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Abstract. Let C b e the con v ex-h ull of a set of p oin ts S with in tegral

co ordinates in the plane. It is w ell{kno wn that jC j � cD

2 = 3

for some con-

stan t c where D is the diameter of S : i.e. the maxim um distance b et w een

an y pair of p oin ts in S . It has b een sho wn that c = 7 : 559 :: for an arbitrary

S , and c = 3 : 496 :: in the sp ecial case when S is a ball cen tered at the

origin in the plane. In this pap er w e sho w that c = 12 =

3

p

4 �

2

= 3 : 524 ::

is su�cien t for an arbitrary set of lattice p oin ts S of diameter D in the

plane, and jC j � 12

3

p

2 = (9 �

2

) D

2 = 3

= 3 : 388 ::D

2 = 3

is ac hiev ed asymp-

totically . Our pro of is based on the construction of a sp ecial set in �rst

quadran t, and the analysis of the result in v olv es the calculation of the

a v erage order of certain n um b er-theoretical functions asso ciated with the

Euler totien t function � ( n ).

1 In tro duction

A lattice p oin t is a p oin t with in tegral co ordinates. Giv en a set S of lattice p oin ts

in the plane, let C b e the con v ex-h ull of S , and denote the n um b er of extreme

p oin ts in C b y jC j . The b eha vior of jC j as a function of parameters asso ciated

with S has b een studied in v arious con texts in computational geometry , computer

graphics [10, 6, 9], and in teger programming [1, 3, 5].

Andrews' general theorem [1] on con v ex b o dies in d -dimensional space implies

that in the plane jC j is b ounded b y

jC j � cD

2 = 3

(1)

for some constan t c , where D is the diameter of S : i.e. the maxim um distance

b et w een an y t w o p oin ts in S . Another pro of of this b ound for the plane w as

giv en b y Katz and V olp er [9]. The constan t c has also b een studied. Balog and

B� ar� an y [2] sho w ed that when S is the ball of radius r = D = 2 cen tered at the

origin, i.e. S = r B

2

, then

0 : 207 ::D

2 = 3

� jC j � 3 : 496 ::D

2 = 3

:

?
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Therefore one can tak e c = 3 : 496 :: in the sp ecial case when S is a ball of diameter

D . A d -dimensional analysis for the ball app ears in [4]. Har-P eled [7] sho w ed

that the v alue c = 6

3

p

2 = 7 : 559 :: is su�cien t for the b ound (1) in the plane for

arbitrary S .

In this pap er w e in v estigate further the nature of the constan t c in (1) and

sho w that

c = 12 =

3

p

4 �

2

= 3 : 524 ::

su�ces for an arbitrary S of diameter D in the plane. Our pro of is based on the

construction of a sp ecial set in �rst quadran t of the plane whic h satis�es certain

constrain ts. The construction in v olv es selecting a set of fractions in a particular

order as slop es of the line segmen ts of the con v ex-h ull. Based on the prop erties

of the a v erage order of certain n um b er-theoretical functions asso ciated with the

Euler totien t function � ( n ), w e deriv e an upp er b ound on the size of the set

constructed. This leads to an impro v ed v alue for c . W e also sho w that using the

construction idea of the pro of, w e can alw a ys create a con v ex-h ull C with a giv en

diameter D suc h that

jC j � 12

3

p

2 = (9 �

2

) D

2 = 3

= 3 : 388 ::D

2 = 3

(2)

is ac hiev ed asymptotically .

The organization of this pap er is as follo ws. Section 2 giv es the n um b er-

theoretical bac kground w e require, and includes the pro of of the main theorem,

whic h w e then use in Section 3 for pro ving our result on the impro v ed v alue of c .

In Section 4, w e construct large con v ex-h ulls with a giv en diameter pro ving (2).

2 Num b er-theoretical de�nitions and results

W e use the classical b o ok b y Hardy and W righ t [8] as our main reference for the

de�nitions and basic results used in this section. W e denote b y ( r ; s ) the greatest

common divisor of r and s .

� The Euler totient function � ( n ) ([8], p. 52) is de�ned as follo ws:

1. � (1) = 1

2. for n > 1, � ( n ) is the n um b er of p ositiv e in tegers less than n and rela-

tiv ely prime to n .

� The M• obius function � ( n ) ([8], p. 234) is de�ned b y

1. � (1) = 1,

2. � ( n ) = 0 if n has a square factor,

3. � ( p

1

p

2

� � � p

k

) = ( � 1)

k

if all the primes p

1

; p

2

; : : : ; p

k

are di�eren t.

� The R iemann zeta function � ( s ) ([8], p. 245) is de�ned for s > 1 b y

� ( s ) =

1

X

n =1

1

n

s

:

W e use the follo wing w ell-kno wn results:



Lemma 1.

� ( n ) =

X

d j n

n

d

� ( d ) ; (3)

� (2)

� 1

=

1

X

d =1

� ( d )

d

2

=

6

�

2

: (4)

Pr o of. The pro of of (3) is in ([8], p. 235). The pro of of (4) can b e found in ([8],

Thm. 287, p. 250; Thm. 293, p. 251).

Let �

0

( n ) = � (1) + � (2) + � � � + � ( n ). It is kno wn in relation to F arey fractions

([8], Thm. 330, p. 268) that

�

0

( n ) =

3 n

2

�

2

+ O ( n log n ) ; (5)

so that the aver age or der (([8], p. 263) of the function � ( n ) is giv en b y (5).

Theorem 1 b elo w giv es an expression for the a v erage order of the function n

r

� ( n )

for r � 0, generalizing (5).

Theorem 1. F or any inte ger r � 0

�

r

( n ) = 1

r

� � (1) + 2

r

� � (2) + � � � + n

r

� � ( n ) =

6

( r + 2) �

2

n

r +2

+ O ( n

r +1

log n ) : (6)

Pr o of. By (3) of lemma 1 w e ha v e

�

r

( n ) =

n

X

m =1

m

r

� ( m ) =

n

X

m =1

m

r

X

d j m

m

d

� ( d ) =

n

X

m =1

X

dd

0

= m

m

r

d

0

� ( d )

=

n

X

m =1

X

dd

0

= m

d

r

( d

0

)

r +1

� ( d ) =

X

dd

0

� n

d

r

( d

0

)

r +1

� ( d ) =

n

X

d =1

d

r

� ( d )

b n=d c

X

d

0

=1

( d

0

)

r +1

Using the fact that

n

X

k =1

k

r +1

=

n

r +2

r + 2

+ O ( n

r +1

) ;

w e get

b n=d c

X

d

0

=1

( d

0

)

r +1

=

1

r + 2

�

n

d

�

r +2

+ O

�

n

r +1

d

r +1

�

:

Therefore

�

r

( n ) =

n

r +2

r + 2

n

X

d =1

� ( d )

d

2

+ O

 

n

r +1

n

X

d =1

1

d

!

=

n

r +2

r + 2

1

X

d =1

� ( d )

d

2

+ O

 

n

r +2

1

X

d = n +1

1

d

2

!

+ O

�

n

r +1

log n

�

=

n

r +2

r + 2

� (2)

� 1

+ O ( n

r +1

) + O ( n

r +1

log n ) ;



and the theorem follo ws from the last equalit y and (4) of lemma 1.

W e need the follo wing result relating �

0

( n ) and �

1

( n ) as a step in our study

of jC j .

Theorem 2. L et

�

0

( n ) = � (1) + � (2) + � � � + � ( n ) ;

�

1

( n ) = 1 � � (1) + 2 � � (2) + � � � + n � � ( n ) :

Then

�

0

( n ) �

3

3

p

4 �

2

�

1

( n )

2 = 3

= 0 : 8810516 ::�

1

( n )

2 = 3

: (7)

Pr o of. The theorem follo ws b y com bining the expressions for �

0

( n ) and �

1

( n )

obtained as the cases r = 0, and r = 1 of theorem 1.

W e note that also the magnitude of the error term in (7) can b e calculated

b y using the full expressions for �

0

( n ) and �

1

( n ) obtained. This giv es

�

0

( n ) =

3

3

p

4 �

2

�

1

( n )

2 = 3

+ O

�

�

1

( n )

1 = 3

log �

1

( n )

�

:

W e omit the details of this calculation.

3 An impro v ed upp er b ound

W e �rst establish an upp er b ound on the size of the con v ex-h ull of lattice p oin ts

in �rst quadran t of the plane in the follo wing lemma.

Lemma 2. L et S

a;b

b e a set of lattic e p oints in �rst quadr ant of the xy -plane

enclose d by y = a and x = b . F or the c onvex-hul l C

a;b

of S

a;b

, ther e holds

jC

a;b

j �

3

3

p

4 �

2

( a + b )

2 = 3

+ O

�

( a + b )

1 = 3

log ( a + b )

�

Pr o of. Without loss of generalit y , S

a;b

includes the p oin ts (0 ; a ) and ( b; 0) and

b oth a and b are p ositiv e in tegers (Figure 1). Instead of the p oin t-set C

a;b

w e con-

sider the corresp onding set of slop es R

a;b

of the line segmen ts (edges) connecting

the consecutiv e extreme p oin ts of the con v ex-h ull. Clearly , jC

a;b

j = jR

a;b

j + 1, so

w e can alternately study the prop erties of the set R

a;b

. By con v exit y , the slop es

of the edges of the con v ex-h ull are all di�eren t. F urthermore S

a;b

is a set of

lattice p oin ts, and therefore the slop es of the non-v ertical edges are all rational

n um b ers.

Let R

�

a + b

b e an optimal set for the follo wing problem: maximize jRj sub ject

to

X

y

x

2R

y +

X

y

x

2R

x =

X

y

x

2R

y + x � a + b (8)

Clearly , for an y a and b , jR

a;b

j � jR

�

a + b

j . W e will �nd a b ound for jR

�

a + b

j .

Let Q

i

for i � 0 b e the set of slop es de�ned as follo ws:



a

Sa,b

b

y

x

Fig. 1. A set of lattice p oin ts S

a;b

in �rst quadran t.

1. Q

0

= ; ,

2. Q

1

=

�

0

1

;

1

0

	

. W e assume that the fraction

1

0

is de�ned as a slop e and it

represen ts the v ertical edge whose length is one unit.

3. F or i > 1, Q

i

=

�

y

x

j y + x = i and ( y ; x ) = 1

	

.

T able 1 illustrates the �rst few v alues Q

i

, � ( i ), �

0

( i ), and �

1

( i ). The follo wing

prop erties can easily b e seen for i > 1:

jQ

i

j = � ( i ) (9)

X

y

x

2Q

i

y + x = i jQ

i

j (10)

Let n + 1 b e the smallest n um b er suc h that

P

n +1

i =1

i jQ

i

j > a + b , and Q

0

n +1

b e

an arbitrary subset of Q

n +1

suc h that

jQ

0

n +1

j =

�

( a + b ) �

P

n

i =1

i jQ

i

j

n + 1

�

Then consider the follo wing set

R

a + b

=

 

n

[

i =1

Q

i

!

[ Q

0

n +1

: (11)

W e claim that R

a + b

is a maximal set whic h satis�es the constrain t (8). The

expression (11) describ es a greedy construction : T o include in set R

a + b

, select

a fraction whose n umerator-denominator sum is the smallest. Con tin ue includ-

ing fractions un til the sum of all the n umerators and the denominators of the

fractions curren tly in the set exceeds a + b . Since R

a + b

is a set, no fraction

can b e included in the set more than once, and since the slop es are all di�eren t,

among the equiv alen t fractions, the irreducible one has the smallest n umerator-

denominator sum. This explains wh y only the relativ ely prime n um b ers are to

b e considered in the construction.



i Q

i

� ( i ) �

0

( i ) �

1

( i )

1 f

0

1

;

1

0

g 1 1 1

2 f

1

1

g 1 2 3

3 f

1

2

;

2

1

g 2 4 9

4 f

1

3

;

3

1

g 2 6 17

5 f

1

4

;

2

3

;

3

2

;

4

1

g 4 10 37

6 f

1

5

;

5

1

g 2 12 49

7 f

1

6

;

2

5

;

3

4

;

4

3

;

5

2

;

6

1

g 6 18 91

T able 1. T able of Q

i

, � ( i ), �

0

( i ), and �

1

( i ) for i = 1 ; 2 ; : : : ; 7.

>F rom (11) w e ha v e

n

[

i =1

Q

i

� R

a + b

�

n +1

[

i =1

Q

i

(12)

Using (12) and (9) w e �nd that

n

X

i =1

� ( i ) + 1 � jR

a + b

j �

n +1

X

i =1

� ( i ) + 1 (13)

Again using (12) and (9) together with the expression (10), and using the fact

that b y construction n + 1 is the smallest n um b er suc h that

P

n +1

i =1

i jQ

i

j > a + b

w e get

n

X

i =1

i� ( i ) + 1 � a + b �

n +1

X

i =1

i� ( i ) + 1 (14)

W e note that � ( n + 1) = O ( �

1

( n )

1 = 3

) using the expression �

1

( n ) obtained

from (6) with r = 1. Therefore w e can write the follo wing upp er b ound for jR

a + b

j

using (13):

jR

a + b

j =

n

X

i =1

� ( i ) + O

�

�

1

( n )

1 = 3

�

= �

0

( n ) + O

�

�

1

( n )

1 = 3

�

F urthermore from Theorem 2

jR

a + b

j =

3

3

p

4 �

2

�

1

( n )

2 = 3

+ O

�

�

1

( n )

1 = 3

log �

1

( n )

�

+ O

�

�

1

( n )

1 = 3

�

; (15)

and from (14) w e obtain that �

1

( n ) � a + b . Therefore

jR

a + b

j =

3

3

p

4 �

2

( a + b )

2 = 3

+ O

�

( a + b )

1 = 3

log ( a + b )

�

whic h pro v es the b ound for jC

a;b

j of the lemma.



Theorem 3. F or the c onvex-hul l C of a set S of lattic e p oints of diameter D in

the plane, ther e holds

jC j �

12

3

p

4 �

2

D

2 = 3

+ O

�

D

1 = 3

log D

�

Pr o of. S can b e enclosed b y an axis-parallel rectangle whose sides are at most

D in length. Using this rectangle, w e can partition S in to four parts suc h that

eac h part is con�ned to a single quadran t as sho wn in Figure 2. F or the size of

C w e ha v e

jC j � jC

a

1

;b

1

j + jC

a

2

;b

2

j + jC

a

3

;b

3

j + jC

a

4

;b

4

j

By Lemma 2 w e can rewrite the inequalit y as

jC j �

3

3

p

4 �

2

(( a

1

+ b

1

)

2 = 3

+( a

2

+ b

2

)

2 = 3

+( a

3

+ b

3

)

2 = 3

+( a

4

+ b

4

)

2 = 3

)+ O

�

D

1 = 3

log D

�

(16)

<

<

a1

2

3

4

b1

2

3

4

b

a

b

ab

a

D

D

Fig. 2. P artitions of S in quadran ts.

The function f ( x ) = x

2 = 3

is conca v e on [0 ; 1 ). In particular for nonnegativ e

x

1

and x

2

,

x

1

2 = 3

+ x

2

2 = 3

� 2

�

x

1

+ x

2

2

�

2 = 3

:

Therefore, the equalit y in (16) b ecomes

jC j �

3

3

p

4 �

2

4

�

a

1

+ b

1

+ a

2

+ b

2

+ a

3

+ b

3

+ a

4

+ b

4

4

�

2 = 3

+ O

�

D

1 = 3

log D

�

Since a

1

+ b

2

, a

3

+ b

4

, a

2

+ b

3

, and a

4

+ b

1

are all smaller than or equal to D ,

the inequalit y for jC j of the theorem holds.



10 20 30 40

10

20

30

40

Fig. 3. n = 7, a = b = 46 =

1

2

�

1

(7) +

1

2

. The dotted line is used for the con v ex-h ull of

the set of lattice p oin ts in the ball of radius 46 in �rst quadran t. The solid lines sho w

the constructed h ull C (7).

4 Constructing a large con v ex-h ull with a giv en diameter

T o in v estigate ho w tigh t the new v alue of c in the upp er b ound for jC j is, w e

revisit the pro of of Lemma 2. W e �rst describ e ho w w e can actually construct a

con v ex-h ull C

a + b

from the set of slop es R

a + b

created in the pro of for particular

a and b . More precisely , for ev ery n , w e construct a con v ex-h ull C ( n ) in �rst

quadran t with a = b =

1

2

�

1

( n ) +

1

2

, symmetric ab out the line y = x . As its set

of slop es, w e tak e

R ( n ) =

n

[

i =1

Q

i

:

C ( n ) connects the p oin t (0 ;

1

2

�

1

( n ) +

1

2

) on the y -axis to (

1

2

�

1

( n ) +

1

2

; 0) on

the x -axis and consists of �

0

( n ) edges. W e start with the p oin t (0 ;

1

2

�

1

( n ) +

1

2

)

as the �rst v ertex, and if the i -th smallest fraction in R ( n ) is y

i

=x

i

, then w e

place the next v ertex on the h ull x

i

units to the righ t and y

i

units do wn from

the curren t v ertex. See Figure 4 for the n = 5 case.

No w consider the C ( n ) constructed as w e describ ed. If it includes a v ertex

whose distance from the origin is larger than

1

2

�

1

( n ) +

1

2

, then the diameter of

the set constructed b y taking four copies of C ( n ) around the origin will ha v e

diameter larger than D . That this is indeed the case can b e seen from Figure

3, where the p oin t farthest from the origin in our construction is not inside the

ball with radius 46. Th us the constan t c = 12 =

3

p

4 �

2

= 3 : 352 :: in the upp er

b ound is not tigh t.

W e next in v estigate ho w close w e can come to this v alue. It follo ws b y sym-

metry and con v exit y that the farthest v ertex from the origin on C ( n ) constructed

is one of the endp oin ts of the edge with slop e 1 on the h ull as sho wn in Figure

4. Denote b y h ( n ) the x -co ordinate of this p oin t, and b y r ( n ) its distance from



the origin. By construction

h ( n ) =

X

i + j � n

j � [( i; j ) = 1] � [ i � j ] =

n

X

j =1

j

j

X

i =1

� [( i; j ) = 1] � [ i + j � n ] (17)

where � is the indicator function of its argumen t, i.e., it is 1 if its argumen t

ev aluates to true, and 0 otherwise.

+F1(n)1
2

1
2

+F1(n)1
2

1
2

5

5 15

15

10

10

h

r

x
yi

i

Fig. 4. n = 5, a ( n ) = b ( n ) =

1

2

�

1

(5) +

1

2

= 19.

W e next sho w that h ( n ) �

3

8

�

1

( n ) : Since in tercepts of the h ull are a ( n ) =

b ( n ) =

1

2

�

1

( n ) +

1

2

this implies h ( n ) �

3

4

a ( n ) ; and w e can calculate r ( n ) b y the

Pythagorean form ula as

r ( n ) �

3

p

2

4

a ( n ) : (18)

Theorem 4. Supp ose h ( n ) is as de�ne d in (17), and �

1

( n ) as de�ne d in The-

or em 2. Then h ( n ) =

3

8

�

1

( n ) + O ( n

2

log n ) .

Pr o of. W e will indicate the deriv ation of the asymptotic part and ignore the

calculation of the error terms. First w e write h ( n ) = h

1

( n ) + h

2

( n ) where in

h

1

( n ), the index j runs from 1 to n= 2, and in h

2

, j runs from n= 2 + 1 to n . Then

h

1

( n ) =

n

2

X

j =1

j

j

X

i =1

� [( i; j ) = 1] ;

since for the indices in question i � j and w e automatically ha v e i + j � n .

Therefore h

1

( n ) = �

1

(

n

2

). On the other hand, if j � n= 2, then n � j � j and

h

2

( n ) =

n

X

j =

n

2

j

j

X

i =1

� [( i; j ) = 1] � [ i � n � j ]



�

n

X

j =

n

2

j �

n � j

j

� ( j ) � n

�

�

0

( n ) � �

0

(

n

2

)

�

�

�

�

1

( n ) � �

1

(

n

2

)

�

:

Using the expressions �

0

( n ) � 3 n

2

=�

2

, and �

1

( n ) � 2 n

3

=�

2

from Theorem 2,

and adding the terms for h

1

( n ) and h

2

( n ), w e obtain

h ( n ) �

�

1

4

+ 3 �

3

4

� 2 +

1

4

�

n

3

�

2

=

3 n

3

4 �

2

�

3

8

�

1

( n )

as claimed.

Theorem 5. F or D lar ge, ther e exists a set of lattic e p oints in the plane with

diameter D and c onvex-hul l C such that

jC j � 12

3

r

2

9 �

2

D

2 = 3

= 3 : 388 ::D

2 = 3

:

Pr o of. If w e set a = b =

2

3

p

2

D where D is of the form �

1

( n ), and use the

construction for C ( n ), then r � D = 2 b y (18). By Lemma 2

jC ( n ) j �

3

3

p

4 �

2

�

4

3

p

2

�

2 = 3

D

2 = 3

= 3

3

r

2

9 �

2

D

2 = 3

: (19)

Since iden tical con v ex-h ulls are constructed in all four quadran ts to obtain C

from C ( n ), the diameter of C is D and jC j � 4 jC ( n ) j . This pro v es the claim of

the theorem when com bined with (19).
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