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Abstract. We look at 1-region membrane computing systems which orgdyrules of the form

, Where s a catalyst, is a noncatalyst, andis a (possibly null) string of noncat-
alysts. There are no rules of the form . Thus, we can think of these systems as “purely”
catalytic. We consider two types: (1) when the initial coargtion contains only one catalyst,
and (2) when the initial con guration contains multiple ¢mecessarily distinct) catalysts. We
show that systems of the rst type are equivalent to commation-free Petri nets, which are
also equivalent to commutative context-free grammarsyTdene precisely the semilinear
sets. This partially answers an open question in [19]. Systef the second type de ne exactly
the recursively enumerable sets of tuples (i.e., Turinghimeccomputable). We also study an
extended model where the rules are of the form (where and are states),
i.e., the application of the rules is guided by a nite-statmtrol. For this generalized model,
type (a) as well as type (b) with some restriction corresptonebctor addition systems.

Keywords: membrane computing, catalytic system, semilinear set, vector additsdensyreacha-
bility problem.

1 Introduction

In recent years, there has been a burst of research in the area of membrane apfdplitiwhich
identi es an unconventional computing model (namely a P system) fromradgtbenomena of cell
evolutions and chemical reactions [2]. Due to the built-in nature ofimalparallelism inherent
in the model, P systems have a great potential for implementing massmeturrent systems in
an ef cient way, once future bio-technology (or silicon-technologwegi way to a practical bio-
realization (or a chip-realization). In this sense, it is important tdythe computing power of the
model.

Two fundamental questions one can ask of any computing device (such asgmachine) are:
(1) What kinds of restrictions/variations can be placed on the devideuitreducing its comput-
ing power? (2) What kinds of restrictions/variations can be placed odefiee which will reduce
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its computing power? For Turing machines, the answer to (1) is thabdunachines (as well as
variations like multitape, nondeterministic, etc.) accept exactly the rselyenumerable (r.e.) lan-
guages. For (2), there is a wide spectrum of well-known results comzpvarious sub-Turing com-
puting models that have been introduced during the past half centurijst &ofew, there are nite
automata, pushdown automata, linearly bounded automata, various restaatgdr automata, etc.
Undoubtedly, these sub-Turing models have enhanced our undergfaridire computing power
of Turing machines and have provided important insights into theyaisehnd complexity of many
problems in various areas of computer science. We believe that studyirngtiguting power of
P systems would lend itself to the discovery of new results if a sinmiethodology is followed.
Indeed, much research work has shown that P systems and their many variantvearsal(i.e.,
equivalent to Turing machines) [4, 16,17, 3,6, 7,19] (surveys ameddn [13, 18]). However, there
is little work in addressing the sub-Turing computing power ofrieted P systems. To this end, we
present some new results in this paper, speci cally focusing on catalgysems.

A P system consists of a nite number of membranes, each of which contains a mulfiset o
objects (symbols). The membranes are organized as a Venn diagram or auctgratwhere one
membrane may contain O or many membranes. The dynamicsi®fgoverned by a set of rules
associated with each membrane. Each rule speci es how objects evolve and nooweigitboring
membranes. The rule set can also be associated with priority: a loweityride does not apply if
one with a higher priority is applicable. A precise de nition ofcan be found in [16]. Since, from
arecentresult in [19], P systems with one membrane (i.e., 1-regigatBrss) and without priority
are already able to simulate two counter machines and hence universal [16E farrposes of this
paper, we focus on catalytic 1-region P Systems, or simply catalytiersgs(CS's) [16, 19].

A CS operates on two types of symbols: catalytic symbols catkdlysts(denoted by cap-
ital letters , , etc) and noncatalytic symbols calledncatalyst{denoted by lower case letters

, etc). An evolution rule in is of the form , Where is a catalyst, is a noncata-

lyst, and is a (possibly null) string (an obvious representation of a metltisf noncatalysts. A CS

is speci ed by a nite set of rules together with an initial multiset (cguration) , which is a
string of catalysts and noncatalysts. As with the standard semanticystaPs [16], each evolution
step of is a result of applying all the rules in in a maximally parallel manner. More precisely,
starting from the initial con guration , the system goes through a sequence of con gurations,
where each con guration is derived from the directly preceding con guratioone step by the
application of a subset of rules, which are chosen nondeterministicaltg. tNat a rule is
applicable if there is a and an in the preceding con guration. The result of applying this rule is
the replacement of by . If there is another occurrence ofand another occurrence of then the
same rule or another rule with on the left hand side can be applied. We require that the chosen
subset of rules to apply must be maximally parallel in the sense thatheo applicable rule can
be added to the subset. Con gurationis reachable if it appears in some execution sequends.
halting if none of the rules is applicable. The set of all reachable con gurais denoted by
The set of all halting reachable con gurations (which is a subset of ) is denoted by

We show that CS's whose initial con guration contains only one catays equivalent to
communication-free Petri nets, which are also equivalent to commutativextefnrée grammars [5,
11]. They de ne precisely the semilinear sets. Hence and are semilinear. This partially
answers an open problem in [19], where it was shown that when the initiade@tion contains
six catalysts, is universal, and [19] raised the question of what is the optimal nuimbeatalysts
for universality. Our result shows that one catalyst is not enoughalééestudy an extended model
where the rules are of the form (where and are states), i.e., the application of
the rules is guided by a nite-state control. For this generalized magstems with one catalyst in



its intial con guration as well as systems with multiple catalysts #iftitial con guration but with
some restriction correspond to vector addition systems.

Due to space limitation, proofs are not included in the paf@ére proofs are provided in the
Appendix, which can be read at the discretion of the Program Committeg.

2 Semilinear Sets and Reversal-Bounded Multicounter Machines

In this section, we recall the de nition of a semilinear set and its charactenzai terms of a
reversal-bounded multicounter machine. The characterization is usefubwimgrsome of our re-
sults.

Let be the set of nonnegative integers anoe a positive integer. A set is alinear set
if there exist vectors in such that
The vectors (referred to as theonstant vectgrand (referred to as theeriodg are
called thegeneratorsof the linear set . A set is semilinearif it is a nite union of linear
sets. The empty set is a trivial (semi)linear set, where the set of gereiatempty. Every nite
subset of is semilinear — it is a nite union of linear sets whose generators aretanhgectors.
Clearly, semilinear sets are closed under union and projection. It is atserktihat semilinear sets
are closed under intersection and complementation.

There is a simple automata characterization of semilinear sets. Lbe a nondeterministic
nite-state machinavithout an input tapgbut with  counters (for some ). The computation
of  starts with all the counters zero and the machine in the start state. Theecoarereversal-
boundedn that each counter can be tested for zero and can be incremented by one, decremented
by one, or left unchanged, but the number of alternations between nondegremsie and nonin-
creasing mode in any computation is bounded by a given constant. For lexangounter whose
values change according to the pattern o ____ is 3-reversal (here the reversals
are underlined). is called a reversal-bounded multicounter machine (wittounters). Suppose

counters are designated as output counters (note that all counters can liecoutgters)
De ne when started from its initial con guration halts in an accepting state with
the tuple of values of the output counters. We refer to as the set generated by.

The following result is from [12].

Theorem 1. 1. Given a semilinear set, we can effectively construct a reversal-bounded multi-
counter machine such that .
2. Given areversal-bounded multicounter, is an effectively computable semilinear set.

Theorem 1, part 2 can be strengthened. Assume that ione of the counters is unrestricted
(i.e., not reversal-bounded). Call this courftee Then the following was also shown in [12].

Theorem 2. Let be a machine with one free counter and several reversal-bounded ceunter
Then is an effectively computable semilinear set.

The above result cannot be extended to allawfree counters, since it is known that a machine
with two counters, both of which are free, can simulate the computatianiofing machine (TM)

[15].
A multicounter machine can also be used as an “acceptor” instead of a generatornsacthize
is initially given a tuple in its input counters with all other counters zero. The tuple is

accepted if the machine eventually halts in an accepting state. The equivalences ahd,3 of
the following theorem follows from the theorems above. The fact thatyesemilinear set can be
accepted by deterministiaeversal-bounded multicounter acceptor was also shown in [12]:



Theorem 3. Let . Then the following statements are equivalent:

is a semilinear set.

can be generated by some reversal-bounded multicounter generator.

can be accepted by some reversal-bounded multicounter acceptor.

can be accepted by sordeterministiaeversal-bounded multicounter acceptor.

PonPE

Let be an alphabet. For each stringn  , de ne theParikh mapof
to be , Where is the number of occurrences ofin . Fora
language (set of strings) , theParikh mapof is

3 1-Region Catalytic Systems

In this section, we study 1-region membrane computing systems wiielonly rules of the form

, Where is a catalyst, is a honcatalyst, andis a (possibly null) string of noncatalysts.
Note that we do not allow rules of the form as in a P System. Thus, we could think of these
systems as “purely” catalytic. As de ned earlier, we denote such a system by CS.

Let be a CS and be an initial con guration (string) representing a multiset of catalyst
and noncatalysts. A con gurationis a reachable con guration if can reach starting from the
initial con guration . Call a halting con guration if no rule is applicable on Unless otherwise
speci ed, “reachable con guration” will mean any reachable con guration, hgltor not. Note
that a nonhalting reachable con gurationis an intermediate con guration in a possibly in nite
computation. We denote by  the set of Parikh maps of reachable con gurations with respect
to noncatalysts only. Since catalysts do not change in a computationg wetdnclude them in
the Parikh map. Also, for convenience, when we talk about con guratiorssemetimes do not
include the catalysts. is called the reachability set of. will denote the set of all
halting reachable con gurations.

3.1 The Initial Con guration Has Only One Catalyst

In this subsection, we assume that the initial con guration of theh@Sonlyonecatalyst .

A noncatalyst is evolutionanyif there is a rule in the system of the form ; otherwise,
is non-evolutionaryCall a CSsimpleif each rule has at most one evolutionary noncatalyst
in . Our rst result shows that semilinear sets and simple CS's are irgignaglated.
Theorem4. 1. Let .If is semilinear, then there is a simple CSuch that is de nable
by ,i.e., isthe projection of on coordinates.
2. Let be asimple CS. Then and are semilinear.

Later, in Section 4, we will see that, in fact, the above theorem holds fprCG8 whose initial
con guration has only one catalyst.

Suppose that we extend the model of a CS so that the rules are nowfofrine

, i.e., the application of the rules is guided by a nite-state conffble rule means that if the
system is in state, application of will land the system in state. We call this system a
CS with states or CSS. In addition, we allow the rules to be praa;j i.e., there is a partial order
ontherules: Arule of lower priority than cannot be applied if is applicable. We refer to such a
system as a CSSP. For both systems, the computation starts at, where is a designated start
state, and is the initial con guration consisting of catalyst and noncatalysts. In Section 4, we
will see that a CSS can de ne only a recursive set of tuples. In contrastottowing result shows
that a CSSP can simulate a Turing machine.



Theorem 5. Let be a CSSP with one catalyst and two noncatalysts. Thesm simulate a Turing
machine.

Directly from Theorem 5, we have:

Corollary 1. Let be a CSSP with one catalyst and two noncatalysts. Then need not
be a semilinear set.

We will see later that in contrast to the above result, when the rules amindtized, i.e., we have
a CSS with one catalyst and two noncatalysts, is semilinear.

3.2 The Initial Con guration Has Multiple Catalysts

In this subsection, we assume that initial con guration of the CS car haultiple catalysts.

In general, we say that a noncatalyst ipounded if it appears at mostiimes in any reachable
con guration. It is bounded if it is -bounded for some.

Consider a CSSP whose initial con guration has multiple catalysssufme that except for one
noncatalyst, all other noncatalysts are bounded or make at mdst some xed ) alternations
between nondecreasing and nonincreasing multiplicity in any computatadhth@s a reversal-
bounded CSSP. As in the proof of part 2 of Theorem 4 (given in the Agligirwe can construct a
machine with one unrestricted counter and several reversal-bounded smintalating such a sys-
tem. Note that the nal multiplicities of the bounded noncatalysts tmeed into their corresponding
counters when the CSSP being simulated halts. Hence we have:

Corollary 2. If is areversal-bounded CSSP, then and are semilinear.

Without the reversal-bounded restriction, a CSSP can simulate anffsict, a CS (with multiple
catalysts in its initial con guration) can simulate a TM. It was recentlgwh in [19] that a CS
augmented with noncooperating rules of the form , Where is a noncatalyst and is a
(possibly null) string of noncatalysts is universal in the sensdh an augmented system with 6
catalysts can de ne any recursively enumerable set of tuples. A simple olisarshbws that all
the (noncooperating) rules of the form in [19] can be made catalytic, i.e., using 5
new catalysts, without changing the behavior of the system. Hence, we get

Corollary 3. A CS with 11 catalysts can de ne any recursively enumerable set of tuples.

There is another restriction on a CSSPthat makes it de ne only a semiliner set. Letbe
a sequence of con gurations corresponding to some computationstédirting from a given initial
con guration (which contains multiple catalysts). A noncatalyss positiveon if the following
holds: if occurs in the initial con guration or does not occur in the initial conrgtion but later
appears as a result of some catalytic rule, then the number of occurrencepl{cityltof in any
con guration after the rst time it appears is at least 1. (There is no lsbom the number of times
the number of 's alternate between nondecreasing and nonincreasing, as long there is aj least 1.
We say that is negativeon if it is not positive on , i.e., the number of occurrences ofin
con gurationsin can be zero.

Any sequence of con gurations for which every noncatalyst is bounded or is posité/called
apositive computation

Corollary 4. Any semilinear set is de nable by a CSSP where every computationgpdsitive.



Conversely, we have,

Corollary 5. Let be a CSSP. Suppose that every computation pathisfpositive. Then
and are semilinear.

The previous corollary can further be strengthened.

Corollary 6. Let be a CSSP. Suppose we allow one (and only one) noncatalyst, saybe
negative. This means that a con guration with a positive occurrenadtfplicity) of canleadto a
con guration with no occurrence of. Suppose that every computation path aé positive, except
for .Then and are semilinear.

4 Characterizations in Terms of Vector Addition Systems

An -dimensionaklector addition systerfVAS) is a pair , Where is called the

start point(or start vectoj and  is a nite set of vectors in . Thereachability sebf the VAS
is the set for some where, for all , each
and . Thehalting reachability set

forevery in .

An -dimensionalector addition system with stat@gASS) is a VAS together with a
nite set  of transitions of the form , Wwhere and are states andisin . The
meaning is that such a transition can be applied at paimstate and yields the point in state

, provided that . The VASS is speci ed by , Where s the starting state.

The reachability problemfor a VASS (respectively, VAS) is to determine, given a vector

, Whether isin . Theequivalence probleris to determine given two VASS (respectively,
VAS) and , whether . Similarly, one can de ne the reachability problem and

equivalence problem for halting con gurations.
We summarize the following known results concerning VAS and VAS$§20, 9, 14]:

Theorem 6. 1. Let bean -dimensional VASS. We can effectively constructan -dimensional
VAS that simulates .

. If is a2-dimensional VASS, then is an effectively computable semilinear set.

. There is a 3-dimensional VASSsuch that is not semilinear.

If isa5-dimensional VAS, then is an effectively computable semilinear set.

There is a 6-dimensional VASsuch that is not semilinear.

The reachability problem for VASS (and hence also for VAS) isldele.

The equivalence problem for VAS (and hence also for VASS) is unblecida

NO U A WN

Clearly, it follows from part 6 of the theorem above that the halting rabdlty problem for
VASS (respectively, VAS) is decidable.

4.1 The Initial Con guration Has Only One Catalyst

We rst consider CSS (i.e., CS with states) whose initial con guratims only one catalyst.
We will need an example in [9] showing that there is a 3-dimensionalS/ASuch that
is not semilinear: , Where , and the transitions in are:



Thus, there are only two statesand . The following was shown in [9]:

1. is reachable in stateif and only if

2. is reachable in stateif and only if
Hence is not semilinear. We use the above example to show that there is a G8&h that

is not semilinear. Let be the catalyst, the noncatalysts, and the states. The initial

con guration of is . The rules are:
Clearly, the reachable con gurations ofat state precisely satisfy , and
the reachable con gurations of at state precisely satisfy , Where, in
a con guration, are the multiplicities of catalysts, , , respectively. Thus, the set of all

reachable con gurations is not semilinear; hence we have:

Corollary 7. There is CSS with 1 catalyst, 3 noncatalysts, and two states such that is not
semilinear.

In fact, as shown in the following two lemmas, each CSS corresponds t&& @hd vice versa.
Lemma 1. Let be a CSS. We can effectively construct a VASBch that

Conversely, we have:
Lemma 2. Every VASS can be simulated by a CSS.

From Theorem 6 part 6, we have:
Corollary 8. The reachability problem for CSS is decidable.

Clearly a reachable con gurationis halting if no rule is applicable orctire guration. It follows

from the above result that the halting reachability problem (i.e., déténgnif a con guration is in
) is also decidable.

A VASS is communication-fred for each transition in the VASS, at most
one s negative, and if negative its value is . From Lemmas 1 and 2 and the observation that
the VASS constructed in the proof of Lemma 1 (given in the Appendixpmmunication-free, we
have:

Theorem 7. The following systems are equivalent in the sense that each systemmudatsithe
others: CSS, VASS, communication-free VASS.

Now consider a communication-free VASS without states, i.e., a VAS evireevery transi-
tion, at most one component is negative, and if negative, its value @ailLthis acommunication-
free VAS Communication-free VAS's are equivalent to communication-free Pesi mdtich are
also equivalent to commutative context-free grammars [5, 11]. It isvkrtbat they have effectively
computable semilinear reachability sets [5]. It turns out that commuaitdtee VAS's characterize
CS's.



Theorem 8. Every communication-free VAScan be simulated by a CS, and vice versa.
Corollary 9. If isaCS, then and are effectively computable semilinear sets.

The following is obvious, as we can easily construct a VAS from the sgaimn of the linear
set.

Corollary 10. If is a linear set, then we can effectively construct a communication-free VAS
such that . Hence, every semilinear set is a union of the reachability sets of caiation-
free VAS's.

From the NP-completeness of the reachability problem for communicatsaPietri nets (which
are equivalent to commutative context-free grammars) [11, 5], we have:

Corollary 11. The reachability problem for CS is NP-complete.

We have already seen that a CS@ith prioritized rules (CSSP) with two noncatalysts can simu-
late a TM (Theorem 5); hence  need not be semilinear. Interestingly, if we drop the requirement
that the rules are prioritized, such a system has a semilinear reachable set.

Corollary 12. Let be a CSS with two noncatalysts. Then and are effectively com-
putable semilinear sets.

Open Problem: Suppose has only rules of the form whose initial con guration has
exactly one catalyst. Suppose the rules are prioritized. How is related to VASS?

4.2 The Initial Con guration Has Multiple Catalysts

We have seen that a CS with multiple catalysts can simulate a TM. Cotisédfeilowing restricted
version: Instead of “maximal parallelism” in the application of the rulesaath step of the compu-
tation, we only allow “limited parallelism” by organizing the rules tgphpin one step to be in the
following form (called a matrix rule):

where the 's are catalysts (need not be distinct), the are noncatalysts (need not be distinct),
the 's are strings of noncatalysts (need not be distinct), aislthe degree of the matrix. The
matrix rules in a given system may have different degrees. The meaningatri rule is that it is
applicable if and only if each component of the matrix is applicable. Thesykalts if no matrix
rule is applicable. Call this systemrmaatrix CS or MCS for short. We shall also consider MCS with
states (called MCSS), where now the matrix rules have states and are ofithe f

Now the matrix is applicable if the system is in statend all the matrix components are applicable.
After the application of the matrix, the system enters state

Lemma 3. Given a VAS (VASS), we can effectively construct an MCS (MCSSyich that

Lemma 4. Givenan MCSS over noncatalysts, we can effectively constructan -dimensional
VASS such that



The VASS in Lemma 4 can be converted to a VAS. It was shown in [9] that i§ an -
dimensional VASS with states , then we can construct an -dimensional VAS
with the following property: If the VASS is at in state , then the VAS  will be
at , where for to , and for

to . The last three coordinates keep track of the state changes, alnas additional
transitions for updating these coordinates. However, these adalitransitions only modify the last
three coordinates. De ne the nite set of tuples (note
that is the number of states of). Then we have:

Corollary 13. Given an MCSS over noncatalysts, we can effectively construct an -
dimensional VAS such that , for some effectively
computable (which depends only on the number of states and number of rulek in

From Theorem 7, Lemmas 3 and 4, and the above corollary, we have:

Theorem 9. The following systems are equivalent in the sense that each systenmudatsithe
others: CSS, MCS, MCSS, VAS, VASS, communication-free VASS.

Corollary 14. Itis decidable to determine, given an MCS&nd a con guration , whether isa
reachable con guration (halting or not).

Corollary 15. Itis decidable to determine, given an MCS@nd a con guration , whether isa
halting reachable con guration.

From Lemma 3 and Theorem 6 part 7, we have:

Corollary 16. The equivalence and containment problems for MCSS are undecidable.

5 Closure Properties

In this section, we brie y look at some closure properties of catalytgtems.
Let be a catalytic system of any type introduced in the previous sectionsh€& purposes of

investigating closure properties, we will say thatle nesa set (or isde nableby )if
for some given . Thus, the last coordinates of the -tuples in
are zero, and the rst-components are exactly the tuples in
Fixed the noncatalysts to be . Thus, any system has noncatalysts for
some . We say that a class of catalytic systems of a given type is closed under:
1. Intersectionif given two systems and , which de ne sets and ,
respectively, there exists a systenwhich de nes .
2. Unionif given two systems and , which de ne sets and , respectively,
there exists a systemwhich de nes
3. Complementatioiif given a system which de nes a set , there exists a system
which de nes .
4. Concatenationif given two systems and , which de ne sets and ,
respectively, there exists a systernwhich de nes , Where
5. Kleene +if given a system which de nes a set , there exists a system which
de nes



6.

Kleene *if given a system which de nes a set , there exists a system which de nes

Other unary and binary operations can be de ned similarly.

Theorem 10. The class CS with only one catalyst in the initial con guratiortissed under inter-
section, union, complementation, concatenation, and Kle¢oeKleene).

Investigation of closure properties of other types of catalytic systemsubject for future research.
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Appendix. Proofs not Presented in the Paper
This Appendix is not part of the paper.

Proof of Theorem 4

Proof. Let be a semilinear set, where , each is a linear set. De ne a

simple CS as follows. will have catalyst and noncatalysts

and initial con guration . The noncatalysts and will be used for computing . The rules of
are:

And, for each linear set , we have a set of rules. For example, for, we have the following rules:

If is the constant vector in , then isarulein .
If is a generatorin , then isarulein .
We also add the rule in
Similar rules can be constructed for . Clearly, the con guration when the system halts
is if and only if isin . Thus, the Parikh map of any halting con guration is
if and only if is in

We now prove the second part of the theorem. Suppose we are givenla 8iBipwith an initial
con guration . We will construct a multicounter machine which simulates the computation of
. We associate a counter with every noncatalyst. By de nition of a sig@ethe multiplicity of

catalyst during the computation is always 1, and the multiplicity of any etiohary noncatalyst
during the computation is always bounded by the number of evolatyjamoncatalysts in the initial
con guration . Therefore, can use the nite control to keep track of the multiplicities. The
counters associated with the non-evolutionary noncatalysts are nondegrddee nite control of

rst creates the initial con guration of and then simulates the computation ofaithfully,
using the counters to keep track of the multiplicities of the nonteiahary noncatalysts. When
halts, haltsin an accepting state. Sinces counters are nondecreasing (i.e., 0-reversal bounded),
the set of tuples it generates (when it halts) is exactly , and by Theorem 1, it is semilinear.

To see that is semilinear, we modify so that at any time during the simulation, it has a
choice of nondeterministically halting in an accepting state. Hence, any reachplalén is
accepted by and therefore semilinear. |

Proof of Theorem 5

Proof. Itis known that a two-counter machine can simulate a Turing machine@i&]construction
of the system follows from the proof of this result. We brie y ddaberthe construction in [10]. In
[10]itis rst shown that a Turing machine can be simulated by a fourater machine. Then a two-
counter machine is constructed as follows. Suppose the four countervhlaes . These
values can be represented in one counter by the number . To increment
by one, the number is multiplied by 2, 3, 5, 7, respectively. We use a second counter, which i
initially zero, for this purpose. The second counter is incremented by3?,73 respectively for every
decrementof 1in the rst counter. When the rst counter becomes zero, thedecamter has value

, respectively. Similarly, decrementing by one corresponds to incrementing
the second counter by one for every decrement of 2, 3, 5, 7 in the rst eaunt
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The state of the four-counter machine is stored in the nite contfthe two-counter machine.
To determine the move of the two-counter machine, it has to determinghynihiany, of
are zero. By passing from one counter to the other, the nite control of the two-countexcimne
can determine if is divisible by 2, 3, 5, 7.

We modify the above construction slightly by adding the factailo . Thus,
The purpose of the factor , which is a dummy, will be seen later.

From the above description of how the two-counter machine operategevbat the counters
behave in a regular pattern. The two-counter machine operates in phase$alidwing way. Let
and beits counters. 'soperation can be divided into phases where each starts
with one of the counters equal to some positive integand the other counter equal to zero. During
the phase, the rst counter is decreasing by one at every step and the oth&rasunondecreasing.
The phase ends with the rst having value zero and the second countegtepisitive value (note
that the positiveness is guaranteed by the factprThen in the next phase the modes of the counters
are interchanged. Thus, a sequence of con gurations corresponding phéises above will be of
the form:

where the are states and are positive integers. Note that the second component
of the con guration refers to the value of countey while the third component refers to the value of
counter .
We may assume that the state names of the two counters when it is opemnaotyl) phases
are different from the state names when it is operating in (even) phases . Clearly,
an instruction of the two-counter machine has one of the followimg$o

1.
2.
3.
4.

where (respectively, ) is the current statepositive means that the rst (respectively, second)
counter is positivenameans that the value of the second (respectively, rst) counter does n@trmatt
(respectively, ) is the next state, means decrementing the rst (respectively, second) counter

by 1, and means incrementing the second (respectively, the rst) counter by
(Note that 0 or 1 when division by 2, 3, 5, or 7 is being simulated.)
Let be the states the counter machine uses in the odd phases and be the
states it uses in the even phases. We assume that'thare different from the 's. Assume that
is the state of the machine when the rst counter has value and is about to begin
Phase . We construct a systemwith catalyst and states . The
noncatalysts are and , representing the two counters. The initial con guration is . (This

means that the rst counter has value 11 and the second counter is zero.) Thyticatdds are
de ned according to the type of rules above.

1. For arule of form 1, de ne the rule
2. For arule of form 2, de ne the rule
3. For arule of form 3, de ne the rule
4. For arule of form 4, de ne the rule

The rules of the form and are of lower priority than the
rules of the form and . Itis clear that the system described
above simulates the computation of the two-counter machine. |
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Proof of Corollary 4

Proof. This follows from the proof of Theorem 4, part 1 since every compoitsith a simple CS is
positive. |

Proof of Corollary 5

Proof. As in part 2 of Theorem 4, we construct a multicounter machingo simulate . For each
positive noncatalyst, we associate two counters and .  simulates the computation of,
where the nite control keeps track of the multiplicities of the boaddoncatalysts. Increments (re-
spectively, decrements) in the multiplicity of a positive noncatalystrecordedin  (respectively,

). When the computation of halts, the value of counter is reduced by the value of counter

and the nal values of the bounded noncatalysts are stored in the apgpdunters. Clearly,

's counters are 1-reversal bounded. Hence the set of tuples corresponding to the nal val-
ues of the counters is semilinear. But the tuples in  correspond exactly to halting reachable
con gurations in . We can easily modify to accept . |

Proof of Corollary 6

Proof. The proof is similar to the previous corollary, except that now, wadaiste one counter to

the negative catalyst, and this counter can make an unbounded number of reversals. The result
then follows from the fact that a multicounter machine with one uniestt counter and several
reversal-bounded counters still only de nes a semilinear set. |

Proof of Lemma 1
Proof. We construct a VASS as follows:

1. Let be the catalyst of and be the noncatalysts. Number the rules dby
Let be the states of, with  the initial state. The states of will consist of ,
and for every and every rule number.
2. If is the initial con guration of , let be the starting state of and =
Parikh map of (w.r.t symbols ) be the start vector of .
3. The generating vectors of are de ned as follows:
Suppose is rule number in . Then will have the following
rules depending on the case:
(a) Case1:If (i.,e., doesnotappearonthe RHS of the rule), then
is a transitionin .
(b) Case 2: If (i.e., appears on the RHS of the rule), then the following
transitions are in :

Clearly, the reachability set of equals . |

Proof of Lemma 2
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Proof. Suppose is a VASS. The construction of the CSSs essentially the “reverse” of the con-

struction in the above proof. Number the transitions oby . For every state of and
transition of , let be states in . Thus, will have multiple (but nite)
copies of . For convenience, we also takdo be the same as

Suppose is transition number in . We consider two cases:

Case 1: Some 's are negative. We illustrate, by an example, how the correspondiegyirul are
de ned. Suppose that and are negative and the rest of thés are nonnegative. Then the fol-
lowing rules are in :

Case 2: All the 's are nonnegative. Then the following rule is in

Clearly, reaches a vector in statéf and only if reaches the same vector in state |

Proof of Theorem 8

Proof. Let be a communication-free VAS. We construct a C8/hich has one catalyst, non-

catalysts , and starting con guration , where corresponds to the starting vector
of

Suppose is a transition in .
Case 1: and all other 's are nonnegative. Then the following is in

Case 2: All the 's are nonnegative. Then the following rule is in

Clearly, simulates . In fact, .

Conversely, supposeis a CS. First assume that each rule ihas the form , where
is not contained in. If isarulein ,then the following transition
isin . Itis easy to see that simulates .

Now we show how to convert a CSto another system which satis es the property above.
The system has many catalysts and simulatesLet be the catalyst of and be its
noncatalysts and its initial con guration. Number the rules of by
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CS will have catalysts and noncatalysts . Its initial con gu-
ration is , where .(Notethat and are associated with rule numbeof
.) Therules of are de ned as follows:

Case 1: Suppose isarulein ,and does notcontain . Then this rule is in

Case 2: Suppose is rule number in , where and does not contain . Then
we have the following rules in :

We say that is -related since it is associated with a rule withon the LHS (left hand side). It
is easily veri ed that any reachable con guration in with the property that for each the number
of occurrences of + the number of occurrences of-related 's (over all instruction number)

— call the sum — uniquely corresponds to a reachable con guration imvhere the number of

occurrences of is equal to . (Note that reachable con gurations inare over ). Thus,
simulates .
Since in  every rule (where is a catalyst, is a noncatalyst, and a string of
noncatalysts) has the property thatoes not contain, can be converted to a communication-free
VAS . |

Proof of Corollary 9

Proof. Let be the communication-free VAS in the proof above. Then is semilinear
(since a communication-free VAS has a semilinear reachability set). Nowshe components
of each vector in correspond to , and the remaining components correspond to

. Clearly, from the proof above, , Where is the
projection of the tuples on the rst coordinates. Since is semilinear and semilinear sets
are closed under intersection and projection, it follows that is semilinear.

For , without loss of generality (by simple relabeling), assume that ( ) be
all the noncatalysts for which there is some rule witton the LHS, . Clearly, a reachable
con guration in is halting if coordinates are zero. Hence

, which is semilinear. |

Proof of Corollary 12

Proof. As in Lemma 1, given a CSS, we can construct a VASS such that . But
since has two noncatalysts the VASSwill be over  (i.e., dimension 2). By Theorem 6, parts
1 and 4, is semilinear. By the same construction as in Corollary 9, can be
constructed from , which preserves semilinearity. |

Proof of Lemma 3
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Proof. Suppose that is a VAS over  with start vector . We de ne an MCS with cat-

alysts , and noncatalysts .Let be the largest integer such that is the

-th component of some matrix rule. (Note that this means that ifthecomponent in all matrix

rules is nonnegative, .) The initial con guration of is . (If ,
does not appear in the initial con guration.) The matrix rules are de nefibbews.

If is a transition in , then the corresponding matrix rule inhas the following compo-
nents:
1. If at least one of the 's is positive, then is in the matrix, where contains if
2. If , then appears times in the matrix
E.g., if and is a transition, the corresponding matrix rule is
For transition , the corresponding matrix rule is
Now is -dimensional, where the rst coordinates correspond to noncatalysts ,

and the +1st coordinate corresponds to the noncatalysthich occurs exactly once in any reach-
able con guration. Clearly, .

Itis obvious that if is a VASS (i.e., a VAS with states), then a similar construction wgigt
an MCSS (i.e., an MCS with states) |

Proof of Lemma 4

Proof. Suppose that is an MCSS with noncatalysts , catalysts , initial con gu-
ration consisting of catalysts and noncatalyst, and states  with  the start state. Number
the matrix rules
We construct an -dimensional VASS to simulate . will have states and
states of the form for every instruction number. The start state is , and the start vector is
, Where isthe number of occurrences ofin . The purpose of the+1st coordinate
will become clear later. has the following transition rules:

Suppose is rule number in .Let =the number of
occurrences of in . Then the following rules are in :

where is obtained as follows:
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Case 1: None of is .Then
Case 2: There are of thatare . Then

Clearly, the con gurations reachable in are exactly the con gurations reachable inwhen the
+1st component of the con guration is 1. Hence . |

Proof of Corollary 14

Proof. Given an MCSS , construct the VASS as described in the proof of Lemma 4. Then check
if is reachable in . The result follows since the reachability problem for VASS is decigabl
|

Proof of Corollary 15

Proof. If there is some matrix rule in that is applicable to , then is not a halting reachable
con guration; otherwise, construct the VASS of Lemma 4 and check if is reachablein .1

Proof of Theorem 10

Proof. For intersection, let and be CS de ning sets and , respectively.
From Corollary 9, and (forsome and ) are
semilinear sets. Since semilinear sets are closed under projectiand  are semilinear. From
Theorem 4, part 2, we can construct multicounter machine@nd  generating and |, re-
spectively. Note that each of and  has O-reversal counters. We construct a reversal-bounded
multicounter machine which simulates  using one set of counters. When accepts and
halts, then simulates using another set of counters. When halts and accepts, ver-

i es that the counters of  have the same values as the correspondimgunters of  (by
decrementing the counters simultaneously and checking that correspondintgrsoreach zero at
the same time) while making copies of their values onto a third setaofunters. Clearly, the third

set of counters correspond to , Which is semilinear by Theorem 1. Then from Theorem
4, we can construct a CSthat de nes . The proof for closure under union is similar.

For complementation, let be a CS de ning a set . Then is
semilinear. From the fact that semilinear sets are closed under projectionheadem 3, can
be accepted by a deterministic reversal-bounded multicounter machindowddhat is
semilinear and, hence, de nable by a CS.

For concatenation, let and de ne sets and , respectively. Then

and are semilinear, and we can construct multicounter machineand  generating and

, respectively. Each machine ha®-reversal counters. We construct a O-reversal multicounter
machine with counters which operates as follows: (1) simulates  (note that the counters
are nondecreasing). (2) When accepts and halts, simulates (on the same counters). (3)
When  accepts and halts, accepts and halts. Clearly, generates

Closure under Kleene + (or Kleene *) follows from the constructiondoncatenation, since

. The simulating machine iterates step (1) above a nondeterministically chosen number

of times (including zero time for the case of Kleene *) before accepting anitidal |
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