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Abstract

W e pro v e that the isop erimetric n um b er of P

k

� G

k

, the Carte-

sian pro duct of the path P

k

and a connected graph with k v ertices,

is equal to the isop erimetric n um b er of P

k

itself. A t the same time

w e construct an in�nite family of graphs that sho ws that this is not

true for P

k

� G where G has more than k v ertices, ev en if G is a tree.

Keyw ords : Isop erimetric n um b er, bisection width, path, arra y , Carte-

sian pro duct graph.

1 In tro duction

Giv en a graph G and a subset X of its v ertices, let @ X denote the e dge-

b oundary of X : i.e. the set of edges whic h connect v ertices in X with

v ertices not in X . The isop erimetric numb er of G is de�ned as

i ( G ) = min

1 �j X j�

j V ( G ) j

2

j @ X j

j X j

:

As examples, i ( K

k

) = d

k

2

e for the complete graph K

k

, i ( C

k

) = 2 = b

k

2

c for

the k -cycle C

k

, and i ( P

k

) = 1 = b

k

2

c for the path (c hain) P

k

on k v ertices. W e

refer the reader to Mohar [9], for a discussion of basic results and v arious

in teresting prop erties of i ( G ). W orks b y Bezruk o v [2], Bollob� as and Leader

[3, 4 ], Ahlsw ede and Bezruk o v [1], Riordan [11], also con tain recen t results

on isop erimetric prop erties of v arious classes of graphs.
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A related quan tit y to i ( G ) is the bise ction width . The bisection width

bw ( G ) of a graph G is the minim um n um b er of edges whic h m ust b e remo v ed

from G in order to split it in to t w o parts with equal (within one, when the

n um b er of v ertices of G is o dd) n um b er of v ertices. The isop erimetric

n um b er of a graph establishes a lo w er b ound for its bisection width.

The Cartesian pr o duct G � H of t w o graphs G and H is the graph with

v ertex set V ( G ) � V ( H ), in whic h v ertices ( u; v ) and ( u

0

; v

0

) are adjacen t

if and only if u is adjacen t to u

0

in G and v = v

0

, or v is adjacen t to v

0

in H and u = u

0

. Pro duct graphs are imp ortan t since man y in teresting

graphs are pro ducts of simpler graphs, and sometimes metho ds of analysis

can b e lifted from the constituen t graphs to their pro ducts [2, 5]. Among

families of graphs that are pro ducts are the d -dimensional hyp er cub e Q

d

,

whic h is the d -fold pro duct of K

2

, d -dimensional k -torus T

d

k

, whic h is the

d -fold pro duct of C

k

, and the d -dimensional k -arr ay A

d

k

, whic h is the d -fold

pro duct of P

k

. In general

i ( G � H ) � min f i ( G ) ; i ( H ) g (1)

(see [9]), and th us pro duct graphs do not alw a ys b eha v e nicely with resp ect

to isop erimetric n um b ers of their factors. There are exceptions ho w ev er:

Mohar [9] sho w ed that i ( K

2 n

� G ) = min f n; i ( G ) g whenev er G has an ev en

n um b er of v ertices.

Our basic result is that i ( P

k

� G ) = i ( P

k

) for a connected graph G on

k v ertices, whereas equalit y fails if G has more than k v ertices, ev en if G is

a tree.

1.1 Multidimensional arra ys

Edge-isop erimetric prop erties of m ultidimensional arra ys and its v arieties

ha v e b een studied b y man y authors. This problem is related to the maxi-

mum induc e d e dge pr oblem where, for a giv en m , a subset of v ertices with

the largest n um b er of induced edges is sough t among all m -elemen t sub-

sets [4 ]. The t w o problems are equiv alen t for regular graphs, but not for

m ultidimensional arra ys.

The maxim um induced edge problem under Hamming metric (hence the

isop erimetric n um b er problem, b ecause of the regularit y of the Hamming

metric) w as solv ed b y Harp er [6 ] on the discrete cub e and extended b y

Lindsey [8 ] to P

k

1

� � � � � P

k

d

. In b oth instances, there is a nested structure

of solutions, and the �rst m v ertices in lexic o gr aphic al or der constitute a

solution. The analogue for the ev en discrete torus app ears in Riordan

[11 ]. The maxim um induced edge problem for m ultidimensional arra ys w as

solv ed b y Bollob� as and Leader [4]. This w ork also con tains b ounds for

the isop erimetric n um b er problem. Ahlsw ede and Bezruk o v [1 ] solv ed the
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isop erimetric n um b er problem for P

1

� � � � � P

1

where the minim um is

tak en o v er all non-empt y �nite subsets, and ga v e a solution for P

k

1

� P

k

2

for arbitrary k

1

; k

2

as w ell.

1.2 Motiv ation

Our initial motiv ation in this w ork w as to giv e an alternate pro of of the

lo w er b ound

bw ( A

d

k

) �

k

d

� 1

k � 1

(2)

for o dd k . This w as pro v ed b y Nak ano [10 ] b y an em b edding of a d -

dimensional k -clique in to A

d

k

. Prior to this Leigh ton [7 ] sho w ed that bw ( A

d

k

) �

k

d � 1

when k is ev en. The pro of in v olv es em b edding of a complete graph

in to A

d

k

. Ho w ev er, this em b edding do es not giv e a tigh t b ound when k is

o dd. One could attac k the problem b y �rst sho wing that i ( A

d

k

) = 2 = ( k � 1)

for o dd k , then the bisection width b ound w ould follo w from

bw ( A

d

k

)

k

d

� 1

2

�

2

k � 1

) bw ( A

d

k

) �

k

d

� 1

k � 1

: (3)

Mohar [9 ] sho w ed that i ( P

k

� P

n

) = min f i ( P

k

) ; i ( P

n

) g , and therefore

i ( A

2

k

) = 2 = ( k � 1). Since A

d

k

= P

k

� A

d � 1

k

, the computation of i ( A

d

k

)

naturally leads to the study of isop erimetric n um b ers of pro duct graphs

of the form i ( P

k

� G ) where G is an arbitrary graph (in the most general

case), and i ( P

k

� T ) where T is a tree (in a w eak er case). General results

on graph pro ducts based on the second smallest eigen v alue of the Laplacian

[9], or the b ound

1

2

m � i ( G

1

� G

2

� � � � � G

m

) � m

where m = min f i ( G

1

) ; i ( G

2

) ; � � � ; i ( G

m

) g rep orted b y Ch ung and T etali [5]

do not giv e the tigh t enough lo w er b ound for i ( A

d

k

).

The outline of this pap er is as follo ws. In section 2, w e pro v e i ( P

k

�

G

k

) = i ( P

k

) where G

k

is an y connected graph with k v ertices. In section 3,

w e consider the isop erimetric n um b er of the pro duct graph P

k

� G where G

is an arbitrary connected graph and sho w that equalit y do es not carry o v er

to general graphs. First w e construct a simple coun terexample and then

extend it to an in�nite family of graphs. Section 4 concludes with remarks.

2 The Pro duct Graph P

k

� G

k

Let us �rst consider the Cartesian pro duct of the path P

k

with G

k

, where

G

k

is a connected graph on k v ertices.
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Theorem 1 i ( P

k

� G

k

) = 1 = b k = 2 c for any c onne cte d gr aph G

k

on k ver-

tic es.

Pro of W e pro v e the theorem for o dd k , i.e. i ( P

k

� G

k

) = 2 = ( k � 1), as this

is the in teresting case. First note that among all connected graphs with k

v ertices, the isop erimetric n um b er of P

k

is the smallest. Th us b y (1)

i ( P

k

� G

k

) � min f i ( P

k

) ; i ( G

k

) g = i ( P

k

) =

2

k � 1

;

and to pro v e the theorem w e only need to sho w i ( P

k

� G

k

) � 2 = ( k � 1). Let

V ( P

k

) = f 1 ; 2 ; : : : ; k g and X � V ( P

k

� G

k

) with 1 � j X j � ( k

2

� 1) = 2. F or

i = 1 ; 2 ; : : : ; k let X

i

= X \ ( V ( G

k

) � f i g ). Th us X is the disjoin t union

of X

1

; X

2

; : : : ; X

k

. W e partition the set of edges in the b oundary as @ X =

@

P

X [ @

G

X where @

P

X is the set of interlevel b oundary edges, i.e. edges

lying in copies of P

k

in the pro duct graph, and @

G

X is the set of intr alevel

b oundary edges, i.e. edges in ternal to eac h cop y of G

k

. This is illustrated

in Figure 1. De�ne N

0

and N

k

b y N

0

= jf X

i

j j X

i

j = 0 ; 1 � i � k gj and

. . .

. . .

. . .

:.levels

intralevel edges

interlevel
edges

Figure 1: The Cartesian pro duct P

k

� G .

N

k

= jf X

i

j j X

i

j = k ; 1 � i � k gj . Consider the in tralev el edges @

G

X

i

in

the b oundary of X

i

. If j X

i

j = 0 or j X

i

j = k then j @

G

X

i

j = 0, otherwise

j @

G

X

i

j � 1. Similarly , the con tribution of the in terlev el edges b et w een X

i

and X

i +1

to @ X is the symmetric di�erence of these t w o sets X

i

� X

i +1

.

Th us

j @ X j = j @

G

X j + j @

P

X j � k � N

0

� N

k

+

k � 1

X

i =1

j X

i

� X

i +1

j :

By the triangle inequalit y , the sum of symmetric di�erences is minim um

when j X

i

j 's are in sorted (increasing or decreasing) order. Th us j @ X j �

k � N

0

� N

k

+ j X

1

j � j X

k

j , and to pro v e the theorem it su�ces to pro v e
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the inequalit y

k � N

0

� N

k

+ j X

1

j � j X

k

j �

2

k � 1

j X j ; (4)

sub ject to

1. k � j X

1

j � j X

2

j � � � � � j X

k

j � 0,

2. j X j = j X

1

j + j X

2

j + � � � + j X

k

j ,

3. 1 � j X j � ( k

2

� 1) = 2.

Pro of of (4) is brok en do wn in to 4 cases according to p ossible v alues of N

0

and N

k

.

Case (1) N

0

= 0 ; N

k

= 0 : In this case, (4) reduces to

k + j X

1

j � j X

k

j �

2

k � 1

j X j :

First supp ose that not all j X

i

j are equal. Then the inequalit y holds since

k + j X

1

j � j X

k

j � k + 1 =

2

k � 1

k

2

� 1

2

�

2

k � 1

j X j :

If all j X

i

j are equal then j X j � k ( k � 1) = 2 and

k + j X

1

j � j X

k

j = k =

2

k � 1

k

k � 1

2

�

2

k � 1

j X j :

Case (2) N

0

> 0 ; N

k

= 0 : In this case the �rst condition b ecomes

k > j X

1

j � j X

2

j � � � � � j X

l

j > 0 = j X

l +1

j = � � � = j X

k

j

And (4) b ecomes

l + j X

1

j �

2

k � 1

( j X

1

j + j X

2

j + � � � + j X

l

j )

Th us, it is su�cien t to pro v e

l + j X

1

j �

2

k � 1

l j X

1

j (5)

or equiv alen tly , ( k � 1) l + ( k � 1) j X

1

j � 2 l j X

1

j . Since l � k � 1 and

j X

1

j � k � 1, w e ha v e

( k � 1) l + ( k � 1) j X

1

j � l

2

+ j X

1

j

2

:
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But l

2

+ j X

1

j

2

� 2 l j X

1

j since ( l � j X

1

j )

2

� 0, and (5) follo ws.

Case (3) N

0

= 0 ; N

k

> 0 : No w the j X

i

j satisfy

k = j X

1

j � j X

2

j � � � � � j X

k

j > 0 ;

while the inequalit y w e w an t to pro v e b ecomes

k � N

k

+ k � j X

k

j �

2

k � 1

j X j :

It su�ces to pro v e

2 k � N

k

� j X

k

j � k + 1 (6)

since j X j � ( k

2

� 1) = 2. This condition on j X j also forces N

k

� ( k � 1) = 2

and j X

k

j � ( k � 1) = 2, and (6) follo ws.

Case (4) N

0

> 0 ; N

k

> 0 : As in the previous case, it is su�cien t to pro v e

k � N

0

� N

k

+ k � k + 1

whic h ob viously holds for N

0

+ N

k

� k � 1. F or N

0

+ N

k

= k , j X j �

k ( k � 1) = 2. Th us, w e ha v e

2 k � N

0

� N

k

= k =

2

k � 1

k

k � 1

2

�

2

k � 1

j X j :

Therefore inequalit y (4) holds in all cases, and the theorem follo ws. 2

A t this p oin t, consider i ( P

k

� G

n

) for a connected graph G

n

with ar-

bitrary n um b er of v ertices n . It is tempting to conjecture that Theorem 1

extends to this general case as w ell, i.e. i ( P

k

� G ) = 2 = ( k � 1). Of course,

in view of (1), this can only hold for G with i ( G ) � 2 = ( k � 1). W e sho w in

the next section that ev en for suc h graphs the equalit y do es not hold.

3 The Pro duct Graph P

k

� G

W e start with an example for k = 5. Consider the graph G = G

11

on

11 v ertices sho wn in Figure 2. By insp ection, an isop erimetric set for G

Figure 2: The graph G = G

11

.
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Figure 3: P

5

� G

11

, subset X and the b oundary edges @ X .

consists of the t w o leftmost v ertices in Figure 2, and therefore i ( G ) = 1 = 2.

If k = 5 then i ( G ) = 1 = 2 � i ( P

5

) = 2 = (5 � 1) = 1 = 2, and i ( G ) satis�es

the necessary condition men tioned ab o v e. The pro duct graph P

5

� G

11

is

sho wn in Figure 3. Assume X is the subset indicated b y the dark v ertices.

Then j X j = 27 � (5 � 11 � 1) = 2 as required. The dotted edges comprise

the b oundary @ X and j @ X j = 13. Th us

i ( P

5

� G

11

) � j @ X j = j X j = 13 = 27 < 2 = ( k � 1) = 1 = 2 :

The follo wing prop osition pro vides an in�nite family of graphs, gener-

alizing this coun terexample.

Prop osition 1 F or any o dd numb er k , ther e exists an in�nite family of

gr aphs G

g

with i ( G

g

) � 2 = ( k � 1) and i ( P

k

� G

g

) < 2 = ( k � 1) .

Pro of Supp ose k = 2 m + 1. Consider the graph G

g

on g = m + m

0

+ 1

v ertices for m

0

� m obtained b y joining the path P

m

and the star graph

K

1 ;m

0

as sho wn in Figure 4. W e pic k m

0

so that g is o dd. Since m

0

� m , an

isop erimetric set for G

g

is the �rst m v ertices on the left in Figure 4. Th us

i ( G

g

) = 1 =m . The graph P

k

� G

g

is sho wn in Figure 5. It has (2 m + 1) g

.  .  .. . .

m m>m' _

Figure 4: The base graph for the general case.

v ertices. Consider the subset X represen ted b y dark v ertices in Figure 5. X
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is de�ned b y taking X

1

; X

2

; � � � ; X

m

to b e G , X

m +1

; X

m +2

; � � � ; X

2 m

to b e

the v ertices on P

m

in the corresp onding cop y of G in P

k

� G

g

, and X

2 m +1

to

b e the singleton as indicated in Figure 5. The dotted edges are the edges in

...

...

...

...

...

...

...

...

...

...

...

...
......... ...

... ...

... ... ... ...

... ... ...

...

...

...

...

.........
...

X

...

X

X

X

m

2m

...

X

2m+

1

m+

1

1

Figure 5: The structure of the pro duct graph for the general case.

the b oundary @ X . Then j X j = mg + m

2

+ 1 and j @ X j = g � 1 + m + 1 = m + g .

F urthermore whenev er m

0

is c hosen so that g � 2 m

2

+ 3, the inequalit y

j X j = mg + m

2

+ 1 �

(2 m + 1) g � 1

2

holds. Therefore

j @ X j

j X j

=

m + g

mg + m

2

+ 1

<

1

m

=

2

( k � 1)

;

and i ( P

k

� G

g

) < 2 = ( k � 1). 2

Note that the graphs G

g

are trees. Hence ev en for trees T with i ( T ) =

2 = ( k � 1), it is p ossible to ha v e i ( P

k

� T ) 6= i ( P

k

), unless T has k v ertices,

as guaran teed b y Theorem 1.

4 Conclusion and Remarks

W e considered the isop erimetric n um b er of graphs of the form P

k

� G . If G

is a connected graph on k no des, then i ( P

k

� G ) = i ( P

k

), whereas equalit y

fails in general if i ( G ) = i ( P

k

) but G has more than k v ertices. F or ev ery

o dd k , w e constructed an in�nite family of graphs (actually trees) G

g

for

whic h i ( P

k

� G

g

) < i ( P

k

).
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Our motiv ation for studying pro duct graphs with paths is the b ound

(2) on the bisection width of A

d

k

, and the inequalit y (3) in terms of its

isop erimetric n um b er. Our result sho ws that for o dd k , the calculation of

i ( A

d

k

) = i ( P

k

� A

d � 1

k

) do es not follo w from a general result on isop erimetric

n um b ers of Cartesian pro duct graphs P

k

� G , and the fact that G = A

d � 1

k

is necessary .
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