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Abstract

W e dev elop dynamic dimensionalit y reduction based on the

appro ximation of the standard inner-pro duct. The inner-

pro duct, b y itself, is used as a distance measure in a wide

area of applications suc h as do cumen t databases, e.g. laten t

seman tic indexing (LSI). A �rst order appro ximation to the

inner-pro duct is usually obtained from the Cauc h y-Sc h w arz

inequalit y . The metho d prop osed in this pap er re�nes suc h an

appro ximation b y using higher order p o w er symmetric func-

tions of the comp onen ts of the v ectors, whic h are p o w ers of

the p -norms of the v ectors for p = 1 ; 2 ; : : : ; m . W e sho w ho w

to compute �xed co e�cien ts that w ork as univ ersal w eigh ts

based on the momen ts of the probabilit y densit y function as-

sumed for the distribution of the comp onen ts of the input

v ectors in the data set. Our exp erimen ts on syn thetic and

do cumen t data sho w that with this tec hnique, the similarit y

b et w een t w o ob jects in high dimensional space for certain ap-

plications can b e accurately appro ximated b y a signi�can tly

lo w er dimensional represen tation.

Keyw ords: Distanc e appr oximation, dimensionality r e duc-

tion, similarity se ar ch, inner-pr o duct, do cument datab ases,

p -norm.

1 Intro duction

Mo dern databases and applications use m ultiple t yp es of digi-

tal data, suc h as do cumen ts, images, audio, video, etc. Some

examples of suc h applications are do cumen t databases [7 ],

medical imaging [17 ], and m ultimedia information systems [11 ,

21 ]. The general approac h is to represen t the data ob jects

as m ulti-dimensional p oin ts and to measure the similarit y

b et w een ob jects b y the distance b et w een the corresp onding

m ulti-dimensional p oin ts. It is assumed that the closer the

p oin ts, the more similar the data ob jects. Since the dimen-

sionalit y and the amoun t of data that need to b e pro cessed

increases v ery rapidly , it b ecomes imp ortan t to supp ort e�-

cien t high dimensional similarit y searc hing in large-scale sys-

�
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tems. T o this end, a n um b er of index structures for retriev al

of m ulti-dimensional data along with asso ciated algorithms

for similarit y searc h ha v e b een dev elop ed [14 , 2 , 4 ]. Ho w ev er,

it has also b een noted that as dimensionalit y increases, query

p erformance degrades signi�can tly [3 ]. This anomaly is re-

ferred as the dimensionalit y curse [12 ] and has attracted the

atten tion of sev eral researc hers.

A p opular solution to the problem of dimensionalit y curse

is dimensionalit y reduction for scalable query p erformance [20 ,

18 ] in whic h the dimensions of the feature v ectors are re-

duced to enhance the p erformance of the the underlying in-

dexing tec hnique. Eviden tly there is a trade-o� b et w een the

accuracy obtained from the information stored in the in-

dex structure and the e�ciency obtained b y the reduction.

The most common approac hes found in the literature for di-

mensionalit y reduction are linear-algebraic metho ds suc h as

the Singular V alue Decomp osition (SVD), or applications of

mathematical transforms suc h as the Discrete F ourier T rans-

form (DFT), Discrete Cosine T ransform (DCT), or Discrete

W a v elet T ransform (D WT). In these metho ds, lo w er dimen-

sional v ectors are created b y taking the �rst few leading co-

e�cien ts of the transformed v ectors [1 ].

Appro ximation metho ds in similarit y queries ha v e also at-

tracted atten tion [18 , 13 ]. It can b e argued that appro ximate

metho ds ac hiev e e�ciency at the exp ense of exact results.

Ho w ev er exact results are di�cult to obtain in sev eral appli-

cations to b egin with. One reason is that the generation of

feature v ectors from the original ob jects itself ma y b e based

on heuristics. Besides, the seman tics exp ected from most

application domains are not as strict as the exact queries

used in relational databases. F or example, the QBIC pro ject

at IBM pro vides the abilit y to run queries based on colors,

shap es, and sk etc hes [20 , 11 ]. Similarly , Alexandria Pro ject

at UC San ta Barbara pro vides similarit y queries for texture

data [19 ]. As men tioned in the Asilomar Rep ort on Database

Researc h [5 ], imprecise information will not only app ear as

the output of queries, it already app ears in data sources as

w ell. F or sev eral applications, it is m uc h more reasonable

to de�ne appro ximate queries; consider a user submitting a

query suc h as \Are there an y go o d Italian restauran ts close

to where I liv e?". There is no exact answ er to this query

since it is di�cult to giv e a p erfect de�nition of go o dness

and ev en closeness. In suc h instances it is useful to pro vide

an appro ximate answ er to the giv en query .

In this pap er, w e dev elop dynamic dimensionalit y reduc-

tion tec hniques for e�cien t and accurate appro ximation of

similarit y ev aluations b et w een high dimensional v ectors. More

sp eci�cally , w e fo cus on appro ximating the inner-pro duct

and consequen tly appro ximating the cosine of the angle b e-



t w een t w o v ectors. T o the b est of our kno wledge, there is

no other tec hnique for appro ximation of similarit y computa-

tion based on inner-pro ducts. In some sense, the tec hniques

presen ted here are the m ulti-dimensional analogues of the

Cauc h y-Sc h w arz inequalit y , whic h can b e though t of as a �rst

order appro ximation to the inner-pro duct.

Appro ximating the inner-pro duct, b y itself, has a n um b er

of imp ortan t applications. It is used extensiv ely in the do cu-

men t database w orld, for example. Do cumen ts are compared

in the seman tic space b y comparing their m ulti-dimensional

represen tations created b y statistical analysis, and their sim-

ilarit y are measured b y the cosine of the angle b et w een these

v ectors [23 ]. Laten t Seman tic Indexing (LSI) is a w ell-kno wn

example to applications that use the inner-pro duct [16 , 7 , 8].

The dimensionalit y reduction and the inner-pro duct appro x-

imation tec hniques prop osed in this pap er can e�ectiv ely b e

used to appro ximate the original similarit y in a reduced di-

mensional space in these and similar applications. Besides

e�ciency gains in indexing, w e also w an t to ha v e an o v er-

all gain on the computation time for similarit y c hec king. In

t ypical applications, the amoun t of data is h uge, therefore

e�cien t pro cessing of similarit y computation b ecomes more

imp ortan t. If the curren t trends con tin ue, large organizations

will ha v e p etab ytes of data that need to b e pro cessed [5].

The outline of this pap er is as follo ws. In section 2 w e

describ e the main to ols used in our reduction. Section 3

describ es the calculation of the optimal co e�cien ts for the

uniform distribution. The �rst set of exp erimen ts app ear in

section 4. Optimal co e�cien ts for distributions other than

the uniform distribution, as w ell a dynamic up date rule for

the non-parametric case of an unkno wn distribution are giv en

in section 5. Section 6 presen ts comparisons with w ell-kno wn

metho ds suc h as SVD, DFT, and DCT. Conclusions and fu-

ture w ork app ear in section 7.

The theoretical results w e use are from [9 ] where fast dy-

namic metho ds for similarit y b y means of appro ximations to

the inner-pro duct using p -norms and minimization through

least-squares metho ds w ere in tro duced.

2 Reduction with p o w er symmetric functions

W e �rst summarize ho w w e represen t the high dimensional

data of dimension n with reduced n um b er of dimensions m

with m � n . Then w e dev elop tec hniques for these represen-

tativ es so that the similarit y measure b et w een high dimen-

sional v ectors are appro ximated closely in the lo w er dimen-

sional space.

F or a giv en pair of in tegers n; p > 0 de�ne
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for large n , where the b

i

are constan ts c hosen indep enden tly

of x and y . In our metho d for eac h high dimensional v ector x ,

w e calculate  

1

( x ) ;  

2

( x ) ; : : : ;  

m

( x ), and k eep these m real

n um b ers as a represen tativ e of the original v ector x .

Our assumption on the structure of the data v ectors is as

follo ws: w e ha v e a table of a large n um b er of n -dimensional

v ectors x = ( x

1

; ; x

2

; : : : ; x

n

) whose comp onen ts are inde-

p enden tly dra wn from a common (but p ossibly unkno wn)

distribution F ( t ) with densit y f ( t ). In the general case,

the comp onen ts do not need to satisfy 0 � z

j

� 1, nor

do they ha v e to b e distributed iden tically . Giv en an arbi-

trary input v ector y = ( y

1

; y

2

; : : : ; y

n

), the main problem

is to �nd the v ectors x in the table minimizing (with high

probabilit y) the inner-pro duct < x; y > without actually

calculating all inner-pro ducts. This is done b y computing

 

1

( y ) ;  

2

( y ) ; : : : ;  

m

( y ) and then using the m stored quan ti-

ties  

1

( x ) ;  

2

( x ) ; : : : ;  

m

( x ) via (3).

W e consider appro ximations of the form (3) b y �nding the

b est set of c onstants b

1

; b

2

; : : : ; b

m

for the appro ximation in

the sense of least-squares. If m can b e tak en m uc h smaller

than the dimension n with reasonable appro ximation to the

inner-pro duct, b esides e�ciency gains in indexing, w e also

ha v e an o v erall gain on the computation time for similarit y

c hec king of large data sets. Note that just as the ordinary 2-

norm used in the Cauc h y-Sc h w arz inequalit y , the quan tities
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dinates. A more general class of algorithms is obtained b y
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of giving a degree of imp ortance (w eigh t) to individual fea-

tures of x and y . F or computational simplicit y w e lo ok at the

symmetric case in this pap er, in whic h  

p

( z ) is as giv en in

(1) and z 2 I

n

, the n -dimensional unit cub e. By taking eac h

q

j

= 1 =n , w e can write  

p

( z ) = n
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p

( q z ), so the calculation

of the symmetric case is a particular instance.

3 Determination of the optimal pa rameters

The b est appro ximation in the least-squares sense minimizes
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b y di�eren tiating (4) with resp ect to eac h b

i

, and setting the

resulting expressions to zero.
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Figure 1: < x; y >

m

� b

1

 

1

( x )  

1

( y ) + � � � + b

m

 

m

( x )  

m

( y ) : asymptotic expansion co e�cien ts b
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; b

2

; : : : ; b
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for the uniform

distribution.

w e �nd that b

1

; : : : ; b

m

satisfy the m � m linear system Ab =

c .

W e presen t the mathematical treatmen t for the case of

the 2 � 2 system that arises for m = 2, and w ork out in detail

the deriv ation of the asymptotic expansion co e�cien ts b

1

; b

2

in (3). The details of the pro of of the general case can b e

found in [9 ]. F or m = 2,
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Since w e are in terested in these appro ximations for large

n , it is tempting to let n ! 1 in the resulting linear system

and then solv e for b
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directly to obtain an asymptotic

form ula. A ttempting to do this results in a singular system,

ho w ev er. T o circum v en t this problem, w e include not only

the highest order term in n , but the second highest as w ell.
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This matrix again has rank 1, but the inclusion of the second

highest term w orks as b efore [9 ]. W e omit the details of the
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4 Exp eriments: pa rt 1

In the �rst set of exp erimen ts, w e analyze the accuracy of

the appro ximation tec hnique in tro duced here b y c hec king the

error made in inner-pro duct calculations, k eeping in mind

that the inner-pro duct is directly used as distance measure

in sev eral applications, e.g. LSI.

First consider the case m = 2 and the appro ximation

giv en b y (8). The graph of the a v erage relativ e error made

app ears in Figure 2. The dimension n ranged from 2

4

to 2

11

.

F or eac h dimension n , 100 pairs of v ectors x; y 2 I

n

w ere

indep enden tly generated b y dra wing eac h co ordinate from

the uniform distribution on the unit in terv al I . The error

calculated for n is the a v erage relativ e error of these 100

exp erimen ts where the relativ e error of a single exp erimen t

is giv en b y

�

�

�

�

�

< x; y > � j

m

X

j =1

b

j

 

j

( x )  

j

( y ) j

1 =m

�

�

�

�

�

= < x; y >

These are then accum ulated and divided b y the n um b er of

exp erimen ts.

F or the exp erimen ts of this t yp e with larger v alues of

m , again 100 pairs of v ectors x; y 2 I

n

w ere indep enden tly

generated from the uniform distribution on I

n

. Figure 3

is the plot of the error v ersus the original dimension for

the appro ximations corresp onding to reduced dimension m

for m = 2 ; 4 ; 6 ; 8, and dimension n ranging from 16 to 256.

Note that as m increases, the corresp onding appro ximation

metho d pro duces larger error for small n , but ev en tually dips

b elo w the error curv es for smaller m . The reason for this is

the asymptotic nature of the constan ts b

1

; b

2

; : : : ; b

m

.

5 Optimal b

1

; b

2

fo r va rious distributions

Supp ose no w that the co ordinates of the v ectors x and y are

dra wn from not the uniform distribution on the unit in terv al

I , but some other distribution F on the real line. W e assume

that F has densit y f . Th us

F ( t ) =

Z

t

�1

f ( x ) dx with

Z

1

�1

f ( x ) dx = 1 ;

and P r f a < x < b g =

R

b

a

f ( x ) dx . The i -th momen t �

i

of f

(ab out the origin) is de�ned b y

�

i

=

Z

1

�1

x

i

f ( x ) dx :

W e ha v e the follo wing general result, whose pro of can b e

found in [9 ].

Theorem 1 The c onstants b

1

; b

2

which minimize

Z

I R

2 n

�

< x; y >

2

� b

1

 

1

( x )  

1

( y ) � b

2

 

2

( x )  

2

( y )

�

2

dF ( x ) dF ( y )

ar e functions of the �rst four moments of the density f ( x ) .

They ar e given by the formulas

b

1

= �

2

1

�

2 �

3

2

+ �

2

1

�

4

� 3 �

1

�

2

�

3

�

3

2

� �

2

1

�

4

� 2 �

1

�

2

�

3

;

b

2

=

�

4

1

�

2

�

�

1

�

3

� �

2

2

�

3

2

� �

2

1

�

4

� 2 �

1

�

2

�

3

:

In view of Theorem 1, explicit form ulas for the appro xi-

mation co e�cien ts b

1

; b

2

in the expansion

< x; y >

2

� b

1

 

1

( x )  

1

( y ) + b

2

 

2

( x )  

2

( y )

can b e found using Theorem 1 as so on as the �rst four mo-

men ts of the densit y are kno wn. F or most common distribu-

tions, these momen ts can b e calculated explicitly as functions

of the parameters of the distribution (see, for example [15 ]).

A summary of these calculations for p o w er, exp onen tial,

binomial, normal, P oisson, and Beta distributions app ears

in Figure 4. The last t w o columns are the optimal v alues

of b

1

and b

2

expressed in terms of the parameters of the

corresp onding distribution.

When the comp onen ts are dra wn from a distribution with

an unkno wn densit y f ( t ) (i.e. in the non-parametric case)

w e can estimate and incremen tally up date estimates for the

momen ts �

i

. If w e kno w the empirical momen ts ��

i

= ��

i

( N )

of densit y f ( t ), 0 � t � 1, based on samples t

1

; t

2

; : : : ; t

N

, it

can b e sho wn that giv en t

N +1

, w e can obtain the estimate

��

i

( N + 1) b y

��

i

( N + 1) =

1

N + 1

�

N ��

i

( N ) + t

i

N +1

�

: (9)

and adjust the b

i

accordingly , using Theorem 1.
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Distribution Densit y f ( x ) Range b

1

b

2

Uniform 1 0 � x � 1 �

1
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P o w er cx

c � 1

0 � x � 1 �

2 c
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( c +1)

2

( c

2

+3 c +4)

c

2

( c +2)
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( c +4)

( c +1)

2

( c

2
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Exp onen tial (1 =b ) exp ( � x=b ) 0 � x � 1
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1

8

Binomial

�

N

x

�

p

x

q

N � x

0 � x � N

N

2

p

2

(1 � 2 p )

np � 3 p +2

N
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p
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( np � p +1)( np � 3 p +2

Normal

1

�

p
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exp (

� ( x � � )

2

2 �

2
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�
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( �
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+ �
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)

P oisson �

x

exp ( � � ) =x ! 0 � x � 1

�

2

� +2

�

2

( � +2)( � +1)
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( v + w � 1)! x
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( v � 1)!( w � 1)!

0 � x � 1

2 v

2

( w � v � 1)

( v + w )

2

(( v +1)

2

+( v +3) w )

v

2

( w + v +1)

2

( w + v +3)

( v + w )

2

(( v +1)

3

+( v +1)( v +3) w )

Figure 4: < x; y >

2

� b

1

 

1

( x )  

1

( y ) + b

2

 

2

( x )  

2

( y ) : optimal asymptotic expansion co e�cien ts b

1

; b

2

for v arious parametric

distributions.
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Figure 5: Error comparisons of dimensionalit y reduction tec hniques (for m = 2 and m = 4)

6 Exp eriments: pa rt 2

The tec hniques presen ted in this pap er can b e readily used for

appro ximation of the similarit y also with resp ect to Euclidean

distance metric. Supp ose x; y 2 I

n

are t w o n -dimensional

real v ectors. W e use the expression (2) for the Euclidean

distance b et w een x and y . Since w e already ha v e  

2

( x ) and

 

2

( y ) stored as a part of our dimensionalit y reduction, it is

enough to compute < x; y > to �nd the distance b et w een t w o

feature v ectors. By using the stored m v alues w e appro ximate

< x; y > , and hence appro ximate the original distance.

Next, w e compare the p erformance of our tec hnique that

w e refer to as p -NORMS, with curren t approac hes on real and

syn thetic data sets. Singular V alue Decomp osition (SVD)

and Discrete F ourier T ransform (DFT) are the b est kno wn

and the most widely used approac hes in the literature. Here

w e also consider the Discrete Cosine T ransform (DCT) for

dimensionalit y reduction, whic h w e found to b e quite e�ec-

tiv e in our exp erimen ts. W e implemen ted SVD, DFT, and

DCT, and our new algorithm, and analyzed their appro xi-

mation qualit y for distance measuremen ts. W e �rst compute

the distance for eac h pair of data v ectors in the data set. A

motiv ation for this is similarit y joins, in whic h in the w orst

case the distance b et w een eac h pair is computed and is com-

pared to a giv en threshold criteria of similarit y . F or similarit y

queries, instead of computing the distance b et w een eac h pair

of v ectors, the distances b et w een the query p oin t and all of

the p oin ts in the data set are computed. The query p oin t

ma y b e c hosen from the data set or can b e sp eci�ed b y the

user.

In the exp erimen ts, pairwise distances of the data v ectors

are computed. W e use SVD, DFT, DCT, and p -NORMS to

reduce the dimensionalit y of high dimensional v ectors. Re-

duced dimensional v ectors are represen tativ es of original high

dimensional v ectors. W e compute the distance b et w een eac h

pair of v ectors of smaller dimensions. The real distance is

appro ximated in reduced dimensional space. F or eac h tec h-

nique, w e compute the absolute err or , i.e. di�erence b et w een

appro ximated distance to real distance, for eac h pair of v ec-

tors. First the summation of the errors for all pairs is com-

puted, then this v alue is divided b y the n um b er of pairs, i.e.

the n um b er of distance calculations (Note that, in the �rst

part of the exp erimen ts, error metric w as the a v erage of rel-

ativ e errors whic h is a di�eren t metric).

In the �rst setup, w e generated 500 32-dimensional ran-

dom p oin ts from the uniform distribution on I

32

. P airwise

distances are calculated b oth for original data and reduced

dimensional data. F or eac h tec hnique, absolute appro xima-

tion error of eac h distance calculation is summed and divided

b y the total n um b er of pairs (25,000). This calculated a v er-

age error giv es the qualit y of the appro ximations ac hiev ed b y

eac h tec hnique. First, w e reduce the n um b er of dimensions

to m = 2. F or other tec hniques, w e reduce the dimensional-

it y to 3 b ecause the DFT tec hnique pro duces complex n um-

b ers therefore the second comp onen t has actually t w o 
oating

n um b ers. Ev en when the other tec hniques use 3 co e�cien ts,

in this case their appro ximation qualit y app ears m uc h w orse

than our tec hnique. p -NORMS giv es an appro ximation error

whic h is 5 times less than the curren t approac hes for n = 32

dimensional v ectors: the lo w est error (4.6) among the imple-

men ted transform metho ds is made b y SVD. On the other

hand, p -NORMS has an a v erage absolute error of only 0.9.

W e rep eated the exp erimen ts b y increasing the n um b er

of dimensions n and analyzing the resulting appro ximations.

The left �gure in Figure 5 illustrates the measuremen ts for

eac h of SVD, DFT, DCT, and p -NORMS. Since w e use a v-

erage of absolute errors, the error naturally increases as di-

mensionalit y increases. Ho w ev er, it can b e seen that as n

increases, the qualit y di�erence b et w een p -NORMS and the

other three also increases. F or 80-dimensional data, for in-

stance, the new tec hnique's appro ximation is 7.45 times b et-

ter than the curren t b est approac h. F or 128-dimensional

data, the a v erage absolute error of p -NORMS is 2.1 and the

a v erage absolute error of the SVD tec hnique, the b est of the

three is 18.8. Similar exp erimen ts with m = 4 for all tec h-

niques w ere also p erformed. The righ t �gure in �gure 5 illus-

trates the results of these. The error in p -NORMS is ab out

8 times less than that of SVD for 128 dimensions.

W e also compute the appro ximation qualit y ratio of our

tec hnique with SVD, on the same data set, as dimensionalit y

increases in order to illustrate the scalabilit y of our approac h.

Figure 6 illustrates the sup eriorit y of p -NORMS o v er SVD as

a function of dimensionalit y .

W e analyzed the qualit y of the appro ximations dev elop ed

for data sets where the comp onen ts are dra wn from a normal

distribution . W e generated 500 random p oin ts from a normal

distribution with mean 0 : 5 and v ariance 1. W e note that

since the data is not restricted to b e within the range [0 :: 1] as
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b efore, there are dimensions that are m uc h greater than 1 in

the data set. Therefore the absolute errors of the exp erimen ts

are greater than the previous cases. Appro ximations based

on p -NORMS ga v e an error 1.6 times lo w er than the b est

of the three other tec hniques, in this case SVD. Figure 7

illustrates the results of these exp erimen ts.

The tec hniques w ere also compared on a r e al do cument

datab ase of substrings from a large set of do cumen ts con-

sisting of normalized data in I

16

. W e reduce the n um b er of

dimensions to m = 2 whic h can b e indexed e�cien tly [1]

b y spatial indexing tec hniques. Increasing m will increase

the accuracy of the appro ximations, but also will increase

the index-searc h time. Similar to the syn thetic data case,

w e computed the pairwise distances and to ok the a v erage of

absolute errors made b y lo w-dimensional distance computa-

tions. Appro ximations based on p -NORMS p erforms t wice as

w ell as SVD and 2.2 times b etter than DCT. W e note that

SVD p erforms b etter than DCT on real data as w ell. F ur-

ther exp erimen tal results with graphs on the p erformance of

p -NORMS can b e found in [10 ].

7 Conclusions and future w o rk

W e dev elop ed dynamic dimensionalit y reduction tec hniques

for e�cien t and accurate appro ximation of similarit y mea-

sures b et w een high dimensional v ectors. The metho d is based

on the appro ximation of the standard inner-pro duct as a cer-

tain function of the p -norms of the v ectors. A high dimen-

sional real v ector x of dimension n is represen ted as the se-

quence of v alues (  

1

( x ) ;  

2

( x ) ; : : : ;  

m

( x )) where  

p

( x ) is the

p -th p o w er of the p -norm of x . The magnitude of m con trols

the magnitude of the reduction made. Assuming that the

comp onen ts of the v ectors in the data set are iden tically dis-

tributed, w e �nd optimal univ ersal constan ts b

1

; b

2

; : : : ; b

m

so

that the appro ximation

< x; y >

m

� b

1

 

1

( x )  

1

( y )+ b

2

 

2

( x )  

2

( y )+ � � � + b

m

 

m

( x )  

m

( y )

is the b est p ossible for large n in the least-squares sense.

This appro ximation is then used for estimating the inner-

pro duct, and consequen tly for appro ximating the similarit y

distance b et w een x and y . Ev en for m = 2, the p erformance is

0

50

100

150

200

250

300

20 40 60 80 100 120 140 160

A
v
e
ra

g
e
 A

b
s
o
lu

te
 E

rr
o
r

Number of Dimensions

Absolute Error Comparison-Normal Distribution

DCT 
SVD 

p-NORMS 

Figure 7: Error comparisons for normal distribution

go o d, and the appro ximation error is b etter than w ell-kno wn

metho ds suc h as the SVD, DFT, and DCT as v eri�ed b y

n umerical sim ulations. W e sho w ed that if the comp onen ts

are from a distribution with a standard densit y , then the

momen ts of the densit y directly determine the b est constan ts.

If the distribution of the comp onen ts of the v ectors is not

kno wn, then the metho d can b e adapted to w ork dynamically

b y incremen tal adjustmen t of the parameters. F urther details

of our tec hnique can b e found in [9 , 10 ].

There are a n um b er of issues and extensions w e are cur-

ren tly pursuing. Among these are the analytic solution of the

b est constan ts when the distribution of the comp onen ts of the

v ectors in the data set are describ ed b y some arbitrary proba-

bilit y v ector ( q

1

; q

2

; : : : ; q

n

), prop erties of the non-parametric

up date rule giv en in (9), and h ybrid approac hes whic h can

tak e adv an tage of v arious metho ds curren tly a v ailable for dy-

namic dimensionalit y reduction and similarit y distance com-

putation.
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