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Abstract. Giv en sequences X of length n and Y of length m with

n � m , let LA t

�

and NLA t

�

denote the maxim um ordinary , and maxi-

m um length normalize d scores of lo cal alignmen ts with length at least a

giv en threshold v alue t . The alignmen t length is de�ned as the sum of

the lengths of the in v olv ed subsequences, and length normalized score

of an alignmen t is the quotien t of the ordinary score b y the alignmen t

length. W e dev elop an algorithm whic h �nds an alignmen t with ordi-

nary score � LA t

�

, and length � (1 �

1

r

) t for a giv en r , in time O ( r nm )

and space O ( r m ). The algorithm can b e used to �nd an alignmen t with

length normalized score > � for a giv en p ositiv e � with the same time

and space complexit y and within the same appro ximation b ounds. Th us

this algorithm pro vides a length-appro ximate answ er to a query suc h as

\Do X and Y share a (su�cien tly long) fragmen t with more than 70%

of similarit y?" W e also sho w that our approac h giv es impro v ed appro x-

imation algorithms for the normalize d lo c al alignment problem. In this

case w e can e�cien tly �nd an alignmen t with length � (1 �

1

r

) t whic h

has a length normalized score � NLA t

�

.

Keyw ords : Lo cal alignmen t, normalized lo cal alignmen t, appro ximation

algorithm, dynamic programming, ratio maximization.

1 In tro duction

L o c al se quenc e alignment aims to rev eal similar regions in a giv en pair of se-

quences X and Y . The common notion of lo cal similarit y su�ers from some

w ell-kno wn anomalies resulting from not taking in to accoun t the lengths of the

subsequences in v olv ed in the alignmen ts. The so-called mosaic e�e ct in an align-

men t is observ ed when a v ery p o or region is sandwic hed b et w een t w o regions

with high similarit y scores. Shadow e�e ct is observ ed when a biologically im-

p ortan t short alignmen t is not detected b ecause it o v erlaps with a signi�can tly

longer y et biologically inadequate alignmen t with higher o v erall score. Sev-

eral studies in the literature ha v e aimed to describ e metho ds to reduce these

anomalies (Arslan and E� gecio� g lu, 2002 [6], Arslan et al., 2001 [5], Zhang et al.,

1999 [11], Zhang et al., 1998 [10], Altsc h ul et al., 1997 [4]).

?
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It is w ell-kno wn that the statistical signi�cance of lo cal alignmen t dep ends on

b oth its score and length (Altsc h ul and Ericson, 1986 [2], 1988 [3]). Alexandro v

and Solo vy ev, 1998 [1] prop osed to normalize the alignmen t score b y its length

and demonstrated that this new approac h leads to b etter protein classi�cation.

Arslan et al., 2001 [5] de�ned the normalize d lo c al alignment pr oblem in whic h

the goal is to �nd subsequences I and J that maximize s ( I ; J ) = ( j I j + j J j ) among

all subsequences I and J with j I j + j J j � t , where s ( I ; J ) is the score, and t is a

threshold for the o v erall length of I and J . The standard dynamic programming

solution to this problem requires cubic time. By dropping the length constrain t

and c hanging the ob jectiv e to the maximization of s ( I ; J ) = ( j I j + j J j + L ) for

real parameter L , it is p ossible to ha v e some con trol o v er the desired alignmen t

lengths while k eeping the computational complexit y small [5].

In this pap er w e concen trate on the length constrained v ersion of normalized

lo cal alignmen t. The problem is fe asible if there is an alignmen t with p ositiv e

normalized score and length at least t , where the length of an alignmen t is de-

�ned as the sum of the lengths of the subsequences in v olv ed in the alignmen t.

W e dev elop an algorithm whic h pro vides an appro ximate con trol o v er the total

length of the resulting alignmen t while guaran teeing that the normalized score is

maxim um ac hiev able b y an y alignmen t of length � t . The appro ximation ratio is

con trolled b y a parameter r . F or a feasible problem, the algorithm returns subse-

quences with total length � (1 �

1

r

) t . The computations tak e O ( r nm ) time and

O ( r m ) space (Theorem 1, section 3). W e subsequen tly revisit the t w o normalized

lo cal alignmen t algorithms prop osed in [5]. In these algorithms w e c hange the

subproblems in v olving ordinary lo cal alignmen ts to those whic h ha v e a length

constrain t, and w e use the appro ximation algorithm w e presen t in this pap er

to solv e them. W e sho w that this w a y w e can obtain an alignmen t whic h has a

normalized score no smaller than the optim um score of the original normalized

lo cal alignmen t problem with total length at least (1 �

1

r

) t pro vided that the

original problem is feasible (Theorem 2, section 4). In b oth resulting algorithms

the space complexit y is O ( r m ) . The n um b er of subproblems that need to b e

solv ed is the same as in [5] : While one algorithm establishes that O (log n ) in-

v o cations of our appro ximation algorithm is su�cien t, exp erimen ts suggest that

the other algorithm requires only 3 � 5 iterations, resulting in observ ed O ( r nm )

time complexit y .

2 Bac kground

Giv en t w o sequences X = x

1

x

2

: : : x

n

and Y = y

1

y

2

: : : y

m

with n � m , alignment

gr aph G

X ;Y

is used to represen t all p ossible alignments b et w een all subsequences

of X and Y . It is a directed acyclic graph ha ving ( n + 1)( m + 1) lattice p oin ts

( u; v ) as v ertices for 0 � u � n , and 0 � v � m (See for example, [9, 6]). An

alignment p ath for subsequences x

i

� � � x

k

, and y

j

� � � y

l

is a directed path from

v ertex ( i � 1 ; j � 1) to ( k ; l ) in G

X ;Y

where i � k and j � l . W e will use the

terms alignmen t and alignmen t path in terc hangeably .



The ob jectiv e of sequence alignmen t is to quan tify the similarit y b et w een t w o

sequences. There are v arious scoring sc hemes for this purp ose. In the b asic sc or-

ing scheme , the arcs of G

X ;Y

are assigned w eigh ts determined b y non-negativ e

reals � ( mismatch p enalty ) and � ( indel or gap p enalty ). W e assume that s ( x

i

; y

j

)

is the similarit y score b et w een the sym b ols x

i

, and y

j

whic h is 1 for a matc h

( x

i

= y

j

) and � � for a mismatc h ( x

i

6= y

j

). The follo wing is the classical dy-

namic programming form ulation ([9]) to compute the maxim um lo cal alignmen t

score S

i;j

ending at eac h v ertex ( i; j ):

S

i;j

= max f 0 ; S

i � 1 ;j

� �; S

i � 1 ;j � 1

+ s ( x

i

; y

j

) ; S

i;j � 1

� � g (1)

for 1 � i � n , 1 � j � m , with the b oundary conditions S

i;j

= 0 whenev er i = 0

or j = 0.

Let � indicate the subsequence relation. The lo c al alignment ( LA ) prob-

lem seeks subsequences I � X and J � Y with the highest similarit y score.

The optim um lo cal alignmen t score LA

�

( X ; Y ) is de�ned as LA

�

( X ; Y ) =

max f s ( I ; J ) j I � X ; J � Y g = max

i;j

S

i;j

, where s ( I ; J ) > 0 , hereinafter, is

the b est lo cal alignmen t score b et w een I and J . LA

�

can b e computed using the

Smith-W aterman algorithm [8] in time O ( nm ) and space O ( m ).

In what follo ws, for an y optimization problem P , w e denote b y P

�

its opti-

m um v alue, and sometimes drop the parameters from the notation when they

are ob vious from the con text. W e call P fe asible if it has a solution with the

giv en parameters.

As in [5] the ob jectiv e of the normalize d lo c al alignment problem ( NLA t ) can

b e written as

NLA t

�

( X ; Y ) = max f s ( I ; J ) = ( j I j + j J j ) j I � X ; J � Y ; j I j + j J j � t g (2)

In general optimal alignmen ts for LA and NLA t are di�eren t (see [5] for a detailed

example).

3 Finding long alignmen ts with high ordinary score

F or a giv en t , w e de�ne the lo c al alignment with length thr eshold score b et w een

X and Y as

LA t

�

( X ; Y ) = max f s ( I ; J ) j I � X ; J � Y ; and j I j + j J j � t g (3)

T o solv e LA t w e can extend the dynamic programming form ulation in (1) b y

adding another dimension. A t eac h en try of the dynamic programming matrix w e

store optim um scores for all p ossible lengths up to m + n , increasing the time and

space complexit y to O ( n

2

m ) and O ( nm ), resp ectiv ely , whic h are unacceptably

high in practice.

W e giv e an appro ximation algorithm AP X - LA t whic h computes a lo cal align-

men t whose score is at least LA t

�

, and whose length is at least (1 �

1

r

) t pro vided

that the LA t problem is feasible, i.e. s (

b

I ;

b

J ) � LA t

�

and j

b

I j + j

b

J j � (1 �

1

r

) t :



F or simplicit y , w e assume a basic scoring sc heme. Our appro ximation idea is

similar to that in Arslan and E� gecio� g lu, 2002 [6]. Instead of a single score, w e

main tain at eac h no de ( i; j ) of G

X ;Y

, a list of alignmen ts with the prop ert y that

for p ositiv e s where s is the optim um score ac hiev able o v er the set of alignmen ts

with length � t and ending at ( i; j ), at least one elemen t of the list activ es score

s and length t � � where � is a p ositiv e in tegral parameter. W e sho w that the

dynamic programming form ulation can b e extended to preserv e this prop ert y

through the no des. In particular, an alignmen t with score � LA t

�

, and length

� t � � will b e observ ed in one of the no des ( i; j ) during the computations.

W e imagine the v ertices of G

X ;Y

as group ed in to b ( n + m ) = � c diagonal slabs

at distance � from eac h other as sho wn in Figure 1. The length of a diagonal arc

is 2 while the length of eac h horizon tal, or v ertical arc is 1 . Eac h slab consists

of b �= 2 c + 1 diagonals. Tw o consecutiv e slabs share a diagonal whic h w e call

a b oundary . The left and the right b oundaries of slab b are resp ectiv ely the

b oundaries shared b y the left and righ t neigh b oring slabs of b . As a subgraph, a

slab con tains all the edges in G

X ;Y

inciden t to the v ertices in the slab except for

the horizon tal and v ertical edges inciden t to the v ertices on the left b oundary

(whic h b elong to the preceding slab), and the diagonal edges inciden t to the

v ertices on the �rst diagonal follo wing the left b oundary .

No w to a giv en diagonal d in G

X ;Y

, w e asso ciate a n um b er of slabs as follo ws.

Let slab 0 with r esp e ct to diagonal d b e the slab that con tains the diagonal d itself.

The slabs to the left of slab 0 are then ordered consecutiv ely as slab 1, slab 2, : : :

with resp ect to d . In other w ords, slab k with resp ect to diagonal d is the subgraph

of G

X ;Y

comp osed of v ertices placed inclusiv ely b et w een diagonals b d= � c and d

if k = 0, and b et w een diagonal ( b d= � c � k ) � and ( b d= � c � k + 1) � , otherwise.

Figure 1 includes sample slabs with resp ect to diagonal d , and alignmen ts ending

at some no de ( i; j ) on this diagonal.

(i+j)/ D D

D Dj /Dt /

Dt /

<
DD(n+m)/

0

D

D2

D D2

D

2 D

slab 1

(n,m)

Dj / D-1j /D - D

slab

d = i+j
D

slab 0

(i,j)

D
D

D

D
D

Fig. 1. Slabs with resp ect to diagonal d , and alignmen ts ending at no de ( i; j ) starting

at di�eren t slabs.



Let S

i;j;k

represen t the optim um score ac hiev able at ( i; j ) b y an y alignmen t

starting at slab k with resp ect to diagonal i + j for 0 � k < d t= � e . F or

k = d t= � e , S

i;j;k

is sligh tly di�eren t: It is the maxim um of all ac hiev able scores

b y an alignmen t starting in or b efore slab k . Also let L

i;j;k

b e the length of an

optimal alignmen t starting at slab k , and ac hieving score S

i;j;k

. A single slab

can con tribute at most � to the length of an y alignmen t. W e store at eac h no de

( i; j ) d t= � e + 1 score-length pairs ( S

i;j;k

; L

i;j;k

) for 0 � k � d t= � e corresp onding

to d t= � e + 1 optimal alignmen ts that end ( i; j ) . Figure 2 sho ws the steps of our

appro ximation algorithm AP X - LA t . The pro cessing is done ro w-b y-ro w starting

with the top ro w ( i = 0) of G

X ;Y

.

Step 1 of the algorithm p erforms the initialization of the lists of the no des

in the top ro w ( i = 0). Step 2 implemen ts computation of scores as dictated

b y the dynamic programming form ulation in (1). Let maxp of a list of score-

length pairs b e a pair with the maxim um score in the list. W e obtain an optimal

alignmen t with score S

i;j;k

b y extending an optimal alignmen t from one of the

no des ( i � 1 ; j ), ( i � 1 ; j � 1), or ( i; j � 1) . W e note that extending an alignmen t at

( i; j ) from no de ( i � 1 ; j � 1) increases the length b y 2 and the score b y s ( x

i

; y

j

),

whereas from no des ( i � 1 ; j ) or ( i; j � 1) adds 1 to the length and � � to the

score of the resulting alignmen t. There are t w o cases:

(1) If the curren t no de ( i; j ) is not on the �rst diagonal after a b oundary

then no des ( i � 1 ; j ), ( i � 1 ; j � 1) and ( i; j � 1) share the same slabs with

no de ( i; j ) . In this case ( S

i;j;k

; L

i;j;k

) is calculated b y using ( S

i � 1 ;j;k

; L

i � 1 ;j;k

),

( S

i � 1 ;j � 1 ;k

; L

i � 1 ;j � 1 ;k

), and ( S

i;j � 1 ;k

; L

i;j � 1 ;k

) as sho wn in Step 2 :b where

( S

i � 1 ;j � 1 ;k

; L

i � 1 ;j � 1 ;k

) � ( s ( x

i

; y

j

) ; 2) = ( S

i � 1 ;j � 1 ;k

+ s ( x

i

; y

j

) ; L

i � 1 ;j � 1 ;k

+ 2)

if S

i � 1 ;j � 1 ;k

> 0 or k = 0; and (0 ; 0) otherwise. This is b ecause, b y de�nition,

ev ery lo cal alignmen t has a p ositiv e score, and it is either a single matc h, or it is

an extension of an alignmen t whose score is p ositiv e. Therefore w e do not let an

alignmen t with no score b e extended unless the resulting alignmen t is a single

matc h in the curren t slab.

(2) If the curren t no de is on the �rst diagonal follo wing a b oundary (i.e. i + j

mo d � = 1) then the slabs for the no des in v olv ed in the computations for

no de ( i; j ) di�er as sho wn in Figure 3. In this case slab k for no de ( i; j ) is slab

k � 1 for no des ( i � 1 ; j ), ( i � 1 ; j � 1) and ( i; j � 1) . Moreo v er an y alignmen t

ending at ( i; j ) starting at slab 0 for ( i; j ) can only include one of the edges

(( i � 1 ; j ) ; ( i; j )) or (( i � 1 ; j � 1) ; ( i; j )) b oth of whic h ha v e negativ e w eigh t

� � . Therefore, ( S

i;j; 0

; L

i;j; 0

) is set to (0 ; 0) . Steps 2 :a: 1 and 2 :a: 2 sho w the

calculation of ( S

i;j;k

; L

i;j;k

) resp ectiv ely for 0 < k < d t= � e and for k = d t= � e .

The running maxim um score

d

LA t is up dated whenev er a newly computed

score for an alignmen t with length � t � � is larger than the curren t maxim um

whic h can only happ en with alignmen ts starting in or b efore slab d t= � e � 1 .

The �nal v alue

d

LA t is returned in Step 3. The alignmen t p osition ac hieving this

score ma y also b e desired. This can b e done b y main taining for eac h optimal

alignmen t a start and end p osition information b esides its score and length. In

this case in addition to the running maxim um score, the start and end p ositions

of a maximal alignmen t should b e stored and up dated.



Algorithm AP X - LA t ( � ; � )

1 : Initialization:

set

d

LA t = 0

set ( S

0 ;j;k

; L

0 ;j;k

) = (0 ; 0) for all j; k , 0 � j � m , and 0 � k � d t= � e

2 : Main computations:

for i = 1 to n do

f

set ( S

i; 0 ;k

; L

i; 0 ;k

) = (0 ; 0) for all k , 0 � k � d t= � e

for j = 1 to m do

f

if ( i + j mod � = 1) then

f

set ( S

i;j; 0

; L

i;j; 0

) = (0 ; 0)

for k = 1 to d t= � e � 1 do

2 :a: 1 set ( S

i;j;k

; L

i;j;k

) = maxp f (0 ; 0) ; ( S

i � 1 ;j;k � 1

; L

i � 1 ;j;k � 1

) + ( � �; 1) ;

( S

i � 1 ;j � 1 ;k � 1

; L

i � 1 ;j � 1 ;k � 1

) � ( s ( x

i

; y

j

) ; 2) ;

( S

i;j � 1 ;k � 1

; L

i;j � 1 ;k � 1

) + ( � �; 1) g

for k = d t= � e

2 :a: 2 set ( S

i;j;k

; L

i;j;k

) = maxp f (0 ; 0) ; ( S

i � 1 ;j;k � 1

; L

i � 1 ;j;k � 1

) + ( � �; 1) ;

( S

i � 1 ;j � 1 ;k � 1

; L

i � 1 ;j � 1 ;k � 1

) � ( s ( x

i

; y

j

) ; 2) ;

( S

i;j � 1 ;k � 1

; L

i;j � 1 ;k � 1

) + ( � �; 1) ;

( S

i � 1 ;j;k

; L

i � 1 ;j;k

) + ( � �; 1) ;

( S

i � 1 ;j � 1 ;k

; L

i � 1 ;j � 1 ;k

) � ( s ( x

i

; y

j

) ; 2) ;

( S

i;j � 1 ;k

; L

i;j � 1 ;k

) + ( � �; 1) g

g else

f

for k = 0 to d t= � e do

2 :b set ( S

i;j;k

; L

i;j;k

) = maxp f (0 ; 0) ; ( S

i � 1 ;j;k

; L

i � 1 ;j;k

) + ( � �; 1) ;

( S

i � 1 ;j � 1 ;k

; L

i � 1 ;j � 1 ;k

) � ( s ( x

i

; y

j

) ; 2) ;

( S

i;j � 1 ;k

; L

i;j � 1 ;k

) + ( � �; 1) g

g

for k = d t= � e � 1 if L

i;j;k

� t � � then set

d

LA t = max f

d

LA t ; S

i;j;k

g

for k = d t= � e set

d

LA t = max f

d

LA t ; S

i;j;k

g

g

g

3 : Return

d

LA t

Fig. 2. Algorithm AP X - LA t .



slab 0
for others

for (i,j)
&

slab 1
j /D D

(i+j)/ D D

j /D

for others

for (i,j)
&

slab k

slab k-1

slab 0
for (i,j)

(n+j)/ D D

-k D

(i-1,j)

(i,j)(i,j-1)

(i-1,j-1)

Fig. 3. Relativ e n um b ering of the slabs with resp ect to ( i; j ), ( i � 1 ; j ), ( i � 1 ; j � 1)

and ( i; j � 1) when no de ( i; j ) is on the �rst diagonal follo wing b oundary b ( i + j ) = � c .

W e �rst sho w that S

i;j;k

calculated b y the algorithm is the optim um score

ac hiev able and L

i;j;k

is the length of an alignmen t ac hieving this score o v er the

set of all alignmen ts ending at no de ( i; j ) and starting with resp ect to diagonal

i + j : 1) at slab k for 0 � k < d t= � e , 2) in or b efore slab k for k = d t= � e . This

claim can b e pro v ed b y induction. If w e assume that the claim is true for no des

( i � 1 ; j ), ( i � 1 ; j � 1) and ( i; j � 1), and for their slabs, then w e can easily see

b y follo wing Step 2 of the algorithm that the claim holds for no de ( i; j ) and its

slabs.

Let optim um score LA t

�

for the alignmen ts of length � t b e ac hiev ed at no de

( i; j ) . Consider the calculations of the algorithm at ( i; j ) at whic h an optimal

alignmen t ends. There are t w o p ossible orien tations of an optimal alignmen t as

sho wn in Figure 4: 1) It starts at some no de ( i

0

; j

0

) of slab k = d t= � e � 1 . By

our previous claim an alignmen t starting at slab k with score S

i;j;k

� LA t

�

is

captured in Step 2. The length of this alignmen t L

i;j;k

is at least t � � since

the length of the optimal alignmen t is � t , and b oth start at the same slab and

end at ( i; j ). 2) It starts at some no de ( i

00

; j

00

) in or b efore slab k = d t= � e .

Again b y the previous claim an alignmen t starting in or b efore slab k with score

S

i;j;k

� LA t

�

is captured in Step 2. The length of this alignmen t L

i;j;k

is at least

t � � since slab k is at distance � t � � from ( i; j ) . Therefore the �nal v alue

d

LA t

returned in Step 3 is � LA t

�

and it is ac hiev ed b y an alignmen t whose length is

� t � � . W e summarize these results in the follo wing theorem.

Theorem 1. F or a fe asible LA t pr oblem, A lgorithm AP X -LA t r eturns an align-

ment (

b

I ;

b

J ) such that s (

b

I ;

b

J ) � LA t

�

and j

b

I j + j

b

J j � (1 �

1

r

) t for any r > 1 . The

algorithm's c omplexity is O ( r nm ) time and O ( r m ) sp ac e.

Pr o of. Algorithm AP X - LA t is similar to the Smith-W aterman algorithm except

that at eac h no de instead of a single score, d t= � e + 1 en tries for score-length pairs

are stored and manipulated. Therefore the resulting complexit y exceeds that



D Dj /

> t
> t- D

> t- D

Dt /

j /D

Dt /slab
slab 0slab

+1- t / D D

-1

(i',j')

(i'',j'')

(i,j)

in or before

Fig. 4. Tw o p ossible orien tations of an optimal alignmen t of length � t ending at ( i; j ):

it starts either at some ( i

0

; j

0

) at slab d t= � e � 1, or ( i

00

; j

00

) in or b efore slab d t= � e .

of the Smith-W aterman algorithm b y a factor of d t= � e + 1. That is, the time

complexit y of AP X - LA t is O ( nmt= � ). The algorithm requires O ( mt= � ) space

since w e need the en tries in the previous and the curren t ro w to calculate the

en tries in the curren t ro w. When the LA t problem is feasible, it is guaran teed that

Algorithm AP X - LA t returns an alignmen t (

b

I ;

b

J ) suc h that s (

b

I ;

b

J ) � LA t

�

> 0

and j

b

I j + j

b

J j � t � � for an y p ositiv e � . Therefore setting � = b t=r c for a c hoice

of r , 1 < r � t , and using Algorithm AP X - LA t w e can ac hiev e the appro ximation

and complexit y results expressed in the theorem. W e also note that for � = 1 the

algorithm b ecomes a dynamic programming algorithm extending the dimension

b y storing all p ossible alignmen t lengths.

4 Finding long alignmen ts with high normalized score

W e consider the problem Qt of �nding t w o subsequences with normalized score

higher than � , and total length at least t . More formally

Qt : �nd ( I ; J ) suc h that I � X ; J � Y ;

s ( I ; J )

j I j + j J j

> � and j I j + j J j � t (4)

W e note that Qt is feasible i� NLA t

�

> � . W e presen t an appro ximation al-

gorithm whic h pro vided that Qt is feasible �nds t w o subsequences

b

I � X , and

b

J � Y with normalized score higher than � , and j

b

I j + j

b

J j � (1 �

1

r

) t .

Let A Vt denote the set of alignment ve ctors b et w een X and Y where ( x; y ; z )

is an alignment ve ctor if there is an alignmen t b et w een subsequences I � X and

J � Y with x matc hes, y mismatc hes, and z indels suc h that j I j + j J j � t . Then

s ( I ; J ) and length j I j + j J j are linear functions o v er A Vt . Problems LA t and

NLA t can b e rewritten as follo ws :

LA t

� ;�

: maximiz e x � � y � �z s.t. ( x; y ; z ) 2 A Vt

NLA t

� ;�

: maximiz e

x � � y � �z

2 x +2 y + z

s.t. ( x; y ; z ) 2 A Vt



Also for a giv en � , w e ha v e the p ar ametric lo c al alignment with length thr eshold

pr oblem LA t ( � )

LA t

� ;�

( � ) : maximiz e x � � y � �z � � (2 x + 2 y + z ) s.t. ( x; y ; z ) 2 A Vt

A parametric lo cal alignmen t with length threshold problem can b e describ ed

in terms of a lo cal alignmen t with length threshold problem.

Prop osition 1. F or � 6=

1

2

, the optimum value LA t

�

( � ) of the p ar ametric LA t

pr oblem c an b e formulate d in terms of the optimum value LA t

�

of an LA t pr ob-

lem.

Pr o of. The optim um v alue of the parametric problem, when � 6=

1

2

, is

LA t

�

( � ) = (1 � 2 � ) LA t

�

�

0

;�

0

where �

0

=

� + 2 �

1 � 2 �

; �

0

=

� + �

1 � 2 �

: (5)

Th us, computing LA t

�

( � ) in v olv es solving the lo cal alignmen t problem LA t

�

0

;�

0

,

and p erforming some simple arithmetic afterw ard.

W e assume without loss of generalit y that for an y alignmen t the score do es

not exceed the n um b er of matc hes. Therefore for an y alignmen t v ector, its nor-

malized score � �

1

2

. W e consider � =

1

2

as a sp ecial case since it can only

happ en when the alignmen t is comp osed of matc hes only .

An optimal solution to a ratio optimization problem NLA t can b e ac hiev ed via

a series of optimal solutions of the parametric problem with di�eren t parameters

LA t ( � ). In fact � = NLA t

�

i� LA t

�

( � ) = 0 . Details for a v ery similar result

can b e found in [5].

Prop osition 2. When solving LA t ( � ) , A lgorithm AP X -LA t r eturns an align-

ment (

b

I ;

b

J ) with normalize d sc or e higher than � , and j

b

I j + j

b

J j � (1 �

1

r

) t if

Pr oblem Qt is fe asible.

Pr o of. Assume that Problem Qt is feasible. Then NLA t

�

> � , and therefore

LA t

�

( � ) > 0 whic h implies that Algorithm AP X - LA t with parameters �

0

and �

0

(of Prop osition 1) returns an alignmen t (

b

I ;

b

J ) suc h that its score is p ositiv e (i.e.

s (

b

I ;

b

J ) � � ( j

b

I j + j

b

J j ) > 0, or equiv alen tly its normalized score is higher than � )

and j

b

I j + j

b

J j � (1 �

1

r

) t b y the appro ximation results of Algorithm AP X - LA t .

Theorem 2. If NLA t

�

> 0 then an alignment with normalize d sc or e at le ast

NLA t

�

, and total length at le ast (1 �

1

r

) t c an b e c ompute d for any r > 1 in time

O ( r nm log n ) , and using O ( r m ) sp ac e.

Pr o of. Algorithm R ational NLA t giv en in Figure 5 accomplishes this. The algo-

rithm is based on a binary searc h for optim um normalized score o v er an in terv al

of in tegers. This tak es O (log n ) parametric problems to solv e. The algorithm is

similar to the R ational NLA algorithm in [5], and the results are deriv ed simi-

larly .



Algorithm AP X - R ational NLA t

If there is an exact match of size (1 �

1

r

) t then return (

1

2

) and exit

�  

1

q s ( m + n )

2

where � =

p

q

, and � =

r

s

[ e; f ]  [0 ;

1

2

�

� 1

]

�

�

 0

While ( e + 1 < f ) do

k  d ( e + f ) = 2 e

If AP X - LA t ( k � ) > 0 then f e  k , and �

�

 

x � � y � �z

2 x +2 y + z

for ( x; y ; z ) optimal g

else f  k

End f while g

Return( �

�

)

Fig. 5. Algorithm AP X - R ational NLA t for rational scores.

If NLA t

�

> 0 then w e can also ac hiev e the same appro ximation guaran tee

b y using a Dink elbac h algorithm giv en in [5] as the template. The details of

the resulting algorithm are presen ted in Figure 6. Solutions of the parametric

problems through the iterations yield impro v ed (higher) v alues to � except for

the last iteration. The resulting algorithm p erforms no more than 3 � 5 iterations

on the a v erage as exp erimen ts suggest.

Algorithm Dinkelbach

If AP X - LA t (0) � 0 then return (0) and exit

�

�

 

x � � y � �z

2 x +2 y + z

where ( x; y ; z ) is optimal for AP X - LA t (0)

Repeat

�  �

�

if AP X - LA t ( � ) > 0 then �

�

 

x � � y � �z

2 x +2 y + z

for ( x; y ; z ) optimal

Until �

�

� �

Return( �

�

)

Fig. 6. Dinkelbach algorithm for NLA t .

Our appro ximation and complexit y results hold for t w o particularly imp or-

tan t cases of scoring sc hemes: a�ne gap p enalties , and arbitr ary sc oring matric es .

W e can dev elop v arian ts of Algorithm AP X - LA t for these scoring sc hemes with

simple mo di�cations. In the case of arbitrary scoring matrices, p enalties dep end

on individual sym b ols in v olv ed in the op erations. V arying p enalties can easily

b e incorp orated in the dynamic programming form ulation. In the case of a�ne

gap p enalties, the total p enalt y of a gap (a blo c k of insertions, or a blo c k of dele-

tions) of size k is � + k � where � , and � are the gap op en p enalty , and the gap

extension p enalty , resp ectiv ely . A�ne gap p enalties require a sligh tly di�eren t

dynamic programming form ulation than the one giv en for basic scoring sc heme

(1). It can b e describ ed as follo ws ([9]) : Let E

i;j

= F

i;j

= S

i;j

= 0 when i or j



is 0 then de�ne

E

i;j

= max fS

i;j � 1

� �; E

i;j � 1

� � g ;

F

i;j

= max fS

i � 1 ;j

� �; F

i � 1 ;j

� � g ;

S

i;j

= max f 0 ; S

i � 1 ;j � 1

+ s ( x

i

; y

j

) ; E

i;j

; F

i;j

g (6)

A�ne gap p enalties do not increase the complexit y of the lo cal alignmen t

problem, i.e. the problem can b e solv ed in time O ( nm ) and using O ( m ) space.

Figure 7 sho ws the v arian t of Algorithm AP X - LA t for a�ne gap p enalties. The

appro ximation and complexit y results expressed in Theorem 1 can b e obtained

b y Algorithm AP X - LA t - AF F I N E for a�ne gap p enalties.

W e can v erify that in b oth cases of these scoring sc hemes a parametric LA t

problem can easily b e form ulated in terms of an LA t problem. W e can dev elop

v arian ts of NLA t algorithms for them suc h that the same appro ximation and

complexit y results hold.

5 Implemen tation and test results

W e ha v e implemen ted v ersions of Algorithm AP X - LA t and D ink el bach for a�ne

gap p enalties and tested our D ink el bach program on bli-4 lo cus in C. ele gans and

C.briggsae for v arious v alues of parameters t and r . W e ha v e observ ed that the

program p erforms 3 � 5 in v o cations of AP X - LA t implemen tation on the a v erage.

Therefore for reasonable c hoice of r its time requiremen t is 3 r to 5 r times that of a

Smith-W aterman implemen tation on the a v erage. In Figure 9, w e include results

for optimal alignmen ts obtained as t runs from 1 ; 000 to 22 ; 000 in incremen ts of

1 ; 000, and from 30 ; 000 to 90 ; 000 in incremen ts of 10 ; 000, and for �xed r = 5 .

On a Beo wulf class sup er-computer whic h is comp osed of a cluster of 42 lin ux-

based 400-500 Mhz w orkstations it to ok ab out 8 da ys to complete the tests. W e

note that w e could use a fast heuristic algorithm to solv e the parametric lo cal

alignmen t problems and impro v e the running time b y orders of magnitude, but

then the appro ximation guaran tee of the results no longer holds.

W e ha v e used a score of 1 for a matc h, � 1 for a mismatc h, and � 6 � 0 : 2 k

for a gap of length k . In Figure 9, w e ha v e m ultiplied the normalized scores

b y 10 ; 000 to b e able to displa y them on the same scale as the ordinary scores.

As exp ected in general, normalized scores steadily decrease with the increasing

alignmen t lengths. The alignmen ts whose lengths exceed 32 ; 100 include regions

with v ery p o or scores.

T est runs lik e this can generate imp ortan t statistical information. F or in-

stance in this case w e can infer from our appro ximation results and from the

normalized score 0 : 33 of the alignmen t with length 16 ; 048 that 0 : 33 cannot b e

obtained b y an y alignmen t whose length exceeds 16 ; 048 = (1 � 1 = 5) � 20 ; 000 .



Algorithm AP X - LA t - AF F I N E ( � ; �; � )

1 : Initialization:

set

d

LA t = 0

set ( E

0 ;j;k

; L

E

0 ;j;k

) = ( F

0 ;j;k

; L

F

0 ;j;k

) = ( S

0 ;j;k

; L

S

0 ;j;k

) = (0 ; 0)

for all j; k , 0 � j � m , 0 � k � d t= � e

2 : Main computations :

for i = 1 to n do f

set ( E

i; 0 ;k

; L

E

i; 0 ;k

) = ( F

i; 0 ;k

; L

F

i; 0 ;k

) = ( S

i; 0 ;k

; L

S

i; 0 ;k

) = (0 ; 0)

for all k , 0 � k � d t= � e

for j = 1 to m do f

if ( i + j mod � = 1) then f

set ( E

i;j; 0

; L

E

i;j; 0

) = ( F

i;j; 0

; L

F

i;j; 0

) = ( S

i;j; 0

; L

S

i;j; 0

) = (0 ; 0)

for k = 1 to d t= � e � 1 do f

set ( E

i;j;k

; L

E

i;j;k

) = max f ( S

i;j � 1 ;k � 1

; L

S

i;j � 1 ;k � 1

) + ( � �; 1) ;

( E

i;j � 1 ;k � 1

; L

E

i;j � 1 ;k � 1

) + ( � � ; 1) g

set ( F

i;j;k

; L

F

i;j;k

) = max f ( S

i � 1 ;j;k � 1

; L

S

i � 1 ;j;k � 1

) + ( � �; 1) ;

( F

i � 1 ;j;k � 1

; L

F

i � 1 ;j;k � 1

) + ( � � ; 1) g

set ( S

i;j;k

; L

S

i;j;k

) = max f (0 ; 0) ;

( S

i � 1 ;j � 1 ;k � 1

; L

S

i � 1 ;j � 1 ;k � 1

) � ( s ( x

i

; y

j

) ; 2) ;

( E

i;j;k

; L

E

i;j;k

) ; ( F

i;j;k

; L

F

i;j;k

) g

g

for k = d t= � e do f

set ( E

i;j;k

; L

E

i;j;k

) = max f ( S

i;j � 1 ;k � 1

; L

S

i;j � 1 ;k � 1

) + ( � �; 1) ;

( E

i;j � 1 ;k � 1

; L

E

i;j � 1 ;k � 1

) + ( � � ; 1) ;

( S

i;j � 1 ;k

; L

S

i � 1 ;j;k

) + ( � �; 1) ;

( E

i;j � 1 ;k

; L

E

i;j � 1 ;k

) + ( � � ; 1) g

set ( F

i;j;k

; L

F

i;j;k

) = max f ( S

i � 1 ;j;k � 1

; L

S

i � 1 ;j;k � 1

) + ( � �; 1) ;

( F

i � 1 ;j;k � 1

; L

F

i � 1 ;j;k � 1

) + ( � � ; 1) ;

( S

i � 1 ;j;k

; L

S

i � 1 ;j;k

) + ( � �; 1) ;

( F

i � 1 ;j;k

; L

F

i � 1 ;j;k

) + ( � � ; 1) g

set ( S

i;j;k

; L

S

i;j;k

) = max f (0 ; 0) ;

( S

i � 1 ;j � 1 ;k � 1

; L

S

i � 1 ;j � 1 ;k � 1

) � ( s ( x

i

; y

j

) ; 2) ;

( S

i � 1 ;j � 1 ;k

; L

S

i � 1 ;j � 1 ;k

) � ( s ( x

i

; y

j

) ; 2) ;

( E

i;j;k

; L

E

i;j;k

) ; ( F

i;j;k

; L

F

i;j;k

) g

g

g

: : :

Fig. 7. Algorithm AP X - LA t - AF F I N E . The algorithm con tin ues in Figure 8 .



else f

for k = 0 to d t= � e do f

set ( E

i;j;k

; L

E

i;j;k

) = max f ( S

i;j � 1 ;k

; L

S

i;j � 1 ;k

) + ( � �; 1) ;

( E

i;j � 1 ;k

; L

E

i;j � 1 ;k

) + ( � � ; 1) g

set ( F

i;j;k

; L

F

i;j;k

) = max f ( S

i � 1 ;j;k

; L

S

i � 1 ;j;k

) + ( � �; 1) ;

( F

i � 1 ;j;k

; L

F

i � 1 ;j;k

) + ( � � ; 1) g

set ( S

i;j;k

; L

S

i;j;k

) = max f (0 ; 0) ; ( S

i � 1 ;j � 1 ;k

; L

S

i � 1 ;j � 1 ;k

) � ( s ( x

i

; y

j

) ; 2) ;

( E

i;j;k

; L

E

i;j;k

) ; ( F

i;j;k

; L

F

i;j;k

) g

g

g

for k = d t= � e � 1 if L

E

i;j;k

� t � � then set

d

LA t = max f

d

LA t ; S

i;j;k

g

for k = d t= � e set

d

LA t = max f

d

LA t ; S

i;j;k

g

g

g

3 : Return LA t

�

Fig. 8. Con tin uation of Algorithm AP X - LA t - AF F I N E from Figure 7 .

6 Conclusion

W e ha v e dev elop ed an algorithm for �nding su�cien tly long similar subsequences

in t w o sequences of lengths n and m resp ectiv ely , with n � m . Giv en thresholds

� and t the prop osed algorithm �nds an alignmen t with a normalized score

higher than � and with total length no smaller than (1 �

1

r

) t , pro vided that the

corresp onding normalized lo cal alignmen t problem is feasible. The length of the

result can b e made arbitrarily close to t b y increasing r . This is done at the

exp ense of allo cating more resources as the time and space complexities dep end

on the parameter r as O ( r nm ) and O ( r m ) resp ectiv ely .

Based on the tec hniques previously prop osed in [5], and using the appro xima-

tion algorithm w e presen t in this pap er, w e ha v e further dev elop ed w a ys to �nd

an alignmen t with normalized score no smaller than the maxim um normalized

score ac hiev able b y alignmen ts with length at least t . The alignmen t returned b y

the algorithm is guaran teed to ha v e total length � (1 �

1

r

) t . In our exp erimen ts

w e ha v e observ ed that the time requiremen t of the Dink elbac h implemen tation

is O ( r nm ) on the a v erage. This is b etter compared to the w orst-case time com-

plexit y O ( n

2

m ) of the naiv e algorithm.

W e b eliev e that our appro ximation algorithms ha v e made normalized scores a

viable similarit y measure in pairwise lo cal alignmen t as they pro vide appro ximate

con trol o v er the desired alignmen t lengths. Since the computed normalized score

for a particular v alue of t is an upp er b ound for the actual normalized scores

ac hiev able b y sequences of length at least t , these algorithms can also b e used

to collect statistics ab out scores of alignmen ts v ersus length for a particular pair

of input sequences.



Fig. 9. Ordinary v ersus normalized scores on bli-4 lo cus in C. ele gans and C.briggsae

when score of a matc h is 1, mismatc h score is � 1, and score for a gap of length k is

� 6 � 0 : 2 k .
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