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Abstract. We look at 1-region membrane computing systems which ordyrules of the form
Ca — Cv, whereC is a catalystg is a noncatalyst, andis a (possibly null) string of noncat-
alysts. There are no rules of the foem— ». Thus, we can think of these systems as “purely”
catalytic. We consider two types: (1) when the initial confagion contains only one catalyst,
and (2) when the initial configuration contains multiplet(necessarily distinct) catalysts. We
show that systems of the first type are equivalent to comnatioit-free Petri nets, which are
also equivalent to commutative context-free grammarsyTdefine precisely the semilinear
sets. This partially answers an open question in [19]. Systef the second type define exactly
the recursively enumerable sets of tuples (i.e., Turinghimeccomputable). We also study an
extended model where the rules are of the fgrm(p, Ca — Cv) (whereg andp are states),
i.e., the application of the rules is guided by a finite-stagetrol. For this generalized model,
type (a) as well as type (b) with some restriction corresptongbctor addition systems.

Keywords: membrane computing, catalytic system, semilinear set, vector additsdensyreacha-
bility problem.

1 Introduction

In recent years, there has been a burst of research in the area of membrane apfdplitivhich
identifies an unconventional computing model (namely a P system) fromahphenomena of cell
evolutions and chemical reactions [2]. Due to the built-in nature ofimalxparallelism inherent
in the model, P systems have a great potential for implementing massmeturrent systems in
an efficient way, once future bio-technology (or silicon-technologyggiway to a practical bio-
realization (or a chip-realization). In this sense, it is important tdysthe computing power of the
model.

Two fundamental questions one can ask of any computing device (such asgmachine) are:
(1) What kinds of restrictions/variations can be placed on the devideuitreducing its comput-
ing power? (2) What kinds of restrictions/variations can be placed odedliee which will reduce
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its computing power? For Turing machines, the answer to (1) is thabd@unachines (as well as
variations like multitape, nondeterministic, etc.) accept exactly the riselyenumerable (r.e.) lan-
guages. For (2), there is a wide spectrum of well-known results comzpvarious sub-Turing com-
puting models that have been introduced during the past half centurljst &ofew, there are finite
automata, pushdown automata, linearly bounded automata, various restaatdgdr automata, etc.
Undoubtedly, these sub-Turing models have enhanced our undersgfaridhee computing power
of Turing machines and have provided important insights into theyaisehnd complexity of many
problems in various areas of computer science. We believe that studyimgtguting power of
P systems would lend itself to the discovery of new results if a ainmiiethodology is followed.
Indeed, much research work has shown that P systems and their many variantvarsal(i.e.,
equivalent to Turing machines) [4, 16,17, 3,6, 7,19] (surveys ameddn [13, 18]). However, there
is little work in addressing the sub-Turing computing power ofrieted P systems. To this end, we
present some new results in this paper, specifically focusing on catalgyistéms.

A P systemS consists of a finite number of membranes, each of which contains a multiset o
objects (symbols). The membranes are organized as a Venn diagram or auctgratwhere one
membrane may contain 0 or many membranes. The dynamifsi®igoverned by a set of rules
associated with each membrane. Each rule specifies how objects evolve and maeghboring
membranes. The rule set can also be associated with priority: a loweityride does not apply if
one with a higher priority is applicable. A precise definition®o€an be found in [16]. Since, from
arecentresult in [19], P systems with one membrane (i.e., 1-regigatBrss) and without priority
are already able to simulate two counter machines and hence universal [16E farrposes of this
paper, we focus on catalytic 1-region P Systems, or simply catalytiersgs(CS's) [16, 19].

A CS S operates on two types of symbols: catalytic symbols catkdlysts(denoted by cap-
ital lettersC, D, etc) and noncatalytic symbols calladncatalyst{denoted by lower case letters
a, b, c,d, etc). An evolution rule irs is of the formCa — Cv, whereC is a catalystg is a noncata-
lyst, andv is a (possibly null) string (an obvious representation of a metltisf noncatalysts. A CS
S is specified by a finite set of rules together with an initial multiset (gumétion)w,, which is a
string of catalysts and noncatalysts. As with the standard semanticystaPs [16], each evolution
step ofS is a result of applying all the rules ifi in a maximally parallel manner. More precisely,
starting from the initial configuratiomy, the system goes through a sequence of configurations,
where each configuration is derived from the directly preceding configuratiome step by the
application of a subset of rules, which are chosen nondeterministicaltg. tNat a rule”’a — Cv is
applicable if there is & and ama in the preceding configuration. The result of applying this rule is
the replacement of by . If there is another occurrence 6fand another occurrence @fthen the
same rule or another rule withia on the left hand side can be applied. We require that the chosen
subset of rules to apply must be maximally parallel in the sense thatheo applicable rule can
be added to the subset. Configuratiois reachable if it appears in some execution sequencs.
halting if none of the rules is applicable. The set of all reachable configneit denoted byr(S).
The set of all halting reachable configurations (which is a subsB{ 6) is denoted byr,,(S).

We show that CS's whose initial configuration contains only one catalgsequivalent to
communication-free Petri nets, which are also equivalent to commutativextefrde grammars [5,
11]. They define precisely the semilinear sets. HeR(&) and Ry, (S) are semilinear. This partially
answers an open problem in [19], where it was shown that when the initidilgooation contains
six catalysts,S is universal, and [19] raised the question of what is the optimal nuimibeatalysts
for universality. Our result shows that one catalyst is not enoughaléestudy an extended model
where the rules are of the forgn: (p, Ca — Cv) (Whereg andp are states), i.e., the application of
the rules is guided by a finite-state control. For this generalized msgstems with one catalyst in



its intial configuration as well as systems with multiple catalystssinitial configuration but with
some restriction correspond to vector addition systems.

Due to space limitation, proofs are not included in the paf@ére proofs are provided in the
Appendix, which can be read at the discretion of the Program Committeg.

2 Semilinear Sets and Reversal-Bounded Multicounter Machines

In this section, we recall the definition of a semilinear set and its characterizatterms of a
reversal-bounded multicounter machine. The characterization is usefubwimgrsome of our re-
sults.

Let N be the set of nonnegative integers anloe a positive integer. A sét C N* is alinear set
if there exist vectorsg, vy, . ..,v; in N*¥ suchthatS = {v | v = vg + ayvy + ... + asvs, a; € N}
The vectors), (referred to as theonstant vectgrandw, , vo, . .., v; (referred to as theeriod9 are
called thegeneratorf the linear sefS. A setS C N¥ is semilinearif it is a finite union of linear
sets. The empty set is a trivial (semi)linear set, where the set of gereimtempty. Every finite
subset ofN* is semilinear — it is a finite union of linear sets whose generators aréagingctors.
Clearly, semilinear sets are closed under union and projection. It is atserkiihat semilinear sets
are closed under intersection and complementation.

There is a simple automata characterization of semilinear setsMLbe a nondeterministic
finite-state machinwithout an input tapgbut withn counters (for some > 1). The computation
of M starts with all the counters zero and the machine in the start state. Theeroarereversal-
boundedn that each counter can be tested for zero and can be incremented by one, decremented
by one, or left unchanged, but the number of alternations between nondegnemsia and nonin-
creasing mode in any computation is bounded by a given constant. For lexangounter whose
values change according to the pattérh 1 234432101 10 is 3-reversal (here the reversals
are underlined))M is called a reversal-bounded multicounter machine (wittounters). Suppose
k < n counters are designated as output counters (note that all counters can lecoutgters)
DefineG(M) = {v | M when started from its initial configuration halts in an accepting stateavith
the tuple of values of thk output countersg. We refer toG (M) as the set generated By.

The following result is from [12].

Theorem 1. 1. Given a semilinear s&f, we can effectively construct a reversal-bounded multi-
counter machiné/ such thatG (M) = S.
2. Given areversal-bounded multicounfer, G(M) is an effectively computable semilinear set.

Theorem 1, part 2 can be strengthened. Assume thaf ione of the counters is unrestricted
(i.e., not reversal-bounded). Call this courftee Then the following was also shown in [12].

Theorem 2. Let M be a machine with one free counter and several reversal-bounded csunter
ThenG(M) is an effectively computable semilinear set.

The above result cannot be extended to alewfree counters, since it is known that a machine
with two counters, both of which are free, can simulate the computatianfofing machine (TM)
[15].

A multicounter machine can also be used as an “acceptor” instead of a generatornsacthize
is initially given a tuple(iy, ...,4x) in its input counters with all other counters zero. The tuple is
accepted if the machine eventually halts in an accepting state. The equivalences ahd,3 of
the following theorem follows from the theorems above. The fact thatyesemilinear set can be
accepted by deterministiaeversal-bounded multicounter acceptor was also shown in [12]:



Theorem 3. LetQ C N¥. Then the following statements are equivalent:

1. Q is a semilinear set.

2.  can be generated by some reversal-bounded multicounter generator.

3. @ can be accepted by some reversal-bounded multicounter acceptor.

4. () can be accepted by sordeterministiaeversal-bounded multicounter acceptor.

Let ¥ = {ay,as,...,a,} be an alphabet. For each stringin X*, define theParikh mapof w
to bey(w) = (|way, | W]ay; - - -, |wla, ), Where|w|,, is the number of occurrences @f in w. For a
language (set of string$) C X*, theParikh mapof L is /(L) = {¢(w) | w € L}.

3 1-Region Catalytic Systems

In this section, we study 1-region membrane computing systems wiielonly rules of the form
Ca — Cv, whereC is a catalystq is a noncatalyst, andis a (possibly null) string of noncatalysts.
Note that we do not allow rules of the forin— v as in a P System. Thus, we could think of these
systems as “purely” catalytic. As defined earlier, we denote such a system by CS.

Let S be a CS andv be an initial configuration (string) representing a multiset of catalyst
and noncatalysts. A configuratianis a reachable configuration $ can reach: starting from the
initial configurationw. Call z a halting configuration if no rule is applicable enUnless otherwise
specified, “reachable configuration” will mean any reachable configuration, gaitimot. Note
that a nonhalting reachable configuratioris an intermediate configuration in a possibly infinite
computation. We denote bi(S) the set of Parikh maps of reachable configurations with respect
to noncatalysts only. Since catalysts do not change in a computationg wetdnclude them in
the Parikh map. Also, for convenience, when we talk about configurationsometimes do not
include the catalystsk(S) is called the reachability set a8. R, (S) will denote the set of all
halting reachable configurations.

3.1 The Initial Configuration Has Only One Catalyst

In this subsection, we assume that the initial configuration of the&nlyonecatalystC.

A noncatalyst is evolutionanyif there is a rule in the system of the forffu — C'v; otherwiseg
is non-evolutionaryCall a CSsimpleif each ruleCa — Cv has at most one evolutionary noncatalyst
in v. Our first result shows that semilinear sets and simple CS's are iptinmatated.

Theorem 4. 1. LetQ C N*.If @ is semilinear, then there is a simple GSuch that) is definable
by S, i.e.,Q is the projection of?;,(S) on k coordinates.
2. LetS be a simple CS. TheR, (S) and R(S) are semilinear.

Later, in Section 4, we will see that, in fact, the above theorem holds fprG$ whose initial
configuration has only one catalyst.

Suppose that we extend the model of a CS so that the rules are nowfofrthe : (p, Ca —
Cv), i.e., the application of the rules is guided by a finite-state confited rule means that if the
system is in state, application ofCa — Cv will land the system in state. We call this system a
CS with states or CSS. In addition, we allow the rules to be praard;j i.e., there is a partial order
on the rules: A rule’ of lower priority thanr cannot be applied if is applicable. We refer to such a
system as a CSSP. For both systems, the computation stégés@}, whereq, is a designated start
state, andv is the initial configuration consisting of catalyStand noncatalysts. In Section 4, we
will see that a CSS can define only a recursive set of tuples. In contrasgltbwing result shows
that a CSSP can simulate a Turing machine.



Theorem 5. LetS be a CSSP with one catalyst and two noncatalysts. Bheam simulate a Turing
machine.

Directly from Theorem 5, we have:

Corollary 1. LetS be a CSSP with one catalyst and two noncatalysts. TheH C N? need not
be a semilinear set.

We will see later that in contrast to the above result, when the rules amindtized, i.e., we have
a CSSS with one catalyst and two noncatalysiy,S) is semilinear.

3.2 The Initial Configuration Has Multiple Catalysts

In this subsection, we assume that initial configuration of the CS camrhaltiple catalysts.

In general, we say that a noncatalyskibounded if it appears at moktimes in any reachable
configuration. It is bounded if it i8-bounded for somé.

Consider a CSSP whose initial configuration has multiple catalyssuie that except for one
noncatalyst, all other noncatalysts are bounded or make atmdst some fixedr) alternations
between nondecreasing and nonincreasing multiplicity in any computatadhth@s a reversal-
bounded CSSP. As in the proof of part 2 of Theorem 4 (given in the Agigirwe can construct a
machine with one unrestricted counter and several reversal-bounded smintalating such a sys-
tem. Note that the final multiplicities of the bounded noncatalyststaredinto their corresponding
counters when the CSSP being simulated halts. Hence we have:

Corollary 2. If S is a reversal-bounded CSSP, thBp(S) and R(S) are semilinear.

Without the reversal-bounded restriction, a CSSP can simulate anffsict, a CS (with multiple
catalysts in its initial configuration) can simulate a TM. It was recentlynghin [19] that a CS
augmented with noncooperating rules of the fotm— v, wherea is a noncatalyst and is a
(possibly null) string of noncatalysts is universal in the sensd an augmented system with 6
catalysts can define any recursively enumerable set of tuples. A simple obsestzws that all
the (noncooperating) rules of the fomm— v in [19] can be made catalytic, i.d)a — Dwv using 5
new catalysts, without changing the behavior of the system. Hence, we get

Corollary 3. A CS with 11 catalysts can define any recursively enumerable set of tuples.

There is another restriction on a CSSPthat makes it define only a semiliner set. [7etbe
a sequence of configurations corresponding to some computati®rstafiting from a given initial
configurationw (which contains multiple catalysts). A noncataly$s positiveon 7" if the following
holds: if a occurs in the initial configuration or does not occur in the initial canfigion but later
appears as a result of some catalytic rule, then the number of occurrencepl{cityltof a in any
configuration after the first time it appears is at least 1. (There is nocbonrthe number of times
the number of:'s alternate between nondecreasing and nonincreasing, as long there is aj least 1.
We say that is negativeon 7' if it is not positive on7', i.e., the number of occurrences @fin
configurations iril” can be zero.

Any sequencé’ of configurations for which every noncatalyst is bounded or is pasisivcalled
apositive computation

Corollary 4. Any semilinear set is definable by a CSSP where every computatiorsgathiive.



Conversely, we have,

Corollary 5. Let S be a CSSP. Suppose that every computation pathisfpositive. TherR;, (S)
and R(S) are semilinear.

The previous corollary can further be strengthened.

Corollary 6. Let S be a CSSP. Suppose we allow one (and only one) noncatalyst, $aybe
negative. This means that a configuration with a positive occurrancétiplicity) ofa can lead to a
configuration with no occurrence af Suppose that every computation pattba$ positive, except
for a. ThenRy(S) and R(S) are semilinear.

4 Characterizations in Terms of Vector Addition Systems

An n-dimensionalector addition systerfVAS) is a pairG = (x, W), wherex € N" is called the
start point(or start vectojy andW is a finite set of vectors ilN". Thereachability seof the VAS
(x, W) is the setR(G) = {z | forsomej, z = z + v1 + ... + v;, where, for alll < i < j, each
v; € Wandz + v, + ... +v; > 0}. Thehalting reachability seR, (G) = {z | z € R(G),z+v 20
for everyv in W}.

An n-dimensionalector addition system with stat@¢ASS) is a VAS(x, W) together with a
finite setT of transitions of the formp — (¢, v), whereq andp are states and is in W. The
meaning is that such a transition can be applied at paimstatep and yields the poing + v in state
q, provided thay + v > 0. The VASS is specified b§g = (z, T, po), wherepy is the starting state.

The reachability problemfor a VASS (respectively, VASY7 is to determine, given a vector
y, whethery is in R(G). Theequivalence problens to determine given two VASS (respectively,
VAS) G andG’, whetherR(G) = R(G'). Similarly, one can define the reachability problem and
equivalence problem for halting configurations.

We summarize the following known results concerning VAS and VAS$§20, 9, 14]:

Theorem 6. 1. LetG be ann-dimensional VASS. We can effectively constru¢tars)-dimensional
VASG' that simulategs.

. If G is a 2-dimensional VASS, thenR(G) is an effectively computable semilinear set.

. There is a 3-dimensional VA&Ssuch thatR(G) is not semilinear.

. If G is a 5-dimensional VAE, thenR(G) is an effectively computable semilinear set.

. There is a 6-dimensional VASsuch thatR(G) is not semilinear.

. The reachability problem for VASS (and hence also for VAS) isldeld.

. The equivalence problem for VAS (and hence also for VASS) is unblecida

~NOoO o~ WN

Clearly, it follows from part 6 of the theorem above that the halting rabdlty problem for
VASS (respectively, VAS) is decidable.

4.1 The Initial Configuration Has Only One Catalyst

We first consider CSS (i.e., CS with states) whose initial configurdtas only one catalyst.

We will need an example in [9] showing that there is a 3-dimensionalS/&Auch thatR(G)
is not semilinearG =< z,T,p >, wherezx = (0,0, 1), and the transitions iff’ are:

p— (p7 (0= 17 _1))

p— (¢,(0,0,0))



q— (q7 (07 717 2))
g — (p,(1,0,0))
Thus, there are only two statpsandg. The following was shown in [9]:

1. (z1,x2,x3) is reachable in stateif and only if 0 < zo + x5 < 271,
2. (z1,z2,x3) is reachable in statgif and only if 0 < 2z + 23 < 271+L,

HenceR(G) is not semilinear. We use the above example to show that there is &G86&h that
R(S) is not semilinear. LeD be the catalysy, b, ¢ the noncatalysts, and ¢ the states. The initial
configuration ofS is (p, Dbcc). The rules are:

p: (p,Dc — Db)

q: (g,Db— Dcc)

p: (¢,Dc — Dc)

q: (p, Db — Dab)
Clearly, the reachable configurations®fat statep precisely satisfy) < z2 + z3 < 2% + 2, and
the reachable configurations Sfat statey precisely satisff) < zo + z3 < 2%1+! + 3, where, in
a configurationg, 5, z3 are the multiplicities of catalysts, b, ¢, respectively. Thus, the set of all
reachable configurations is not semilinear; hence we have:

Corollary 7. There is CSS$ with 1 catalyst, 3 noncatalysts, and two states such (&) is not
semilinear.

In fact, as shown in the following two lemmas, each CSS corresponds t&& @hd vice versa.
Lemma 1. LetS be a CSS. We can effectively construct a V&S8ch thatR(G) = R(S).
Conversely, we have:
Lemma 2. Every VASS can be simulated by a CSS.
From Theorem 6 part 6, we have:
Corollary 8. The reachability problem for CSS is decidable.

Clearly a reachable configuration is halting if no rule is applicable oodinéiguration. It follows
from the above result that the halting reachability problem (i.e., détémgnif a configuration is in
R.(S)) is also decidable.

A VASS is communication-fred for each transition; — (p, (j1,...,jx)) in the VASS, at most
onej; is negative, and if negative its value-isl. From Lemmas 1 and 2 and the observation that
the VASS constructed in the proof of Lemma 1 (given in the Appendixpimmunication-free, we

have:

Theorem 7. The following systems are equivalent in the sense that each systemudatsithe
others: CSS, VASS, communication-free VASS.

Now consider a communication-free VASS without states, i.e., a VAS evireevery transi-
tion, at most one component is negative, and if negative, its value @ailLthis acommunication-
free VAS Communication-free VAS's are equivalent to communication-free Pesj mdtich are
also equivalent to commutative context-free grammars [5, 11]. It isvkrtbat they have effectively
computable semilinear reachability sets [5]. It turns out that commuaitdtee VAS's characterize
CS's.



Theorem 8. Every communication-free VAScan be simulated by a CS, and vice versa.
Corollary 9. If SisaCS, therR(S) and Ry (S) are effectively computable semilinear sets.

The following is obvious, as we can easily construct a VAS from the fipation of the linear
set.

Corollary 10. If @ is a linear set, then we can effectively construct a communication-freea3VAS
such thatR(G) = Q. Hence, every semilinear set is a union of the reachability sets of caroation-
free VAS's.

From the NP-completeness of the reachability problem for communicati@ketri nets (which
are equivalent to commutative context-free grammars) [11, 5], we have:

Corollary 11. The reachability problem for CS is NP-complete.

We have already seen that a CS®ith prioritized rules (CSSP) with two noncatalysts can simu-
late a TM (Theorem 5); hende@(S) need not be semilinear. Interestingly, if we drop the requirement
that the rules are prioritized, such a system has a semilinear reachable set.

Corollary 12. Let S be a CSS with two noncatalysts. The(S) and R, (S) are effectively com-
putable semilinear sets.

Open Problem: Supposes has only rules of the fornd'a — Cwv whose initial configuration has
exactly one catalyst. Suppose the rules are prioritized. H@W( ) related to VASS?

4.2 The Initial Configuration Has Multiple Catalysts

We have seen that a CS with multiple catalysts can simulate a TM. Cotisélfeilowing restricted
version: Instead of “maximal parallelism” in the application of the rulesaath step of the compu-
tation, we only allow “limited parallelism” by organizing the rules tgphpin one step to be in the
following form (called a matrix rule):

(lel - Dli)l, ey Dsbs — DS’US)
where theD;'s are catalysts (need not be distinct), this are noncatalysts (need not be distinct),
the v;'s are strings of noncatalysts (need not be distinct), aidthe degree of the matrix. The
matrix rules in a given system may have different degrees. The meaningatii rule is that it is
applicable if and only if each component of the matrix is applicable. Thesyhalts if no matrix
rule is applicable. Call this systemrmaatrix CS or MCS for short. We shall also consider MCS with
states (called MCSS), where now the matrix rules have states and are ofithe f

p: (q,(D1by = Dyvy,..., Dby — Dgvy))
Now the matrix is applicable if the system is in statand all the matrix components are applicable.
After the application of the matrix, the system enters sjate

Lemma 3. Given a VAS (VASS$), we can effectively construct an MCS (MCSS)ich thatR(S) =
R(G) x {1}.

Lemma 4. Given an MCSS overn noncatalysts, we can effectively construc{as 1)-dimensional
VASSZ such thatR(S) = proj,(R(G) N (N™ x {1})).



The VASS in Lemma 4 can be converted to a VAS. It was shown in [9] thét i§ ann-
dimensional VASS with stateg, ..., gx, then we can construct gm + 3)-dimensional VASG'
with the following property: If the VASSZ is at (i1, ..., i, ) in stateg;, then the VASG' will be
at (i1, ...,4pn,0a;4,0;,0), wherea; = jforj = 1tok, by = k+ 1andb; = bjy1 + k + 1 for
j = 1to k — 1. The last three coordinates keep track of the state change; anas additional
transitions for updating these coordinates. However, these adalitransitions only modify the last
three coordinates. Define the finite set of tupigs= {(j, (k —j + 1)(k+ 1)) | j =1, ..., k} (note
thatk is the number of states 6f). Then we have:

Corollary 13. Given an MCSS over n noncatalysts, we can effectively construct(@n+ 4)-
dimensional VA&’ such thatR(S) = proj, (R(G')N(N™ x {1} x F}, x {0})), for some effectively
computablé: (which depends only on the number of states and number of ru@k in

From Theorem 7, Lemmas 3 and 4, and the above corollary, we have:

Theorem 9. The following systems are equivalent in the sense that each systenmudatsithe
others: CSS, MCS, MCSS, VAS, VASS, communication-free VASS.

Corollary 14. Itis decidable to determine, given an MCS&nd a configuratiom, whetherx is a
reachable configuration (halting or not).

Corollary 15. ltis decidable to determine, given an MCS@nd a configuratiomy, whetherx is a
halting reachable configuration.

From Lemma 3 and Theorem 6 part 7, we have:

Corollary 16. The equivalence and containment problems for MCSS are undecidable.

5 Closure Properties

In this section, we briefly look at some closure properties of catalystesns.

Let S be a catalytic system of any type introduced in the previous sectionsh& purposes of
investigating closure properties, we will say titatlefinesa setQ) C N* (or @ is definableby S) if
R, (S) = @ x {0}" for some givenr. Thus, the last coordinates of thék + r)-tuples inR (S)
are zero, and the firét-components are exactly the tuplesign

Fixed the noncatalysts to hg, as, as, .... Thus, any systen$ has noncatalysts, ..., a; for
somet. We say that a class of catalytic systems of a given type is closed under:

1. Intersectionif given two systemsS; and S,, which define set§); € N* andQ, C N¥*,
respectively, there exists a systéhwhich define€) = Q1 N Q-.

2. Unionif given two systemsS; andS,, which define set§); C N* and@, C N¥, respectively,
there exists a systesiwhich defineg) = Q1 U Q2

3. Complementatiofif given a systemS which defines a sef) C N*, there exists a systeis!
which defines)’ = N* — (.

4. Concatenationif given two systemsS; and S,, which define set§); C N* and@Q, C N¥*,
respectively, there exists a systéwhich defines) = Q1 Q2, whereQ1 Q2 = {(i1+j1, ..., ix+
Je) | (i1, yin) € Qu, (J1, -5 Ji) € Q2.

5. Kleene +if given a systemS which defines a sef) C NF, there exists a systeti’ which

defines)’ = Un21 Q".



6. Kleene *if given a systen which defines a se) C N¥, there exists a systeffif which defines
Ql = Unzo Q".
Other unary and binary operations can be defined similarly.

Theorem 10. The class CS with only one catalyst in the initial configuratiodl@sed under inter-
section, union, complementation, concatenation, and Kle¢oeKleeng).

Investigation of closure properties of other types of catalytic systemsubject for future research.
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Appendix. Proofs not Presented in the Paper
This Appendix is not part of the paper.

Proof of Theorem 4

Proof. Let () be a semilinear set, whe@ = @ U ... U @,,, eachQ; is a linear set. Define a
simple CSS as follows.S will have catalystC and noncatalysts, ..., ag, b1, ..., by, €1, ey € d,
and initial configuratiorCd. The noncatalysts; ande; will be used for computing);. The rules of
S are:

Cd— Cbh,Cd— Cbs, ...,Cd — Cb,,
And, for each linear sed;, we have a set of rules. For example, €pr, we have the following rules:

If (i1,...,i%) is the constant vector i, thenCb; — Ce¢, aél...azk isaruleins.
If (j1,...,Jjx) is @ generator iti);, thenCc; — Ccial'...ay* isaruleinsS.
We also add the rul€c¢; — C'in S.

Similar rules can be constructed f@r, ..., @,,,. Clearly, the configuration when the system halts
is Ca'* ...afj’ if and only if (1, ..., ;) is in Q). Thus, the Parikh map of any halting configuration is
(t1,...,tx,0,0,...,0,0) ifand only if (¢, ..., tx) iSin Q.

We now prove the second part of the theorem. Suppose we are givenla €8 with an initial
configurationw. We will construct a multicounter maching which simulates the computation of
S. We associate a counter with every noncatalyst. By definition of a si@glehe multiplicity of
catalystC during the computation is always 1, and the multiplicity of any etiohary noncatalyst
during the computation is always bounded by the number of evolatyjamoncatalysts in the initial
configurationw. Therefore,M can use the finite control to keep track of the multiplicities. The
counters associated with the non-evolutionary noncatalysts are nondiegrdde finite control of
M first creates the initial configuratian of S and then simulates the computationSfaithfully,
using the counters to keep track of the multiplicities of the nonteiahary noncatalysts. Wheh
halts,M halts in an accepting state. SinkEs counters are nondecreasing (i.e., 0-reversal bounded),
the set of tuples it generates (when it halts) is exaBflyS), and by Theorem 1, it is semilinear.

To see that?(S) is semilinear, we modifyi/ so that at any time during the simulation, it has a
choice of nondeterministically halting in an accepting state. Hence, any reachplaléntR(S) is
accepted by and therefore semilinear. |

Proof of Theorem 5

Proof. Itis known that a two-counter machine can simulate a Turing machine@i&]construction

of the system follows from the proof of this result. We briefly déseithe construction in [10]. In
[10] it is first shown that a Turing machine can be simulated by a fountar machine. Then a two-
counter machine is constructed as follows. Suppose the four counteryvalaes, j, k, m. These
values can be represented in one counter by the number2'3/5%7™. To increment, j, k, m

by one, the numbet is multiplied by 2, 3, 5, 7, respectively. We use a second counter, which i
initially zero, for this purpose. The second counter is incremented by3?,73 respectively for every
decrement of 1 in the first counter. When the first counter becomes zero, thel secoer has value
2n, 3n, 5n, Tn, respectively. Similarly, decrementirigj, k£, m by one corresponds to incrementing
the second counter by one for every decrement of 2, 3, 5, 7 in the firsterount
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The state of the four-counter machine is stored in the finite contribleotwo-counter machine.
To determine the move of the two-counter machine, it has to determirghwihiany, ofi, j, k, m
are zero. By passing from one counter to the other, the finite control of the two-countaciime
can determine if: is divisible by 2, 3, 5, 7.

We modify the above construction slightly by adding the fattiolo . Thus,n = 2¢37587™(11).
The purpose of the factdr, which is a dummy, will be seen later.

From the above description of how the two-counter machine operategenbat the counters
behave in a regular pattern. The two-counter machine operates in phase$dahidwing way. Let4
andB be its counters)/'s operation can be divided into phasggs P, Ps, . . ., where eachP; starts
with one of the counters equal to some positive intely@nd the other counter equal to zero. During
the phase, the first counter is decreasing by one at every step and the otiiter @moondecreasing.
The phase ends with the first having value zero and the second countay hawsitive value (note
that the positiveness is guaranteed by the fattprThen in the next phase the modes of the counters
are interchanged. Thus, a sequence of configurations correspondingptioatses above will be of
the form:

(q]:$]:0)7 (112=07332)= (q3:$370): (Q470=CU4)7

where they; are states anel, = 11, x5, 23, . . . are positive integers. Note that the second component
of the configuration refers to the value of countgmwhile the third component refers to the value of
counterB.

We may assume that the state names of the two counters when it is opemnatotyl) phases
Py, Ps, ... are different from the state names when it is operating in (even) plfaséy, .... Clearly,
an instruction of the two-counter machine has one of the followimg$o

1. §(q, positive,na) = (p, —1,d)
2. §(p, na, positive) = (q,d, —1)
3. d(q, zero,na) = (p,d, —1)
4. §(p,na, zero) = (q,—1,d)

where ¢ (respectively,p) is the current statepositive means that the first (respectively, second)
counter is positivenameans that the value of the second (respectively, first) counter does net,matt
p (respectivelyy) is the next state;-1 means decrementing the first (respectively, second) counter
by 1, andd € {0,1,2,3,5, 7} means incrementing the second (respectively, the first) countér by
(Note thatd = 0 or 1 when division by 2, 3, 5, or 7 is being simulated.)

Let g1, ¢2, ... be the states the counter machine uses in the odd phases and... be the
states it uses in the even phases. We assume that thare different from the,'s. Assume that
q1 is the state of the machine when the first counter has v&18%5°7°(11) and is about to begin
PhaseP’; . We construct a syste$ with catalystC and states:, ¢, g2, ¢5, ---, 1, D1, P2, Dy, ---. The
noncatalysts are andb, representing the two counters. The initial configuratiofgis Ca'!). (This
means that the first counter has value 11 and the second counter is zero.) Tyicaatials are
defined according to the type of rules above.

1. Forarule of form 1, define the rule: (p, Ca — Cb?)
2. For arule of form 2, define the rufe: (¢, Cb — Ca?)
3. For arule of form 3, define the rute: (p, Cb — Ca?)
4. For arule of form 4, define the rute: (¢, Ca — Cb?)

(
The rules of the forng : (p, Cb — Ca?) andp : (q,Ca — Cb?) are of lower priority than the
rules of the formy : (p,Ca — Cb?) andp : (q,Cb — Ca?). Itis clear that the system described
above simulates the computation of the two-counter machine. |
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Proof of Corollary 4

Proof. This follows from the proof of Theorem 4, part 1 since every compoitsith a simple CS is
positive. |

Proof of Corollary 5

Proof. As in part 2 of Theorem 4, we construct a multicounter machihéo simulateS. For each
positive noncatalyst, we associate two counterst and A, . M simulates the computation 6,
where the finite control keeps track of the multiplicities of the baddoncatalysts. Increments (re-
spectively, decrements) in the multiplicity of a positive noncatalystrecorded in4} (respectively,
A7). When the computation &f halts, the value of countet; is reduced by the value of counter
A7 and the final values of the bounded noncatalysts are stored in the appeamunters. Clearly,
M's counters are 1-reversal bounded. Hence th&gséf$) of tuples corresponding to the final val-
ues of the counters is semilinear. But the tuple®ji(S) correspond exactly to halting reachable
configurations inS. We can easily modify// to acceptR(S). |

Proof of Corollary 6

Proof. The proof is similar to the previous corollary, except that now, wadaiste one counter to

the negative catalyst, and this counter can make an unbounded number of reversals. The result
then follows from the fact that a multicounter machine with one unegstt counter and several
reversal-bounded counters still only defines a semilinear set. |

Proof of Lemma 1
Proof. We construct a VAS%! as follows:

1. LetC be the catalyst of anday, ..., ax be the noncatalysts. Number the rulesSdby 1,2, ...
Letqy, ..., g, be the states &, with ¢; the initial state. The states 6fwill consist ofqy, ..., ¢,,
and(g;,r) for everyl < i < n and every rule number.

2. If (g1, Cw) is the initial configuration of5, let ¢; be the starting state @ and(sy, ..., sx) =
Parikh map ofw (w.r.t symbolsay, ..., a;) be the start vector af.

3. The generating vectors 6f are defined as follows:

Suppose : (p, Ca,, = Cal'al’...a}f) is rule number in S. ThenG will have the following
rules depending on the case:
(a) Case 1:lfj,, = 0(i.e.,a,, does not appear on the RHS of the rule), then (p, (41, J2, ---,
Jom=1)> =L, J(m+1), - Jr)) IS @ transition inG.
(b) Case 2: Ifj,, =t > 0 (i.e., a,, appears on the RHS of the rule), then the following
transitions are it
q— ((¢,7),(0,0,...,0,—-1,0,...,0))
(Q= 7“) - (p7 (j]7j2: ---:j(mfl)atzj(m-f-l): .]k))

Clearly, the reachability sg®(G) of G equalsR(S). |

Proof of Lemma 2
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Proof. Supposé is a VASS. The construction of the C3Ss essentially the “reverse” of the con-
struction in the above proof. Number the transitiongCbby 1, 2, .... For every statgy of G and
transitionr of G, letq, (¢,7,1),(¢q,r,2), ... be states ir5. Thus,S will have multiple (but finite)

copies of(q, 7). For convenience, we also tageo be the same &g, ,0).
Suppose — (p, (j1, ---, jx)) IS transition number in G. We consider two cases:

Case 1: Somg;'s are negative. We illustrate, by an example, how the correspondieginub are
defined. Suppose that, andj, are negative and the rest of thigs are nonnegative. Then the fol-
lowing rules are inS:

q: ((g,7m,1),Capy — C)
(¢,7,1): ((¢,7,2),Cam — C)

(Q7T7jm - 1) : ((q=r=jm)7can - C)
(Q>T>.jm) : ((Q:Ta.jm + 1): Ca, — C)

. . . J1 Jm—1 _Jm+1 Jn—1_Jn+1 Tk
(@7 Jm +Jn — 1) 2 (p,Can = Cat*..ayy " ayay Fa o agt)

Case 2: All thej;'s are nonnegative. Then the following rule isSin
q: (p,C# — C#al'..al¥)

Clearly,G reaches a vector in stagaf and only if S reaches the same vector in state |

Proof of Theorem 8

Proof. Let G be a communication-free VAS. We construct a €8/hich has one catalyst, non-
catalysts#, a1, ..., ar, and starting configuratiof'#w, wherew corresponds to the starting vector
of G.

SUPPOSEJ1, ..., fm—1, Jm, Jmils - k) IS @ transition inG.

Case 1j,, = —1 and all otherj;'s are nonnegative. Then the following isSn

J1 Jm—1 _Jm+1 Jr
Cap = Cay'...a, Aty oy,

Case 2: All thej;'s are nonnegative. Then the following rule is9n
C# — C#al ..alf

Clearly, S simulates7. In fact, R(G) = R(S) x {1}.

Conversely, supposegis a CS. First assume that each rul&ihas the fornrCa — Cv, wherea
is not contained in. If Ca,, = Ca}'..alr~ alr ..al* is arule inS, then the following transition
isiNG: (1, Jm—1,—1, jm+1, ..., J ). ItiS €asy to see th&t simulatesS.

Now we show how to convert a CS to another systen§’ which satisfies the property above.
The systemS’ has many catalysts and simulatgésLet C be the catalyst of anday, ..., a; be its
noncatalysts an@'w its initial configuration. Number the rules 6fby 1, ..., s.
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CS S’ will have catalysts”, )1, ..., Qs and noncatalysts, , ..., ay, d, ..., ds. Its initial configu-
ration isCwz, wherez = Q);...Qsd; ...ds. (Note thatl); andd; are associated with rule numbeof
S.) The rules ofS’ are defined as follows:

Case 1: Suppos€a; — Cuv is arule inS, andv does not contain;. Then this rule is ins’.

Case 2: Suppos€a; — Cafv is rule number- in S, wherej > 1 andv does not contain;. Then
we have the following rules i":

Ca; — Cdiv
Qrdr - Qrai,

We say thatl, is a;-related since it is associated with a rule withon the LHS (left hand side). It
is easily verified that any reachable configuratioirwith the property that for each the number
of occurrences ofi; + the number of occurrences ef-relatedd,.'s (over all instruction numbet)
— call the summ — uniquely corresponds to a reachable configuratiof where the number of
occurrences ofi; is equal tom. (Note that reachable configurationsSrare overa,, ..., a;). Thus,
S’ simulatessS.

Since inS’ every ruleXb — Xv (whereX is a catalystp is a noncatalyst, and a string of
noncatalysts) has the property thatoes not contaih, S’ can be converted to a communication-free
VAS G. |

Proof of Corollary 9

Proof. Let GG be the communication-free VAS in the proof above. Titr) C N*+ is semilinear
(since a communication-free VAS has a semilinear reachability set). Noirthé: components
of each vector inR(G) correspond tau,, ..., ax, and the remaining components correspond to
dy, ..., ds. Clearly, from the proof aboveR(S) = proji (R(G) N (N* x {0}#)), whereprojy is the
projection of the tuples on the firgtcoordinates. Sinc®* x {0}* is semilinear and semilinear sets
are closed under intersection and projection, it follows fRét) is semilinear.

For R,,(S), without loss of generality (by simple relabeling), assume &hat., a;, (¢ > 1) be
all the noncatalysts for which there is some rule witton the LHSt < i < k. Clearly, a reachable
configuration inR(S) is halting if coordinates, ..., k are zero. Hencé, (S) = R(S) N (Nt~ ! x
{0}*=t+1) which is semilinear. |

Proof of Corollary 12
Proof. As in Lemma 1, given a CSS, we can construct a VASE such thatR(S) = R(G). But
sinceS has two noncatalysts the VASSwill be overN? (i.e., dimension 2). By Theorem 6, parts

1 and 4,R(G) = R(S) is semilinear. By the same construction as in Corollarn®Q(S) can be
constructed fronR(S), which preserves semilinearity. |

Proof of Lemma 3
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Proof. Suppose thatr is a VAS overN™ with start vector(ty, ..., t,,). We define an MCS with cat-
alystsC, Cy, ..., Cy, and noncatalysts, , ..., a,,, #. Letd; be the largest integer such thadl; is the
i-th component of some matrix rule. (Note that this means that iithecomponent in all matrix
rules is nonnegativel; = 0.) The initial configuration ofS is CC{*...C% #al*...al» . (If d; = 0,
C; does not appear in the initial configuration.) The matrix rules are definfallawss.

If (i1, ...,1,) IS & transition inG, then the corresponding matrix rule thhas the following compo-

1. If at least one of the;'s is positive, ther'# — C#w is in the matrix, where containSa;" if
ij>0,1<j<n.
2. Ifi; = —k, thenCja; — k appears: times in the matrix

E.g.,ifn =5and(0,—-2,7,—1,2) is a transition, the corresponding matrix rule is
(C# — C#ala?, Cyas — Cy, Coay — Cy, Chag — Cy).

For transition(0, —2,0, —1, —2), the corresponding matrix rule is
(Coag — Cy, Caag — Cy,Crag — Cy,Csas5 — Cs,Csas — Cs).

Now R(S) is (n+1)-dimensional, where the firatcoordinates correspond to noncatalysts ., a,,,
and then+1st coordinate corresponds to the noncatalysthich occurs exactly once in any reach-
able configuration. Cleary?(S) = R(G) x {1}.

Itis obvious that ifG is a VASS (i.e., a VAS with states), then a similar construction wgigttl
an MCSS (i.e., an MCS with stateS) |

Proof of Lemma 4

Proof. Suppose tha$ is an MCSS with noncatalysts, ..., a,,, catalyst<;, Cs, ..., initial configu-
rationw consisting of catalysts and noncatalyst, and stateg, ... with ¢; the start state. Number
the matrix ruledl, 2, ....

We construct arfin + 1)-dimensional VASS7 to simulateS. G will have stategy, g1, g2, ... and
states of the fornfg;, r) for every instruction number. The start state igq, and the start vector is
(t1,...,tn, 1), wheret; is the number of occurrences®f in w. The purpose of the+1st coordinate
will become clear lateiZ has the following transition rules:

Po — (111; (th "'7tn7 1))

Supposey : (¢', D1by = Dy, ..., Dgbs — D,v,)) is rule number in S. Leti; = the number of
occurrences of; in vy, ..., vs. Then the following rules are &'

q— ((ql:r)7 (ZI] ’ "'7ilrz7 71))

(¢',r) = (¢, (i1, yin, 1))

Wherei;- is obtained as follows:
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Case 1: None of, ..., bs is a;. Theni’, = 0.
Case 2: There ar@ > 1 0f by, ..., bs that area;. Theni’, = —m.

Clearly, the configurations reachableS$hare exactly the configurations reachablednvhen the
n+1st component of the configuration is 1. Herd®e5) = proj, (R(G) N (N™ x {1})). |

Proof of Corollary 14

Proof. Given an MCSS5, construct the VAS$! as described in the proof of Lemma 4. Then check
if (a, 1) is reachable irf7. The result follows since the reachability problem for VASS is decieabl
|

Proof of Corollary 15

Proof. If there is some matrix rule ity that is applicable tey, thena is not a halting reachable
configuration; otherwise, construct the VA&Sof Lemma 4 and check {fe, 1) is reachable iri7. B

Proof of Theorem 10

Proof. For intersection, le5; andS, be CS defining set§, C N* andQ, C N*, respectively.
From Corollary 9,R,(S1) = Q1 x {0} and R, (S2) = Q2 x {0}"2 (for somer; andr,) are
semilinear sets. Since semilinear sets are closed under proje@tiand()- are semilinear. From
Theorem 4, part 2, we can construct multicounter machiiegnd M, generatingy; and@-, re-
spectively. Note that each @f, and M/, hask O-reversal counters. We construct a reversal-bounded
multicounter machiné/ which simulates\/; using one set ok counters. When/; accepts and
halts, M then simulates\/; using another set of counters. When/, halts and acceptdy/ ver-
ifies that thek counters ofM; have the same values as the correspondimgunters ofM, (by
decrementing the counters simultaneously and checking that correspondimgrsoreach zero at
the same time) while making copies of their values onto a third sktaafunters. Clearly, the third
set of counters correspond@p= @), N Q-, which is semilinear by Theorem 1. Then from Theorem
4, we can construct a C$that defines). The proof for closure under union is similar.

For complementation, le§ be a CS defining a s&) C N*. ThenR,(S) = Q x {0}" is
semilinear. From the fact that semilinear sets are closed under projectionhaadem 3,() can
be accepted by a deterministic reversal-bounded multicounter machindowtdahatN* — @ is
semilinear and, hence, definable by a CS.

For concatenation, le§; and S, define setg); C N* andQ, C N¥, respectively. Ther),
and@- are semilinear, and we can construct multicounter machiieand M/, generatingy; and
Q)2, respectively. Each machine hag)-reversal counters. We construct a 0-reversal multicounter
machineM with k£ counters which operates as follows: (/) simulatesM; (note that the counters
are nondecreasing). (2) Whée; accepts and haltdy/ simulatesi, (on the same counters). (3)
When M, accepts and haltd/ accepts and halts. Clearlyf generateg);@-.

Closure under Kleene + (or Kleene *) follows from the constructiondoncatenation, since
M, = M,. The simulating maching/ iterates step (1) above a nondeterministically chosen number
of times (including zero time for the case of Kleene *) before accepting anitidpal |
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