs 6fy vy, , are
divided into three types corresponding to edit operations:

(1) Horizontal arcs {(( — 1, ), (4,7)) | 0 <i <m, 0 < j < n} (deletions).
(2) Vertical arcs {((i,7 — 1),(i,7)) |0 < i <m, 0 < j <n} (insertions).
(3) Diagonalarcs {((i — 1,7 — 1), (4,5)) | 0 < i <m, 0 < j < n} (substitutions).

3
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If z; = y;, then the diagonal ar@i — 1, — 1), (4, 7)) is amatching diagonal arc
otherwise anon-matching diagonal ard=igure 1 illustrates an example edit graph for
X = aba andY = bab.

Fic. 1: The edit graplG x v, for the stringsX = aba andY = bab . The cost
function~ is not specified in this case.

An edit pathin Gx v, is a directed path fronf0, 0) to (m,n). Steps of an edit
path correspond to an edit sequence as follows: A horizontal(are 1, j), (i, 7))
corresponds to the deletion of (i.e. z; — ¢€), a vertical ard (i, 5 — 1), (4, 7)) corre-
sponds to the insertion @f; immediately before; (i.e. ¢ — y;), and a diagonal arc
((i—1,5—1), (¢, 4)) corresponds to the substitution of sympefor z; (i.e. z; — y;),
wheree represents the null string. In figure 1, the arcs are labeled accordingly.

A cost functiony assigns a weight to each edit operation, turnihgy, ., into a
weighted graphzy is given as a cost matrix where rows and columns are indexed by
the symbols infe} U X . The entry at rows;, and columns; is the weighty,, —, 5, Of
the edit operatior; — s,. Note thaty._,. is undefined. Figure 2 shows an example.

We first consider certain graph problemsGiy y,, and give the definitions of or-
dinary and normalized edit distances in terms of these et denote the set of all
edit paths betweeX andY in Gx v,,. W, (p) denotes the sum of the weights of the
arcs inp € Px y (W, is called thepath-weight functionvith respect toy), andL(p)
denotes th@ath-length functionvhich gives the number of arcs jne Px y .

Theshortest path problerfix vy, is the weight-minimization problem such that

SX,y, = min W,(p) (2.1)

PEPx. Y
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FIG. 2. General representation of.

where for any optimization probled/, we useM * to denote its optimum value.
Theordinary edit distancéZDY ., is the weight of an edit sequence with mini-
mum weight. ED% =S%v, When the cost function satisfies a pair of condi-
tions: First,~y should not mclude negative weights, for otherwis® . _ is unde-
fined even though the definition (2.1) yields some valueSgry, .. In the presence
of negative weights, some sequence of edit operations may be repeateihguhdo
effect of earlier operations, and decreasing the total weight. This situatsimilar to
the shortest path problem in arbitrary weighted graphs with negatitlex Second,
the triangle inequality must hold for: i.e. for all triples of edit operations, — s3,
S1 — S92, S2 — S3 WhereS] , 89,83 € {6} Uy,

751 —83 S 781 —> 82 + 7824}83 -

To see the relevance of this, assume all edit operations have some &gl except
for v.y = vr—»x» = 0, and consider the strings “cat” and “hat”. The optimum
ordinary edit distance can be achieved by performing two operations dinghiedex
position of “cat” by “cat” — “fat” — “hat”. But then the resulting ordinary edit
distance is smaller thafiy ;- . The problem is that an optimal edit sequence does
not correspond to any edit path# y. An optimal edit sequence can be captured in
the set of edit paths only if no multiple editing is allowed on any ingesition.
Consider the problem of finding the minimum amortized weight of ththg in
Px,y. We denote this problem b x v,,. Thus

. Wy(p)
R% . = 2 \P)
XYy T e, TL(p)

(2.2)

The normalized edit distancproblemN EDx v, seeks for the minimum amor-
tized weight over all possible edit sequenc@sE D, = Ry, when the two
conditions discussed above for the cost function hold We assum‘ehmatbst func-
tion v is non-negative and it satisfies the triangle inequality, which has eeroim-
mon practice throughout the literature. Note thahit= n = 0 then bothNEDY; y-
andRY y., are undefined.

Figure 3 shows the resulting edit graph y, for the strings of figure 1, and the
cost function in figure 2. The paths andp, in figure 3 are optimal edit paths for
ordinary and normalized edit distances, respectively. Note that the pastalized
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value forp; is W, (p1)/L(p1) = 5, whereas the optimum value 8f ED as defined
in (2.2) is achieved by, with W, (p2)/L(p2) = 4.
a

a b
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FIG. 3: (a) An optimal edit patp; (for ED) with weight15, EDY . = 15. (b) An
optimal edit pattp, (for N ED) with amortized weight6/4 = 4, NEDY . = 4.

Given an alphabek, let < ej,es,...,e4 > be an ordering of edit operations
whered = (|| + 1)? — 1, the size ofy . For stringsX andY, defineF =
{(for @), fea (D), -, fou(p) | p € Px.y} Wheref.(p) denotes the number of arcs
in p corresponding to the edit operatien ., andL can be thought of as linear
functions fromF to the real numbers. For a givere Px y

Wop) = > Yeife:(D) (2.3)
1<i<d

Lp) = Y fa(p)
1<i<d

ConsequentlyVEDx y,, can be viewed as the minimization problem whose ob-
jective function in (2.2) is the ratio of the two linear functions h3).

3 Optimizing the Ratio of Two Linear Functions

Forz = (z1,292,...,2,) € D for some domainD C R", let A the problem
of minimizing ¢y + ¢121 + -+ + ¢,2z, and let B be the problem of minimizing
(ap+a1z1+---+anzy)/(bo+b1z1 + - - -+ bnz,) where the denominator is assumed
to be always positive iD. For A real, let A(\) denote theparametric problenof
minimizing (ap + a1z1 + -+ + anzn) — A(bog + b1z1 + - -+ + bpzy,) in D. This is
problemA with ¢; = a; — \b;, i =0,1,...,n.

Problem A: minimizeco + ciz1 + -+ + cpzn
st.zeD
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. S U aota1z14-+anzn
Problem B: minimize P S
stzeD

Problem A(X): minimize [(ap + a121 + - -+ anzyn) — A(bg + b121 + -+ + bp2,)]
st.zeD

Dinkelbach's algorithm [3] can be used to soRevhen a solution for is avail-
able. The algorithm uses the parametric method of an optimization teehkicpwn
asfractional programming In fact, this method is also applicable to optimization
problems involving ratios of functions which are more general thagslin The the-
sis of the parametric method is that an optimal solutiotoan be achieved via the
solution of A(A). In fact

A=B"iff A*(\)=0.

That is,\ is the optimum value of problem® iff the optimum value of the paramet-
ric problemA(}) is zero.

Dinkelbach's algorithm starts with an initial value foand repeatedly solve$(\).
At each instance of the parametric problem, an optimal solutiof A()\) yields a
ratio for B. This new ratio is either equal tg, in which case it is optimum, or better
(smaller) than\ . Ifitis equal toX then the algorithm terminates. Otherwise, the ratio
is taken to be the new value afand A()\) is solved again. It can be shown that when
continued in this fashion, this algorithm takes finitely many stepsnis din optimal
solution toB if D is a finite set. Furthermore evenliif is not finite, convergence to
B* is guaranteed to be superlinear. Various properties of Dinkelbach'stalgaaind
fractional programming can be found in [2, 3, 6, 14].

Megiddo [9] introduced a general technique to develop an algorithni3fgiven
an algorithm forA. The resulting algorithm foB is the algorithm forA with ¢; =
a; — Ab;, fori = 0,1,...,n, where) is treated as a variable, not a constant. That is,
the algorithm is the same algorithm as that foexcept that the coefficients are not
simple constants but linear functions of the paramiténstead of repeatedly solving
A(X) with improved values o, this alternative solution simulates the algorithm for
A over these coefficients. The assumption is that the operations among eoesfici
in the algorithm forA are limited to comparisons and additions. Additions of linear
functions are linear and can be computed immediately, but comparisons aimeeng |
functions need to be done with some care. The algorithm needs to keep trdoek of
interval in which the optimum valu®* lies. This is essential because comparisons
in the algorithm forA now correspond to those among linear functions, and outcomes
may vary depending on interval under consideratiomfor

The algorithm starts with the initial intervi- oo, +oc] for B*. If the functions to
be compared intersect, then their intersection pairdetermines two subintervals of
the initial interval. In calculating which of the two subintervals consds*, algorithm
for A is called for help, and problem()\’) is solved. The new interval and the result
of the comparison are determined from the sign of the optimum vatya’) as will
be explained later. With Megiddo's techniquedifis solvable using (p(n)) com-
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parisons and)(gq(n)) additions therB can be solved in tim& (p(n)(p(n) + q(n))) .
We refer the reader to Megiddo's paper [9] for the details of this approach.

Megiddo also showed that for some problems the “critical valuest’ pfalues of
A which affect the outcome of comparisons, can be precomputed. In such cases these
values give us the possible candidates for the endpoints of the shiratiéasal which
eventually contains the optimum val@. Whenever this can be dor@nary search
can be usedto fing* as follows: IfA*(\) = 0, then\ = B*, and an optimal solution
z of A()) is also an optimal solution a8 . On the other hand, ift*(\) > 0, then a
largerA, and ifA*(X) < 0, then a smallek should be tested (i.e. probleA{\) should
be solved with a new value df). This procedure continues until the “correct” value
B* is found. Let\' be the smallest value in the set for whidh(\") is greater than
or equal to zero. Then an optimal solutiewf A()\’) yields the optimum valu®* of
B. Fewer number of invocations of algorithmhmay reduce the time complexity of
solving B significantly, which is the case in problems such as minimum ratio cycles,
and minimum ratio spanning trees [9].

4 Algorithms for NED

We analyze theV D problem assuming two different types of commonly used cost
functions: uniform weights and rational weights. In each case, probleis the
shortest path problerfix vy, with the objective function in (2.1), and problehis
the normalized edit distance probleMED x y , whose objective function is given
in (2.2). We call the parametric problem(\) the parametric shortest pathroblem
whose objective is defined as the following :
For anyX real
Sk = min [W,(p) ~ AL(p)] (4.1)

Inthe cases of cost functions we analyze, we consider two different forionador
the parametric shortest path problem in terms of the shortest patleproldve apply
Megiddo's search technique either on a precomputed set of values, or oreaofang
values in which the smallest distance between any two distinct values is theger
some threshold we precompute.

4.1 Uniform Weights

A cost functiony for uniform weights has a simpler representation than the general
case. Ordinarilyy specifies the weights of insertion, deletion, and non-matching sub-
stitution. Generally the weight of a matching substitution is agilito be zero. In
our case we denote the uniform cost functiomby and represent it as4tuple of
real numbersy,, = (vr,vp,vMm, YN )- These specify the weight of an insertiopy),
deletion §p), matching substitutiom(y;), and non-matching substitutiony). As
an exampley, = (9,7,0,5) is the representation, in this format, of the cost function
in figure 2 .

For a givenp € Px.y, leth(p), v(p), dum(p), anddy (p) denote respectively the
number of horizontal, vertical, matching diagonal, and non-matching de@acs in
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p. W, andL can be simplified to the following expressions :

W,.(») = ~vph(p)+yiv(p) + ymdu(p) + yndn(p), (4.2)
L(p) = h(p)+v(p) +dum(p) +dn(p).

Furthermore from the structure of the gra@ly v, we have the identities

m = h(p)+du(p) +dn(p),
n = v(p)+du(p)+dn(p).

Therefore we can rewritd/’, (p) andL(p) as linear functions of two variables, (p)
anddy (p) only, by using the expressiotgp) = m — du (p) — dn(p), andu(p) =

n — dy(p) — dy(p) in (4.2). In this caselV,, and L are linear functions from
the set{(da(p),dn(p)) | p € Px.y} to the real numbers, and the numerator and
denominator in (2.2) are given by the linear functions

Wy, (p) = myp+nyr (4.3)
+(ym =1 —p)dm(p) + (yv — 1 — yp)dn(p),
L(p) = m+n—du(p)—dn(p).

As we show next the set of possible values\akquired for findingVEDY y . |
can be precomputed efficiently.

PrROPOSITION4.1
For not bothm andn equal to zero, let

Q = {q(r, s) | 7, s are non-negative integers, and- s < min{m, n} }

where
ors) = myp +nyr + (ym — 1 —yp)r + (Y~ — 1 —Vp)s _ (4.4)
m-+n—r—s
Then
1.1Q| = O(n?),

2. For any two strings{ andY” over ¥ of lengthsm andn, {W,, (p)/L(p) |p €
Pxy} CQ,
3.ForallAe Q,\>0.

That is, the possible amortized weights for the path®iny are all included in the
set@ whose cardinality i$)(n?) (assumingn > n), and whose elements are non-
negative.
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PROOF Sincer + s < min{m,n} = n, by definitiong(r, s) takes on)(n?) distinct
values, proving the result about the size(@f To see that) includes all amortized
weights note that the expression used to generate the elemeptsd#l.4) uses the
same expressions fé¥,, and L in (4.3) except that the variables ands replace
da(p) anddn (p) respectively, and for any € Px,y, it is necessary thaias (p) +
dn(p) < min{m,n} .

Conversely, for non-negative integets with r + s < min{m, n}, itis easy to see
that there are string®” = z1z9 -z, Y = y1y2 - - -y, and an edit patlp in Px y
such thatdy, (p) = r, dn(p) = s, andg(r, s) is the amortized weight of the path
provided that not botln andn are zero. Therefore the sétin the proposition is
actually the union of the ratiogV.,, (p)/L(p) | p € Px,y } whereX andY” vary over
all strings of lengthm andn over . Since amortized weights are non-negative for
the paths inPx y, () does not include a negative number.

PROPOSITION4.2
For\ € Q, the optimum values . (A) of the parametric shortest path problem
can be formulated in terms of the optimum valiig - . , of a shortest path problem.

PROOF For any\ € @, using the definition in (4.1), and expressions in (2.1) and
(4.3), we have

Siyo ) = min W, () - A
= min [myp + nyr
PE€EPx vy

+ (ym — 1 —vp)dum (p)
+ (v~ — 71 — vp)dn (D)
—A(m+n—du(p) —dn(p))]

= ( min m +n
(pepm [myp +nyr

+ (ym + A=y —vp)dum (p)
+(yn+AX=v—p)dn(P)])
— A(m +mn)
= S;(,Y,’yu’ - A(”n + 77)

where
Yo' = (v, 7D, M + XN+ A) (4.5)

Thus computing’ -, (A) involves solving the shortest path problén, v, , and
performing some simple arithmetic afterwards. Note that) &l () are non-negative.
Thereforey,’ andG x, v, have no negative weights.

Based on this result, we propose the following algoritmn f or mNEDto solve the
N E D problem with uniform weights: The algorithm first generates the setiofbers
@ which includes all possible amortized weights, i.e. potential optimalesbf
NED as described in proposition 4.1. Next, the optimum valueéD y . is sought
in this set by simulating a binary search. At each iteration, the mediareafutrent
setis found, and with this value a parametric shortest path probléantesis created.
This parametric problem is solved by using the formulation in psitam 4.2. If the
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optimum value of the parametric problem is zero then the median is thuwptvalue
of NED and the algorithm terminates with returning the median. If it is nggatien
the search needs to be directed to smaller values; otherwise if it is posite/search
space is reduced to larger values. In both cases, the non-optimal half ise@finom
the set. This process may remove all the elements but one@onThe remaining
elementis returned as the optimum value\ok: D .

The main steps of the algorithm are shown in figure 4. The algorithoigarly

ALGORI THM Uni f or nNED
Step 1 : If m=n=0 then return(—1) signalling an undefined result.
Step 2 : Return trivial answers :

If m=0 then return(~y),

If n=20 then return(~vyp).

Step 3 : GCenerate the set Q (of proposition 4.1).
Step 4 : Wile(|Q|>1) do

Step 5 : Find the nedian \,,.q of Q .

Step 6 : vewa (Ameq) (use proposition 4.2).
Step 7 : If v=0 then return(\,cq)

Step 8 : else if v<0 then renpove from @

Ameq @nd the elements larger than A,.q
Step 9 : else (if v>0 then) renpve from Q@

Amed and the elenents snmaller than A,,.q -
Step 10: End (while)
Step 11: Return the element in Q.
Step 12: End.

FIG. 4. NED algorithmUni f or mNED for uniform weights.

correct whenm or n is zero. OtherwisgW.,,, (p)/L(p) | p € Pxy} # ¢, and
the correctness in this case follows from the facts that there exists ) such
that Sk y,. (A) = 0 (takeA = NEDX% . ), and if Sy () = OthenX €
(W, (P)/ L) | p € Pxy}.

Note that any shortest path algorithihfor Gx y -, with non-negative weights
can be used to comput& , ., as part of the computation &fy . (A) in step6
of algorithmUni f or nNED, provided thaty,’ as defined in (4. 5) does not cause a
conflict with algorithmA's assumption on the edge weight<b¢ v -,/

THEOREM4.3

If algorithm A computesSY y-, . (without the assumption of the triangle inequality
for v,") with time complexityC'(m, n), thenNEDY .. can be computed in time
O(n?) + C(m,n)O(logn) .

PROOF We show that this complexity result can be achieved by using algorithm
Uni f or "\ED. Step3 of the algorithm take€)(n?) time. The while loop iterates
O(logn) times. If linear-time median finding algorithm [1] is used in sigphen the
total time (from start to completion of the loop) spent in stép8, and9 to find the
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medians, and remove the elements fr@ris O(n?) since the size of) is halved after
each iteration. Solving a parametric problem in sieprhich involves a shortest path
computation problem and simple arithmetic, by proposition 4.2, tékes, n) time
using algorithmA . The remaining steps take constant time. Thus the resulting time
complexity is as expressed in the theorem. [ |

Wagner and Fisher's ordinary edit distance algorithm [17], whose tiomplex-

ity is O(mn) and space complexity i©(n), actually computesy ,_ . . It can

be used as algorithrd to solve the parametric shortest path problems in algorithm
Uni f or m\ED. SinceC'(m,n) = O(mn) in this case, and the sé& requiresO(n?)
space, we have

COROLLARY 4.4
Algorithm Uni f or "NED computes the normalized edit distan§& D, -, using

O(mnlogn) operations and (n?) space.

4.2 Rational Weights

We first analyze the case when the weights are integral. Even though ihdbssem
feasible to precompute all possible amortized weights in this case, Wshailv that
an efficient search for an optimum value is still possible by using thetfettthe
distribution of the amortized weights is not arbitrary.

PROPOSITION4.5
If @ is the non-empty set of possible values OE DY,y i.e.,

Q@ =A{W,(p)/L(p) |p € Px v},
andé = d¢ denotes the smallest gapGhdefined by
d=min{|a—b| |a,b€ Q,a#b},
1
thend > (CEEE

PROOF Let p;, andp, be two edit paths with different amortized weights such that
6 =Wy (p1)/L(p1) — Wy(p2)/L(p2) . Then

Ww(pl)L(ID) —Ww(p2)L(P1) > 1

o= (o) L(p2) = ity

follows from the facts thaiV,, (p:) L(p2) — W, (p2)L(p1)| > 1 (distance between any
two distinct integers), and (p ) L(p2) < (m + n)? sinceL(p1), L(ps) <m +n. B

PROPOSITION4.6

For) real and a cost functiopwith integral weights, the optimum val,  _ (\) of
the parametric shortest path problem can be formulated in terms of timeusptvalue
Sy, of a shortest path problem.
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PROOF Forany\ € @, using the definition in (4.1), and expressionsin (2.1) and (2.3)
we have

Sty (A) = mi o fo (D) — A »
kv, = min 1<%%fz(p) 1;:@1‘2(27)

= min Z (’Yei - )‘)fei(p)

eP
p XY 1<i<d

= Sx,v,y

wherey! =1, — A foralli, 1 <i <d. [ |

From proposition 4.65% - (1) is the optimum value of the shortest path problem in
Gx,v - This definition of the parametric problem was used in fractional program
ming normalized edit distance algorithm [16]. We want to emphasizeGhat -
may not lead to a valid instance of ordinary edit distance problem becdusay
include a negative weight.

We propose the following algorithrhnt eger NED for the N ED problem with
integer weights : The algorithm first computes the smallest posgiye between
any two distinct values foN ED x vy, using the expression in proposition 4.5. The
algorithm maintains an intervdk, f], such that the optimum value 8fEDx y  lies
in [ed, fd] wheree, andf are appropriate integral values. Initiallyis set to zero, and
f is sett0ymaa /d Wherey,, .. is the maximum weight iy . The algorithm iteratively
solves a parametric shortest path problem with paranigtevherek is the median
of integers ine, f]. At each iteration the interval is updated according to the sign
of the optimum value of the parametric problem as explained in Megsdsearch
technique. The effective search space is the integdes jfj . Each iteration reduces
this space by half. The iterations end whenever the optimum valuedqratametric
shortest path problem is zero upon which the algorithm terminates bsnieguthe
parameterkd as the optimum value oNEDyx y,,, or whenever there remains no
integers betweea, andf. In the latter case, the algorithm solves a parametric shortest
path problem with parametgi . An optimal path for this parametric problem yields
the optimum amortized weight (the optimum value¥Dx y, ) with which the
algorithm terminates.

The main steps of the algorithm are shown in figure 5.

The invariant for the while loop in step is thate < f, and NEDY y_ is in
[ed, f0] . We can prove that it holds by induction on the number of iteratiorighé
beginning (iteration zero) the invariant is true sircend f are initialized to zero and
Ymaz, FESPECctively, anoNED}ﬁYw i in [0, Ymaz] - The proof of the inductive step
follows from the discussions of Megiddo's search technique. Theitdgoreturns
the parameter value if during one of the iterations the optimum vdltreegarametric
shortest path problem is zero in which case the algorithm is correct. Oegrilie
while-loop terminates with the following conditions being true< f ande +1 > f
(e=fore+1=f),andNEDY y_ isinled, fé] . Since the minimum distance
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ALGORI THM | nt eger NED

Step 1 : If m=n=0 then return(—1) signalling an undefined result.

Step 2 @ §« m

Step 3 :  [e, f] < [0, Ymaz (m +n)?]

Step 4 : Wile (e+1<f) do

Step 5 : k<« [(e+ f)/2]

Step 6 : v<—S;(’Y,,Y(k(S) (use proposition 4.6).

Step 7 : if v=0 then return(kd)

Step 8 : else if v<O0 then f=k

Step 9 : else e=k

Step 10 : End {while}

Step 11 : Solve Sx,y,(fd) to find the optimm val ue 5;(,Y,7(f‘5) and
the length L(p) of the corresponding optimal path p .

Step 12 1 Wy(p) ¢ Sk ., (/8) + f6L(p)

Step 13 : Return(V‘;}f)’)’))

Step 14 : End.

FiG. 5. NED algorithml nt eger NED for integer weights.

between any two possible distinct values féF D% . is at least, there are two
cases two consider :

() NEDX ., =ed or NED% ., = fd,
(i) NEDX y., is in (ed, f§) (in which case there is only one possible value for
NEDY y_, in (ed, f9)).

In both cases, an optimal patlfor the parametric shortest path problem with param-
eter f¢ yields the optimum value aNEDyx y,,, because of the fact that each new
solution to a parametric problem yields a ratio no larger than the paravadter as
pointed out in the description of Dinkelbach's algorithm. Note thagtepl2 of the
algorithm, after determining the optimum value of the parametrictelsbpath prob-
lem and the length of the corresponding optimal path, we have usedhession in
definition (4.1) to determine the weight of the optimal path.

THEOREMA4.7

If algorithm A computesSY y-., and the length of the corresponding optimal path
(without the assumption of non-negativity fof) with time complexityC'(m,n) and
space complexity/ (m, n) then provided that all the costsirare integralNEDY y
can be computed in tim@(C(m, n) logm) usingU (m, n) space.

PrROOF We show that this complexity result can be achieved by using algorithm
I nt eger NED. The while loop iterate€) (1og (Ymae (m + n)?)) times because the
search space on which binary search is performed is included in the set dadrimteg
in the range€l0, ymaz (m + n)?] . Solving the parametric problem in stéptakes
C(m,n) time using algorithmA since it involves a shortest path computation and
some simple arithmetic by proposition 4.6. Given that algoritAncomputes the
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length of an optimal path along with the optimum value of the paramenib-

lem, stepll can be performed within time and space complexities of algorithm

The remaining steps take constant time. Therefore the resulting timplexity is
O(C(m,n)10g (Ymaz(m +n)?)) . The space complexity of the algorithm is the same
as that of algorithn since the space required by the steps other than those which
involve the parametric shorest path computations is only constant. [ |

The ordinary distance algorithm of Wagner and Fisher [17] uses a veplesidy-
namic programming formulation which can easily be modified such that itkeagk
of the length of the optimal path, and it also returns this length irtiadto the op-
timum value of the shortest path problem. This modification doesnmwease the
time and space complexities of the algorithm. This modified algorithguitable as
algorithm A in | nt eger NED. SinceC(m,n) = O(mn) andU(m,n) = O(n) in
this case, we have

COROLLARY 4.8
Algorithm | nt eger NED computes the normalized edit distan¥& D, y ., using
O(mnlogm) operations and(n) space provided that all the costsyirare integral.

If the weights of edit operations i are integral multiples of a fixed real number
r, we can use algorithrhnt eger NED to computeN ED% - with the same time
complexity as follows: Lety™ be an integral cost function such that

Yei = Y0t (4.6)
foralli, 1 < i < d. Then the following relation holds by the definition in (2.2)
NEDX y, =rNEDYy .

Therefore

COROLLARY 4.9
The normalized edit distanc€ D ., can be computed i0)(mn log m) time and
O(n) space provided that all the costsyrare rational.

5 Remarks

In some cases, an optimal edit path may also be desired besides the normatized edi
distance. This can be accomplished by solving an additional parametriesthgath
problem. An optimal edit path for the parametric problémy,, (N EDX y ) has
amortized weightV EDY . for any cost functiony . Therefore, following the com-
putation of NEDY . it suffices to solveSx v~ (NEDX y ) for an optimal edit
path. This additional computatlon can be don€imn) space.

Intheorems 4.3, and 4.7, we have expressed the time complexitles alfforithms
Uni f or MNED andl nt eger NED in terms of the time complexity of a shortest path
algorithm A which is actually used to solve the parametric shortest path problems. To
improve these time complexities one may want to use faster shortéstigatithms.
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For edit graphs, ordinary edit distance algorithms perform better teaergl short-
est path algorithms because of the special structure of the graph. Beverytfast
ordinary edit distance algorithm is a suitable candidate as algorithior the compu-
tation of shortest paths in our algorithms. In general, ordinary éstiddce algorithms
assume that the weights are non-negative and/or the triangle ingdualtils for the
weights.

Proposition 4.6 gives a general formulation of the parametric shqrédistproblem
in terms of the shortest path problem. The formulation preservesidmgle inequal-
ity, but it may introduce negative weights into the cost functioo.tfle best of our
knowledge the algorithm in [17] is the fastest algorithnin the presence of negative
weights.

In the case of uniform cost function, we gave a different formulatarhe para-
metric problem in proposition 4.2. By this formulation the tigds inequality may
be destroyed, but non-negativity of weights is preserved. Even thihwgge are more
candidate algorithms that can be used as algorithin this case, the algorithm in
[17] turns out to be the only feasible one. Next we discuss the redeothis.

Ordinary edit distance algorithms which assume a fixed cost function {g.g=
(1,1,0,1)) and achieve fast running times by using this constant nature of tlghtgei
[15, 10] are evidently not suitable as algorittdnin Uni f or mNED. This is because
each execution of Step 6 of the algorithm uses a different cost fungtion

Masek and Paterson gaveCqm,n) = O(mn/logn)-time algorithm [8] which
can be used as algorithm here, but it is no longer true that the running time of
Uni f or M\ED is as indicated by theorem 4.3. The assumption in the algorithm of
Masek and Paterson is that the weights are integral multiples of ayeositil constant
r. We can easily show that if the assumption is true~fgr then it is also true for
v, that arises irni f or TNED: Suppose thay;, vp, var, andvy are all integral
multiples of a real positive numberand letA be inQ. If A\ = 0, then the assertion
is true for the weights iny,,’, sincey,’ = v, in this case. IfA > 0 then there exist
positive integers, andb such that\ = ar /b because of the way we generate the set
@ in proposition 4.1. Therefore in this casg, vp, Ym + A, andyy + A are integral
multiples of the positive real numbeyb. There appear to be no other obvious choice
of the new constant such that the assumption holdsyfor But the algorithm of
Masek and Paterson takes time proportional to some functidgprofvhich normally
is absorbed in the “big O”, since it is independentiofindn. The discrepancy factor
among the magnitude of constants for different parametric probletasidf or niNED
can be in order ofn sinceb has to be, in some cases, as large as the maximum path
lengthm + n. Therefore even though it may be possible to achi@yein/logn)
with ~,,, solving some parametric problems using tHisvould take significantly (by
about a factor ofn) more time.

Ukkonen'sO(dn)-time output-size sensitive algorithm [15], whetés the actual
edit distance, does not seem applicable because it assumes that the weights are no
negative and they fulfill the triangle inequality. Even though tleesalternate formu-
lations of a parametric shortest path problSry ., (A) in terms of a shortest path
problem inGx y -, with different cost functions,,’, the triangle inequality cannot
always be met while simultaneously keeping the weights non-negatvexample,
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settingv.' = (v — A,yp — A, ym — A,y — A) maintains the triangle inequality
by allowing negative weights, or setting’ = (vr,vp,vm + A, v~ + A) guarantees
non-negativity of weights but possibly destroys the triangézjinality.

6 Conclusion

In the absence of theoretical time complexity results for the applicatidractional
programming to normalized edit distance calculations, we have imprdwetirhe
complexity of normalized edit distance computation frérynn?) to O(mn logn)
when the weights of edit operations are uniform, andtgnn logm) when the
weights are rational.

The worst-case and the expected time complexity of fractional progragifimimu-
lation of N ED need to be investigated for a better assessment of the quality of the al-
gorithms presented in this paper, keeping in mind that our time contplgounds are
in the worst-case. Real applications may be in favor of fractional progiaghbased
N ED algorithm because of its easy implementation, observed experimental-perfor
mance, and the generality of the cost function that can be used. It seems tleat whi
our algorithms have improved worst-case time complexities, fraatiprogramming
normalized edit distance algorithm may actually be provably faster on #érage.
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