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Abstract

Algorithms for e�cien t implemen tation of computation of pre�x pro ducts on mesh-connected

pro cessor arra ys are presen ted. Assuming that an arithmetic op eration tak es unit time and com-

m unication/computation ratio for a single input item is � , w e sho w that the pre�xes of n items can

b e computed in time 2 �

p

n + O (log n ) on a square mesh with n pro cessors. If n pro cessors are

con�gured as a disc with resp ect to the Manhattan metric, then the parallel time for the problem

b ecomes

p

2 �

p

n + O (

p

�

4

p

n ). W e sho w that b oth of these algorithms are asymptotically optimal.

Categories and Sub ject Descriptors: C.1.2 [ Pro cessor Arc hitectures ]: Multiple Data Stream Ar-

c hitectures { p ar al lel pr o c essors ; F.1.2 [ Computation b y Abstract Devices ]: Mo des of compu-

tation { p ar al lelism ; F.2.2 [ Analysis of Algorithms and Problem Complexit y ]: Nonn umerical

Algorithms and Problems { c omputations on discr ete structur es .

Keyw ords: P arallel pre�x, mesh-connected pro cessor arra ys, comm unication complexit y .

1 In tro duction

Giv en an ordered n -tuple ( x

1

; x

2

; : : : ; x

n

) of elemen ts of a set X closed under an asso ciativ e binary

op eration � , the pr e�x pr oblem is the computation of the partial pro ducts = x

1

� x

2

� � � � � x

i

for

1 � i � n . Problems of this nature arise in v arious settings including circuit design where � is a simple

b o olean op eration, and n umerical problems where � ma y b e 
oating-p oin t matrix m ultiplication. As

examples, parallel algorithms for computing the Newton and Hermite in terp olating p olynomials mak e

use of parallel pre�x algorithms where the x

i

's are 
oating-p oin t n um b ers and � is a 
oating-p oin t

addition or m ultiplication [5 ]. Solution of k th order linear recurrences can b e obtained b y a parallel

pre�x algorithm where � is k � k matrix m ultiplication [10 , 9 , 8]. T ridiagonal systems can b e solv ed

with Stone's recursiv e doubling algorithm b y computing the pre�xes of 2 � 2 matrices [17 ].

P arallel pre�x circuits ha v e applications in the design of optimal-area adders [2] and the sim ulation

of sequen tial circuits b y com binational circuits [12 ]. Fic h's pap er [7] con tains a review of the literature

on parallel pre�x circuits along with further applications. In a parallel pre�x circuit, the concern is to

reduce the depth and the size of the circuit. Size and depth b ounds and trade-o�s for pre�x circuits

app ear in [7 ] and [16 ].

Pre�xes of n elemen ts can b e computed trivially in n � 1 steps sequen tially where at eac h step a

single � op eration is p erformed. There are sev eral parallel pre�x algorithms [12 , 2 , 11 , 13 ], giv en either
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in the arithmetic circuit or PRAM mo del of parallel computation. Async hronous algorithms [14 ] and

implemen tation on v arious ensem ble arc hitectures [15 , 3 , 4 , 1 , 6 ] ha v e also b een considered.

W e assume that w e are giv en n iden tical pro cessors with a routing mec hanism to send an op erand

from one pro cessor to an y other pro cessor. An arithmetic step (or a multiplic ation step ) is de�ned as

the time required to p erform a � op eration b y a single pro cessor. A r outing step is the time required to

transfer an op erand from one pro cessor to a neigh b oring one. W e assume that a routing step requires

� units of time and an arithmetic step tak es unit time. In this pap er, w e fo cus on the p erformance of

parallel pre�x algorithms on mesh-connected pro cessor arra ys.

In x 2 w e deriv e a lo w er b ound for the time complexit y of pre�x computations on a mesh-connected

system with the assumption that initially exactly one data item is assigned to eac h pro cessor. W e �rst

presen t a sub optimal parallel pre�x algorithm (Algorithm A) on a rectangular mesh in x 3 to motiv ate

the rest of the pap er. In x 4, w e describ e an impro v ed algorithm (Algorithm B) for pre�x computations

on a rectangular mesh, whic h is asymptotically optimal. Subsequen tly in x 5 w e construct an algorithm

(Algorithm C) for the pre�x problem on the disc whic h uses Algorithm B as a subpro cedure and whic h

is asymptotically optimal. This is follo w ed b y conclusions in x 6.

2 Lo w er b ounds

Consider the in�nite grid of lattice p oin ts in the plane where a p oin t ( a

1

; b

1

) is connected to a p oin t

( a

2

; b

2

) i�

j a

1

� a

2

j + j b

1

� b

2

j = 1 :

The Manhattan metric b et w een the p oin ts P = ( a

1

; b

1

) and Q = ( a

2

; b

2

) is giv en b y

d ( P ; Q ) = j a

1

� a

2

j + j b

1

� b

2

j : (1)

W e sa y that a m ultipro cessor net w ork with N pro cessors forms a mesh if the pro cessors are arranged

as a connected, induced subgraph of the lattice grid. The mesh is r e ctangular if it consists of all lattice

p oin ts in some a � b rectangle of lattice p oin ts as in Figure 1 (a). Figure 1 (b) sho ws disc of radius

r = 2. This latter mesh can b e iden ti�ed with the set of p oin ts P with d ( P ; Q ) � r for some �xed

cen ter p oin t Q .

(b)(a)

Figure 1: Tw o meshes: (a): 3 � 4 rectangle (b) disc of radius 2.

Consider the list X = ( x

1

; x

2

; : : : ; x

n

) and supp ose � is an asso ciativ e binary op eration on X . F or

1 � i � j � n , w e denote the pro duct x

i

� x

i +1

� � � � � x

j

b y the sym b ol x [ i : j ]. The pre�x problem on
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X is the computation of the initial pro ducts

x [1 : 1] = x

1

x [1 : 2] = x

1

� x

2

.

.

.

x [1 : n ] = x

1

� x

2

� � � � � x

n

:

W e linearly order the pre�x pro ducts b y putting x [1 : i ] to b e smaller than x [1 : j ] when i < j .

A lo w er b ound for the time required for the computation of the pre�x pro ducts of X on a mesh

with n pro cessors is

log n + � c ( n ) (2)

where c ( n ) is a lo w er b ound on the n um b er of routing steps. This can b e pro v ed b y sho wing that (2)

is a lo w er b ound for the computation of the single term x [1 : n ]. W e assume that

1. initially eac h pro cessor is assigned a single item x

i

,

2. the comm unication distance b et w een t w o pro cessors P and Q in the mesh is d ( P ; Q ).

A lo w er b ound for c ( n ) is giv en b y

min

M

max

P ;Q

d ( P ; Q ) (3)

where the minim um is tak en o v er all p ossible meshes of n pro cessors. In other w ords c ( n ) is the

minim um diameter of all meshes with n p oin ts. W e observ e that the v alue of (3) is the diameter of

the smallest disc (with resp ect to the Manhattan metric) whic h con tains all n pro cessors. Next w e

determine the radius of this smallest disc as a function of n .

Lemma 1 The numb er of lattic e p oints at a distanc e k > 0 fr om a given lattic e p oint is 4 k .

Pro of Without loss of generalit y , w e can assume that the lattice p oin t w e are considering is Q = (0 ; 0).

P oin t P = ( a

1

; b

1

) is at a distance j a

1

j + j b

1

j from Q . Therefore, the n um b er of p oin ts k a w a y from Q

is equal to four times the n um b er of solutions of

a

1

+ b

1

= k ; a

1

� 0 ; b

1

> 0 :

Since this n um b er is k , the total n um b er of p oin ts at distance exactly k from Q is 4 k . 2

It follo ws that in an y mesh, the total n um b er of pro cessors at a distance at most r from Q is

b ounded from ab o v e b y the n um b er of lattice p oin ts in a disc of radius r . By Lemma 1 this n um b er is

1 +

r

X

k =1

4 k = 1 + 2 r ( r + 1) : (4)

F or example, the disc of radius 2 in Figure 1 (b) con tains 1 + 2 � 2 � (2 + 1) = 13 lattice p oin ts. If r is

the radius of the smallest disc that con tains n pro cessors, then from (4)

n = 1 + 2 r ( r + 1) ) r =

1

2

( � 1 +

p

2 n � 1) :
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F or n � 1,

1

2

p

2 n � 1 � r �

r

n

2

; (5)

and therefore

c ( n ) �

p

2 n � 2 :

Consequen tly a lo w er b ound on the comm unication time required to compute pre�xes of n items on

an y mesh with n pro cessors is � (

p

2 n � 2). Since log n is a lo w er b ound for the computation of x [1 : n ]

w e obtain that a lo w er b ound for the computation of the pre�xes of X on an y mesh-connected system

is

� (

p

2 n � 2) + log n :

When w e ha v e an a � b rectangular mesh with a total of n pro cessors, the lo w er b ound for c ( n )

b ecomes 2

p

n � 2, whic h is ac hiev ed for a = b =

p

n . Th us

Lemma 2 A lower b ound for the c omputation of pr e�xes of ( x

1

; x

2

; : : : ; x

n

) on

(a) an arbitr ary mesh with n pr o c essors is

p

2 �

p

n + log n � 2 � ,

(b) on a r e ctangular mesh with n pr o c essors is 2 �

p

n + log n � 2 � .

3 A simple algorithm

In this section w e describ e a simple but sub optimal algorithm for the pre�x problem on a rectangular

mesh. F or simplicit y , w e describ e the algorithm on the

p

n �

p

n square mesh. The generalization to

an arbitrary rectangular mesh is a straigh tforw ard extension of this case.

W e n um b er the pro cessors so that the pro cessor at the lo w er left corner is (1 ; 1), and the one at the

top righ t is (

p

n;

p

n ). The initial assignmen t of x

1

; x

2

; : : : ; x

n

to the pro cessors is as follo ws: pro cessor

( i; j ) in ro w i and column j is assigned the item x

( j � 1)

p

n + i

. An example is sho wn in Figure 2 (a) for

n = 16.

F or i < j , eac h pro cessor in column i will calculate a smaller pre�x than an y pro cessor in column

j . Also, if i < j , then for an y giv en column, the pro cessor at ro w i will calculate a smaller pre�x

than the pro cessor at ro w j . This means that at the end of the algorithm, pro cessor ( i; j ) will con tain

the pre�x x [1 : ( j � 1)

p

n + i ] . The algorithm (called Algorithm A) consists of the follo wing four steps:

ALGORITHM A

Input: Items X = ( x

1

; x

2

; : : : ; x

n

). Initially pro cessor ( i; j ) is assigned x

( j � 1)

p

n + i

.

Output: Pre�x pro ducts of X . Pro cessor ( i; j ) con tains x [1 : ( j � 1)

p

n + i ].

1. Calculate the partial pre�xes o v er eac h column using the log n arithmetic step algorithm (giv en

as pro cedure pre�x.indep enden t) in Krusk al, Rudolph, and Snir [11 ]. A t the end of this step pro-

cessor ( i; j ) con tains the v alue x [( j � 1)

p

n + 1 : ( j � 1)

p

n + i ] . The con ten ts of the pro cessors

after Step 1 is executed is sho wn in Figure 2 (b). The n um b er of arithmetic steps required is

log

p

n , and the n um b er of routing steps required is

log (

p

n ) � 1

X

k =0

2

k

=

p

n � 1 :
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Therefore, the total time required for Step 1 is

� (

p

n � 1) + log

p

n :

2. Calculate the partial pre�xes for the top ro w using the log n algorithm as in Step 1. A t the end

of this step, pro cessor (

p

n; j ) will ha v e the v alue x [1 : j

p

n ] . The time required is the same as

in Step 1:

� (

p

n � 1) + log

p

n :

The con ten ts of the pro cessors immediately after the completion of Step 2 are sho wn in Figure 2

(c).

3. The v alue of x [1 : j

p

n ], no w a v ailable in (

p

n ; j ), is broadcast to eac h pro cessor in column j + 1

for 1 � j <

p

n . The dotted lines in Figure 2 (d) sho w these parallel routing steps. The time

required required is

�

p

n :

4. Pro cessor ( i; j ) m ultiplies the v alue x [1 : ( j � 1)

p

n ] receiv ed in Step 3, along with the v alue

x [( j � 1)

p

n + 1 : ( j � 1)

p

n + i ] computed in Step 1, to compute its target pro duct x [1 :

( j � 1)

p

n + i ] . Since this requires a single parallel m ultiplication, the time required is

1 :

The �nal con ten ts of the pro cessors are sho wn in Figure 2 (d).

END ALGORITHM A

The total time T

A

required b y Algorithm A is the sum of the time required for eac h step. This is

found to b e

T

A

= 3 �

p

n + log n � 2 � + 1 :

The parallel time T

A

exceeds the lo w er b ound giv en in lemma 2 (b) b y �

p

n + 1. In the next section w e

presen t an impro v ed algorithm for the square mesh whic h exceeds the lo w er b ound only b y a constan t

amoun t.

4 An optimal algorithm for the square

The algorithm w e presen t in this section is based on Algorithm A, but has near optimal p erformance

ac hiev ed b y reducing the comm unication complexit y of Algorithm A. Here w e imagine that the

p

n �

p

n

square as made up of t w o

1

2

p

n �

p

n rectangles, an upp er rectangle, and a lo w er rectangle, as separated

b y a dotted line in Figure 3 (a) for n = 16. The idea is to limit the comm unication b et w een the

upp er and the lo w er rectangles to comm unicating across the horizon tal b oundary only . As b efore, for

i < j , the pre�x computed in column i will b e smaller than the one computed in column j . In the

lo w er rectangle, the pre�xes will b e computed as in Algorithm A; ho w ev er in the upp er rectangle, the

computation will pro ceed in the rev erse order, so that the large pro ducts will b e computed closer to

the b oundary b et w een the t w o rectangles.
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x [1 : 3]
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(c) Step 2:

T op ro w pre�xes.

(d) Steps 3 & 4:

Column broadcast and single m ultiplication.

Figure 2: (a)-(d): Algorithm A.
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The initial assignmen t of v alues are as sho wn in Figure 3 (a): pro cessor ( i; j ) in ro w i and column

j is assigned the v alue x

( j � 1)

p

n + i

if i �

p

n = 2, i.e., the indices increase as w e go up a column in the

lo w er rectangle; pro cessor ( i; j ) has the v alue x

j

p

n +

p

n= 2+1 � i

if i >

p

n = 2, i.e., the indices increase as

w e go do wn a column in the upp er rectangle. The algorithm (whic h is called Algorithm B) consists of

sev en basic steps as follo ws:

ALGORITHM B

Input: Items X = ( x

1

; x

2

; : : : ; x

n

). Initially pro cessor ( i; j ) is assigned

x

( j � 1)

p

n + i

for i �

p

n = 2 ;

x

j

p

n +

p

n= 2+1 � i

for i >

p

n = 2 :

Output: Pre�x pro ducts of X . Pro cessor ( i; j ) con tains

x [1 : ( j � 1)

p

n + i ] for i �

p

n = 2 ;

x [1 : j

p

n +

p

n= 2 + 1 � i ] for i >

p

n = 2 :

1. Calculate the partial pre�xes o v er eac h half-column in parallel, using the same metho d as Step 1

of Algorithm A. After this step, pro cessor ( i; j ) has the partial pro duct

x [( j � 1)

p

n + 1 : ( j � 1)

p

n + i ] ; if i �

p

n= 2

x [( j � 1)

p

n +

p

n = 2 + 1 : j

p

n +

p

n = 2 + 1 � i ] ; if i >

p

n= 2

as indicated in Figure 3 (b). Similar to Step (1) of Algorithm A, the time tak en for this compu-

tation is

� (

p

n

2

� 1) + log (

p

n = 2) :

2. Send the v alues computed in Step (1) from

pro cessor (

p

n= 2 ; j ) to pro cessor (

p

n = 2 + 1 ; j ) directly for 1 � j �

p

n ,

pro cessor (

p

n= 2 + 1 ; j ) to (

p

n= 2 ; j + 1) through pro cessor (

p

n = 2 ; j ) in t w o steps for 1 �

j <

p

n .

The time required for this step of the algorithm is:

2 � :

The comm unication pattern used b y the t w o cen tral ro ws in Step 2 is indicated as dotted lines

in Figure 3 (c).

3. By a single m ultiplication,

pro cessor (

p

n= 2 ; j ) calculates

x [( j � 2)

p

n +

p

n = 2 + 1 : ( j � 1)

p

n +

p

n = 2 ] for 1 � j �

p

n ;

pro cessor (

p

n= 2 + 1 ; j ) calculates x [( j � 1)

p

n + 1 : j

p

n ] for 1 � j <

p

n .
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After Step 3, the pro cessors con tain the partial pro ducts in Figure 3 (d). The time required is

1 :

4. No w using the log n algorithm of Step 1 of Algorithm A, pro cessors in ro w

p

n = 2 + 1 calculate

their partial pre�x pro ducts across their ro w. In the same w a y , the pro cessors in ro w

p

n = 2

calculate their partial pre�x pro ducts, arriving at the con�guration in Figure 3 (e). A t the end

of this step,

pro cessor (

p

n= 2 ; j ) has x [1 : ( j � 1)

p

n +

p

n = 2], and

pro cessor (

p

n= 2 + 1 ; j ) has x [1 : j

p

n ].

The time required for this step is

� (

p

n � 1) + log

p

n :

5. Send the v alues computed in the previous step from

pro cessor (

p

n= 2 ; j ) to pro cessor (

p

n= 2 + 1 ; j ) directly , and from

pro cessor (

p

n= 2 + 1 ; j ) to (

p

n= 2 ; j + 1) through pro cessor (

p

n ; j ) for 1 � j <

p

n .

These routing lines are sho wn in Figure 3 (f ). The time required is

2 � :

6. The pro cessors (

p

n = 2 ; j ) and (

p

n= 2 + 1 ; j ) no w broadcast the v alues receiv ed in the previous

step to all of the pro cessors in their side of column j . The parallel time required is

� (

p

n = 2 � 1) :

7. Eac h pro cessor calculates its target pre�x pro duct b y at most one more m ultiplication using the

v alues receiv ed at the end of Step 5. The time required is

1 :

The �nal con�guration of v alues is sho wn in Figure 3 (f ).

END ALGORITHM B

Let T

B

denote the total time required b y algorithm B . T

B

is the sum of the sev en individual steps

of the algorithm, whic h is found to b e

T

B

= 2 �

p

n + log n + � + 1 : (6)

By lemma 2 (b), a lo w er b ound on the time required for the pre�x computation on a rectangular

mesh is 2 �

p

n + log n � 2 � . F rom the expression in (6) for T

B

w e see that the running time of Algorithm

B exceeds the lo w er b ound only b y the constan t amoun t 3 � + 1.
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x [3 : 3]

x [3 : 4]

x [1 : 2]

x [1 : 1]

x [7 : 7]

x [7 : 8]

x [5 : 6]

x [5 : 5] x [9 : 9]
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x [3 : 3]

x [1 : 4]

x [1 : 2]

x [1 : 1]

x [7 : 7]

x [5 : 8]

x [3 : 6]

x [5 : 5] x [9 : 9]

x [7 : 10]

x [9 : 12]

x [11 : 11]

x [13 : 13]

x [11 : 14]

x [13 : 16]

x [15 : 15]

(c) Step 2:

Comm unication pattern.

(d) Step 3:

Single m ultiplication.

Figure 3: (a)-(d): Algorithm B.
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6 66

x [1 : 3]

x [1 : 4]

x [1 : 2]

x [1 : 1]

x [1 : 7]

x [1 : 8]

x [1 : 6]

x [1 : 5] x [1 : 9]

x [1 : 10]

x [1 : 12]

x [1 : 11]

x [1 : 13]

x [1 : 14]

x [1 : 16]

x [1 : 15]

(e) Step 4:

P arallel pre�x along cen tral ro ws.

(f ) Steps 5, 6 & 7:

Comm unication pattern and �nal con�guration.

Figure 3: (e)-(f ): Algorithm B.

5 Pre�x on a disc

In this section w e consider the pre�x computation on mesh of pro cessors arranged as a disc with resp ect

to the metric in (1) , as in Figure 1 (b). F or simplicit y , w e assume that n is of the form n = 1 + 2 r ( r + 1).

The algorithm is as follo ws: w e lab el the pro cessors b y their lattice co ordinates, the cen ter b eing

O = (0 ; 0). The disc is conceptually divided in to four quadran ts Q

1

; Q

2

; Q

3

, and Q

4

as sho wn in

Figure 4 (a), where

Q

1

= f pro cessors ( s; t ) j s � 0 ; t � 0 g ,

Q

2

= f pro cessors ( s; t ) j s > 0 ; t � 0 g ,

Q

3

= f pro cessors ( s; t ) j s > 0 ; t < 0 g ,

Q

4

= f pro cessors ( s; t ) j s � 0 ; t < 0 g .

F or an y p ositiv e in teger L , w e can further divide the quadran ts in to cells of size L � L as sho wn in

Figure 4 (b) for L = 2. F or example, in Q

1

pro cessors ( s; t ) with � L < s � 0, 0 � t < L are in one cell

denoted b y C

0 ; 0

, pro cessors ( s; t ) with � 2 L < s � � L , L � t < 2 L will b e in one cell denoted b y C

� 1 ; 1

.

In general w e lab el the cells in Q

1

as C

i;j

with � r =L � i � 0 and 0 � j � r =L where C

i;j

consists of

all pro cessors ( s; t ) with � ( i + 1) L < s � � iL and j L � t � ( j + 1) L . A similar notation is used in the

other quadran ts. F or instance the cells in Q

2

are lab eled C

i;j

with 0 < i � d r =L e , and 0 � j � ( r � 1) =L ,

with C

i;j

consisting of all pro cessors ( s; t ) with ( i � 1) L < s � iL , and j L � t � ( j + 1) L . See Figure

4 (b) for an example of this decomp osition with r = 4 and L = 2.

The assignmen t of initial v alues to the pro cessors is as follo ws: �rst of all if i < j with x

u

2 Q

i

and x

v

2 Q

j

, then u < v . Within a quadran t, the items are assigned to cells so that x

u

2 C

i;j

and

x

v

2 C

k ;l

implies u < v , whenev er j i j > j k j , or i = k , and j j j > j l j . Th us essen tially , in eac h quadran t

the columns of cells farther from the origin are assigned items with smaller indices, and within a giv en

10



0,1 1,1

C 2,01,0-1,0

0,2

-2,0

Q

O

3 QQ

Q1

3

Q1

(a) (b)

1,0

QQ4

QQ2Q2

Q4

0,-2

-1,-1

1,-2

1,-1 2,-10,-1

C

C

C

C

C

C

C

C

C

C C

C

C

0,0

C

-1,1

Figure 4: (a) Quadran ts Q

1

; Q

2

; Q

3

; Q

4

on a disc D with cen ter O and radius r = 4, (b) Decomp osition

of D in to cells of size L = 2.

column in a quadran t, the indices of the items increase as w e get closer to the horizon tal axis. This

bulk assignmen t is sho wn in Figure 5 (c) for r = 7 and L = 4, in whic h the of the list sho wn in eac h

cell is the set of items that will b e assigned to pro cessors in the cell.

Within a cell, the items are assigned as in algorithm B, but with t w o pro visos:

1. The highest indexed item that app ears in a cell is assigned to the pro cessor on the v ertical side

of the cell closer to the cen ter. Th us in Q

1

and Q

4

the items are assigned exactly as in algorithm

B, whereas in Q

2

and Q

3

the assigned v alues are rev ersed along the v ertical axis of eac h cell.

Consequen tly , in quadran ts 2 and 3, the largest indexed item is on the left hand side of the cell.

2. The cell ma y not b e complete. In this case w e resp ect the order giv en b y the assignmen t of

algorithm B in our assignmen t to the existing pro cessors in the incomplete cell.

F or r = 7 and L = 4, the assignmen ts of items to individual pro cessors in eac h of the cells C

0 ; 1

, C

0 ; 0

,

and C

1 ; � 1

are sho wn in Figure 6 (a), (b), and (c), resp ectiv ely .

ALGORITHM C

Input: Items X = ( x

1

; x

2

; : : : ; x

n

). Initially pro cessor ( s; t ) is assigned item x

i

, as describ ed ab o v e.

W e assume that n = 1 + 2 r ( r + 1) for some r .

Output: Pre�x pro ducts of X .

1. Calculate in parallel the pre�xes of the assigned items in eac h cell b y using Algorithm B giv en

in the previous section. Let c

i;j

denote the pro cessor in cell C

i;j

that is closest to the origin and

let p

i;j

b e the pro duct of all of the items assigned to pro cessors in C

i;j

. The quan tit y p

i;j

is

11



x

1

; ::; x

10

x

11

; ::; x

20

x

21

; ::; x

36

x

43

; ::; x

48

x

49

; ::; x

64

x

37

; ::; x

42

x

65

; ::; x

67

x

71

; ::; x

85

x

68

; ::; x

70

x

98

; ::; x

113

x

92

; ::; x

97

x

86

; ::; x

91

C

0 ; 1

C

1 ; 1

C

0 ; 0

C

1 ; 0

C

2 ; 0

C

� 1 ; 0

C

� 1 ; � 1

C

0 ; � 1

C

1 ; � 1

C

2 ; � 1

C

0 ; � 2

C

1 ; � 2

Q

1

Q

2

Q

3

Q

4

Figure 5: Bulk distribution of items to cells: r = 7, n = 113, and L = 4.

x

83

x

84

x

82

x

85

x

81

x

80

x

79

x

78

x

77

x

76

x

75

x

74

x

73

x

72

x

71

C

1 ; � 1

x

21

x

22

x

23

x

24

x

25

x

26

x

27

x

28

x

29

x

30

x

31

x

32

x

33

x

34

x

35

x

36

C

0 ; 0

x

19

x

20

x

18

x

17

x

14

x

15

x

16

x

12

x

13

x

11

C

0 ; 1

Figure 6: Assignmen t of items to pro cessors in cells C

0 ; 1

, C

0 ; 0

, and C

1 ; � 1

: r = 7, L = 4.
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the largest pre�x computed in C

i;j

at the completion of Algorithm B. Send p

i;j

to pro cessor c

i;j

.

Figure 7 (a) and Figure 7 (b) sho w the resulting v alues in the pro cessors in cell C

0 ; 1

, and the

v alues in eac h of the sp ecial pro cessors c

i;j

o v er the en tire mesh after this step, resp ectiv ely .

dd

d

c

� 1 ; 0

c

0 ; 0

x [1 : 10] x [21 : 36]

x [11 : 20]

c

0 ; 1

d d

d

c

1 ; 1

c

1 ; 0

c

2 ; 0

x [49 : 64] x [37 : 42]

x [43 : 48]

d

d

d

x [86 : 91] x [98 : 113]

x [92 : 97]

c

0 ; � 2

d

d

d

c

1 ; � 2

x [71 : 85] x [65 : 67]

x [68 : 70]

x

[11:19]

x

[11:20]

x

[11:18]

x

[11:17]

x

[11:14]

x

[11:15]

x

[11:16]

x

[11:12]

x

[11:13]

x

[11:11]

C

0 ; 1

x

[11:20]

= p

0 ; 1

c

� 1 ; � 1

c

0 ; � 1

c

1 ; � 1

c

2 ; � 1

(a) (b)

Figure 7: After Step 1 (a): Pre�xes in C

0 ; 1

, (b) Con ten ts of pro cessors c

i;j

.

The time required for this computation is the time (6) required b y Algorithm B on an L � L

square plus � L= 2 units of comm unication time required to send p

i;j

to pro cessor c

i;j

. The total

is computed to b e

5

2

� L + 2 log L + � + 1

2. In this step, pre�xes of the p

i;j

's themselv es along eac h column of cells in eac h quadran t, as w ell

as the pro duct of all p

i;j

in a giv en quadran t will b e computed at the sp ecial pro cessors c

i;j

. Let

q

1

; q

2

; q

3

; q

4

denote the pro duct of all p

i;j

in the quadran ts Q

1

; Q

2

; Q

3

; Q

4

, resp ectiv ely . In eac h

quadran t, the computation in this step of the algorithm is indep enden t of the v alues computed

in the other quadran ts, and is p erformed in parallel. Denote the pre�x computed b y c

i;j

during

this step b y a

i;j

. Initially a

i;j

= p

i;j

for ev ery pro cessor c

i;j

. W e will giv e a high lev el description

of this step of the algorithm on quadran t Q

1

. A sequence of op erations similar to the co de in

Figure 8 are executed in quadran ts Q

2

, Q

3

, and Q

4

also. In these quadran ts indices of the co de

Figure 8 need to b e suitably mo di�ed.

In Q

1

w e p erform the sequence of op erations giv en in Figure 8:

An example of this step with r =L = 2 is sho wn in parts (a), (b), and (c) of Figure 9. In (a), the

initial send op eration together with the computation of a

� 1 ; 0

:= p

� 1 ; 1

� p

� 1 ; 0

and a

0 ; 1

:= p

0 ; 1

� p

0 ; 2

are sho wn. The next t w o �gures in parts (b) and (c) corresp ond to the execution of the for lo op

in Figure 8 with k = 1 and k = 0, resp ectiv ely . In (b), computation of a

� 1 ; 0

:= a

� 2 ; 0

� a

� 1 ; 0

and

13



for eac h i; j with ( j � i = r =L ) and ( j > 0) parallel do = � initial step � =

b egin

send a

i;j

from c

i;j

to c

i;j � 1

; = � send do wn parallel � =

a

i;j � 1

:= p

i;j � 1

� a

i;j

; = � m ultiply parallel � =

end

for k = r =L � 1 do wn to 0 do = � lo op � =

b egin

for eac h i; j with ( j � i = k ) parallel do

b egin

if j > 0 then send a

i;j

from c

i;j

to c

i;j � 1

= � send do wn parallel � =

else send a

� k � 1 ; 0

from c

� k � 1 ; 0

to c

� k ; 0

; = � send righ t b y one pro cessor � =

if j > 0 then a

i;j � 1

:= p

i;j � 1

� a

i;j

; = � m ultiply parallel � =

else a

� k ; 0

:= a

� k � 1 ; 0

� a

� k ; 0

; = � m ultiply b y one pro cessor � =

end

end

Figure 8: Step 2 of Algorithm C: Co de for Q

1

.

e

e

e

e

ee e

e

e

e

eee

e

e

e

ee - -

?

?

?

c

0 ; 2

c

� 1 ; 1

c

0 ; 1

c

� 2 ; 0

c

� 1 ; 0

c

0 ; 0

(b)

a

� 1 ; 0

� a

� 2 ; 0

a

0 ; 1

� p

0 ; 0

c

0 ; 2

c

� 1 ; 1

c

0 ; 1

c

� 2 ; 0

c

� 1 ; 0

c

0 ; 0

(c)

a

0 ; 0

� a

� 1 ; 0

c

0 ; 2

c

� 1 ; 1

c

� 1 ; 0

c

0 ; 0

c

0 ; 1

a

0 ; 2

� p

0 ; 1

a

� 1 ; 1

� p

� 1 ; 0

(a)

c

� 2 ; 0

Figure 9: Execution of Step 2 in Q

1

with r =L = 2: (a) initial, (b) k = 1, (c) k = 0.
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a

0 ; 0

:= a

0 ; 1

� p

0 ; 0

after the parallel send is sho wn. Finally in part (c), the curren t a

� 1 ; 0

is sen t to

c

0 ; 0

and consequen tly the �nal v alue of a

0 ; 0

:= a

� 1 ; 0

� a

0 ; 0

is computed. Note that the �nal v alues

of a

i;j

in Q

1

are

a

� 2 ; 0

= pro duct of items assigned to cell C

� 2 ; 0

(a v ailable at c

� 2 ; 0

and c

� 1 ; 0

),

a

� 1 ; 0

= pro duct of items assigned to cells C

� 2 ; 0

, C

� 1 ; 1

, and C

� 1 ; 0

(a v ailable at c

� 1 ; 0

and c

0 ; 0

),

a

0 ; 0

= pro duct of items assigned to cells C

� 2 ; 0

, C

� 1 ; 1

, C

� 1 ; 0

, C

0 ; 2

, C

0 ; 1

, and C

0 ; 0

(a v ailable at c

0 ; 0

).

In particular, after the execution of the ab o v e co de pro cessor c

0 ; 0

con tains the pro duct of all items

assigned to Q

1

, in other w ords a

0 ; 0

= q

1

. Similarly , at the end of Step 2, pro cessor c

1 ; 0

con tains

q

2

= a

1 ; 0

, pro cessor c

1 ; � 1

con tains q

3

= a

1 ; � 1

, and pro cessor c

0 ; � 1

con tains q

4

= a

0 ; � 1

. F or the

example giv en in Figure 7 (b), these pro ducts are

q

1

= x [1 : 36] ; q

2

= x [37 : 64] ; q

3

= x [65 : 85] ; q

4

= x [86 : 113] :

An individual send op eration p erformed in the co de Figure 8 requires � L steps. The time tak en

for the initial parallel do is � L + 1. The for lo op tak es ( r =L )( � L + 1) units of time, giving a

total parallel time of ( r =L + 1)( � L + 1) for this step. Using the upp er b ound on r in terms of n

giv en in (5) w e �nd that the total time tak en b y Step 2 is at most

�

r

n

2

+

1

L

r

n

2

+ � L + 1 :

3. Calculate and forw ard the pre�xes of ( q

1

; q

2

; q

3

) using the a v ailable v alues at the four pro cessors

c

0 ; 0

, c

1 ; 0

, c

1 ; � 1

, and c

0 ; � 1

in clo c kwise manner as sho wn in Figure 10: First send q

1

to pro cessor

e

e e

e-

?

�

c

0 ; 0

c

1 ; 0

c

0 ; � 1

c

1 ; � 1

q

1

q

1

� q

2

q

1

� q

2

q

1

� q

2

� q

3

q

1

� q

2

� q

3

Figure 10: Execution of Step 3.

c

1 ; 0

and compute q

1

� q

2

. Next send q

1

� q

2

to pro cessor c

1 ; � 1

and compute q

1

� q

2

� q

3

. Finally

send this last v alue to pro cessor c

0 ; � 1

.

The time required is:

2 + 3 �

Going bac k to the example Figure 7 (b), at the end of Step 3, the pre�xes x [1 ; 36], x [1 ; 64], and

x [1 ; 85] are a v ailable at pro cessors c

1 ; 0

, c

1 ; � 1

, and c

0 ; � 1

, resp ectiv ely .
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4. In Step 4 w e com bine t w o t yp es of broadcast op erations: broadcast to sp ecial pro cessors that lie

along the horizon tal axis in eac h quadran t, and from eac h suc h pro cessor to all sp ecial pro cessors

along its column. Again, these op erations are carried on indep enden tly and in parallel in eac h

quadran t. More precisely

In Q

1

, broadcast the v alue 1 from c

0 ; 0

to eac h pro cessor c

i; 0

; i � 0.

In Q

2

, broadcast q

1

(obtained in Step 3) from pro cessor c

1 ; 0

to pro cessors c

i; 0

; i > 0.

In Q

3

, broadcast q

1

� q

2

(computed in Step 3) from pro cessor c

1 ; � 1

to pro cessors c

i; � 1

; i > 0.

In Q

4

, broadcast q

1

� q

2

� q

3

(computed in Step 3) from pro cessor c

0 ; � 1

to pro cessors c

i; � 1

; i � 0.

The sp ecial pro cessors that lie along the horizon tal axis compute the smallest pre�x that is

needed in eac h cell in its column (w e can call this the smallest pre�x for the column) b y a single

m ultiplication as so on as they receiv e the horizon tally broadcast v alue. Consequen tly they initiate

a broadcast to the sp ecial pro cessors in eac h cell that lie in their column. F or example, in Q

1

,

pro cessor c

i; 0

; i < 0,

1. receiv es 1 from c

i +1 ; 0

,

2. sends 1 to c

i � 1 ; 0

,

3. computes 1 � a

i � 1 ; 0

and initiates a broadcast to the sp ecial pro cessors in column i b y sending

this v alue to c

i; 1

.

Similarly , in quadran t Q

2

, eac h c

i; 0

; i > 1,

1. receiv es q

1

from c

i � 1 ; 0

,

2. sends q

1

to c

i +1 ; 0

,

3. computes q

1

� a

i +1 ; 0

and initiates a broadcast to the sp ecial pro cessors in column i b y sending

this v alue to c

i; 1

.

This step is sho wn in Figure 11 in quadran t Q

2

.

d

d

d

d

d

d

c

1 ; 0

c

2 ; 1

c

2 ; 0

c

3 ; 0

c

1 ; 2

c

1 ; 1

d

d

d

d

d

d

c

1 ; 0

c

2 ; 1

c

2 ; 0

c

3 ; 0

c

1 ; 2

c

1 ; 1

-

(a)

q

1

� a

2 ; 0

q

1

d

d

d

d

d

d

6

6

(c)

q

1

� a

2 ; 0

q

1

� a

3 ; 0

c

1 ; 0

c

2 ; 1

c

2 ; 0

c

3 ; 0

c

1 ; 2

c

1 ; 1

-

6

(b)

q

1

� a

3 ; 0

q

1

q

1

� a

2 ; 0

Figure 11: Execution of Step 4 in Q

2

with r =L = 2.
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Eac h sp ecial pro cessor receiv es the smallest pre�x for its column computed ab o v e in no more

than r comm unication steps and a single m ultiplication. Therefore the total time required is:

�

r

n

2

+ 1 :

5. In eac h cell C

i;j

, compute the pro duct of the smallest column pre�x (whic h is a v ailable in c

i;j

after Step 4) and the v alue obtained in Step 2 from the closest cell in the same column. F or

example, in the �rst quadran t, the pro cessor c

i;j

computes the pro duct of the smallest column

pre�x and a

i;j +1

, and in Q

3

pro cessor c

i;j

computes the pro duct of the smallest column pre�x

it receiv ed in Step 4 with a

i;j � 1

that it obtained in Step 2. Eac h c

i;j

broadcasts this pro duct to

eac h pro cessor in the cell as sho wn in Figure 12.

f

f f

f f

f

ffff

f

f

f f f f���

6 6 6 6

6666

6 6 6 6

x [49 : 61]x [49 : 49] x [49 : 53] x [49 : 57]

x [49 : 50] x [49 : 54] x [49 : 58] x [49 : 62]

x [49 : 52] x [49 : 56] x [49 : 60] x [49 : 64]

x [49 : 51] x [49 : 55] x [49 : 59]

x [43 : 48] = a

1 ; 1

x [1 : 42] = a

0 ; 0

� a

2 ; 0

x [1 : 48] = a

1 ; 1

� a

0 ; 0

� a

2 ; 0

x [49 : 63]

Figure 12: Step 5 in C

1 ; 0

with r = 7, n = 117, and L = 4: Broadcast x [1 : 48].

The time required for this step is

1 + 2 � L :

6. Calculate the actual pre�x in eac h pro cessor, using the v alue obtained in Step 5. The time

required is

1 :

END ALGORITHM C

The total time T

C

required b y Algorithm C is the sum of the time required for Steps 1 through 6.

This is found to b e

2 �

r

n

2

+

1

L

r

n

2

+

11

2

� L + 2 log L + 4 � + 7 : (7)
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T o minimize time, w e di�eren tiate equation (7) with resp ect to L and equate it to 0. This giv es

11

p

2 � L

2

+ 4

p

2 L � 2

p

n = 0 :

Therefore,

L =

� 2 +

q

4 + 11

p

2 �

p

n

11 �

;

and for large n

L �

4

p

2 n

p

11 �

: (8)

Substituting this v alue in (8) in to the expression (7) giv es

T

C

�

p

2 �

p

n +

p

44

4

p

8

p

�

4

p

n + 2 log

4

p

2 n

p

11 �

+ 4 � + 7 :

Therefore the running time of Algorithm C is

T

C

=

p

2 �

p

n + O (

p

�

4

p

n ) : (9)

By the lo w er b ound giv en in part (a) of Lemma 2, algorithm C is asymptotically optimal.

6 Remarks

Under the assumptions that eac h pro cessor is assigned a single item x

i

, and the comm unication cost of

sending a single input item b et w een pro cessors P and Q is � d ( P ; Q ) , algorithms for the computation

of pre�x pro ducts of a list X of n items on mesh-connected m ultipro cessor systems are constructed.

Initial loading of the items to the pro cessors is not tak en in to accoun t. F or rectangular meshes t w o

algorithms are pro vided: Algorithm A is simple to implemen t but sub optimal, whereas Algorithm B

is asymptotically optimal but harder to implemen t. By partitioning the disc in to v ariable size square

meshes and using Algorithm B as a subpro cedure on these squares, it is p ossible to construct an asymp-

totically optimal algorithm (Algorithm C) for the pre�x problem on a disc with n pro cessors. This

latter algorithm assumes that n is of the form n = 1 + 2 r ( r + 1). If this is not the case, then list X

can b e augmen ted b y adding necessary n um b er of 1's to mak e it so. This new list can not b e longer

than the original b y more than O (

p

n ), therefore the asymptotic complexit y of Algorithm C giv en in

(9) remains v alid.
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