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Abstract

W e consider the problem of uniform generation of random in tegers in the range [1 ; n ] giv en

only a binary source of randomness. Standard mo dels of randomized algorithms (e.g. probabilistic

T uring mac hines) assume the a v ailabilit y of a random binary source that can generate indep enden t

random bits in unit time with uniform probabilit y . This mak es the task trivial if n is a p o w er of

2. Ho w ev er, exact uniform generation algorithms with b ounded run time do not exist if n is not

a p o w er of 2.

W e analyze sev eral almost-uniform generation algorithms and discuss the tradeo� b et w een the

distance of the generated distribution from the uniform distribution, and the n um b er of op erations

required p er random n um b er generated. In particular, w e presen t a new algorithm whic h is based

on a circulan t, symmetric, rapidly mixing Mark o v c hain. F or a giv en p ositiv e in teger N , the

algorithm pro duces an in teger i in the range [1 ; n ] with probabilit y p

i

= p

i

( N ) using O ( N log n )

bit op erations suc h that j p

i

� 1 =n j < c �

N

, for some constan t c , where

� =

2

1

4

�

 

r

2

p

2 �

q

5 �

p

5

!

� 0 : 4087 :

This rate of con v ergence is sup erior to the estimates obtainable b y commonly used metho ds

of b ounding the mixing rate of Mark o v c hains suc h as conductance, direct canonical paths, and

couplings.

Keyw ords. Random n um b er generation, uniform distribution, Mark o v c hain, rapid mixing, eigen-

v alue, circulan t matrix.

1 In tro duction

W e consider the generation of almost-uniform random in tegers in the range [1 ; n ], taking in to accoun t

the required time, space, and n um b er of random bits. The basic assumption is that indep enden t

random bits can b e generated in unit time. If n is an exact p o w er of 2, sa y n = 2

m

, then the

generation of a uniformly distributed random in teger in the range [1 ; n ] is easily accomplished in

time O ( m ) = O (log n ) b y generating m consecutiv e random bits. Ho w ev er, if n is not a p o w er of

2, no algorithm with b ounded running time can generate n um b ers in [1 ; n ] from the exact uniform

distribution (see b elo w).

The task of generating uniformly distributed random elemen ts of a set whose size is not an exact

p o w er of t w o arises frequen tly in the study of randomized algorithms and is usually treated as a

primitiv e op eration. This is in part justi�ed b y the fact that simple and e�cien t almost-uniform

generation algorithms are kno wn. Ho w ev er, it app ears that the exact costs and trade-o�s b et w een

accuracy and required resources of these algorithms ha v e not b een analyzed in detail. One of our aims

is to explore whic h options exist and to compare their costs. W e presen t t w o new algorithms { one
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based on a rapidly mixing Mark o v c hain and one based on a reduction from appro ximate coun ting to

almost uniform generation { and compare their resource requiremen ts with those of the w ell-kno wn

mo dular algorithms.

Sinclair [18 ] considers the problem on an abstract lev el, and sho ws p olynomial time equiv alence

b et w een almost uniform generation on probabilistic T uring mac hines and on a di�eren t mac hine mo del

whic h allo ws biased coin 
ips.

One imp ortan t class of applications whic h requires uniform generators for sets of arbitrary size

is the sim ulation of he at b ath Mark o v c hains (cf. [6 ] for a precise de�nition). In practice, the size

of the sets can b e extremely large [15 ]. Heat bath Mark o v c hains are one of the standard to ols in

computational ph ysics, and are used frequen tly in high-precision n umerical sim ulations. It is easy

to sho w that a bias in the distribution of the generator translates directly in to a similar bias in the

output distribution of the Mark o v c hain.

W e presen t a new algorithm whic h is based on the sim ulation of a rapidly-mixing circulan t Mark o v

c hain. Its analysis giv es a direct b ound on the second-largest eigen v alue of the transition matrix of

the Mark o v c hain and is of in terest in its o wn righ t. In particular, w e observ e that the commonly used

metho ds of b ounding the mixing rate of Mark o v c hains (conductance [18 ], direct canonical paths [17 ],

couplings [3 ]), yield w eak er b ounds than the one obtained here. Direct b ounds on the second-largest

eigen v alue of transition matrices ha v e b een obtained previously , mostly based on algebraic prop erties

of the underlying domain (e.g. [4 ]). Ho w ev er, the structure of our Mark o v c hain, as w ell as the

tec hnique used to b ound its mixing rate seem di�eren t from previous results.

The probabilistic T uring mac hine (PTM) is the most commonly used mac hine mo del in the study

of randomized algorithms [14 , 18 ]. It is a standard T uring mac hine equipp ed with the abilit y to

generate (or access) random bits in unit time. A PTM is deterministic, except for sp ecial coin-tossing

states in whic h there are exactly t w o p ossible transitions, determined b y the 
ip of an un biased coin.

Prop osition 1 Given n 2 I N which is not a p ower of 2 , let A

n

b e a r andomize d algorithm which

outputs numb ers in [1 ; n ] and whose running time is b ounde d by t

n

2 I N . L et r

n

� t

n

b e an upp er

b ound on the numb er of r andom bits use d by A

n

. L et p

i

b e the pr ob ability that A

n

outputs i 2 [1 ; n ] .

Ther e exists i 2 [1 ; n ] such that

j p

i

� 1 =n j � 2

� ( r

n

+1)

:

W e omit the pro of due to space constrain ts. In tuitiv ely , A

n

has to place 2

r

n

balls (elemen tary ev en ts)

in to n bins. If n is not a p o w er of 2, some bins ha v e to receiv e at least one ball more than others.

The situation is sligh tly di�eren t for Las V egas t yp e algorithms whose run time is not b ounded. In

the simplest case, the algorithm can use r

n

random bits, assign an equal n um b er of elemen tary ev en ts

to eac h n um b er in [1 ; n ], and decide to use more random bits or, simply , not terminate with the

remaining probabilit y . W e will concen trate on algorithms whose running time is b ounded, and refer

to Las V egas t yp e algorithms only where appropriate.

Since pro ducing the exact uniform distribution on [1 ; n ] is not p ossible, w e try to generate in tegers

in [1 ; n ] with an almost-uniform distribution. W e use the w ell-kno wn r elative p ointwise distanc e r.p.d.

(e.g. [18 ]) to measure the closeness of the output distribution and the uniform distribution: The r.p.d.

b et w een t w o probabilit y distributions p; q on a �nite set X ( q

i

> 0 for all i 2 X ) is de�ned as

�( p; q ) = max

i 2 X

j p

i

� q

i

j

q

i

In the follo wing, q will alw a ys b e the uniform distribution, and w e write �( p ) instead of �( p; q ) to

denote the r.p.d. of p from the uniform distribution. Th us �( p ) = max

i 2 X

j np

i

� 1 j :

The rest of this pap er is organized as follo ws: In Section 2, w e describ e the Mark o v c hain algorithm.

Our main result on the b ound of the mixing rate of the Mark o v c hain is stated in this section. Section 3

analyzes the resource requiremen ts of three alternativ e algorithms. An outline of the pro of of our

main theorem is giv en in Section 4. Remarks and conclusions are giv en in Section 5.
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2 A Rapidly Mixing Circulan t Mark o v Chain

In this section, w e describ e an algorithm based on the sim ulation of a rapidly mixing Mark o v c hain.

In O ( N log n ) time, this algorithm pro duces a random in teger i in the range [1 ; n ] with distribution

p suc h that

�( p ) � n �

N

; where � =

2

1
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�
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The b ound � � 0 : 4087 deserv es atten tion in t w o resp ects. Firstly , kno wn algorithms reduce the r.p.d.

only b y a factor of 0 : 5 in eac h step. Similarly , standard metho ds for b ounding the mixing rate of a

Mark o v c hain yield b ounds whic h are w orse than 0 : 5. These issues will b e addressed b elo w.

W e de�ne an n � n transition matrix P = ( p

ij

) suc h that the corresp onding Mark o v c hain M

on state space f 1 ; 2 ; : : : ; n g has the follo wing prop erties: 1) M is ergo dic with stationary distribution

� = (

1

n

;

1

n

; : : : ;

1

n

); 2) M is rapidly mixing, i.e. the N -step transition matrix P

N

con v erges quic kly

to the limiting probabilities; 3) M can b e sim ulated e�cien tly . That is, the time to sim ulate one

transition step is O (log n ). The prepro cessing time, and space requiremen ts for M are also O (log n ) .

Giv en suc h P , the algorithm (referred to as Algorithm I) sim ulates N steps of M . The �rst condition

guaran tees that M con v erges to the uniform distribution, and the second condition ensures that a

small n um b er N of sim ulation steps is su�cien t. The third condition ensures that eac h sim ulation

step can b e executed e�cien tly .

An n � n cir culant matrix C = C ( a

1

; a

2

; : : : ; a

n

) is a matrix of the form

2

6

6

6

6

4

a

1

a

2

� � � a

n

a

n

a

1

� � � a

n � 1

.

.

.

.

.

.

.

.

.

a

2

a

3

� � � a

1

3

7

7

7

7

5

where eac h ro w is a single righ t circular shift of the ro w ab o v e it [8 ].

Assume that n is not a p o w er of 2, and let m = b log n c . Then

n

2

< 2

m

< n , and n can b e

written in the form n = 2

m

+ p with 0 < p < 2

m

. Consider symmetric, circulan t n � n 0-1 matrices

C = C (0 ; a

2

; a

3

; : : : ; a

n

) where exactly 2

m

of the en tries a

2

; a

3

; : : : ; a

n

are equal to 1. Since w e are

forcing C to b e symmetric, this imp oses the condition a

k

= a

n +2 � k

for k = 2 ; 3 ; : : : ; n . F or example,

for n = 7, w e ha v e m = 2 and p = 3. In this case there are three suc h matrices: C (0 ; 1 ; 1 ; 0 ; 0 ; 1 ; 1),

C (0 ; 1 ; 0 ; 1 ; 1 ; 0 ; 1), and C (0 ; 0 ; 1 ; 1 ; 1 ; 1 ; 0). Eac h suc h matrix C de�nes an irreducible, ap erio dic (i.e.

ergo dic) Mark o v c hain M on n states f 1 ; 2 ; : : : ; n g whose transition matrix is P =

1

2

m

C . The

symmetry of C guaran tees that the stationary distribution of the corresp onding Mark o v c hain M

is the uniform distribution on f 1 ; 2 ; : : : ; n g . Note that the eigen v alues of P and C are related b y

a constan t factor 2

m

. Let

�

�

1

denote the second largest eigen v alue of C . It is w ell-kno wn that the

mixing rate of M can b e b ounded b y �

1

= 2

� m

�

�

1

. The follo wing inequalit y for the r.p.d. follo ws

from [18 , 7, 13 ]:

�( p ( N )) � n�

N

1

; (2)

where p ( N ) is the distribution on the states of M after N sim ulation steps. W e consider the problem

of pic king the nonzero a

k

's so that

�

�

1

is minimized:

Theorem 1 Supp ose n = 2

m

+ p with 0 < p < 2

m

. Ther e exists a symmetric, cir culant n � n 0-1

matrix C

�s

= C (0 ; a

2

; a

3

; : : : ; a

n

) with 2

m

nonzer o entries in its �rst r ow such that

2

� m

�

�

1

�

2

1

4

�
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F urthermor e, the �rst r ow of C

�s

c ontains at most two symmetric al ly plac e d blo cks of 1's starting at

c olumn �s = d

p

10

e + 1 .
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An outline of the pro of is giv en in Section 4. W e tak e M = M

�s

to b e the Mark o v c hain on

f 1 ; 2 ; : : : ; n g whose transition matrix is P = P

�s

=

1

2

m

C

�s

. The structure of C

�s

is suc h that p

1 j

=

1

2

m

if and only if

j 2 f �s + k j k = 0 ; 1 ; : : : ; 2

m � 1

� 1 g [ f n + 2 � ( � s + k ) j k = 0 ; 1 ; : : : ; 2

m � 1

� 1 g : (3)

Since P is circulan t, p

ij

=

1

2

m

if and only if j is in a translate mo dulo n of the set of indices in (3) .

Th us to mo v e from a state i of M to state j , w e only need to generate a random binary n um b er

r in the range [0 ; 2

m

� 1]. W e then use the high order bit to select the translate of one of the t w o

sets of consecutiv e indices in (3) . After this, the new state j is simply the ( r + 1)-st smallest index

in the subset c hosen. More formally , w e describ e the steps of this algorithm as Algorithm I. Let

RANDOM[0 ; 2

m

� 1] denote a pro cedure whic h returns a random in teger r in the range [0 ; 2

m

� 1]

or, equiv alen tly , m consecutiv e random bits pro vided b y our mac hine mo del (PTM).

Algorithm I :

Input: n; N

Output: i 2 [1 ; n ]

b egin

m := b log n c ; �s := d

n � 2

m

10

e + 1;

cur state := 1;

for j := 1 to N do

b egin

i := RANDOM[0 ; 2

m

� 1] ;

if i 2 [0 ; 2

m � 1

) then cur state := 1 + [ ( cur state � 1 + �s + i ) mod n ]

else cur state := 1 +

�

( cur state � 1 + ( n + 2 � ( � s + i � 2

m � 1

)) mod n

�

;

end

i := cur state ;

return ( i );

end

The n um b er of op erations required to tak e one step on the Mark o v c hain M is O ( m ) = O (log n ).

Th us, the total running time of Algorithm I is O ( N log n ). By (2) and Theorem 1, after starting from

an arbitrary initial state and sim ulating N steps of M , the probabilit y of b eing in some particular

state j do es not di�er from 1 =n b y more than a constan t m ultiple (w.r.t. N ) of �

N

, where � is as

giv en in (1) .

2.1 Other metho ds of b ounding the mixing rate

W e note that the b ound of �

1

� 0 : 4087 is obtained b y a rather detailed analysis (cf. Section 4),

taking sp ecial prop erties of circulan t matrices in to accoun t. The w ell-kno wn general metho ds for

estimating mixing rates, while b eing useful general purp ose to ols, app ear to b e to o coarse-grained to

yield a similar b ound. W e outline this in the follo wing paragraphs. Details are omitted due to space

restrictions.

The c onductanc e � [18 ] whic h measures the expansion of the transition graph is often used to

b ound the second largest eigen v alue of the transition matrix via the inequalit y �

1

� 1 � �

2

= 2. Since,

b y de�nition, � � 1, this metho d cannot yield a b etter b ound than 0 : 5 > 0 : 4087. A closer analysis

for the particular case considered here sho ws that the conductance is signi�can tly smaller than 1, and

consequen tly the b ound obtained in this fashion is actually m uc h larger than 0 : 5.

The metho d of [17 , 9] whic h b ounds the second largest eigen v alue directly b y a dir e ct c anonic al

p aths argumen t (as opp osed to going via the conductance) usually leads to tigh ter b ounds than
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conductance-based metho ds. W e can sho w b y means of a coun ting argumen t that this approac h do es

not yield a b etter b ound than �

1

� 0 : 7.

The c oupling metho d tries to b ound the mixing rate b y a direct probabilistic argumen t and without

b ounding the eigen v alues. The use of the coupling metho d is based on [3 ], whic h b ounds the mixing

rate b y e

� 1 = (2e T )

, where T is called the coupling time. Basic but tedious steps sho w that T > 2,

resulting in a mixing rate of at least 0 : 912 � 0 : 4087.

3 Alternativ e Algorithms

In this section w e analyze three alternate algorithms for the generation problem. Algorithm I I and IV

are straigh tforw ard mo dular algorithms. Algorithm I I I is a new algorithm and based on the reduction

from almost-uniform generation to appro ximate coun ting [12 ].

Algorithm I I: This algorithm is describ ed in [10 ]: Generate a random sequence of m = d log n e

bits. If the sequence is the binary represen tation of an in teger i

1

in the range [0 ; n � 1], then return

i := i

1

+ 1. If not, generate another m -bit random n um b er i

2

using the same pro cess. If after N suc h

trials, none of the in tegers i

1

; i

2

; : : : ; i

N

turns out to b e in [1 ; n ], then return i := i

N

� 2

m � 1

. A more

formal description of this algorithm is giv en as Algorithm I I.

Algorithm I I :

Input: n; N

Output: i 2 [1 ; n ]

m := d log n e ;

for j := 1 to N do

i := RANDOM[0 ; 2

m

� 1] +1 ;

if i 2 [1 ; n ] then return ( i ) and exit ;

return ( i � 2

m � 1

) ;

Prop osition 2 L et p

I I

( N ) denote the output distribution of A lg. II. Then �( p

I I

( N )) � 2

� N

.

Pro of Omitted due to space limitations. 2

Algorithm I I can b e run in Las V egas mo de b y dropping the upp er limit of N lo op iterations. In

this case, the exp ected running time E ( n ) is

E ( n ) =

1

X

k =1

k m

n

2

m

(

r

2

m

)

k � 1

�

m

(1 �

r

2

m

)

2

�

m

(1 �

1

2

)

2

� 8 log n ;

where r = 2

m

� n . Th us the exp ected running time of Algorithm I I is no w orse than 8 log n , inde-

p enden tly of the parameter N . Using Cherno� b ounds, it is easy to sho w that the running time is

unlik ely to exceed its exp ectation signi�can tly .

Algorithm I I I: There is a close relation b et w een almost-uniform generation problems and the

corresp onding appro ximate coun ting problems (computing the n um b er of elemen ts in the set) [12 ]. In

our case, the solution to the coun ting problem is simply n , and the solutions of relev an t subproblems

are easily deriv ed. This mak es it p ossible to design a generation algorithm based on the w ell-kno wn

reduction from almost-uniform generation to appro ximate coun ting of [12 ].

Giv en a bitstring s , let solns ( s ) = jf x 2 [0 ; n � 1] : 9 v : sv = x gj b e the n um b er of elemen ts of

[0 ; n � 1] whose binary represen tation b egins with s . These solutions of coun ting subproblems are

5



easily computed. The algorithm generates a random elemen t of [0 ; n � 1] one bit at a time, starting

with the most signi�can t bit. A t the start of the k -th round, the k � 1 most signi�can t bits ha v e

b een determined. The in v arian t is that the probabilit y of pro ducing an y giv en pre�x is prop ortional

to the n um b er of elemen ts of [0 ; n � 1] whose most signi�can t bits coincide with this pre�x. It is

easy to sho w b y induction that this relation will hold, if the next bit is set to 1 with probabilit y

solns (pre�x � 1) = solns (pre�x ), where � denotes concatenation. If, at an y giv en p oin t, the pre�x is

suc h that solns (pre�x ) = 2

i

(for some i > 0), the pro cess can b e stopp ed. Algorithm I I I summarizes

these steps.

Algorithm I I I :

Input: n > 1

Output: 2 [1 ; n ]

pre�x := � ; k := d log n e ; (* bitlength of ( n � 1) *)

rep eat

if solns (pre�x � 1) = 0 then pre�x := pre�x � 0

else

with probabilit y divide [solns (pre�x � 1) ; solns(pre�x )], set pre�x := pre�x � 1;

otherwise set pre�x := pre�x � 0

k := k � 1;

un til k = 0 or solns (pre�x ) is a p o w er of 2;

pre�x := pre�x � 0

k � log solns(pre�x )

;

if solns (pre�x ) > 1 then pre�x := pre�x � RANDOM[0 ; solns (pre�x) � 1]

return ( pre�x+1 );

As stated, Algorithm I I I is an exact uniform generator. Ho w ev er, its running time is un b ounded

b ecause the binary represen tation of p 1 :=

solns(pre�x � 1)

solns(pre�x )

ma y not b e �nite. One obtains an appro ximate

v ersion of the algorithm b y truncating this fraction to some �nite n um b er m of bits. Steps similar

to those of [18 ] sho w that �( p

I I I

) � 2

� N

if m � 2 d log n e + N . Th us, ac hieving an accuracy of 2

� N

requires a total of at most 2 d log n e

2

+ N d log n e random bits. Note that there are only log n relev an t

v alues of p 1. Those v alues can b e obtained and stored in a precomputation step. Th us, the algorithm

needs O (log

2

n + N log n ) time and space in the w orst case.

The algorithm can b e run in Las V egas mo de if the probabilistic decision (`with probabilit y . . . ')

is implemen ted appropriately . Because of space restrictions, w e defer the details of this part of the

algorithm to the �nal v ersion of the pap er. F or b oth standard and Las V egas v ersions w e ha v e

Prop osition 3 The exp e cte d running time of A lg. III is O (log n ) .

Again, one can use Cherno� b ounds to sho w that the actual running time is concen trated around its

exp ectation.

Algorithm IV: This algorithm app ears to b e widely used in practice: �x m � log n , generate

a random in teger M in the range [0 ; 2

m

� 1] b y generating m consecutiv e random bits, and output

M mo d n .

Prop osition 4 L et p

I V

( m ) denote the output distribution of A lg. IV. Then �( p

I V

( m )) � n 2

� m

.

Next w e calculate the n um b er of bit op erations required b y Algorithm IV. Let b = b log n c + 1.

Th us M and n are m -bit and b -bit long in tegers with m � b . W e can consider algorithms of v arying

complexit y for the calculation of the remainder R = ( M mo d n ) dep ending on the sizes of the n um b ers

in v olv ed. Straigh tforw ard division of M b y n follo w ed b y a m ultiplication and subtraction to calculate

6



Algorithm IV :

Input: n; m

Output: i 2 [1 ; n ]

b egin

M := RANDOM[0 ; 2

m

� 1] ;

return (( M mo d n ) + 1) ;

end

R requires O ( mb ) bit op erations. Using the asymptotically faster Sc h• onhage-Strassen algorithm for

large in tegers, the in tegral quotien t of a 2 b -bit n um b er b y a b -bit n um b er, as w ell as the pro duct of

t w o b -bit n um b ers can b e obtained in O ( b log b log log b ) bit op erations [16 , 1]. T o use this algorithm

for remainder calculation w e prep end the binary represen tation of M with zeros if necessary and

assume that b � 1 divides m . W rite

M =

m= ( b � 1 ) � 1

X

i =0

M

i

2

( b � 1) i

where eac h M

i

is b � 1 bits. The remainders r

i

= 2

( b � 1) i

mo d n for i = 1 ; 2 ; : : : ; m= ( b � 1) � 1 can b e

computed b y m= ( b � 1) m ultiplications and divisions requiring O ( b log b log log b ) bit op erations eac h,

if the Sc h• onhage-Strassen algorithm is used. After this phase, eac h quan tit y M

i

r

i

mo d n can b e com-

puted with an additional O ( b log b log log b ) bit op erations. Finally the resulting m= ( b � 1) remainders

found are summed up mo dulo n in another O (

m

b � 1

b ) = O ( m ) bit op erations. The total n um b er of op-

erations required for the computation of R b ecomes O ( m log b log log b ) = O ( m log log n log log log n ).

4 Pro of of the main Theorem

In this section w e outline the pro of of Theorem 1.

Pro of The eigen v alues of a circulan t matrix C = C (0 ; a

2

; a

3

; : : : ; a

n

) are giv en b y

�

r

=

n

X

k =2

a

k

!

( k � 1) r

; r = 0 ; 1 ; : : : ; n � 1 ;

where ! is a primitiv e n � th ro ot of unit y (See, for example [8, 5]). Here w e do not assume that the

subscripts order the eigen v alues of C in decreasing/increasing absolute v alue. F or 2 � s � d

p

2

e + 1,

consider the matrix C

s

obtained b y setting the blo c k of en tries a

s

; a

s +1

; : : : ; a

s +2

m � 1

� 1

, together

with their mirror images in the �rst ro w equal to 1. Let 2

m

�

s

r

denote the eigen v alues of C

s

, r =

1 ; 2 ; : : : ; n � 1. Th us �

s

r

are the eigen v alues of the corresp onding Mark o v c hain transition matrix P

s

.

By the symmetry of the a

k

's, w e ha v e

2

m

�

s

r

=

s +2

m � 1

� 1

X

k = s

( !

( k � 1) r

+ �!

( k � 1) r

) = 2

2

m � 1

� 1

X

k =0

cos

2 � ( s � 1 + k ) r

n

;

where �! is the complex conjugate of ! . In particular �

s

n � r

= �

s

r

, r = 1 ; 2 ; : : : ;

n

2

: Using the trigono-

metric iden tit y [11 ]

h � 1

X

k =0

cos( a + k b ) = sin

hb

2

cosec

b

2

cos ( a +

h � 1

2

b ) ;

7



with a =

2 � ( s � 1) r

n

, b =

2 � r

n

, and h = 2

m � 1

, w e �nd that

2

m

�

s

r

= 2

sin

� r

n

2

m � 1

sin

� r

n

cos

� r

n

(2

m � 1

+ 2 s � 3) ; r = 1 ; 2 ; : : : ;

n

2

:

Let x =

� r

n

. By using the double angle form ula sin 2 x = 2 sin x cos x rep eatedly , w e obtain

sin (2

m � 1

x ) = 2

m � 1

sin x cos x cos (2 x ) � � � cos (2

m � 2

x ) :

Therefore,

�

s

r

= cos x cos (2 x ) � � � cos (2

m � 2

x ) cos (2

m � 1

+ 2 s � 3) x ; r = 1 ; 2 ; : : : ;

n

2

: (4)

W e split the pro of of the Theorem in to t w o cases, dep ending on whether or not r � 4:

Case I ( r � 4) : F or k = 1 ; 2 ; : : : ; m � 2, let I

k

denote the in terv al [

n

2

k +1

;

n

2

k

]. Since 2

m

< n < 2

m +1

,

the union of these in terv als co v ers [4 ;

n

2

]. Therefore if r � 4, then r 2 I

k

for some k .

W e sho w that the factor cos 2

( k � 1)

x cos 2

k

x that app ears in the pro duct expression (4) for �

s

r

is

small for x 2 [

�

2

k +1

;

�

2

k

]. F or a �xed k � m � 2, let t = 2

( k � 1)

x , and f ( t ) = cos t cos 2 t . Then the

maxim um v alue of f on [

�

4

;

�

2

] is reac hed for cos t =

1

p

6

. Th us on [

�

4

;

�

2

],

j f ( t ) j � j 2 (

1

p

6

)

3

� (

1

p

6

) j =

2

3

p

6

:

It follo ws that j �

s

r

j �

2

3

p

6

for r 2 [4 ;

n

2

] � [

n

2

m � 1

;

n

2

], indep enden tly of the v alue of s .

Case I I ( r < 4) : No w w e consider the cases r = 1 ; 2 ; 3. Let

P ( r ; m ) =

m � 2

Y

k =0

cos

2

k

r �

n

:

Then b y (4)

�

s

r

= P ( r ; m ) cos

r �

n

(2

m � 1

+ 2 s � 3) ; r = 1 ; 2 ; 3 :

Since 2

m

< n < 2

m +1

, w e ha v e

�

8

<

2

m � 2

�

n

<

�

4

. No w cosine is decreasing on [0 ;

�

2

]. Th us

cos

2

m � 2

�

n

< cos

�

8

; cos

2

m � 3

�

n

< cos

�

16

; � � � ; cos

�

n

< cos

�

2

m +1

:

Using the last m � 2 of these inequalities, it follo ws that

P (1 ; m ) < cos

2

m � 2

�

n

m +1

Y

k =4

cos

�

2

k

:

By Vi � ete's form ula for �

1

Y

k =2

cos

�

2

k

=

2

�

;

and therefore

lim

m !1

m

Y

k =4

cos

�

2

k

=

2

� cos

�

4

cos

�

8

=

4

�

q

1 +

1

p

2

: (5)
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Since m = b log n c , it follo ws that for large n ,

P (1 ; m ) �

4

�

q

1 +

1

p

2

cos

2

m � 2

�

n

:

Using Euler's generalization of Vi � ete's form ula in a similar fashion, w e obtain the follo wing in-

equalities for large n

P (2 ; m ) �

2

p

2

�

cos

2

m � 1

�

n

; j P (3 ; m ) j �

4

q

2 +

p

2

3 �

j cos

3 � 2

m � 2

�

n

j :

No w let 
 =

p

2

m

, � =

2 s � 3

2

m � 1

. Then 0 < 
 < 1, 0 < � < 
 and

j �

s

1

j �

4

�

q

1 +

1

p

2

j cos

�

4

(

1

1 + 


) cos

�

2

(

1 + �

1 + 


) j

j �

s

2

j �

2

p

2

�

j cos

2 �

4

(

1

1 + 


) cos

2 �

2

(

1 + �

1 + 


) j (6)

j �

s

3

j �

4

q

2 +

p

2

3 �

j cos

3 �

4

(

1

1 + 


) cos

3 �

2

(

1 + �

1 + 


) j

The three co e�cien ts in the inequalities (6) are ab out 0 : 9745, 0 : 9003, and 0 : 7842, resp ectiv ely . In

order to b ound the cosine factors in (6) , w e c ho ose � =

2

5


 . This means that w e m ust pic k �s = d

p

10

e + 1.

Since s is in the range [2 ; d

p

2

e + 1], suc h a v alue �s exists. If w e mak e a c hange of v ariable b y setting

t =

1

1+ 


, w e ha v e

1

2

< t < 1, and (6) turns in to

j �

�s

1

j � 0 : 9745 f

1

( t ) ; j �

�s

2

j � 0 : 9003 f

2

( t ) ; j �

�s

3

j � 0 : 7842 f

3

( t ) ;

where

j f

1

( t ) = j cos

�

4

t cos

�

10

(3 t + 2) j ; f

2

( t ) = j cos

�

2

t cos

�

5

(3 t + 2) j ; f

3

( t ) = j cos

3 �

4

t cos

3 �

10

(3 t + 2) j :

It is not di�cult to sho w that f

1

and f

3

b oth ac hiev e their maxim um v alue on

1

2

� t � 1 at the p oin t

t =

1

2

. Th us on [

1

2

; 1], f

1

( t ) � cos

�

8

cos

7 �

20

� 0 : 4194 and f

3

( t ) � cos

3 �

8

cos

�

20

� 0 : 3779. The analysis

of the b eha vior of f

2

is more complicated, but it can b e sho wn that f

2

( t ) � 0 : 4400 on

1

2

� t � 1 with

�s = d

p

10

e + 1. This giv es j �

�s

1

j < 0 : 4087, j �

�s

2

j < 0 : 3961, j �

�s

3

j < 0 : 2963.

W e com bine this with the previous case and �nd that for r 2 [1 ;

n

2

],

j �

�s

r

j �

4

�

q

1 +

1

p

2

cos

�

8

cos

7 �

20

: (7)

Since cos

2 �

5

=

p

5 � 1

4

, b y rep eated use of the half angle form ula for cosine, w e obtain

cos

7 �

20

=

r

2

p

2 �

q

5 �

p

5

2

5

4

: (8)

Com bining (8) , (7) , and (5) , w e ha v e for r > 0,

j �

�s

r

j �

2

� cos

�

4

cos

7 �

20

=

2

1

4

�

 

r

2

p

2 �

q

5 �

p

5

!

;

and the Theorem follo ws. 2
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5 Comparisons and Conclusions

F or the algorithms presen ted here to generate random in tegers in the range [1 ; n ], the maxim um

relativ e error b et w een the generated distribution and true uniform distribution go es to zero geomet-

rically in all cases: with rate 0 : 5 for Algorithms I I, I I I, IV (using standard division), and with rate

appro ximately 0 : 4087 for Algorithm I.

The follo wing table compares the algorithms from a di�eren t p ersp ectiv e. It lists the resources

required b y eac h to pro duce one random n um b er with error b ound 2

� k

(r.p.d. from uniformit y),

based on the b ounds deriv ed in the previous sections.

Algorithm w orst case a v erage case

time random bits time random bits

I O (( k + log n ) log n ) 0 : 775( k + log n ) log n cf. w orst case cf. w orst case

I I O ( k log n ) k log n O (log n ) O (log n )

I I I O (( k + log n ) log n ) ( k + 2 log n ) log n O (log n ) O (log n )

IV(simple) O (( k + log n ) log n ) k + log n cf. w orst case cf. w orst case

IV[16 ] O (( k + log n ) log log n log log log n ) k + log n cf. w orst case cf. w orst case

The algorithms ha v e similar w orst case running times, with Algorithm I I b eing the fastest. The faster

con v ergence rate of the Mark o v c hain is hidden in the big-O notation. Ho w ev er, it reduces the random

bits required b y a factor of 0 : 775. Algorithm IV requires the smallest n um b er of random bits and

comes to within t w o bits of the lo w er b ound of Prop. 1. Algorithms I I and I I I can stop prematurely .

Their a v erage-case running times do not dep end on k and are w ell b elo w their w orst-case times. This

w as re
ected in a series of exp erimen ts w e p erformed in whic h Algorithms I I and I I I w ere signi�can tly

faster than Algorithms I and IV.

In the con text of the construction of the Mark o v c hain used in Algorithm I, one can address the

problem of pic king the b est p ossible n � n 0-1 circulan t matrix (in terms of the magnitude of the

mo dulus of the second largest eigen v alue) for an arbitrary distribution of 1's in the �rst ro w. Theorem

1 only giv es an upp er b ound for the mo dulus of the second largest eigen v alue and only in case the

matrix is symmetric and the ro w sums are 2

b log n c

. The adv an tage of the particular distribution of

the 1's considered in Theorem 1 as blo c ks in the �rst ro w of the matrix is small storage and ease of

transition selection for the asso ciated Mark o v c hain. Suc h a distribution, ho w ev er, is not necessarily

optimal for the solution of the more general problem in whic h constrain ts of space and constructibilit y

are not critical issues.
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