JOURNAL OF COMBINATORIAL THEORY, Series A 42, 15-30 (1986)

Bijections for Cayley Trees,
Spanning Trees, and Their g-Analogues

OMER EGECIOGLU
AND

JEFFREY B. REMMEL*

Department of Mathematics,
University of California, San Diego, La Jolla, California 92093

Communicated by the Managing Editor
Received September 30, 1983

We construct a family of extremely simple bijections that yield Cayley’s famous
formula for counting trees. The weight preserving properties of these bijections fur-
nish a number of multivariate generating functions for weighted Cayley trees.
Essentially the same idea is used to derive bijective proofs and g-analogues for the
number of spanning trees of other graphs, including the complete bipartite and
complete tripartite graphs. These bijections also allow the calculation of explicit for-
mulas for the expected number of various statistics on Cayley trees.  © 1986 Academic
Press, Inc.

INTRODUCTION

Let €, denote the set of Cayley trees on n vertices, i.e., the set of simple
graphs T = (V, E) with no cycles where the vertex set V= {1,..,n} and E is
the set of edges. We let %, denote the set of rooted Cayley trees on n ver-
tices where vertex i is the root. Cayley’s famous formula [17] for the num-
ber of Cayley trees is

G| =6, l=(n+1)"""  for nzlandi=1,..n+1. (0.1)

There are a number of analytic proofs of (0.1) in the literature [2].
Priifer [3] was the first to give a bijective proof of (0.1), and more recently
Joyal [4] constructed an elegant encoding for bi-rooted Cayley trees from
which (0.1) follows.
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16 EGECIOGLU AND REMMEL

In this paper we give a new bijective proof of (0.1) by constructing bijec-
tions between %, . ,, the set of functions from {2,..,n} into {l,.,n+1},
and %, for each i=1,.., n+ 1. Our bijections are not only simpler than
the Priifer bijection and the Joyal encoding, but also have a number of
weight preserving properties that are not possessed by those treatments.
Moreover, the basic idea of the bijection can be applied to give bijective
proofs for the number of spanning trees of graphs other than the complete
graphs as well.

For example, suppose we consider 4, ,,,,, the set of Cayley trees on
n+1 vertices rooted at n+1. We then orient each edge {i,j} of
Te%,, .. by directing it back toward the root n+ 1. We call a directed
edge i—j a rise if i< j and a fall if i>j. We assign a weight w(i - j) to
each directed edge in T as follows:

i o
gt > (0.2)
yp's if i<}
We then define the weight of T=(V, E)e%,, ,,,, by o(T)=]1.czo(e).
For example, if T is the tree pictured in Fig. 1, the weight of the edge 5 — 2
is xq°t%, the weight of the edge 1 -2 is yps’, and the weight of T=
(yps®)(xqg° ) (yp*" ) yp3s")(yp*s’)(xq®*). Then the weight preserving
properties of our bijection between #,,, and ¥,,,,, will prove the
following “g-analogue” of Cayley’s formula;

Y o)

Te€nyint1

=(yps"* ) [1 [xq'(t + 2+ - + =)+ ppi(s'+ - +5"*H]. (0.3)

i=2

It is easy to see that (0.3) reduces to (0.1) when all variables are set equal
to 1. Moreover, the wealth of information that is contained in (0.3) yields a

Figure 1



BIJECTIONS FOR CAYLEY TREES 17

number of explicit formulas for the expected number of rises, falls, etc., for
a Cayley tree T in 4,,,,.,. Slight modifications of the bijection for
% +1,,+1 Will allow us to derive similar formulas for the other €, | ;.

The outline of this paper is as follows. In Section 1 we shall describe
our basic bijections 0, between %, ., and %, ;. In Section 2 we indicate
how to modify these buectlons to give bijective proofs for the number of
spanning trees of various other graphs. Finally, in Section 3, we shall
discuss various statistics on Cayley trees.

We remark that we were led to serach for a simple weight-preserving
bijective proof of (0.1) after noting that a number of g-analogues for Cayley
trees follow from a weighted generalization of the Matrix-Tree theorem
that appears in Garsia—Egecioglu [5]. Also we should note that our bijec-
tions can be viewed as a kind of merging of the Joyal encoding and the
‘fundamental transformation’ of Foata [6].

1. THE Basic BUECTIONS
We start this section by describing the bijection 6, ;. This bijection is

most easily described by referring to an explicit example. Suppose n=20
and f is given by

i 2345 67 89 10 11 12 13 14 15 16 17 18 19 20

SJi) 5 4 5 321 7 121 4 42 19 19 6 1 16 6 7 12

We can view f as a directed graph with vertex set {1,.., 21} by putting a
directed edge from i to j if f(i)=,. For example, the digraph for f given
above is pictured in Fig. 2. A moments thought will convince one that in
general, the diagraph corresponding to an f: {2,..,n} - {1,..,n+ 1} will
consist of two trees rooted at 1 and n + 1, respectively, with all edges direc-
ted toward their roots plus a number of directed cycles of length >1 where

1 3 21
4 7 12
20
d 16 19 6
10 11 2 8
17 13 14 15 18
On+1(fh 4»——F-Y—q— };—- - .—-—!—- »—}\

Fic. 2. The §,_, bijection.

18



18 EGECIOGLU AND REMMEL

for each vertex v on any given cycle there is possibly a tree attached to v
with v as the root and all edges directed toward v. Note that there are trees
rooted at 1 and n + 1 due to the fact that 1 and n + 1 are not in the domain
of f so that there are no directed edges out of 1 or n+ 1. Note also that
cycles of length 1 or loops simply correspond to fixed points of f.

As in Fig. 2, we imagine the directed graph corresponding to fe %, , is
drawn so that

(a) the trees rooted at 1 and n+ 1 are drawn on the extreme left and
extreme right respectively with their edges directed upwards,

(b) the cycles are drawn so that their vertices form a directed path
on the line between 1 and n+ 1 with one backedge above the line and the
tree attached to any vertex on a cycle is drawn below the line between 1
and n+ 1 with edges directed upwards.

(c) each cycle is arranged so that its smallest element is at the right
and the cycles are ordered from left to right by increasing smallest
elements.

Once the directed graph for f is drawn as above, let us refer the
rightmost element in the ith cycle reading from left to right as r;, and the
leftmost element in the ith cycle as /,. Thus for the f given above, /, =4,
ri=3, L=r,=7,1,=20, and ry=12. Once an fe%,,, is drawn in this
way, it is easy to describe 6, (/). That is, if the directed graphs of f has k
cycles where k >0, we simply eliminate the backedges r;,—/; for i=1,.., k
and add the edges 1-1/,, r,—»1,, r;—>ls,.,r,—>n+1. For example, in
Fig. 2, we eliminate the backedges 3 — 4, 7— 7, 12 —» 20 and add the edges
124,37 7-20, and 12— 21 which are dotted for emphasis. If there
are no cycles in the directed graph of f, i.e., k=0, then we simply add the
edge 1l »n+1.

Note that it is immediate that 6,,, is a bijection between %, ., and
%, 1.+ since given any Cayley tree T in 4, ,,,, We can easily recover
the directed graph of the fe %, ,, such that 8, ,(f)=T. The key point
here is that by our conventions for ordering the cycles of f, it is easy to
recover the sequence of nodes r,..., r, since r, is the smallest element on
the path between 1 and n+ 1 in 7, r, is the smallest element on the path
between r; and n+1, etc, and clearly, knowing r,,.., r, allows us to
recover f from 7.

Since 6,,,: %, 2%, 1,+1 is a bijection and clearly |#,,,|=
(r+1)"""and |4, 1| =%, 4 1.n+1], then (0.1) follows.

But in fact our bijection proves much more. We have

TueorReM 1.1, Y req,. .., o(T) = yps" T, Lixg'(e + - +£ 9+
ypi(si+ +S"+l)],
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Proof. Given fe %, ,, we define the (n+ 1)-weight of f, w,, ,(f), by
041 () =T1i=; @, 1(f, i) where

~_ fxq't if f())=jandj<i
w,,+1(f,l)—{ypisj if f(H)=jandi<j.

Now it is easy to see that for fixed 7, the sum over all the possible values of
w,(f, i) is simply
xg't+xq' 2+ - +xg't T+ ypist+ ypis'T - +ypis"TL (L)

It then easily follows that

T wp ()= [] [xgc+ - + 6+ ppi(s + -+ +5" D] (12)

feFni i=2
Thus to prove Theorem 1.2, it is enough to prove that
ps" o (f)=wb,,4(f) forall fe,, . (1.3)

For (1.3), note that our definitions ensure that if f(i)=j and i - j remains
a directed edge in both the directed graph of f and the directed graph of
T=60,, ), then w,, (f, {)=w(i - j). Thus in the case where the direc-
ted graph of f has no cycles, (1.3) is clear because the only difference
between the directed graphs of f and T in that case is that we added the
edge 1 »n+1 to T which has precisely weight yps"*'. If the directed
graph of f has k cycles with &£ >0, then we follow our conventions above
and let /; and r; denote the left and right endpoints of the ith cycle. In such
a case, the only difference between the weights of f and T are due to the
difference between weights of the edges r, —/,,.., 7. =/, which were
deleted from the directed graph of f and the weights of the edges 1 —1/,,
ri—=> by re_y =1, r,>n+1 subsequently added to 7. But note that
since r; was the smallest element in the cycle, we know that /,= f(r;} > r, for
i=1,.., k. Thus

yps" o, ()= ypsm ypnish ypish o [T wa(fd) (1.4)
i¢{ri.r}

S={1o0, riobyri =L, reon+1} since if f(i)=j and
i¢ {ry,.,ry}, i—jis an edge in both the directed graph of f and the direc-
ted graph of T. Finally it easily follows from our convention that
ry<ry< .- <r, that all the edges in S are rise edges so that
o(f)= [l o)) [] ali-))
i—»jes§ i>jeE—-S
= yps'ypnst - yprorshyptst T @, (£ (15)
P {r)..rk}
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Thus comparing (1.4) and (1.5) establishes- (1.3) in the case the directed
graph of f has cycles as well. ||

Next, we consider Cayley trees rooted at 1. In this case we draw the
directed graph of fe £, | as in Fig. 2 except that

(a) the tree with root 1 is drawn at the extreme right and the tree
with root n+ 1 is drawn at the extreme left,

(b) the cycles are arranged so that their /argest element is at right
end and the cycles are ordered by decreasing largest elements.

This given, 8,(f) is constructed in the manner indicated in Fig. 3.
To obtain an analogue of Theorem 1.1 for C,, ,,, we assign a 1-weight
to each fe %, | by letting w,(f)=T1"_, @,(f, i) where

xq't! if fi)=jandizj

o, (f, i)={yp.-sj if f(i)=jandi<]j.

In this case it can be shown by an argument which is similar to the one
in Theorem 1.1 that the weight preserving properties of 6, yields the
following.

THEOREM 1.2.

Yo o(T)=xq" "t ] [xg'(t+ - + )+ ypi(s' ' + -+ +5" )]

Te®ni11 i=2

Next we turn to rooted Cayley trees with roots other than the minimal
or maximal vertices. The bijections 6, between F*  =f:{2,.,k—1}u
{k+1..n+1}>{l,.,n+1}and C,, , are constructed as follows. Again
we think of an fe %% | as a directed graph. In this case, the directed
graph of f will consist of two trees rooted at 1 and k, respectively, and then

x = X /\w

17

F16. 3. The 8, bijection.
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a number of cycles with trees attached as before. For the 6, bijection, we
draw the directed graph of f so that

(a) the trees rooted at 1 and k are at the extreme left and extreme
right, respectively.

(b) the cycles are drawn so that those cycles, which contain some
element greater than k have their largest element on the right and those
cycles which have no elements greater than k& have their smallest elements
on the right, and

(c) the cycles are ordered so that those cycles with elements greater
than k come first by decreasing largest elements and are followed by those
cycles with all elements smaller than k by increasing smallest elements.

For example, Fig. 4 gives the appropriate arrangements for the directed
graph of the function ge #7, below for the 6, bijection;

i 2 345 6 8 9 10 11 12 13 14 15 16 17 18 19 20 21

gi) 2 14 6 9 4 58 4 1 12 421 7 5 7 12 12 3 14

Once the directed graph of f is appropriately drawn, the directed graph
of 8,(f) is constructed in exactly the same way as before.

Again it is not difficult to see that given a Cayley tree T, we can
reconstruct the cycle structure of the fe &%, ., such that 6,(f)=T by
examining the path from 1 to k in 7. Briefly, on simply locates the last
element r on the path from 1 to k such that r>k and then the cycles
strictly to the right of r are recovered as in the 8, , | bijection and the cycles
weakly to the left of r are recovered as the 6, bijection. Thus 8, is bijection.
However, for 1 <k <n+ 1, the 8, bijections do not have quite as strong of
weight preserving properties as the 6, and 6, ; bijections. Namely, we can

7
;
9 14 21 12 Q 6 4 1\
8 9 2
3 19 15 17
.

18 16 13 10

4 7
—  c—
3 17

1 8 5 9 2 6
04(9) I—-——' —A } -
3{
16

FiG. 4. The 6, bijection.

1 10 15
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no longer keep separate variables for the right-hand endpoints of rise ver-
sus fall edges. One can see the problem in Figure 4 where 14 is the right-
hand endpoint of a fall in f but ends up the right-hand endpoint of a rise in
8,(f). Indeed, one can check by examining small cases that there is no sim-
ple product formula analogous to Theorems 1.1 and 1.2 for ¥ 7., ,,, o(T)
for 1 <k <n+ 1. However if we replace the weight w(T) by w*(T) where
@*(T) results from o(T) by setting s=1 in 0.2, then we do have analogues
of Theorems 1.1 and 1.2 for the 8, bijections. That is, given fe F%, , we
define the k-weight w,(f) of f by wi(f) =TT 14 ©(f, i), where

xq't! if f(i) jandi>j
i it fli)= jandi<j
xgt i f)=iandi>k
wpit if f(i)=iandi<k.

o f, )=

We note that the difference between the weights of fixed points i= f(i)
depending on the relative values of i and k is required because under the 6,
bijection given above, fixed points i = (i) with i > k will become fall edges
and fixed point i= f(i) with i <k will become rise edges. With the weights
given above, it is easy to see that for fixed i, the sum over all possible
values of w(f, i) is

[xg'(t+ - + )+ yp' (T 4 +0TH] ik

. 4 . (2.6)
[xg’(t+ -+ D+ ppi(d'+ - +**H]  if i<k

It follows that

Z wk(f)= H [xqi(t'f'“'+ti71)+ypi(ti+...+tn+1)]
e, 2<i<k

x [] [xq'(e+ - +)+pp'(e + - + " H] (27)

k<igsn+1

We then leave to the reader to verify that an analysis which is entirely
similar to the one used to verify the weight preserving properties of the
0, ., bijection in Theorem 1.1 yields the following weight generating
function for C,,, .

THEOREM 1.3. Suppose k#1,n+1 and n>= 1. Then
Z 6()*(T)=ypsk l—[ [Xqi(t'i'"'+ti)+ypi([i+l+...+tn+l)]
TeCnti1k I1<i<k

X H [xqi(t'f‘ +ti“1)+ypi(ti+ +I"+l)],

k<isn+1
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We conclude this section by deriving the following corollary of
Theorem 1.1: Given a tree T€%,, ,, let 8(T)=3,;. rid{i) where d{i) is
the degree of vertex i. Now if we set x=y=1and p, s, and ¢ equal to ¢ in
the weight of T, w(T), then each vertex i will contribute a factor of ¢' to the
resulting weight of T every time vertex i is either the right or left hand
endpoint of a directed edge in T. Hence the resulting weight of T with those
substitutions will be g=i<7r) = g%T)_ Note that the § weight is independent
of the root. Thus as an immediate corollary of Theorem 1.2, we get the
following result which is also a corollary of the Priifer bijection.

COROLLARY 14.

n+2 24 5n
Y ¢ "=¢" g4 4 T =g T [t 1D

Te¥,

where [n],=(1-¢")/(1-q)=14q+ - +q"" .

2. APPLICATIONS TO SPANNING TREES

Let K, ,, denote the complete bipartite graph on two sets of vertices of
size n and m and K, ,, , denote the complete tripartite graph on three sets of
vertices of size n,m, and p. That is, K, ,, is the graph (V,, E,) where
Vi={l.,n+m} and E;={{i,j}|1<i<n and n+1<j<n+m} and
K., is the graph (V,, E;) where V,={l,.,n+m+p} and E,=
{{i, j} | either (a) 1<i<n and n+1<j<n+m, (b) 1<i<n and
n+m41<j<n+m+p, or (c) n+1<i<n+m and n+m+1<;<
n+m+p}. Given a graph G, let Sp(G) denote the set of spanning trees of
G, and let Sp,(G) denote the set of spanning trees of G rooted at k.

It turns out that appropriately restricting the domain of the 6, bijection
allows a bijective proof for the nubmer of spanning trees of X,,,, whereas
the number of spanning trees of K, ,, , requires a slight modification of the
0, bijection for k#1,n+ 1.

The weight preserving properties of these induced bijections also yield g-
analogues for the number of spanning trees in the manner of Theorems 1.1
and 1.2.

First, we shall consider the complete bipartite graphs.

THEOREM 2.1 |Sp(K,, )| =n™‘m"~ !,

Proof. Note that the set of spanning trees of X, ,, consists precisely of
those trees T'€%,, , such that all edges {i, j} in T connect some ie 4 =
{1,.., n} with some je B={n+1,.,n+m}.

Now let #,, be the set of all functions f:{2,...,n+m—1}—
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{1,..,n+m} such that (a) if i€ {2,.., n}, then f(i)e {n+1,.,n+m} and
(b) if ie {n+1,.,n+m—1}, then f(i)e {1,..,n}. Note that #,, S %, .,
and clearly | %, ,,| =n™~'m"~'. Moreover, it is easy to see that conditions
(a) and (b) force that all cycles C in the directed graph of some f ¢ %, ,, are
of even length and are such that if we follow the elements around the cycle
C, they alternate between elements from {2,..,n} and {n+1,.,n+m—1}.
Thus if we draw the directed graph of such an f in the appropriate manner
for the 6, bijection, the right-hand endpoint of any cycle is in
{n+1,.,n+m—1} and the left-hand endpoint of any cycle is in {2,.., n}.
1t follows that if T= 6,(f), then Te Sp,(K,,,,). Vice versa, if we start with a
tree Te Sp,(K,,,) and consider the path p from n+m to 1 in 7, the fact
that the elements along p must be alternate between elements of 4 and
elements of B will easily allow us to show that the f such that 0,(f)=Tis
in %, ,,. Thus 0, restricted to %, ,,, 0, [ %, ., is a bijection between #, ,, and
Sp.(K,..) and establishes Theorem 3.1. |}

We note that by essentially the same argument as in Theorem 3.1, we
can show that 6, ,, [ %, is also a bijection between %, ,, and Sp,, , (K, )-
Thus by the weight preserving properties of the 8, and 8, , ,, bijections, we
have

COROLLARY 2.2.

(a) Z (,O(T)=an+mt l_[ ypi(sn+1+ +sn+m)
T € Sp1(Knm) i=2
nt+m—1
x [I xq'(t+ - +1).
i=n+1

n

(b) Z cu(T)=yp"+’"s H ypi(sn+l+ +sn+m)
T € Spn+ml Knm) i=2
n+m-—1 )
x [l =xg'(t+ - +1").
i=n+1

Also if we put x=y=1 and s=1t= p equal to ¢ in Corollary 3.2, we get

COROLLARY 2.3.

Z qa(r)=q(n+r£l+1)+m*1+(n—l)(n+1)[n]:]n—1 [m];—l.
T e Sp(Knm)

Given two graphs G,=(V, E,) and G,=(V;, E,) with disjoint vertex
sets, we let G, O G, denote the product of G, and G,, that is, the
graph G, OG,=(V,uV,, EfUE,UE(V,,V,)) where E(V,V,)=
{{i,j}|ieV, and je V,}. Thus K, ,, =N, O N,, where N, = ({1,..,n}, ¢)
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and N,,=({n+1,.,n+m}, ¢). Next we consider H,,, =K, (O N,, where
K, is the complete graph on the vertex set {1,.., n}. Note that Te Sp(H,,,,)
if and only if T€%, . ,, and all edges on T either connect two elements in
A={1,.,n} or connect an element in 4 to an element in
B={n+1,.,n+m}. Now if we let #,, be the set of those functions
fe€%, ., such that (a) if ie{2,.,n}, f(i)e{l,.,n+m} and (b) if
ie{n+1,..,n+m—1}, f(i)e{l,.,n}, then by an argument very similar
to the argument in Theorem 3.1, we can prove that 8, [ #,,, is a bijection
between 5, ,, and Sp(H,,,,). Thus the 6,-bijection also proves

THEOREM 24. (a) |Sp(H,,.)| = (n+m)" '(n)" "
(b) Y o)

Te Spi(Hum)

=an+mt l"[ [xqi(t+ +ti)+ypi(si+1+ +sn+m)]
i=2

n+m—1
x [1 [xg'(t+ - +M)]
i=n+1
(C) Z qé(T)=q(n+r;+1)+nfl+m—l[n+m]z—1[n]:]n~l_

Te Sp(Hum)

Finally, we shall turn to a bijective proof of the formula for the number
of spanning trees of the complete tripartite graph K, ,. In this case, we
shall use the ideas from our bijection for Cayley trees roots at other than
the maximum or minimum vertex.

THEOREM 2.5. |Sp(K,, . ,)| = (n+m+p)n+m)”~(n+p)™ '(m+p)" .

Proof. Assume that n, m, and p are nonzero and let A= {1,..,n}, B=
{n+1,..,n+m}, and C={n+m+Y.,n+m+p}. Thus the spanning
trees of X, ,,, are simply those trees T€%,, .., such that T has no edges
between two elements of A4, two elements of B, or two elements of C.

We let £, ,, denote the set of all functions fe #,1 ", , such that (i) if
i€{2.,n}, fliye{n+1,...n+m+p}, (i) if ie {(n+1,.,n+m—1}, then
fWe{l,.,nn+m+ 1. n+m+p}, (i) if ie{n+m+1l,.,n+m+
p—1}, then f(i)e {1,.,n+m}, and (iv) if i=n+m+p, then f(i)e {1,..,
ntm+p}. Clearly |Z,,,,|=(n+m+p)nt+m)?~'n+p)" ‘(m+p)~'
so that we can prove Theorem 3.5 by constructing a bijection i between
Fomp a0d Sp, , (K, ). The ¥ bijection will be only a slight variation of
the restriction of the 6, ., bijection to %, ,,,. First we draw the directed
graph of f just as we did for the 6, ,, bijection. We note that there are two

problems with applying the 6, ,, directly at this point. First, it is possible
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that the first cycle of f has an element r, € C on the right and an element
[, € 4 on the left so that the edge 1 -/, we would add in 8, ,, bijection is
not legitimate for a spanning tree of K, ,, ,. The second problem arises from
the fact that in %, ,, ,, the image of n+m+p is unrestricted so that if
fln+m+p)eC, the edge n+m+p— f(n+m+p) may also be
illegitimate. Thus in the ¥ bijection described below, we modify the 6
bijection to avoid such problems.

The directed graph of y(f) is constructed according to the five cases
below:

n+m

Case 1. f has no cycles and f(n+m+p)¢C

Then we simply add the edge 1 — n+ m to f to get the directed graph of
¥(f)

If not case one, let r; and /; denote the right- and left-hand endpoints of
the ith cycle of f reading from left to right.

Case 2. l,eBand f(n+m+p)¢C

Note that by our conventions for drawing the cycles the only way that
lieCisif ry=n+m+ p. We are thus ruling out that /, € C and hence the
only possibilities are /, € 4 or /, € B. The case we are considering now is
when /, € B. We then proceed exactly as in the 8, ,, bijection and delete
the backedges r, - I, from f and add the edges 1 =/, ri = b5, Fi_1 = Ii,
and r, — n+m to get the directed graph of y(f).

Case 3. l,eAand f(n+m+p)¢C

We claim that it must be the case that r, is some element greater than
n+ m. That is, if r; <n + m, then it must be the case that all elements of the
cycle are less than n + m by condition (b). But it is easy to see that all such
cycles are of even length and the elements alternate between elements in 4
and B as we proceed along the cycle. Thus such a cycle must start with
some element in B and end with some element of 4. Thus given that r, € C,
let A, denote the element following /, in the first cycle. Of course, &, =r, is
possible but in any case, since /, € A, our conditions on f ensure that
hie BuC. Nextfind jsuch thatr,> - >r;>n+mandr; ;< <r,<
n+m. Then we (1) eliminate the backedges r; — /..., r, = [, plus the edge
Iy = hy, (2) we move /, from its current position and place it between r; and
l;11,and (3) add the edges 1 = hy, r\ > Ly, =L, 1= L Lo 1 -
Loy te 1=, and rp—»>n+m.

Case 4. f(n+m+p)eCandn+m+pisin a cycle

In this case r,=n+m+p and [/, = f(n+m + p) and we proceed exactly
as in case 2.



BIJECTIONS FOR CAYLEY TREES 27

Case 5. I=f(n+m+p)eC and n+m+ p is not part of a cycle
In this case, we must distinguish three further subcases.

Subcase 5.1.  f has no cycles.

We form y/(f) by removing the edges n+ m + p -l and / - f(/) from the
directed graph of f and adding the edges 1—/ [/-n+m, and
n+m+p— f(I). (The idea here is that from (/) we can recover / since
1 —/is an edge and we can recover f(/) by looking where the edge out of
n+m+ p points.)

Subcase 5.2.  f has k>0 cycles and / is not part of a cycle.

Note that /, in this case is in 4w B. That is, since r; #n+m+p, we
known that by our conventions for ordering the cycles either r, € C and
lyieAuBorried and / e B. Then we form y(f) by removing the edges
n+m+p—1 [- f(I), and the backedges r;— /; for i=1,.., k and adding
the edges n+m+p—f(), 1= I-1l, ri=l,.,re_;—-1, and
re—>n+m

Subcase 5.3.  f has k>0 cycles and / is part of a cycle.

Suppose that / is part of the ith cycle C,. Redraw cycle C; so that / is at
the right and f(/) is at the left. Then we form () by removing the edges
n+m+p—1l, - f(l), and the backedges r, o/ ,..r;_1—=1_,,
riv1=li 1,1y~ 1, and by adding the edges 1 -1 n+m+p— f(I),
I=h, n=obyri o=l rioy =iy, rigi=liysre_ =1, and
ry—>a+m.

It is routine but somewhat lengthy to verfiy that each case above has a
unique feature which distinguishes it from the others and that  is indeed a
bijection. For example, those trees T where there is an edge 1 — [ with /e C
are either the image of some f of case 4 if /=n+ m + p or some f of cases 3
or 5if I#n+ m+ p and those trees T where on the path = between ! and &k
we find are an odd number of elements of 4 U B between the last element
of C on n and k correspond to f in case 3. Moreover y has the same
weight preserving properties possessed by the 8, ,, bijection. Thus we get
the following “g-analogues” from the  bijection for the spanning trees of
Kymp:

COROLLARY 2.6.

2 O¥(T)=ypt" " "[xq"* " P (t+ - +4"TP) ] Fy - Fy - F,
TeSp, +m(Kn,m.p)
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where
Fl= n [ypi(tn+1+ ‘e +tn+m+p)]’
i=2
n+m—1 -
F2= l_[ [qu(t+ .. +tn)+ypt(tn+m+l+ +tn+m+p)]’
i=n+1
and
n+m+p——1 )
F3= H [qu([+ +tn+m)].
i=n+m+1

COROLLARY 2.7.

Z qé( T)

Te Sp(Knm.p)

zq("+m;P+1)+<n+1)(n—1>+m+p—1

x[n+m+pl,[n+mls-"[n],+q""[p1,)" " 'Im+ p1;".

3. StaTIsTICS ON CAYLEY TREES

As we mentioned in the Introduction, the multivariate analogous of
Cayley’s formulas that we developed in Section 1 contain a wealth of infor-
mation and enable us to derive many explicit formulas for the expected
values of various statistics on Cayley trees. Also in many cases, one can
derive such formulas directly from the structure of our bijections. In this
section, we shall derive a few of the many possible expected value type for-
mulas in order to give the reader a flavor of how our formulas and bijec-
tions can be used. For example suppose that we want to find the expected
value of the number of fall edges in a tree T€%,, .. That is, given
Te%,, . we consider T as a directed graph with all edges directed
toward the root and let Fall,(7)= {i — j is an edge in T and i> j}. Then
we want to calculate

2re Cniik |Fall,(T)|

E(Fall,(n+1))= n+ 1)

(3.1)

For example, for k=n+1 we can specialize the generating function in
Theorem 1.1 by putting y=g=p=s=t=1 to obtain

Y xFeleM = (x4 n)(2x +n—1) ((n—1)x +2).

Te Cn+1,n+]
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Then logarithmic differentiation can be used to obtain the formula

E(Fall D)= g2l 2D
(Fall,, (n+ ))—_+’1‘ nrl n+l 2m+1)

(32)

Our generating functions and the above method can be used to prove the
following more general result.

THEOREM 3.1.
243+ +n+1
n+1

+ o +k=D+k+1)+ - +n+1
n+1

E(Fall,(n+ 1)) =

£l

E(Fall, (n+1))= L

and
1+2+ - +n-1

E(Fall,, (n+1))= —

We note also that one can obtain a very lucid explanation of the for-
mulas in Theorem 3.1 by considering our bijections. For example, in for-
mula (3.2), one can see directly that the term i/(n + 1) is nothing more than
the probability that the value of f(i)<ifor an fe %, | which via the 6, ,
bijection is exactly the probability that the edge i — f(i) in the digraph of f
becomes a fall in the directed graph of 4, . ,(f).

The corresponding expected values for the number of rise edges of a
TeC, ., can be calculated easily from Theorem 3.1. In view of the iden-
tity

E(Fall,(n+ 1)) = E(Rise, ., _,(n+1)). (3.3)

Note that (3.2) is immediate by relabeling vertex i by n+2—i for
i=1,2,..,n+1 which has the effect of changing fall edges into rise edges
and vice versa.

We end this section by giving the expected values for the statistics which
correspond to the variables ¢, p, s, and ¢ in Theorems 1.1 and 1.2. That is,
we define the following analogues of the major and minor indices of per-
mutations for Cayley trees Tin €,,,, ., ,

l_majn+l(T): Z ix(i—"jeFaun+l(T))sl

i—jeT

r—maj, , (T7)= Z jui— jeFall,, (T)),
i—»jeT

I—min,, (T)= ), ix(i—jeRise,, (7)),
i—jeT

'Here y(4)=1if 4 is true and y{(4)=0if A4 is false.
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and

r—min, . (T)= ) jx(i— jeRise, (7))
i—jeT
For example, for the tree T in Fig. 1, Fall, (T)={5-2, 6—4},
Rise,, (T)={1-2, 27, 357, 4-7}, I—maj,, (T)=5+6=11,
r—maj,, (7)=2+4=6, /—min,, (T)=14+2+34+4=10, and r—
min, , (7)=2+7+7+7=23.

The statistics /— maj,, r—maj,, /—min,, and r—min, are defined
analogously for trees T€ %, ,,. Finally we write E(/—maj,, ,(n+ 1)) for
the expected value of /—maj,, (T) for T€¥,, .., etc. Then using the
logarithmic differentiation technique and Theorems 1.1 and 1.2, we can
prove the following

THEOREM 3.2. (a) E(/—maj,(n+1)) = n(2n*+ 9+ 13)/6(n + 1),
E(l-maj,  (n+1)) = jn(n—1).

(b) E(r—maj(n+1))=n(n*+3n+8)/6(n+1),
E(r—maj,, (n+1)) = gn(n—1).

(¢) E(l—min,(n+1))=n(n—1)n+4)/6(n+1),
E(I—min, _(n+1)) = in(n+5).

(d) E(r—min,(n+1))=n(n—1)2n+5)/6(n+1),
E(r—min,, (n+1)) = in(n+53).

Similar statistics for spanning trees of the complete bipartite and com-
plete tripartite graphs can be obtained from the generating functions in
Corollaries 2.2 and 2.6.

REFERENCES

1. A. CAYLEY, A theorem on trees, Quart. J. Math. 23 (1889), 376-378; Collected Papers,
Cambridge 13 (1897), 26-28.

2. J. MooN, Various proofs of Cayley’s formula for counting trees, in “A Seminar on Graph
Theory” (F. Harary, Ed.), pp. 70-78, Holt, New York, 1967.

3. H. PrUFER, Never Beweis cines Satzes iiber Permutationen, Arch. Math. Phys. Sci. 27
(1918), 742-744.

4. A. JoyaL, Une Théorie combinatoire des séries formelles, Advan. in Math. 42 (1981), 1-82.

5. A. Garsia aND O. EGecioGLu, “Combinatorial Foundations of Computer Science,” in
preparation.

6. D. Foata, Distributions Euleriennes et Mahoniennes sur le groupe des permutations, in
“Higher Combinatorics” (M. Aigner, Ed.), Reidel, Dordrecht (1977), 27-49.



