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SUMMAR Y

Non-parametric densit y estimation is the problem of appro ximating the v alues of a probabilit y densit y func-

tion, giv en samples from the asso ciated distribution. Non-parametric estimation �nds applications in discriminan t

analysis, cluster analysis, and 
o w calculations based on Smo othed P article Hydro dynamics. Usual estimators

mak e use of k ernel functions, and require on the order of n

2

arithmetic op erations to ev aluate the densit y at

n sample p oin ts. W e describ e a sequence of sp ecial w eigh t functions whic h requires almost linear n um b er of

op erations in n for the same computation.

KEY W ORDS : Non-parametric estimation, probabilit y densit y , k ernel metho d.

1 INTR ODUCTION

The use of probabilit y densit y estimation in data analysis is w ell established [15 , 12 , 11 , 2 ]. In the

non-parametric case no assumption is made ab out the t yp e of the distribution from whic h the samples

are dra wn. This is in con trast to parametric estimation in whic h the densit y is assumed to come to from

a giv en family , and the parameters are then estimated b y v arious statistical metho ds. A comprehensiv e

bibliograph y on non-parametric estimation can b e found in Silv erman [16 ], and Nadara y a [10 ]. Results

of exp erimen tal comparison of some widely used metho ds app ear in [5 ].

An imp ortan t application of non-parametric densit y estimation is in computational 
uid mec hanics.

When 
o w calculations are p erformed in a Lagrangian framew ork, a set of p oin ts in space are ev olv ed

using the go v erning equations. Ho w ev er in time this usually leads to mesh distortion and n umerical

di�culties. Problems with mesh distortion can b e eliminated to a certain exten t b y the use of Smo othed

P article Hydro dynamics (SPH) [9, 4]. SPH treats the p oin ts b eing trac k ed as samples dra wn from an

unkno wn probabilit y distribution. Because of the iterativ e nature of SPH, densit y is estimated at ev ery

time step, and the e�ciency of the computational asp ects b ecomes ev en more imp ortan t.

W e prop ose a cosine based estimator whic h is similar to k ernel estimators in con v ergence prop erties,

but computationally more e�cien t. This estimator can b e view ed as a sp ecial case of the class of

estimators that form a � sequence [17 ]. Conditions for the con v ergence of the metho d and exp erimen tal

v eri�cation of its accuracy as compared to k ernel based estimators for practical test cases are also

presen ted. The exp erimen ts indicate ho w to c ho ose the optimal estimator as a function of the n um b er

of p oin ts while k eeping the error small.
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2 METHODS OF ESTIMA TION

V arious metho ds ha v e b een prop osed for non-parametric densit y estimation, suc h as the k ernel [11 , 1 ]

and the orthogonal series metho ds [13 ]. In the k ernel metho d, the v alue of the densit y at x is estimated

as

f

n

( x ) =

1

nA

h

n

X

i =1

K (

x � X

i

h

)

where X

i

are the p ositions of the samples dra wn from a probabilit y distribution with an unkno wn

densit y function f , K is a k ernel function, h is the windo w width, and A

h

is a normalization factor to

mak e f

n

in to a probabilit y densit y . One of the dra wbac ks of the k ernel metho d is the computational

cost in v olv ed. Ev en though it is p ossible to reduce the cost using a series expansion of the k ernel, this

approac h b ecomes problematic for narro w windo w widths.

Our estimator for non-parametric densit y uses prop erties of the cosine function, has con v ergence

prop erties whic h are similar to those of k ernel based estimators, but at the same time has the ease

of ev aluation of a series expansion. The role of the windo w size parameter h of the k ernel metho d is

replaced b y a parameter m in our metho d, and f

n

is no w of the form

f

n

( x ) =

1

n

n

X

i =1

c

m

( x � X

i

) : (1)

The de�nition of the function c

m

allo ws for the e�cien t computation of the n v alues

f

n

( X

1

) ; f

n

( X

2

) ; : : : ; f

n

( X

n

) (2)

using only O ( m

2

n )

1

arithmetic op erations, where m need not b e large as long as it increases without

b ound with n . This is in con trast to the O ( n

2

) op erations required b y the k ernel metho d. After

the computation of f

n

( X

1

) ; f

n

( X

2

) ; : : : ; f

n

( X

n

) , our metho d requires only O ( m

2

) op erations for eac h

subsequen t ev aluation f

n

( x ) for an arbitrary x . This is in con trast to the O ( n ) op erations required b y

the k ernel metho d. The factor m

2

in this op eration coun t is replaced b y m

1+ d

when the sample space is

the d -dimensional unit sphere S

d

. Suc h sample spaces arise naturally in problems in v olving directional

data.

3 CONVER GENCE OF THE METHOD

Let X

j

; j = 1 ; 2 ; : : : b e a sequence of indep enden t, iden tically distributed random v ariables (observ a-

tions) with v alues on the real line I R. Supp ose their common distribution function has densit y densit y

f ( x ). As an estimator to f ( x ), w e consider a non-parametric estimator of the form (1), where m is to

b e determined as a function of n . Let

c

m

( x ) =

(

1

A

m

cos

2 m

(

x

2

) ; x 2 [ � � ; � ]

0 otherwise ,

(3)

where the factor A

m

normalizes c

m

to a probabilit y densit y function. Tw o p opular criteria for con v er-

gence that are usually considered are giv en b elo w. The estimate con v erges to the true densit y under

1

f ( n ) = O ( g ( n )) means lim

n !1

f ( n ) =g ( n ) < 1 , and f ( n ) = o ( g ( n )) means lim

n !1

f ( n ) =g ( n ) = 0.
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the Me an Inte gr ate d Squar e Err or (MISE) criterion if

Z

E ( f

n

( x ) � f ( x ))

2

dx ! 0

as n ! 1 . W e ha v e almost sur e (a.s.) con v ergence to the true densit y if

sup j f

n

( x ) � f ( x ) j ! 0

almost surely as n ! 1 . First, w e state conditions for the almost sure con v ergence of the estimates

of the densit y and its deriv ativ es on I R, and the con v ergence in the MISE sense on S

1

and S

2

. The

conditions are similar to those required b y k ernel based metho ds. The pro ofs of these theorems app ear

elsewhere [3 ].

Theorem 1 Supp ose f ( x ) is uniformly c ontinuous on I R , and f

n

( x ) is as given in (1). If m ! 1 as

n ! 1 , and m = o (

n

log n

) , then

sup

x 2 I R

j f

n

( x ) � f ( x ) j ! 0 a.s.

Flo w calculations often require the computation of the v alues of not only the unkno wn densit y f ,

but also its deriv ativ es. Let C

r

(I R) denote r -fold con tin uously di�eren tiable functions on I R. Assume

that f 2 C

r

(I R). Denote the r -th deriv ativ e of f ( x ) b y f

( r )

( x ). As an estimator of f

( r )

( x ) w e tak e

the r -th deriv ativ e f

( r )

n

( x ) of f

n

( x ). The conditions for almost sure con v ergence of the estimates of the

deriv ativ es of the densit y on I R are giv en b y the follo wing theorem.

Theorem 2 Supp ose f ( x ) 2 C

r

(I R) , f

( r )

( x ) is uniformly c ontinuous, and f

( r )

n

( x ) is as obtaine d by

di�er entiating (1). If m ! 1 as n ! 1 , and m

2 r +1

= o (

n

log n

) , then

sup

x 2 I R

j f

( r )

n

( x ) � f

( r )

( x ) j ! 0 a.s.

Consider the estimation of a densit y function de�ned on S

d

. De�ne the w eigh t function b y

c

m

( x ) =

1

A

m

cos

2 m

(

�

x

2

) (4)

where x 2 S

d

and �

x

is the length of the shortest arc b et w een x and a �xed p oin t on S

d

(whic h w e

tak e to b e the p oin t

~

0 ). As b efore A

m

is the normalization constan t. Conditions for con v ergence of

the MISE for this case are giv en b y

Theorem 3 Supp ose f 2 C

1

( S

d

) , d = 1 ; 2 , and let f

n

( x ) b e as given in (1) and (4) . If m ! 1 as

n ! 1 and m = o ( n

2 =d

) , then

MISE =

Z

E ( f

n

( x ) � f ( x ))

2

dx ! 0
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4 F AST COMPUT A TION OF THE DENSITY ESTIMA TOR

In this section, w e describ e an e�cien t algorithm for the computation of the v alues of the densit y

estimator f

n

( x ) at a set of n observ ed p oin ts X

1

; X

2

; : : : ; X

n

on the unit circle S

1

(1-D case) and on the

unit sphere S

2

(2-D case). The idea of the 1-D case easily extends to I R . W e also sho w that if the v alue of

f

n

at some arbitrary x is desired, then this is also easily accomplished once f

n

( X

1

) ; f

n

( X

2

) ; : : : ; f

n

( X

n

)

ha v e b een computed.

W e sho w that for an y x , f

n

( x ) can b e expressed as a p olynomial of total degree m in the co ordinates

of x , and that the co e�cien ts of this p olynomial can b e determined in turn from the co ordinates of the

X

i

. Using the half angle form ula for cosine, w e obtain from (1) and (3)

f

n

( x ) =

1

nA

m

n

X

i =1

�

1 + cos( x � X

i

)

2

�

m

: (5)

Let x = ( x

1

; x

2

) and X

i

= ( X

i 1

; X

i 2

) b e the Cartesian co ordinates of x and X

i

, i = 1 ; 2 ; : : : ; n on S

1

and

let <; > represen t the standard inner pro duct on I R

2

. Then cos ( x � X

i

) = < x; X

i

> . Substituting

this in to (5) and using the m ultinomial theorem w e get

f

n

( x ) =

1

2

m

A

m

X

r + s � m

 

m

r ; s

!

M ( r ; s ) x

r

1

x

s

2

(6)

where

 

m

r ; s

!

=

m !

r ! s !( m � r � s )!

and

M ( r ; s ) =

1

n

n

X

i =1

X

r

i 1

X

s

i 2

:

No w consider the n um b er of op erations required for the ev aluation of f

n

( x ) giv en the observ ations

X

1

; X

2

; : : : ; X

n

on S

1

: The p o w ers X

r

i 1

and X

r

i 2

for a �xed i and r = 1 ; 2 ; : : : ; m can b e computed

with O ( m ) m ultiplications. Doing this for i = 1 ; 2 ; : : : ; n requires O ( mn ) m ultiplications. After the

conclusion of this step, eac h of the O ( m

2

) a v erages M ( r ; s ) for a giv en r and s can b e computed with

an additional O ( n ) op erations. Since there are a total of O ( m

2

) terms in f

n

( x ) corresp onding to the

pairs r ; s with 0 � r ; s � m , this means that the co e�cien ts of the p olynomial in (6) can b e computed

with a total of O ( m

2

n ) arithmetic op erations. Once the co e�cien ts of f

n

( x ) ha v e b een computed,

to ev aluate f

n

( x ) with x = ( x

1

; x

2

) w e calculate the p o w ers x

r

1

and x

r

2

for r = 1 ; 2 ; : : : ; m in O ( m )

op erations. Since the co e�cien ts are already a v ailable, the remaining computation in (6) requires only

an additional O ( m

2

) m ultiplications and additions. Note that k ernel based non-parametric estimators

to the densit y require O ( n

2

) arithmetic op erations for the computation of the v alues in (2), since eac h

K (

X

j

� X

i

h

) needs to b e ev aluated for 1 � i; j � n .

A fast algorithm for the ev aluation of f

n

( x ) de�ned on S

2

is constructed similarly . In this case the

v alues (2) of the appro ximate densit y can b e ev aluated in O ( m

3

n ) arithmetic op erations. After this

prepro cessing step, f

n

( x ) can b e computed for an y x 2 S

2

with only O ( m

3

) additional op erations.
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5 EXPERIMENT AL RESUL TS

F or our con v ergence conditions to b e satis�ed, m m ust increase without b ound with n , but not to o

fast. Theoretically , w e can tak e m to b e as slo wly increasing as w e lik e. The problem with this is

that the magnitude of m con trols the error terms of the con v ergence pro ofs. This is a crucial p oin t

whic h mak es exp erimen tal results in v aluable in determining go o d v alues of m in practice. With this in

mind, n umerical exp erimen ts w ere carried out to determine the error as a function of m and n using

v arious distributions. The results for t w o tested distributions are presen ted b elo w. Comparisons w ere

also made with the follo wing k ernel estimator [8 ]:

K ( x ) =

8

>

>

<

>

>

:

1

A

(1 � 1 : 5 x

2

+ 0 : 75 x

3

) ; x 2 [0 ; 1]

1

A

0 : 25(2 � x )

3

; x 2 [1 ; 2]

0 otherwise

where A is a normalization constan t.

Figure 1 compares the accuracy of the cosine and the k ernel estimates for a normal distribution with

mean � and standard deviation 1, generated b y using the function r andn of MA TLAB . The results giv en

are the mean of 50 trials. Note that the t w o curv es are virtually iden tical, and they b oth underestimate

the real densit y near the mean.

In the second exp erimen t w e compare the MISE v ersus di�eren t v alues of m and n for the cosine

metho d itself, where the distribution is again normal with mean � and standard deviation 1. The

resulting curv es are giv en in Figure 2. In Figure 3 the same comparison is made for the deriv ativ e of

the densit y function. In eac h case the MISE w as determined b y n umerical in tegration using 250 p oin ts.

In the determination of the MISE, trials w ere p erformed with 7 sets of samples eac h time, and the

mean is rep orted in the �gures giv en.

As with most estimators, the estimation of bimo dal distributions is more di�cult. W e p erformed

exp erimen ts with a sum of � distributions in the form

0 : 35 � (6 ; 2) + 0 : 65 � (2 ; 6)

generated b y the rejection-acceptance metho d. The � function w as scaled to tak e v alues in [0 ; 2 � ]. The

results are giv en in Figure 4. It is eviden t that compared with a unimo dal distribution, more samples

are required to get accurate results.

In iterativ e calculations, one can c ho ose the sample size to obtain the desired accuracy in the results.

In order to compare the computational e�ciency of the t w o metho ds, a reasonable criterion app ears

to b e to compare the time requiremen ts of the t w o metho ds for the same error. The sample sizes ma y

not necessarily b e the same in the t w o cases to obtain the same accuracy . Figures 5 and 6 compare

the computational e�ort required for the cosine w eigh t function estimator and the k ernel estimator

for the normal densit y in this sense. The data w as obtained b y the follo wing pro cedure: Estimates

w ere computed for v arious v alues of n , m , and h . The time required (in seconds) for the computation,

together with the resulting MISE w ere determined. The lo w er en v elop e of the data w as c hosen as the

represen tativ e curv e for that particular estimator. Note that the cosine estimator p erforms substan tially

b etter than the k ernel estimator for the cases tested.
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6 REMARKS

The exp erimen ts sho w that the optimal v alues of m are su�cien tly small for the distributions tested

to mak e the prop osed sc heme faster than the k ernel estimate. Ho w ev er, as the distribution function

gets more complicated (m ultimo dal, for instance), w e need higher v alues of m to get go o d estimates.

Therefore suc h cases w ould require more computational e�ort than those with a more uniform distri-

bution. If deriv ativ es of the densit y are also required, then w e are forced to increase m at a slo w er rate

with resp ect to n to a v oid sharp p eaks, but then the cosine metho d b ecomes ev en more adv an tageous.

Plots of MISE v ersus m and n follo w the exp ected trends. As the sample size increases, the error at

the optimal v alue of m decreases. Besides, the optimal v alue of m increases as the sample size increases,

and it is smaller for the deriv ativ e than for the densit y estimation itself. It can also b e seen that as the

n um b er of p oin ts increases, the range of m o v er whic h the estimate p erforms w ell also increases.

Based on the exp erimen ts, w e can p erform a least squares analysis and appro ximate the magnitude

of m as k n

1 = 2 : 5

for 1-D densit y estimation, and as k n

1 = (3+ � )

for the deriv ativ e, for some constan t k . �

can b e an y small n um b er and is in tro duced in order to satisfy the upp er b ound for deriv ativ es required

for con v ergence. Cho osing m = k n

1 = 3

app ears to giv e reasonable estimates for densit y on S

2

. The

magnitude of k dep ends on the complexit y of the densit y function itself, and it v aries b et w een 1 and 10

for the distributions considered here. If a more automatic c hoice of m is desired, it should b e p ossible

to mak e k a function of the v ariation. This can b e done b y c ho osing an initial v alue for m and and

estimating the v ariation using the appro ximate densit y curren tly a v ailable. Next densit y estimation

computations can then b e p erformed using the new v alue of m . W e are curren tly studying sc hemes for

the automatic determination of the b est exp onen t.

W e remark that computations for the algorithm presen ted here parallelize easily b y a straigh tforw ard

distribution of the samples across the pro cessors. Eac h pro cessor computes the co e�cien ts M ( r ; s ) based

on only the samples lo cally presen t. Subsequen tly the corresp onding co e�cien ts in eac h pro cessor are

summed. This can b e accomplished b y a global reduction op eration, for whic h e�cien t library functions

are normally pro vided in parallel computers. In order to reduce in ter-pro cessor comm unication while

using k ernel estimators, it is necessary to redistribute the samples so that p oin ts that are close to eac h

other reside in the same pro cessor. This o v erhead is a v oided in the cosine based estimator.
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Figure 1: Comp arison of the c osine and kernel estimators for a normal density with me an � and

standar d deviation 1 . The solid line r epr esents the normal density. The p oints marke d by x r epr esent

the kernel estimate with h = 0 : 55 . The p oints marke d by o r epr esent the c osine estimate with m = 15 .

The estimates ar e b ase d on the me an of 50 trials with samples of size n = 250 e ach.
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Figure 2: MISE versus m and n for the normal density with me an � and standar d deviation 1 .
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Figure 3: MISE versus m and n for the derivative of the normal density with me an � and standar d

deviation 1 .
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Figure 4: Comp arison of c osine and kernel estimators for a sum of � distributions on [0 ; 2 � ] . The solid

line r epr esents the true density. The p oints marke d by x r epr esent the kernel estimate with h = 0 : 4 .

The p oints marke d by o r epr esent the c osine estimate with m = 25 . The estimates ar e b ase d on the

me an of 50 trials with samples of size 500 e ach.
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Figure 5: Plot of time (in se c onds) versus the MISE for the c osine estimation of the normal density.
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Figure 6: Plot of time (in se c onds) versus the MISE for the kernel estimation of the normal density.
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