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Abstract

Maek a w a considered a simple but sub optimal grid based quorum generation sc heme in whic h

N sites in a net w ork are logically organized in the form of a

p

N �

p

N grid, and the quorum

sets are ro w-column pairs. Ev en though the quorum size 2

p

N of the grid sc heme is t wice as

large as �nite pro jectiv e plane based optimal size quorums, it has the adv an tage of b eing simple

and geometrically eviden t. In this pap er w e construct grid based quorums whic h use a mo di�ed

grid, and paths that resem ble billiard ball paths instead of horizon tal and v ertical line segmen ts

of ro ws and columns in the grid sc heme. The size of these quorums is

p

2

p

N . The construction

and its prop erties are geometrically eviden t as in the case of Maek a w a's grid, and the quorum

sets can b e generated e�cien tly .

Keyw ords : Distributed system, m utual exclusion, coterie, quorum.

1 In tro duction

One of the most fundamen tal sync hronization problems in distributed systems is the problem of

ensuring m utually exclusiv e accesses b y comp eting pro cesses to a critical resource. Sev eral solutions

ha v e b een prop osed to solv e the m utual exclusion problem in distributed systems [Lam78 , RA81 ,

CR83, Mae85 , SK85, vdS87, Sin88 , HPR88 , Ra y89 ]. These solutions can b e broadly categorized in to

t w o t yp es: p ermission based and tok en based solutions [San87 , Ra y91 ]. The adv an tage of p ermission

based m utual exclusion algorithms is that they exhibit excellen t fault-tolerance and load-balancing

c haracteristics. The general approac h underlying this t yp e of algorithms is that a pro cess (or

equiv alen tly a site in the net w ork) wishing to en ter the critical section obtains p ermission from

other sites in the net w ork. The group of sites whic h gran t p ermission is referred to as a quorum for

the requesting site. An y t w o quorums ha v e a non-empt y in tersection, th us guaran teeing m utually

exclusiv e access to a critical resource b y comp eting sites.

The main dra wbac k of p ermission based m utual exclusion algorithms is that the comm unication

cost to en ter critical section is directly prop ortional to the size of quorums. Muc h researc h has b een

done to optimize comm unication and minimize the size of quorums [Mae85 , GB85 , AE91 , Kum91,

CAA92 ]. Maek a w a [Mae85 ] has sho wn that under certain conditions (whic h are strongly desirable

in a distributed system), the optimal quorum size is

p

N , where N is the total n um b er of sites

in the net w ork. This optimal size is ac hiev able when the sites in the net w ork can b e organized

logically as a �nite pro jectiv e plane. Finite pro jectiv e planes can b e constructed b y considering

�
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certain subspaces of a v ector space o v er a �nite �eld when N is of the form N = k

2

+ k + 1 where

k is a p o w er of a prime n um b er (called the order of the pro jectiv e plane). In general ho w ev er,

constructing quorums using arbitrary �nite pro jectiv e planes is rather in v olv ed.

In order to a v oid the complications of �nite pro jectiv e planes, Maek a w a suggested a simple

alternativ e in whic h the sites in the net w ork are logically organized in the form of a grid of

p

N �

p

N

sites. The quorum for a site here w ould corresp ond to obtaining p ermissions from all the sites in

the corresp onding ro w and column of the requesting site. The size of suc h a set is 2

p

N (or more

precisely 2

p

N � 1 ). It is clear geometrically that an y t w o quorums constructed in this w a y ha v e

a non-empt y in tersection.

In this pap er w e dev elop a solution for grid based generation of quorums for m utual exclusion

proto cols whic h brings do wn the quorum size from 2

p

N to

p

2

p

N . This construction results

in the same sub optimal quorum size as the T riangular system of Lo v� asz [Lo v73 ]. An adv an tage of

our construction is that it extends Maek a w a's grid based approac h: once the metho d for generating

quorums is giv en, it is geometrically ob vious that they satisfy the prop erties required of quorum

sets. Th us although sub optimal from the theoretical p oin t of view, the

p

2

p

N quorum size is

ac hiev ed without resorting to an y to ol other than grids and paths, similar to Maek a w a's grid based

quorum generation.

In the next section w e presen t a mo del of a distributed system and presen t the m utual exclusion

problem. In Section 3, motiv ates our quorum generation mec hanism, and Section 4 presen ts the

algorithm for forming what w e term bil liar d quorums . In Section 5, w e presen t a n um b er prop erties

and examples of these quorums and giv e an e�cien t pro cedure for generating them. Section 6

concludes the pap er.

2 The Problem Statemen t

A distributed system consists of a set of distinct sites that comm unicate with eac h other b y sending

messages o v er a comm unication net w ork. W e assume that sites are fail-stop [SS82] and they can

b e logically organized to form a structure suc h as a grid. T o ha v e exclusiv e access to a resource in

the net w ork, a site s

i

is required to receiv e p ermission from some set of sites S

i

in the net w ork. If

all sites in S

i

gran t p ermission to s

i

, then s

i

is allo w ed to access the resource. T o ensure m utual

exclusion, an y S

i

m ust ha v e at least one site in common with an y other set. This can b e stated

formally as follo ws:

The Intersection Prop ert y . F or an y t w o sets S

i

and S

j

, S

i

\ S

j

6= � .

These concepts ha v e b een formalized in terms of the notions of quorums [Gif79 ] and c oteries

[GB85 ]. Maek a w a [Mae85 ] has sho wn that within a constan t factor, the quorum size q is optimal

when q =

p

N . F urthermore, in the case of a �nite pro jectiv e plane of N p oin ts, eac h site is

assigned a unique quorum S

i

, and the conditions of in tersection and optimalit y are also satis�ed.

Suc h a plane is kno wn to exist whenev er q � 1 is a p o w er of a prime. F or other v alues of q , one

w a y to create the sets S

i

is b y relaxing some of the conditions imp osed on the S

i

, or b y creating

sets for a larger N and then discarding some sets. Using suc h a construction for the sets S

i

, a

m utual exclusion proto col is prop osed in [Mae85 ]. In addition to the in tersection prop ert y , whic h

is necessary for m utual exclusion, Maek a w a suggested additional prop erties for quorums to ensure

fully distributed solutions and fairness in the w orkload of the individual sites. One prop ert y is

referred to as the e qual e�ort pr op erty and requires all quorums to b e of equal size. Another is

the inclusion pr op erty whic h requires that the quorum b eing constructed on b ehalf of a site m ust

include that site. The �nal prop ert y is referred to as the e qual r esp onsibility pr op erty and requires

that n um b er of times a site app ears in di�eren t quorums is the same for all sites in the net w ork.

Not all quorum generation algorithms satisfy all of these prop erties, ho w ev er.
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Although optimal in terms of size, little is kno w ab out �nite pro jectiv e planes for orders other

than p o w ers of primes. In fact, there are no �nite pro jectiv e planes of order k if either k � 1 or k � 2

is divisible b y 4 and if k cannot b e expressed as the sum of t w o in tegral squares [Mae85 , AS68].

Maek a w a therefore prop osed generating quorums using a simple logical grid structure imp osed on

the sites [Mae85 ].

3 Motiv ation

In order to motiv ate our approac h, it will b e useful to consider an idealized represen tation of a

square grid in the con tin uous domain. In this w a y , the grid is represen ted b y the unit square and a

site in the net w ork is represen ted b y a p oin t in the unit square. Giv en suc h a p oin t s , Maek a w a's

approac h of a ro w and a column including s w ould corresp ond to a horizon tal line segmen t H

together with a v ertical line segmen t V through s as sho wn in Figure 1. The \quorum" for the

p oin t s in the con tin uous case w ould th us consist of all the p oin ts on the union of the line segmen ts

H and V . Similar to the case of the

p

N �

p

N square grid in the con tin uous case eac h p oin t s is

assigned a distinct quorum, the size (total length) of the quorums is the same (2

p

1 in this case),

and an y t w o quorums in tersect.

10

1

H

V
y

x

s

Figure 1: The unit square: an idealized grid

W e can try to mak e other c hoices for line segmen ts asso ciated to a p oin t that w ould satisfy the

ab o v e three prop erties. F or example, instead of c ho osing horizon tal and v ertical line segmen ts, w e

can explore the p ossibilit y of using line segmen ts with slop es � 1.

Giv en a p oin t s in the unit square, w e de�ne the bil liar d p ath through s as the �rst

p

2 units

of length of the lo cus of a billiard ball shot directly to w ards s from the b oundary x = 0 or y = 0

of the unit square along a path parallel to the line y = x . Th us a billiard path through s is made

up of 2 line segmen ts, one that starts either on the x or the y axis, has slop e 1, and whic h includes

s ; and a tail end segmen t of slop e � 1 whic h terminates on the b oundaries x = 1 or y = 1 of the

unit square. Tw o suc h paths are sho wn in Figure 2 (a) and (b). As a limiting case, the corner

p oin ts are assigned the appropriate diagonal of the unit square as the billiard path through them.

Ho w ev er, t w o p oin ts that lie on a line of slop e 1 b oth de�ne the same billiard path. In order to

mak e the assignmen t of paths to p oin ts unique, w e next de�ne a br oken bil liar d p ath through s .

This is obtained from the billiard path through s b y the rotation of the line segmen ts after s in

the billiard path b y 90

�

at s . Figure 2 (c) and (d) are brok en billiard paths corresp onding to the

p oin ts s and s

0

. Note that the length of a brok en billiard path is also

p

2. Also, note that for eac h

p oin t s ab o v e the line y = x , the brok en billiard path through s has a lo cal v ertical p eak at s , and

for eac h p oin t s

0

b elo w the line y = x , the path has a lo cal left-to-righ t p eak at s . These p eaks

serv e to distinguish di�eren t brok en billiard paths.

Our aim is to exp ort the idea of brok en billiard paths bac k to the �nite grid to pro duce quorums,

once the sites are logically organized in an appropriate con�guration. W e can sho w that an y t w o
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Figure 2: (a), (b): Billiard paths. (c), (d): Brok en billiard paths.

distinct brok en billiard paths in the con tin uous case necessarily in tersect. Ho w ev er, a n um b er of

issues remain to b e solv ed for the discrete case. F or example the diagonally opp osite corner p oin ts

(0 ; 0) and (1 ; 1) on the unit square (and the p oin ts (0 ; 1) and (1 ; 0)) pro duce the same brok en billiard

path. Another problem arises when w e try to incorp orate the notion of brok en billiard paths to

the case when the unit square is represen ted b y a discretized square grid of

p

N �

p

N cells, eac h

cell corresp onding to a site in the net w ork. In particular, no w the length of a diagonal is the same

as the length of a side, indicating that prop erties that are eviden t in the con tin uous domain ma y

b e lost after the discretization pro cess. A more acute problem arises in adapting brok en billiard

5

4

3

2

1

2 3 4 51

5

4

3

2

1

2 3 4 51

5

4

3

2

1

2 3 4 51

(a) (c)(b)

Figure 3: Non-in tersecting paths in the discrete case.

paths to a discrete domain. Figures 3(a) and 3(b) sho w the brok en billiard paths of p oin ts s and

s

0

in a 5 � 5 grid. Figure 3(c) illustrates that in tersecting paths in the con tin uous domain b ecome

non-in tersecting when diagonal adjacencies are allo w ed in the discrete case.

Ho w ev er, these complications arise only if w e insist on the same grid as in Maek a w a's con-
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struction. A more natural grid structure that supp orts brok en billiard paths is obtained from the

ordinary square grid b y considering only ev ery other cell in a c hec k erb oard fashion. W e describ e in

detail the construction of quorums of size

p

2

p

N on this mo di�ed grid next.

4 Brok en Billiard P aths on Grids

T o eliminate cross-o v ers of the t yp e sho wn in Figure 3 in the discrete domain w e use only ev ery

other cell of the ordinary square grid, lea ving the other ones out. This mo di�ed grid construction

for the q � q case for q = 9 is giv en in Figure 4. The ro ws and columns are lab eled b y i = 1 ; 2 ; : : : ; q

and j = 1 ; 2 ; : : : ; q increasing from top to b ottom, and from left to righ t resp ectiv ely , as the lab eling

of en tries of a matrix. The assignmen t of site lab els 1 ; 2 ; : : : ; N to the cells in this con�guration

is done in ro w ma jor format. F or the example in Figure 4 the n um b er of sites is N = 40. They

are assigned as follo ws: in the �rst ro w, w e discard the �rst cell, and allo cate site 1 to the second

39 403837

3635343332

28 29 30 31

2726252423

19 20 21 22

17 18161514

10 11 12 13

98765

1 2 3 4

4

6

987654321

9

8

7

5

3

2

1

i

j

Figure 4: The mo di�ed grid in the discrete case for q = 9 and N = 40.

cell, discard the third, and allo cate site 2 to fourth cell, and so on, discarding all o dd cells and

allo cating sites to all ev en cells of the �rst ro w in the grid. In the second ro w, w e allo cate a site

to ev ery o dd cell and lea v e out the ev en n um b ered cells. In general, the cell in p osition i; j of the

ordinary square grid is included in the mo di�ed grid if and only if i + j is an o dd n um b er.

The quorum construction for a giv en site in the mo di�ed grid follo ws the rules sp eci�ed for

using line segmen ts that are based on a brok en billiard paths of the con tin uous case. F or example,

Figure 5(a) sho ws the quorum set S

11

for site 11 whic h o ccupies p osition ( i; j ) = (3 ; 4). The quorum

set pro duced for this site is S

11

= f 11 ; 15 ; 16 ; 18 ; 1 9 ; 2 1 ; 22 ; 2 3 ; 2 6 g , whic h is constructed b y taking

the union f 23 ; 19 ; 15 ; 11 g [ f 16 ; 21 ; 26 g [ f 22 ; 18 g corresp onding to the sites that lie on three

pieces of the brok en billiard path at (3 ; 4). P art (b) of Figure 5 sho ws the manner of construction

of the quorum set S

34

for site 34, whic h o ccupies p osition (8 ; 5) on the mo di�ed grid. In this case

S

34

= f 38 ; 34 g [ f 29 ; 24 ; 19 g [ f 15 ; 11 ; 7 ; 3 g = f 3 ; 7 ; 11 ; 15 ; 19 ; 2 4 ; 29 ; 34 ; 3 8 g :

Note that the quorum size is 9 = d

p

2

p

40 e , and the anomalies that app ear for the p oin ts on the

diagonals for the con tin uous case no longer exist for the mo di�ed grid.
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39 403837

3635343332

28 29 30 31

2726252423

19 20 21 22

17 18161514

10 11 12 13

98765

1 2 3 4

39 403837

3635343332

28 29 30 31

27262524

19 21 22

17 18161514

10 11 12 13

98765

1 2 3 4

23

(b)(a)

20

Figure 5: Examples of brok en billiard paths on the mo di�ed grid: (a) corresp onds to s = 11, (b)

corresp onds to s = 34.

5 Prop erties of billiard quorums and examples

Mo di�ed grids are obtained from a square grid of size q � q only when q is an o dd in teger ( q is

required to b e o dd to main tain symmetry). Eac h brok en billiard path in the q � q mo di�ed grid

con tains q sites. If q = 2 t + 1, then b y coun ting alternate ro ws, the corresp onding mo di�ed grid

is seen to con tain N = t ( t + 1) + ( t + 1) t = 2 t ( t + 1) cells. Therefore the n um b er of sites and the

quorum size obtained b y using brok en billiard paths in the mo di�ed grid are related as

N = ( q

2

� 1) = 2 ;

whic h implies that q = d

p

2

p

N e . The fact that an y t w o of the billiard quorums constructed on

the mo di�ed grid in tersect is geometrically eviden t. Th us the family of sets generated is m utually

non-disjoin t.

Prop osition 1 The bil liar d quorums c onstructe d on the q � q mo di�e d grid satisfy the interse ction,

uniqueness, e qual e�ort, and the inclusion pr op erties. The quorums ar e of size q = d

p

2

p

N e .

Note that the sites near the b oundary of the mo di�ed grid participate in few er quorums than sites

that are close to the cen ter. In particular billiard quorums do not satisfy the equal resp onsibilit y

prop ert y . F urthermore, as in Maek a w a's construction, our dev elopmen t of billiard quorums assigns

eac h site a unique quorum. The resulting coterie is dominate d [GB85 ] since one can easily include

more quorums to the coterie (e.g., the sites in a ro w and a column of the mo di�ed grid) and still

main tain the in tersection prop ert y . In terms of a v ailabilit y , the billiard quorum approac h su�ers

from the same problem as Maek a w a's grid quorums: it can b e sho wn that as the n um b er of sites

increases, the probabilit y that a billiard quorum exists asymptotically reac hes zero. This will o ccur

in an y quorum system unless the n um b er of quorums is at least exp onen tial in their size [PW95 ].

Ho w ev er, the hierarc hical structuring approac h prop osed b y Kumar and Cheung [K C91 ] for grid

quorums can also b e adapted to billiard quorums. The hierarc hical structuring approac h p oten tially

o�ers asymptotically high a v ailabilit y , while main taining the quorum sizes.

Next, w e consider the assignmen t of sites to cells in a mo di�ed grid, whic h allo ws for linear time

generation of billiard quorums. When w e use the ro w-ma jor ordering as w e ha v e done here (see

Figure 4), the follo wing result is immediate
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Prop osition 2 Supp ose N = ( q

2

� 1) = 2 for some o dd inte ger q . In the r ow-major assignment of

sites 1 ; 2 ; : : : ; N to the c el ls of the mo di�e d grid as shown in Figur e 4,

1. The site assigne d to c el l ( i; j ) is n = (( i � 1) q + j ) = 2 (note that i + j is o dd),

2. Given site n with 1 � n � N , its lo c ation on the mo di�e d grid is ( i; j ) wher e

j = 2 n (mo d q ) ; and i = 1 + (2 n � j ) =q ;

wher e (mo d q ) is the standar d mo dulo function exc ept that it r eturns q inste ad of 0 .

F or example, when q = 9 and N = 40, the lo cation (8 ; 5) con tains the site 34 = (7 � 9 + 5) = 2.

The site n = 27 is assigned to cell ( i; j ) where j = 54 (mo d 9) = 9, and i = 1 + (54 � 9) = 9 = 6.

F or e�cien t generation of billiard quorum sets, w e relate the sites assigned to neigh b oring cells

along lines of slop e � 1. Let R

i;j

denote the site assigned to a generic cell ( i; j ) of the mo di�ed grid.

By Prop osition 2, R

i;j

= (( i � 1) q + j ) = 2, and w e can compute the sites assigned to its 4 immediate

neigh b ors along NE, SE, SW and NW directions. These are found to b e

R

i � 1 ;j +1

= R

i;j

� ( q � 1) = 2 ;

R

i +1 ;j +1

= R

i;j

+ ( q + 1) = 2 ;

R

i +1 ;j � 1

= R

i;j

+ ( q � 1) = 2 ; (1)

R

i � 1 ;j � 1

= R

i;j

� ( q + 1) = 2 :

Pro cedure generate ( n ):

n� The quorum size q , the n um b er of sites N , and the v ariables x

1

; x

2

; : : : ; x

q

are

external to generate . q is an o dd in teger and N is of the form N = ( q

2

� 1) = 2. �n

v ar i; j; k in teger ;

b egin

j := 2 � n mod q ; n� Assume mod returns 1 ; 2 ; : : : ; q �n

i := 1 + (2 � n � j ) =q ;

if i + j < q + 1 then

b egin

x

1

:= [( i + j � 2) � q + 1] = 2; n� The billiard path starts at ( i + j � 1 ; 1) �n

for k = 1 to j � 1 do x

k +1

:= x

k

� ( q � 1) = 2;

for k = j to q � i do x

k +1

:= x

k

+ ( q + 1) = 2;

for k = q � i + 1 to q � 1 do x

k +1

:= x

k

� ( q � 1) = 2;

end;

if i + j > q + 1 then

b egin

x

1

:= N � [2 � q � i � j � 1] = 2; n� The billiard path starts at ( q ; i + j � q ) �n

for k = 1 to q � i do x

k +1

:= x

k

� ( q � 1) = 2;

for k = q � i + 1 to j � 1 do x

k +1

:= x

k

� ( q + 1) = 2;

for k = j to q � 1 do x

k +1

:= x

k

� ( q � 1) = 2;

end;

end generate

Figure 6: Billiard quorum generation.

The form ulas in 1 giv e us an e�cien t means of generating billiard quorums. Pro cedure generate

giv en in Figure 6 tak es as input a site n , and returns the quorum set S

n

= f x

1

; x

2

; : : : ; x

q

g . First,
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the lo cation ( i; j ) of n on the mo di�ed grid is computed so that R

i;j

= n . The site x

1

in the set

S

n

is the �rst cell on the left or the b ottom side of the mo di�ed grid from whic h the billiard path

to w ards R

i;j

starts. In particular x

1

is on the leftmost column of the grid whenev er i + j < q + 1

(i.e. when the cell is ab o v e the diagonal y = x ), and on the b ottommost ro w whenev er i + j > q + 1

(i.e. when the cell is b elo w the diagonal y = x ). As examples, x

1

= 23 for the brok en billiard path

in Figure 5 (a), and x

1

= 38 for the path in Figure 5 (b). A listing of billiard quorums for small

parameters is giv en in Figure 7.

q = 3 q = 5 q = 7

S

1

= f 1 ; 2 ; 3 g S

1

= f 1 ; 3 ; 4 ; 7 ; 10 g S

1

= f 1 ; 4 ; 5 ; 9 ; 13 ; 17 ; 21 g

S

2

= f 2 ; 3 ; 4 g S

2

= f 2 ; 4 ; 5 ; 6 ; 8 g S

2

= f 2 ; 5 ; 6 ; 8 ; 10 ; 11 ; 14 g

S

3

= f 1 ; 3 ; 4 g S

3

= f 3 ; 6 ; 9 ; 10 ; 12 g S

3

= f 3 ; 6 ; 7 ; 9 ; 12 ; 15 ; 18 g

S

4

= f 1 ; 2 ; 4 g S

4

= f 4 ; 5 ; 6 ; 7 ; 8 g S

4

= f 4 ; 8 ; 12 ; 16 ; 20 ; 2 1 ; 2 4 g

S

5

= f 2 ; 5 ; 7 ; 9 ; 11 g S

5

= f 5 ; 8 ; 9 ; 11 ; 13 ; 14 ; 17 g

S

6

= f 5 ; 6 ; 7 ; 8 ; 9 g S

6

= f 6 ; 7 ; 9 ; 10 ; 12 ; 15 ; 18 g

S

7

= f 2 ; 4 ; 7 ; 9 ; 11 g S

7

= f 3 ; 7 ; 10 ; 13 ; 16 ; 1 9 ; 2 2 g

S

8

= f 5 ; 7 ; 8 ; 9 ; 11 g S

8

= f 8 ; 11 ; 12 ; 14 ; 16 ; 17 ; 20 g

S

9

= f 2 ; 4 ; 6 ; 9 ; 11 g S

9

= f 7 ; 9 ; 10 ; 12 ; 13 ; 1 5 ; 1 8 g

S

10

= f 1 ; 4 ; 7 ; 10 ; 12 g S

10

= f 3 ; 6 ; 10 ; 13 ; 16 ; 1 9 ; 22 g

S

11

= f 2 ; 4 ; 6 ; 8 ; 11 g S

11

= f 11 ; 14 ; 15 ; 17 ; 1 9 ; 2 0 ; 23 g

S

12

= f 1 ; 3 ; 6 ; 9 ; 12 g S

12

= f 7 ; 10 ; 12 ; 13 ; 15 ; 16 ; 1 8 g

S

13

= f 3 ; 6 ; 9 ; 13 ; 16 ; 19 ; 2 2 g

S

14

= f 2 ; 6 ; 10 ; 14 ; 17 ; 2 0 ; 23 g

S

15

= f 7 ; 10 ; 13 ; 15 ; 16 ; 18 ; 1 9 g

S

16

= f 3 ; 6 ; 9 ; 12 ; 16 ; 19 ; 2 2 g

S

17

= f 2 ; 5 ; 9 ; 13 ; 17 ; 20 ; 2 3 g

S

18

= f 7 ; 10 ; 13 ; 16 ; 18 ; 19 ; 2 2 g

S

19

= f 3 ; 6 ; 9 ; 12 ; 15 ; 19 ; 2 2 g

S

20

= f 2 ; 5 ; 8 ; 12 ; 16 ; 20 ; 2 3 g

S

21

= f 1 ; 5 ; 9 ; 13 ; 17 ; 21 ; 2 4 g

S

22

= f 3 ; 6 ; 9 ; 12 ; 15 ; 18 ; 2 2 g

S

23

= f 2 ; 5 ; 8 ; 11 ; 15 ; 19 ; 2 3 g

S

24

= f 1 ; 4 ; 8 ; 12 ; 16 ; 20 ; 2 4 g

Figure 7: Billiard quorums for small N .

6 Discussion

In this pap er w e presen ted a simple geometric tec hnique for generating quorums. Our approac h is

based on the logical organization of sites in the net w ork in the form of a mo di�ed grid, and the

realization of quorum sets as sites lying on certain paths resem bling tra jectories of billiard balls.

The resulting quorums are of size

p

2

p

N , as compared to 2

p

N of Meak a w a's grid based metho d.

Ev en though b oth Meak a w a's grid based solution and billiard quorums are sub optimal in terms

of quorum size when compared to the optimal pro jectiv e plane based quorum generation metho d,

grid based solutions are simple to realize and geometrically in tuitiv e.

8



Ac kno wledgmen t

W e w ould lik e to thank the referee for a detailed analysis of the results in this pap er. The referee

p oin ted out sev eral prop erties of billiard quorums and general a v ailabilit y issues for coteries, and

also brough t to our atten tion the T riangular system of Lo v� asz.

References

[AE91] D. Agra w al and A. El Abbadi. An E�cien t and F ault-toleran t Solution for Distributed

Mutual Exclusion. A CM T r ansactions on Computer Systems , pages 1{20, F ebruary 1991.

[AS68] A. A. Alb ert and R. Sandler. A n Intr o duction to Finite Pr oje ctive Planes . Holt, Rinehart,

and Winston, New Y ork, 1968.

[CAA92] S. Y. Cheung, M. H. Ammar, and M. Ahamad. The Grid Proto col: A High P erformance

Sc heme for Main taining Replicated Data. IEEE T r ansactions on Know le dge and Data

Engine ering , 4(6):582{592, Decem b er 1992.

[CR83] O. Carv alho and G. Roucairol. On Mutual Exclusion in Computer Net w orks. Communi-

c ations of the A CM , 26:146{147, F ebruary 1983.

[GB85] H. Garcia-Molina and D. Barbara. Ho w to assign v otes in a distributed system. Journal

of the Asso ciation of the Computing Machinery , 32(4):841{860, Octob er 1985.

[Gif79] D. K. Gi�ord. W eigh ted V oting for Replicated Data. In Pr o c e e dings of the Seventh A CM

Symp osium on Op er ating Systems Principles , pages 150{159, Decem b er 1979.

[HPR88] J. M. Helary , N. Plouzeau, and M. Ra ynal. A Distributed Algorithm for Mutual Exclusion

in an Arbitrary Net w ork. The Computer Journal , 31(4):289{295, 1988.

[K C91] A. Kumar and S. Y. Cheung. A High Av ailabilit y

p

N Hierarc hical Grid Algorithm for

Replicated Data. Information Pr o c essing L etters , 40:311{316, 1991.

[Kum91] A. Kumar. Hierarc hical Quorum Consensus - A New Algorithm for Managing Replicated

Data. IEEE T r ansactions on Computers , 39(9):996{1004, Septem b er 1991.

[Lam78] L. Lamp ort. Time, Clo c ks, and the Ordering of Ev en ts in a Distributed System. Com-

munic ations of the A CM , 21(7):558{565, July 1978.

[Lo v73] L. Lo v� asz. Co v erings and Colorings of Hyp ergraph. In Pr o c e e dings of the 4th Southe astern

Confer enc e on Combinatorics, Gr aph The ory, and Computing , pages 3{12, 1973.

[Mae85] M. Maek a w a. A

p

n algorithm for m utual exclusion in decen tralized systems. A CM

T r ansactions on Computer Systems , 3(2):145{159, Ma y 1985.

[PW95] D. P eleg and A. W o ol. The Av ailabilit y of Quorum Systems. Information and Computa-

tion , 123(2):210{223, 1995.

[RA81] G. Ricart and A.K. Agra w ala. An optimal algorithm for m utual exclusion in computer

net w orks. Communic ations of the A CM , 24:9{17, Jan uary 1981.

[Ra y89] K. Ra ymond. A T ree-Based Algorithm for Distributed Mutual Exclusion. A CM T r ans-

actions on Computer Systems , 7(1):61{77, F ebruary 1989.

9



[Ra y91] M. Ra ynal. A Simple T axonom y for Distributed Mutual Exclusion Algorithms. A CM

SIGOPS Op er ating Systems R eview , 25(2):47{50, April 1991.

[San87] B. A. Sanders. The information structure of distributed m utual exclusion algorithms.

A CM T r ansactions on Computer Systems , 5:284{299, August 1987.

[Sin88] M. Singhal. A dynamic information-structure m utual exclusion algorithm for distributed

systems. T ec hnical rep ort, Departmen t of Computer & Information Science, The Ohio

State Univ ersit y , 1988.

[SK85] I. Suzuki and T. Kasami. A Distributed Mutual Exclusion Algorithm. A CM T r ansactions

on Computer Systems , 3(4):344{349, No v em b er 1985.

[SS82] R. Sc hlic h ting and F. B. Sc hneider. F ail-Stop Pro cessors: An Approac h to Designing

F ault-T oleran t Computing Systems. A CM T r ansactions on Computer Systems , 1(3):222{

238, August 1982.

[vdS87] J. L. v an de Snepsc heut. F air m utual exclusion on a graph of pro cesses. Distribute d

Computing , 2:113{115, 1987.

10


