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1 In tro duction

The aim of query optimizers in relational database systems is to select the most e�cien t w a y among all

the p ossible w a ys of executing a query . In practice this pro cess requires appro ximating the cost of p ossible

execution sequences and selecting the c heap est one in terms of a cost metric, whic h is usually the resulting

size of the query op eration. The accuracy of this appro ximation is crucial to the p erformance of the database

systems. A small error in tro duced in the execution of a p ortion of the query can gro w exp onen tially and a�ect

the o v erall p erformance considerably [6].

Sev eral tec hniques (sampling based, parametric and histogram based) ha v e b een prop osed in the literature

for estimating query result sizes. The surv ey b y Mannino, Ch u and Sager is a go o d reference on the early w ork

on database size estimation[10 ]. These tec hniques presen t v arious trade-o�s in terms of storage, precision,

run-time o v erhead, and mak e v arying assumptions ab out the distribution of the underlying data. V arious

sampling tec hniques that op erate at run time and compute estimates based on random samples of data ha v e

b een prop osed [9, 4]. Par ametric tec hniques [15 ] assume mathematical distributions suc h as normal, uniform,

P oisson, and Zipf. The underlying assumption is that the data follo ws the c haracteristics of the used parametric

distribution. Histo gr am based tec hniques [11 , 5] divide attribute v alue domains in to buc k ets and then record

buc k et size information as a histogram. Ioannidis and P o osala [7] used serial histograms whic h are constructed

b y grouping attribute v alues that ha v e similar frequencies. The construction of serial histograms in general

is computationally exp ensiv e. A practical heuristic appro ximation is the end-biase d histogram, where most

frequen t v alues are stored exactly and the rest a v eraged out [7].

In this pap er, w e prop ose tec hniques based on the Discr ete F ourier T r ansform (DFT) to estimate the

size of relations resulting from join op erations. The basic idea is the iterated application of DFT to attribute

v alues mo dulo the phase information. The �rst v ersion of this metho d called Appr oximation by A bsolute V alue

(AA V) giv es a logarithmic space represen tation whic h is exact for self join op erations. Its generalizations T r e e

Appr oximation A lgorithms (T AA) and T r e e Appr oximation A lgorithms with T runc ation (T AA T) are built

up on a binary tree represen tation of the v ectors obtained through the iterated application of the DFT. T AA

uses AA V as a subpro cedure at the lo w er lev els of the tree, whereas T AA T is obtained b y truncating the

tree at an appropriate lev el. Both T AA and T AA T pro vide a sp ectrum of algorithms that in terp olate storage

requiremen ts v ersus accuracy of the estimates obtained.

This pap er is organized as follo ws. In Section 2 w e giv e the problem statemen t. In Section 3 w e presen t

fundamen tal prop erties of the DFT that are used in our algorithms. The algorithms are dev elop ed in Sections

4 and 5. W e ev aluate the p erformance of the algorithms in Section 6 and conclude the pap er in Section 7.
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2 Problem F orm ulation

W e �rst describ e the problem of join size estimation in databases. The dev elopmen t and motiv ation closely

follo ws that of Ioannidis and P o osala [5, 7 ]. Consider a database with relations R

0

; R

1

; : : : ; R

n

. Let a

i

, a

i + 1

b e attributes of relation R

i

. A tree function-free equalit y-join query Q is de�ned as

Q = ( R

0

:a

1

= R

1

:a

1

and R

1

:a

2

= R

2

:a

2

and : : : and R

n � 1

:a

n

= R

n

:a

n

) :

The attributes a

1

; a

2

; : : : ; a

n

are called join attributes . Relations R

i

, 2 � i � n � 1 participate in Q with t w o

attributes a

i

and a

i +1

and relations R

0

and R

n

with one attribute, a

1

and a

n

resp ectiv ely .

In order to optimize the execution of query Q , the size S of the resulting relation m ust b e estimated.

F requency matrices T

i

k eep trac k of the join t-frequency distribution of attributes a

i

and a

i +1

of R

i

. An exact

expression for S is the matrix pro duct

S = T

0

T

1

: : : T

n

; (1)

but the storage of the frequency matrices and exact computation of this pro duct is to o costly .

W e follo w the common assumption of attribute indep endenc e form ulated in [2] and adopted b y most

database systems. According to this assumption, the distribution of attribute v alues are indep enden t of

eac h other. Therefore, if F

i

and F

i +1

are the frequency distributions of individual attributes a

i

and a

i +1

, then

the frequency matrix T

i

can b e written as the outer pro duct

T

i

=

1

j R

i

j

( F

T

i

� F

i +1

)

where F

T

i

is transp ose of F

i

and j R

i

j represen ts the n um b er of tuples in R

i

. This assumption and asso ciativit y

enables the calculation of S from

( F

0

F

T

1

)( F

2

F

T

3

) � � � ( F

n � 1

F

T

n

) : (2)

Note that F

i

F

T

i +1

= < F

i

; F

i +1

> is the standard inner pro duct of the v ectors X = F

i

and Y = F

i +1

.

3 Preliminaries

The main motiv ation for our approac h is the use of DFT based tec hniques to estimate eac h of the factors

in (2), and therefore (1). DFT has b een used in v arious estimation problems in database researc h suc h as

dimension reduction for searc hing as w ell as indexing high dimensional data [1 , 14 ].

Consider an N -dimensional real v ector X = ( x

1

; x

2

; : : : ; x

N

). The Discr ete F ourier T r ansform (DFT) of

X is the N -dimensional complex v ector

^

X = ( ^ x

1

; ^x

2

; : : : ; ^x

N

) giv en b y

^

X = F X where F =

1

p

N

k !

( i � 1)( j � 1)

k

is the N � N F ourier matrix with ! = cos

2 �

N

+ I sin

2 �

N

, and I =

p

� 1 . It is w ell kno wn that the DFT of X

can b e computed using the F ast F ourier T ransform in O ( N log N ) arithmetic op erations. The fundamen tal

prop erties of the DFT that w e mak e use of are summarized b elo w [3, 12 ]. If w e start with an N -dimensional

nonnegativ e real v ector X with transform

^

X , then

a) ^x

1

= ( x

1

+ x

2

+ � � � + x

N

) =

p

N is a nonnegativ e real n um b er.

b) ^x

i

and ^x

N � i +2

are conjugate complex n um b ers for i = 2 ; 3 ; : : : ; d

N

2

e .

In our presen tation, w e assume that N is o dd for simplicit y , although our tec hniques extend to the case of

arbitrary N . If w e write N = 2 m + 1, then the co e�cien t ^x

1

is nonnegativ e real, and the lists ( ^ x

2

; ^x

3

: : : ; ^x

m

)

and ( ^ x

N

; ^x

N � 1

; : : : ; ^x

m +1

) pair up exactly in conjugate pairs. The most imp ortan t prop ert y of the DFT w e

use is P arsev al's iden tit y [3 ]:

Theorem Supp ose X and Y ar e two N -dimensional r e al ve ctors. Then < X ; Y > = <

^

X ;

^

Y > wher e < ; >

denotes the standar d c omplex inner pr o duct.
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W e use P arsev al's iden tit y in the follo wing expanded form for real v ectors X and Y . Supp ose

^

X = � + I �

is the decomp osition of

^

X in to its real and imaginary comp onen ts. Similarly , write

^

Y = 
 + I � . Then

< X ; Y > = < �; 
 > + < � ; � > (3)

where the inner pro ducts in (3) are all real. In other w ords,

N

X

i =1

x

i

y

i

=

N

X

i =1

�

i




i

+

N

X

i =1

�

i

�

i

:

4 Dev elopmen t of Iterated DFT based Algorithms

4.1 Motiv ation: AA V and Self Join

W e start b y motiv ating our approac h b y using the simple case of a self join, i.e. when a relation is joined with

itself on the same attribute. Consider a relation R with an attribute a and let X b e the frequency v ector of a .

W e will assume for ease of represen tation that X is N -dimensional where N is of the form of N = 2

k

� 1 for

some in teger k . The size S of the result for self join is the inner pro duct of the frequency v ector X b y itself,

i.e. < X ; X > . Using P arsev al's iden tit y in the form (3) with Y = X w e ha v e

< X ; X > =

N

X

i =1

x

2

i

= < �; � > + < � ; � > =

N

X

i =1

( �

2

i

+ �

2

i

) =

N

X

i =1

j ^x

i

j

2

= <

^

X ;

^

X >; (4)

where j ^x

i

j =

p

�

2

i

+ �

2

i

is the absolute v alue of ^x

i

. Hence the inner pro duct of a real v ector b y itself can b e

calculated either b y summing the squares of its v alues or b y summing the squares of the absolute v alues of

its complex DFT co e�cien ts. Ho w ev er the DFT co e�cien ts ^x

2

; ^x

3

; : : : ; ^x

N

of a real v ector o ccur in complex

conjugate pairs for o dd N . Since conjugate n um b ers ha v e the same absolute v alue, j ^x

i

j

2

= j ^x

N � i +2

j

2

for

2 � i � ( N + 1) = 2. Therefore com bining with (4),

N

X

i =1

x

2

i

= ^x

2

1

+ 2

N +1

2

X

i =2

j ^x

i

j

2

: (5)

This reduces the calculation of the desired sum on the left of (5) to the calculation of

P

N +1

2

i =2

j ^x

i

j

2

: This latter

sum is the inner pro duct of the ( N + 1) = 2-dimensional v ector X

1

= ( j ^x

2

j ; j ^x

3

j ; : : : ; j ^x

( N +1) = 2

j ) b y itself. Since

this v ector is also real, w e can tak e its DFT and iterate this pro cess b y using P arsev al's iden tit y and (5) at

eac h step. When N = 2

k

� 1, the next v ector to b e considered has ( N + 1) = 2 = 2

k � 1

� 1 elemen ts, the one after

that 2

k � 2

� 1, and so on. Therefore this pro cess ends in k = log( N + 1) iterations. Let X

0

= X and de�ne X

j

to b e the real v ector X

j

= ( x

j 1

; x

j 2

; : : : ; x

j N

j

) of length N

j

= 2

k � j

� 1 obtained after the j -th iteration, where

the j -th iteration consists of taking the DFT of the N

j � 1

-st dimensional real v ector X

j � 1

, and consequen tly

setting X

j

= ( j ^x

j � 1 ; 2

j ; j ^x

j � 1 ; 3

j ; : : : ; j ^x

j � 1 ;N

j

j ).

Let ^x

01

= ^x

1

, and let ^x

j 1

b e the �rst elemen t of the DFT

^

X

j

of the v ector X

j

. By iterating (5), w e obtain

the sequence of nonnegativ e real n um b ers ^x

01

; ^x

11

; : : : ; ^x

k � 1 ; 1

with the prop ert y that

< X ; X > = ^x

2

01

+ 2 [ ^ x

2

11

+ 2 [ ^ x

2

21

+ � � � ] � � � ] ] =

k � 1

X

j =0

2

j

^x

2

j 1

: (6)

Hence the self join of a relation on an attribute a with N v alues can b e calculated using the k = log ( N + 1)

represen tativ e v alues computed. W e call this algorithm Appr oximation by A bsolute V alue (AA V) , and denote

the sequence of k v alues obtained b y this metho d from X b y AA V( X ).

Example 1 Consider the ve ctor X = (54 : 34 ; 79 : 7 ; 25 : 88 ; 97 : 1 3 ; 1 0 : 7 4 ; 3 7 : 5 2 ; 6 6 : 9 4) with < X ; X > = 25413 : 9 .

The applic ation of AA V on X is given in Figur e 1. The r esulting values AA V ( X ) that ar e stor e d ar e ^x

01

=

140 : 7 , ^x

11

= 49 : 33 , ^x

21

= 13 : 69 . By using these r epr esentative values for X , and using (6), we c alculate

< X ; X > = ^x

2

01

+ 2 ^ x

2

11

+ 2

2

^x

2

21

= 140 : 7

2

+ 2 � 49 : 33

2

+ 4 � 13 : 69

2

= 25413 : 9
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1

Values to Store

0

0
^
X  = ( 54.34, 79.7, 25.88, 97.13, 10.74, 37.52, 66.94 )

2
^

2

X  = ( 13.69 )
X  = ( 13.69 )

1X  = ( 18.87, 22.42, 44.16 )
X̂  = ( 49.33, -8.33 - 10.87 i, -8.33 + 10.87 i  ) 49.33

140.7

13.69

X  = ( 140.7, 13.03 + 13.65 I, 12.04 - 18.92 I, -23.53 + 37.36 I, 
                           -23.53 - 37.36 I, 12.04 + 18.92 I, 13.03 - 13.65 I  )

Figure 1: Example 1: The tree structure of AA V .

4.2 AA V for the General Case

Unfortunately there is no direct equiv alen t to equation (4) as a w a y of represen ting the inner pro duct of t w o

di�eren t v ectors. Supp ose X and Y are t w o real v ectors with DFTs

^

X = � + I � and

^

Y = 
 + I � . Th us

^x

i

= �

i

+ I �

i

and ^y

i

= 


i

+ I �

i

for i = 1 ; 2 ; : : : ; N : Ev en though < X ; Y > = <

^

X ;

^

Y > b y P arsev al's theorem,

the expression for the inner pro duct w e obtain in the frequency domain is

<

^

X ;

^

Y > =

N

X

i =1

�

i




i

+

N

X

i =1

�

i

�

i

;

whic h is not necessarily equal to

N

X

i =1

j ^x

i

jj ^y

i

j =

N

X

i =1

q

�

2

i

+ �

2

i

q




2

i

+ �

2

i

: (7)

Ho w ev er b y the Cauc h y-Sc h w arz inequalit y the sum in (7) is an upp er b ound to the actual inner pro duct

<

^

X ;

^

Y > and therefore

N

X

i =1

x

i

y

i

�

N

X

i =1

j ^x

i

jj ^y

i

j :

No w w e can use the logarithmic represen tation obtained ab o v e b y AA V as follo ws: Supp ose AA V pro duces

the sequences AA V ( X ) = ^x

01

; ^x

11

; : : : ; ^x

k � 1 ; 1

for X and AA V ( Y ) = ^y

01

; ^y

11

; : : : ; ^y

k � 1 ; 1

for Y . Then

N

X

i =1

j ^x

i

jj ^y

i

j =

k � 1

X

j =0

2

j

^x

j 1

^y

j 1

:

This appro ximation to < X ; Y > using AA V is exact when X = Y . When Y is close in the N -dimensional

space to a constan t m ultiple of X , w e exp ect the error in the appro ximation to b e small as a consequence of

the equalit y condition in the Cauc h y-Sc h w arz inequalit y . As the t w o v ectors b ecome more distan t in this sense,

the error will increase. This crude appro ximation to < X ; Y > has some remark able asymptotic prop erties

whic h w e men tion in Section 6 where w e presen t our exp erimen tal results. The outline of the AA V algorithm

is giv en in Figure 2.

5 Impro ving AA V: T ree Based Algorithms

AA V is a tec hnique that giv es us an upp er b ound for the inner pro duct of t w o real v ectors, whic h is exact for

self join op erations. No w w e use AA V as a subroutine to dev elop more accurate appro ximation b y means of a
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AA V Algorithm:

1. Calculate AA V ( X ) for all N -dimensional frequency v ectors X b y iterated DFT.

Eac h AA V ( X ) is a sequence of log( N + 1) real n um b ers.

2. Appro ximate < X ; Y > b y

k � 1

X

j =0

2

j

^x

j 1

^y

j 1

where AA V ( X ) = ^x

01

; ^x

11

; : : : ; ^x

k � 1 ; 1

and AA V ( Y ) = ^y

01

; ^y

11

; : : : ; ^y

k � 1 ; 1

.

Figure 2: Outline of the AA V algorithm.

tree based structure. This results in a sequence of metho ds called T r e e Appr oximation A lgorithms ( T AA

l

), one

for ev ery l ranging from 0 to k � 1. This approac h exploits the form of P arsev al's iden tit y giv en in equation

(3) for N -dimensional real v ectors X and Y . The main idea is to k eep the real and the imaginary parts of

the transformed v ector

^

X exactly (i.e. without losing the phase information b y taking the absolute v alue as

in AA V ). This results in t w o real v ectors � and � , eac h N -dimensional where

^

X = � + I � . Since ^x

i

and

^x

N � i +2

are conjugate complex n um b ers for i = 2 ; 3 ; : : : ; ( N + 1) = 2, the n um b ers in the list �

2

; �

3

; : : : ; �

N

app ear in pairs. Similarly the n um b ers in �

2

; �

3

; : : : ; �

N

app ear in pairs. Consider the v ectors h ( � ) =

( �

2

; �

3

; : : : ; �

( N +1) = 2

) and h ( � ) = ( �

2

; �

3

; : : : ; �

( N +1) = 2

). W e in v ok e t w o instances of the AA V algorithm: one

on h ( � ) corresp onding to the real part of

^

X (left subtree), and one on h ( � ) corresp onding to the imaginary

part of

^

X (righ t subtree). Th us these t w o real v ectors h ( � ) and h ( � ) are treated as ra w inputs to the AA V

algorithm, pro ducing t w o lists AA V ( h ( � )) and AA V ( h ( � )) consisting of k � 1 nonnegativ e real n um b ers eac h,

where N = 2

k

� 1. W e demonstrate this pro cess on an example.

Example 2 Consider the ve ctor X of the pr evious example, N = 2

3

� 1 = 7 . The applic ation of T AA

1

in

which we now use AA V at level l = 1 r esults in the tr e e structur e given in Figur e 3.

140.7

0.88 18.53

20.83 28.26X̂   = ( 20.83)2
X̂   = ( 28.26 )2

0

0
^
X  =  ( 54.34, 79.7, 25.88, 97.13, 10.74, 37.52, 66.94 )
X  = ( 140.7, 13.03 + 13.65 I, 12.04 - 18.92 I, -23.53 + 37.36 I,

            -23.53 - 37.36 I, 12.04 + 18.92 I, 13.03 - 13.65 I )

Values to Store

X  = (13.03, 12.04, -23.53 )1

1X̂  = ( 0.88, 10.84 + 17.78 I,

X  = ( 13.65, -18.92, 37.36 )1

1X̂  = ( 18.53, 2.56 - 28.14 I,

Im

10.84 - 17.78 I ) 2.56 + 28.14 I )

Re

Figure 3: Example 2: The tree structure of T AA

1

, corresp onding to lev el l = 1.

F or this example w e need to store t w o lists AA V ( h ( � )) and AA V ( h ( � )) of length 2 eac h, plus the n um b er ^x

01

that is computed at the ro ot of the tree. The structure of the total list to b e stored for X is itself a tree whic h

is depicted on the righ t side of Figure 3. Since the calculation at the ro ot of the tree in Figure 3 is exact and

the application of the appro ximate AA V algorithm starts at lev el l = 1 of the tree, this algorithm is denoted

b y T AA

1

. Note that AA V can b e view ed as the sp ecial case T AA

0

, starting the application at lev el 0. W e see

that this immediately generalizes to arbitrary lev el l , and results in an algorithm T AA

l

for l = 0 ; 1 ; : : : ; k � 1
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in whic h the data is exact up to lev el l and the AA V algorithm is applied to the v ectors at the next lev el. As

a b oundary case, w e set AA V ( X )= X if X is a v ector of length 1.

Example 3 Continuing with the ve ctor X of the pr evious examples, the applic ation of T AA

2

in which we use

AA V after level l = 2 gives the tr e e structur e of Figur e 4.

140.7
0

0
^
X  =  ( 54.34, 79.7, 25.88, 97.13, 10.74, 37.52, 66.94 )
X  = ( 140.7, 13.03 + 13.65 I, 12.04 - 18.92 I, -23.53 + 37.36 I,

            -23.53 - 37.36 I, 12.04 + 18.92 I, 13.03 - 13.65 I )

X  = (13.03, 12.04, -23.53 )1

1X̂  = ( 0.88, 10.84 + 17.78 I,
10.84 - 17.78 I )

X  = ( 13.65, -18.92, 37.36 )1

1X̂  = ( 18.53, 2.56 - 28.14 I,
2.56 + 28.14 I )

Re Im

Re Im Re Im

18.530.88

Values to Store

2 2 2 2
^^^^ X   = ( -28.14 )X   = ( 2.56 )X   = ( 17.78 )X   = ( 10.84 ) 10.84 17.78 2.56 -28.14

Figure 4: Example 3: The tree structure of T AA

2

, corresp onding to lev el l = 2.

The generation of the represen tativ e data in the form of a tree for a real v ector X using algorithm T AA

l

can b e describ ed recursiv ely as follo ws:

T AA data generation Algorithm

1. Supp ose N = 2

k

� 1, X is an N -dimensional real v ector, and

^

X = ( ^ x

1

; ^x

2

; : : : ; ^x

N

) = � + I � .

2. If l = 0, then T AA

l

= AA V , and the tree T of v alues computed as AA V ( X ) is a linear list of length

log( N + 1), where N is the length of X .

3. If l > 0, then T has t w o principal subtrees T

Re

and T

I m

. The v alue at the ro ot of T is ^x

1

. The subtrees

T

Re

and T

I m

are constructed b y applying algorithm T AA

l � 1

to the v ectors h ( � ) and h ( � ), resp ectiv ely .

Figure 5: T AA represen tativ e tree generation algorithm.

5.1 T ree Appro ximation Algorithms and the T AA Pro duct

De�nition 1 Supp ose T

1

and T

2

ar e two tr e es of height H and the same shap e wher e the data �eld in e ach

no de stor es a r e al numeric al value. L et V e c

l

( T

1

) denote the ve ctor of values in the no des at level l of T

1

or der e d

fr om left to right. Similarly, de�ne the ve ctor V e c

l

( T

2

) for T

2

. The T AA pr o duct of T

1

and T

2

is de�ne d as

T AA ( T

1

; T

2

) =

H � 1

X

l =0

2

l

< V e c

l

( T

1

) ; V e c

l

( T

2

) > (8)

In other w ords w e �rst imagine T

1

and T

2

lined up so that corresp onding no des are on top of one another.

W e then m ultiply the n umerical v alues in the paired no des, further m ultiply this n um b er b y 2**(lev el of the

no de), and then add up the resulting n um b ers from eac h no de.
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Remark 1 In terms of the T AA pr o duct, the appr oximation given by AA V to < X ; Y > is simply T AA ( T

X

; T

Y

)

wher e T

X

and T

Y

ar e the tr e es (chains) of values AA V ( X ) and AA V ( Y ) r esp e ctively, pr o duc e d by algorithm

AA V .

T AA algorithm at lev el l for the appro ximation of result sizes of join op erations can b e describ ed succinctly

in terms of the T AA pro duct. This is sho wn in Figure 6.

T AA Algorithm for Lev el l :

1. Calculate the represen tativ e trees T

X

for all N -dimensional frequency v ectors X b y the T AA

l

data

represen tation generation algorithm giv en in Figure 5.

2. Appro ximate < X ; Y > b y the T AA pro duct

T AA ( T

X

; T

Y

) =

k � 1

X

j =0

2

j

< V e c

j

( T

X

) ; V e c

j

( T

Y

) > :

Figure 6: Outline of the T AA algorithm.

Theorem 1 Supp ose X and Y ar e N -dimensional r e al ve ctors wher e N = 2

k

� 1 . L et T

l

X

and T

l

Y

denote the

tr e es that ar e gener ate d by T AA

l

for the r epr esentation of X and Y r esp e ctively, l = 0 ; 1 ; : : : ; k � 1 . Then

1. Each appr oximation T AA ( T

l

X

; T

l

Y

) c ompute d as given in (8) is an upp er b ound to the inner pr o duct

< X ; Y > . F urthermor e

T AA ( T

0

X

; T

0

Y

) � T AA ( T

1

X

; T

1

Y

) � � � � � T AA ( T

k � 1

X

; T

k � 1

Y

) ;

and T AA ( T

k � 1

X

; T

k � 1

Y

) = < X ; Y > is exact.

2. The numb er of elements stor e d in the r epr esentative tr e e T

l

X

gener ate d by T AA

l

is 2

l

( k � l + 1) � 1 :

W e giv e an example for the calculation of the appro ximation to < X ; Y > using the T AA pro duct of the

trees T

X

and T

Y

for l = 2.

Example 4 T ake X as in the pr evious examples. The tr e e T

X

pr o duc e d by algorithm T AA

2

for X is as given

on the right hand side of Figur e 4. T ake Y =(69.97, 82.28, 49.67, 36.22, 29.81, 95.85, 51.74). The applic ation

of T AA

2

on Y pr o duc es the tr e e T

Y

given in Figur e 7. The appr oximation to the inner pr o duct < X ; Y >

using the formulation in (8) on T

X

and T

Y

is c alculate d as fol lows:

l = 2 : V e c

2

( T

X

) = (10 : 84 ; 17 : 78 ; 2 : 56 ; � 28 : 1 4) ; V e c

2

( T

Y

) = (16 : 13 ; � 14 : 18 ; � 14 : 96 ; � 2 : 0 4) ,

c ontribution to (8): 2

2

� (10 : 84 � 16 : 13 � 17 : 78 � 14 : 18 � 2 : 56 � 14 : 96 + 28 : 14 � 2 : 04)

l = 1 : V e c

1

( T

X

) = (0 : 88 ; 18 : 53) ; V e c

1

( T

Y

) = (8 : 1 ; 17 : 9) ,

c ontribution to (8): 2

1

� (0 : 88 � 8 : 1 + 18 : 53 � 17 : 9)

l = 0 : V e c

0

( T

X

) = (140 : 7) ; V e c

0

( T

Y

) = (157 : 06) ;

c ontribution to (8): 2

0

� 140 : 7 � 157 : 06

Summing the c ontributions fr om e ach level, we �nd T AA ( T

X

; T

Y

) = 22544 . Sinc e we ar e using T AA

2

and

2 = k � 1 , this appr oximation is exact, i.e. < X ; Y > = 22544 .

Note that as indicated in part 2. of Theorem 1, the n um b er of elemen ts to b e stored when the family of

algorithms T AA is used v aries from k = log ( N + 1) for l = 0, to N for l = k � 1. Th us it is not surprising

that the resulting size of a join op eration can b e exactly calculated using the full tree obtained for l = k � 1.

This is b ecause the n um b er of elemen ts stored as T

k � 1

X

for the represen tation of eac h v ector in this case is

7
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Figure 8: The appro ximation error of T AA

l

as a function of lev el l .

N , and there are no sa vings in terms of space. Figure 8 sho ws the impro v emen t in the appro ximation as the

lev el l increases in the T AA approac h. Fift y pairs of v ectors X ; Y of dimension N = 2

10

� 1 w ere generated

with uniformly random real en tries b et w een 0 and 1. T AA

l

w as run for lev els l = 0 ; 1 ; : : : ; 9. The n um b er of

elemen ts stored for the corresp onding algorithms is giv en on the horizon tal axis. V ertical axis is the a v erage

relativ e error of the corresp onding appro ximation.

5.2 T ree Appro ximation Algorithms with T runcation

In the T AA algorithms w e stored the �rst DFT co e�cien ts of v ectors at eac h lev el exactly up to lev el l , and

consequen tly used the the AA V algorithm to get an appro ximation for the v ectors from that lev el on. F rom

Theorem 1 w e kno w that AA V giv es an upp er b ound for the inner pro duct, and consequen tly the algorithms

T AA

l

are all upp er b ounds.

An alternativ e approac h is to remo v e the application of AA V after lev el l in T AA

l

, and appro ximate the

result size b y using only the �rst DFT co e�cien ts of v ectors in the tree up to lev el l . F rom this lev el on,

instead of applying the AA V to the rest of the v ectors, w e appro ximate them b y zero. In this w a y the resulting

appro ximation is no longer an upp er b ound, as the nonnegativ e quan tities con tributed in the application of

AA V do wn the tree are eliminated. The resulting family of algorithms indexed b y lev el l is called T r e e

Appr oximation A lgorithms with T runc ation (T AA T) . T o apply T AA T

l

, w e go do wn l lev els in the tree and

store the 2

l +1

� 1 v alues of the partial tree generated. Th us T AA T is in general more e�cien t in terms of

storage than the T AA . The algorithm for using T AA T

l

to compute an appro ximation to < X ; Y > is is similar

to that of T AA . The appro ximation is giv en b y the T AA pro duct of the trees T

l

X

and T

l

Y

as de�ned in (8),

8



but the summation is only up to lev el l instead of k � 1, i.e. the appro ximation is giv en b y

l

X

j =0

2

j

< V e c

j

( T

X

) ; V e c

j

( T

Y

) > :

6 P erformance Ev aluation

In this section w e exp erimen tally ev aluate the errors due to our appro ximation tec hniques. F or the purp ose

of comparison, w e compare our algorithms with the end-biase d v-optimal histo gr ams (EB) of Ioannidis and

P o osala [7 ]. This approac h is practical in terms of computation time and giv es v ery go o d appro ximations [7, 13 ]

(unlik e the serial metho d, whic h giv es ev en b etter appro ximations, but is computationally impractical for large

v ector sizes [7]).

The �rst set of exp erimen ts are designed for estimating a w orse case upp er b ound on the size of a relation

resulting from a join op eration. This case is referred to as the maximal r esult size [5]. Giv en t w o frequency

v ectors X and Y , of the attributes in v olv ed in a join op eration, the maximal result size can b e obtained b y

sorting the t w o frequency v ectors and assuming that the frequency v alues at the corresp onding en tries in the

sorted v ectors corresp ond to the same attribute v alues. AA V uses absolute v alues for appro ximating the size

of a join op eration. Since the absolute v alues represen t an upp er b ound on the actual v alues, AA V is a go o d

candidate for the maximal result case. The exp erimen ts w ere run for v ectors of sizes 2

k

� 1 for k = 5 ; 6 ; : : : ; 12,

and hence the n um b er of v alues stored p er v ector (or n um b er of buc k ets in the standard terminology [7]) ranged

from 5 to 12. In the �gures, the x -axis refers to the n um b er of v alues stored, while the y -axis refers to the

relativ e errors as a p ercen tage of the exact size. W e used syn thetic data from t w o di�eren t data distributions,

namely R andom Data (generated from a uniform distribution) and Zipf Data . F or the former, w e generated

frequency v ectors using a pseudorandom n um b er generator that giv es uniformly distributed random n um b ers

within the range [0,1]. F or the latter, w e used Zipf distributions with di�eren t z parameter v alues.

F or random data w e ran 50 exp erimen ts and to ok the a v erage v alues{for AA V the v ariance for all v alues

w as negligible, and for EB the v ariance ranged from .0025 to 0. As sho wn in Figure 9(a) AA V p erforms m uc h

b etter than EB and its accuracy impro v es as the size of the v ector increases. Since the error due to EB is

alw a ys negativ e, the �gures plot the graphs with the error sign. AA V , on the other hand, alw a ys giv es a

p ositiv e error since it giv es an upp er b ound for the w orse case. This is more appropriate for upp er b ound

appro ximations. F or the Zipf data, w e generated frequency v ectors b y �xing z

1

for the �rst v ector X to 1.0

and v aried z

2

for the second v ector Y from 0.0 to 2.0. Figure 9(b) sho ws that as b efore AA V alw a ys giv es an

upp er b ound on the error for the maximal result case. A common observ ation is that as predicted, whenev er

the data distribution of the t w o v ectors are close to eac h other, i.e., z

1

is close to z

2

, the error using AA V

b ecomes smaller, and whenev er the v alue of z

2

increases, the appro ximation is w orse. EB p erforms b est when

the data distribution is quite sk ew ed, i.e., for large v alues of z . In con trast, when z is in the range 0 to 1,

AA V 's p erformance is sup erior with relativ ely small errors.

Finally , w e compared the t w o tec hniques on m ultiple relation join queries ranging from 2 to 10 relations

joined. F or random data, w e ran 50 exp erimen ts and sho w the a v erage error; for Zipf data, w e randomly

selected z v alues for all v ectors in the range [0,1]. The v ector sizes w ere �xed to 2

8

� 1. Figure 10(a) sho ws

the results of this exp erimen t for Random data, and Figure 10(b) for Zipf data. Again, the appro ximation

error due to AA V is signi�can tly less than for EB for maximal result size appro ximation for m ultiple join

op erations.

Ab o v e w e ha v e seen that AA V p erforms w ell for the maximal result size case. In order to ev aluate the

p erformance of T AA w e applied it to appro ximate the size of the relation resulting from a join op eration for the

a v erage case. W e ran exp erimen ts on random data with frequency v ectors of length 2

k

� 1 for k = 5 ; 6 ; : : : ; 12

(Figure 11). In terestingly , w e observ e that when the AA V (= T AA

0

) algorithm is applied, the ratio of the

appro ximation to the exact result is asymptotically 4/3 as N tends to in�nit y

1

. Consequen tly for large N ,

w e exp ect 3/4 of the result obtained b y AA V to b e a b etter appro ximation on the a v erage, although not

1

Let [0 ; 1]

N

denote the unit cub e in N -dimensional Euclidean space. This asymptotic b eha vior of AA V w ould follo w from the

con v ergence of the in tegral

R R

X ;Y 2 [0 ; 1]

N

< AA V ( X ) ; AA V ( Y ) >

<X ;Y >

dX d Y ! 1 : 333 :: .
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necessarily an upp er b ound an y longer. Figure 11 (a) compares the a v erage error of this appro ximation to EB

and sho ws that the errors are quite close.

In the case of T AA T (Figure 11(b)), w e observ e that the errors incurred b y the t w o metho ds are v ery

close and in terlea v ed. This is in accordance with the exp ectation that since T AA T ignores the nonnegativ e

con tribution of AA V , its appro ximation should b e closer to the exact v alue.

The algorithms T AA

l

are not suitable for unimo dal distributions with sharp p eaks. In the Zipf distribution

for example, there are only a few v alues whic h are quite high relativ e to the rest. This b eha vior mak es it

esp ecially suitable for EB since these large v alues are k ept in separate buc k ets and the immaterial part a v eraged

out. The DFT on the other hand is insensitiv e to the p osition of high v alues in the time domain.

7 Conclusion

W e dev elop ed iterated DFT-based algorithms for estimating the size of relations resulting from join op erations.

DFT has previously b een used in database systems for reducing the dimensionalit y of high-dimensional data,

th us making it more suitable for curren t index structures. In this pap er, w e used sev eral prop erties of DFT

to reduce the size of the transformed frequency v ector, while still pro viding go o d appro ximations for the size

of join op erations. The resulting algorithms presen t a sp ectrum of tradeo�s b et w een storage requiremen ts

and accuracy . In particular, the basic algorithm AA V requires logarithmic space and is exact for self-join

op erations. T AA is an iterativ e, tree-based algorithm where exact calculation is used up to a certain lev el, and

then AA V is used for appro ximation. T AA in terp olates in terms of accuracy and storage requiremen ts b et w een

AA V at one extreme to exact calculation on the other, while space requiremen ts increase from logarithmic to

linear. Finally , T AA T w as dev elop ed b y truncating the nonnegativ e con tributions of AA V , and th us pro viding

b etter size appro ximations. Our preliminary exp erimen tal results supp ort our conclusions.
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