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Abstract

A parallel algorithm that mak es use of the classical three-term recursion form ula to construct

an orthogonal family of p olynomials with resp ect to a discrete inner pro duct is prop osed. The

algorithm requires O ( N log N ) parallel arithmetic steps on a distributed-memory m ultipro cessor

with N + 1 pro cessors to construct the p olynomials p

i

( x ) for 0 � i � N . If h yp ercub e top ology

is assumed, the algorithm can b e implemen ted with the additional o v erhead of O ( N log N ) routing

steps. In this case the implemen tation is quite simple, requiring only scalar single no de broadcast

and accum ulation pro cedures together with a Gra y co de mapping. The limited pro cessor v ersion

of the algorithm requires O (

N

2

p

+ N log p ) arithmetic and O ( N log p ) routing steps on a h yp ercub e

with p � N + 1 no des. W e presen t some exp erimen tal results obtained on an In tel cub e.

Key W ords: Discrete orthogonal p olynomials, parallel algorithms, distributed-memory m ultipro-

cessor, h yp ercub e.
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1 In tro duction

W e consider generation of p olynomials f p

0

( x ) ; p

1

( x ) ; : : : ; p

N

( x ) g orthogonal with resp ect to a non-

degenerate discrete bilinear form

< u ( x ) ; v ( x ) > =

N

X

j =0

w

j

u ( x

j

) v ( x

j

) , (1)

where p

i

( x ) is a monic p olynomial of degree i . In most applications the w eigh ts w

j

are p ositiv e for

0 � j � N , and (1) de�nes an inner-pro duct on p olynomials of degree � N on the no de p oin ts

x

0

; x

1

; : : : ; x

N

. The orthogonal p olynomials p

i

( x ) for 0 � i � N can b e generated using the classical

thr e e-term r e cursion form ula [11 ]

p

i +1

( x ) = ( x � �

i

) p

i

( x ) � �

i

p

i � 1

( x ) for 0 � i � N � 1 (2)

with

p

� 1

( x ) = 0 and p

0

( x ) = 1 (3)

where �

i

and �

i

are constan ts determined as

�

i

=

< xp

i

( x ) ; p

i

( x ) >

< p

i

( x ) ; p

i

( x ) >

, �

i

=

< p

i

( x ) ; p

i

( x ) >

< p

i � 1

( x ) ; p

i � 1

( x ) >

. (4)

Orthogonal p olynomials with resp ect to a discrete bilinear form ha v e applications in rational in ter-

p olation, least-squares p olynomial appro ximation, and smo othing of nonlinear functions [4 , 3, 9, 7, 1, 2].

In some applications it is preferable to use orthogonal p olynomials than to solv e a set of linear equa-

tions. This is mainly due to n umerical stabilit y problems of the underlying linear systems. F or example,

the normal equations arising from w eigh ted least-squares p olynomial appro ximation problems result

in an ill-conditioned system. Th us, it b ecomes inevitable to use discrete orthogonal p olynomials for

least-squares p olynomial appro ximation problems [3 , 7].

Consider the ( N + 1) � ( N + 1) matrix P = [ P

ij

] of the v alues of the p olynomials p

i

( x ) at the no de

p oin ts x

j

for 0 � i; j � N , i.e.,

P

ij

= p

i

( x

j

) for 0 � i; j � N . (5)

The en tries of P can b e computed b y sp ecializing the three-term recursion (2) b y putting x = x

j

for j = 0 ; 1 ; : : : ; N . F urthermore, (2) induces a doubly-indexed recursion on the co e�cien ts of the

p olynomials p

i

( x ) for 0 � i � N directly . More precisely , let A = [ A

ik

] b e the ( N + 1) � ( N + 1) matrix

in whic h the ith ro w consists of the co e�cien ts of the p olynomial p

i

( x ), i.e.,

p

i

( x ) =

i

X

k =0

A

ik

x

k

. (6)
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Then A is a lo w er triangular matrix with unit diagonal whose elemen ts satisfy the recursion

A

i +1 ;k

= A

i;k � 1

� �

i

A

ik

� �

i

A

i � 1 ;k

for 0 � k � i � N (7)

induced b y (2) . In (7) w e tak e

A

i; � 1

= A

� 1 ;k

= 0 for 0 � i; k � N � 1 . (8)

In the generation of the co e�cien ts of the p olynomials p

i

( x ) for 0 � i � N using the recursion

(7) , the v alues of the p olynomials p

i

( x ) at the no de p oin ts x

j

(i.e. P

ij

) are also required at eac h step

to compute quan tities �

i

and �

i

. Th us it is necessary to generate the v alues and the co e�cien ts in

tandem. This can b e done b y iterating �rst the recursion (2) for the v alues and then the recursion (7)

for the co e�cien ts.

The pro cedure giv en in Figure 1 (PR OCEDURE TTR) computes the en tries of matrices P and A

using recursions (2) and (7) together with the initial conditions (3) and (8) . A t the end of PR OCEDURE

TTR, the co e�cien ts of the p olynomials p

i

( x ) are A

ik

for 0 � i; k � N , and the v alues p

i

( x

j

) are P

ij

for 0 � i; j � N . Note that A

ik

= 0 for k > i .

Lemma 1 The numb er of se quential arithmetic steps r e quir e d by PR OCEDURE TTR to c ompute the

entries of matric es P and A is O ( N

2

) .

Pro of In step 1, the computation of 


0

, �

0

, and �

0

requires 2 N + 1, N , and 1 arithmetic steps,

resp ectiv ely . In step 2, �rst w e compute the P

1 j

's using N + 1 steps. Then 


1

, �

1

, �

1

, and �

1

are

computed using a total of 5 N + 5 arithmetic op erations. Similarly , step 3 requires ( N � 1)(9 N + 9)

arithmetic steps. The computation of A

ik

in step 4 requires 3( N � 1) + 4(1 + 2 + � � � + N � 1) = 2 N

2

+ N � 5

arithmetic steps. Th us a total of

11 N

2

+ 10 N � 6 = O ( N

2

) (9)

arithmetic steps are required b y PR OCEDURE TTR . 2

2 The P arallel Algorithm

In this section w e consider the implemen tation of PR OCEDURE TTR on a message-passing m ulti-

pro cessor. In this arc hitecture, eac h pro cessor has its o wn lo cal ph ysical memory and a p oin t-to-p oin t

in terpro cessor comm unication net w ork pro vides a mec hanism for comm unication b et w een pro cessors.

The �rst generation message-passing m ultipro cessors adopt a store-and-forw ard comm unication mec h-

anism and most commonly a h yp ercub e top ology . Second generation m ultipro cessors ha v e more ad-

v anced comm unication mec hanisms utilizing crossbar switc hes at the no des and the system can b e

assumed to b e fully connected for most practical purp oses.
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Since the comm unication o v erhead has a great impact on the p erformance of an algorithm, the com-

m unication pattern of the parallel algorithm should b e carefully designed to reduce the comm unication

complexit y [5 , 6 , 10 ]. W e giv e an e�cien t implemen tation of PR OCEDURE TTR on the h yp ercub e

m ultipro cessor. This implemen tation mak es use of h yp ercub e spanning trees for data accum ulation

and broadcast, and uses a Gra y co de mapping to pro vide neigh b oring virtual lab els for frequen tly

comm unicating pro cessors.

F ollo wing the widely accepted nomenclature, w e assume that in the h yp ercub e m ultipro cessor a

no de can send a data item to one of its d neigh b ors b y issuing SEND ( X ; tar g et node ) where X is

the item and tar get no de is the no de to whic h the data is b eing sen t. The target no de receiv es the

data b y executing RECEIVE ( X ). A SEND/RECEIVE pair constitutes a routing step. W e will record

the n um b er of parallel routing steps for the algorithms presen ted. A more detailed analysis of the

comm unication requiremen ts of the presen ted algorithms is in section 4.

T o implemen t PR OCEDURE TTR on a h yp ercub e with 2

d

= N + 1 no des w e use the follo wing

t w o pro cedures:

1. PR OCEDURE BR O ADCAST ( X ) broadcasts data item X , whic h is initially lo cated in no de

2

d

� 1, to all no des. This algorithm mak es use of a h yp ercub e spanning tree [5, 10 ] ro oted at

no de 2

d

� 1. The spanning tree of a 3-cub e ro oted at no de 7 is illustrated in Figure 2.

2. PR OCEDURE A CCUMULA TE ( X

j

) computes the sum S =

P

2

d

� 1

j =0

X

j

where X

j

is a data

item initially lo cated in no de j for 0 � j � 2

d

� 1. After the execution of PR OCEDURE

A CCUMULA TE( X

j

), the sum S can b e found in no de 2

d

� 1. This pro cedure also uses the

spanning tree of the cub e ro oted at no de 2

d

� 1.

The pro cedures BR O ADCAST and A CCUMULA TE are giv en in Figure 3. An insp ection sho ws that

PR OCEDURE BR O ADCAST uses d parallel routing steps to complete if X is a single 
oating-p oin t

n um b er. Similarly PR OCEDURE A CCUMULA TE tak es d parallel routing and d parallel 
oating-p oin t

addition steps.

These routines allo w us to implemen t steps 1,2, and 3 of PR OCEDURE TTR on the h yp ercub e.

The implemen tation of step 4 is a little more subtle and requires a Gr ay c o de , G , of the no de id 's

of the pro cessors. F or our purp oses, it su�ces to tak e G as a p erm utation of the set of no de id 's

f 0 ; 1 ; 2 ; : : : ; 2

d

� 1 g suc h that the Hamming distance b et w een G ( k ) and G ( k + 1) is 1 for 0 � k � 2

d

� 2

[8 ].

In the implemen tation of PR OCEDURE TTR on the h yp ercub e, w e p erform the computation of

the kth column of matrix A in the pro cessor whose no de id is G ( k ). Hence A

i +1 ;k

is computed at
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pro cessor G ( k ) for i = 0 ; 1 ; : : : ; N � 1. Note that the computation of A

i +1 ;k

requires quan tities A

i;k � 1

,

A

ik

, and A

i � 1 ;k

as w ell as �

i

and �

i

. After the v alues of the p olynomials P

ij

are computed, the v ectors

� and � are readily a v ailable at ev ery no de. The terms A

ik

and A

i � 1 ;k

themselv es are lo cated in no de

G ( k ). The only term that is missing from the no de G ( k ) for the computation of A

i +1 ;k

is A

i;k � 1

. Since

this elemen t is lo cated in pro cessor G ( k � 1), whic h is one of the neigh b ors of pro cessor G ( k ), w e ha v e

fast access to this elemen t. Th us b y making use of the Gra y co de, w e mak e sure that adjacen t columns

of the A matrix are computed b y neigh b oring no des in the h yp ercub e.

In the implemen tation of PR OCEDURE TTR on the h yp ercub e, w e assume for no w that N + 1 = 2

d

and for 0 � j � N , pro cessor j initially con tains the initial data x

0

; x

1

; : : : ; x

N

together with w

j

.

PR OCEDURE TTR CUBE is giv en in Figure 4.

Theorem 1 PR OCEDURE TTR CUBE c omputes the entries of matric es P and A using O ( N log N )

p ar al lel arithmetic op er ations and O ( N log N ) r outing steps on a hyp er cub e with N + 1 no des.

Pro of By coun ting the n um b er of arithmetic steps required for the execution of A CCUMULA TE

and BR O ADCAST, and all of the remaining steps in v olv ed in PR OCEDURE TTR CUBE, w e �nd the

n um b er of arithmetic op erations as

2 N log ( N + 1) + 13 N + 2 log ( N + 1) � 5 = O ( N log N ) . (10)

Similarly in PR OCEDURE TTR CUBE, the subpro cedures A CCUMULA TE and BR O ADCAST

are called 4 + 2( N � 1) and 3 + 2( N � 1) times, resp ectiv ely . Also, for the computation of A

i +1 ;k

, w e

execute SEND/RECEIVE pairs for N � 1 times. Since eac h suc h call to PR OCEDURE A CCUMULA TE

and BR O ADCAST incurs d = log ( N + 1) routing steps, the total n um b er of routing steps is

4 N log ( N + 1) + N + 3 log ( N + 1) � 1 = O ( N log N ) . (11)

Th us the total n um b er of arithmetic and routing steps required b y PR OCEDURE TTR do es not

exceed O ( N log N ). 2

In the ab o v e analysis w e ha v e not considered the initial loading of the cub e, i.e., the loading of the

data from the host pro cessors to all no des of the h yp ercub e. This can b e ac hiev ed b y �rst sending the

data x

i

; w

i

for i = 0 ; 1 ; : : : ; N from the host pro cessor to a particular no de of the cub e, for example to

no de 0. This will tak e 2( N + 1) routing steps. No de 0 then pro ceeds to broadcast the data to all no des

using PR OCEDURE BR O ADCAST. This step tak es an additional 2( N + 1) d routing steps. Th us, the

initial loading of the cub e also requires O ( N log N ) routing op erations, and do es not increase the order

of the running time of PR OCEDURE TTR CUBE.
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3 P artitioning Large Problems

Here w e analyze the more realistic case in whic h the n um b er of pro cessors p a v ailable on the h yp ercub e

do es not matc h the size of the input, i.e., p 6= N + 1. The most in teresting situation is when p < N + 1,

since there should b e no di�cult y when p > N + 1 no des are a v ailable. One can simply use a subset

of these no des to implemen t PR OCEDURE TTR CUBE. Th us, w e consider the case p < N + 1. F or

simplicit y assume that p divides N + 1, i.e., pm = N + 1 for some m > 1. W e partition the matrix P

in a v ery simple manner: the �rst m columns are computed at no de 0, the second m columns at no de

1, etc. The partitioning of A is similar: �rst m columns are computed at pro cessor G (0), the second

at pro cessor G (1), the third at no de G (2), and so on.

This partitioning sc heme allo ws us to compute the v alues and the co e�cien ts of the orthogonal

p olynomials in an e�cien t manner.

Theorem 2 PR OCEDURE TTR CUBE c omputes the entries of the matric es P and A using O (

N

2

p

+

N log p ) p ar al lel arithmetic and O (

N

2

p

+ N log p ) r outing steps on a hyp er cub e with p < N + 1 pr o c essors.

Pro of First w e consider the limited pro cessor implemen tation of PR OCEDURE A CCUMULA TE and

PR OCEDURE BR O ADCAST. W e partition N + 1 elemen ts to b e summed suc h that eac h no de con tains

m elemen ts where pm = N + 1. First w e p erform sequen tial summation at eac h no de sim ultaneously

whic h will tak e m � 1 arithmetic steps to complete. Then w e use a binary tree addition pro cedure to

sum these sum blo c ks of eac h no de to �nd the total sum. This step will tak e log p arithmetic and log p

routing steps. Th us, PR OCEDURE A CCUMULA TE tak es m � 1 + log p arithmetic op erations and

log p routing op erations to �nd the sum of N + 1 elemen ts distributed on p no des.

No w w e consider limited pro cessor implemen tation of PR OCEDURE BR O ADCAST, and its use in

PR OCEDURE TTR CUBE. W e note at eac h step in PR OCEDURE TTR CUBE, an elemen t (either �

i

or �

i

) is broadcast to all the no des on the cub e. Since w e ha v e only p < N + 1 pro cessors a v ailable, this

pro cedure will tak e log p routing steps to complete. F or example, w e compute P

1 j

= x

j

� �

0

at pro cessor

q for j = q m + 0 ; q m + 1 ; : : : ; q m + m � 1. Th us for the computation of P

1 j

for q m < j < q m + m � 1

w e need to send �

0

from the no de p � 1 (at whic h �

0

is initially computed using PR OCEDURE

A CCUMULA TE) to all no des q = 0 ; 1 ; : : : ; p � 2 whic h will tak e log p routing steps using the spanning

tree in Figure 2.

Th us for the computation of the en tries of the matrix P w e coun t the n um b er of arithmetic and

routing op erations, and �nd 9 N m + 2 N log p + 2 log p � 1 and 4 N log p + 3 log p , resp ectiv ely .

Note that w e ha v e partitioned the matrix A suc h that the �rst m columns are computed at the

pro cessor G (0), the second group is computed at the no de G (1), and so on. Th us the elemen t A

i;q m + k

5



is computed at the no de G ( q ) for 0 � k � m � 1 and for i = 0 ; 1 ; : : : ; N .

The analysis can b e greatly simpli�ed b y considering only those op erations whic h pro cessor G (0) has

to p erform. Since the elemen ts A

i; 0

; A

i; 1

; : : : ; A

i;m � 1

are computed at the no de G (0), there is no need

to p erform SEND/RECEIVE op erations for i = 0 ; 1 ; : : : ; m � 1. F or i = m; m + 1 ; : : : ; N , the pro cessor

G ( q ) will send A

i;q m + m � 1

to pro cessor G ( q + 1) for the computation of A

i +1 ; ( q +1) m

whic h is the �rst

elemen t to b e computed at this pro cessor. It follo ws from this observ ation that the computation of the

en tries of A will tak e N � m parallel routing steps.

Also at the �rst step pro cessor G (0) computes quan tities A

i; 0

; A

i; 1

; : : : ; A

i;m � 1

for i = 0 ; 1 ; : : : ; m � 1

except for A

10

and A

ii

, 0 � i � m � 1. Eac h of these op erations tak es 4 arithmetic steps in the ligh t

of (7) . The total n um b er of arithmetic op erations for this step b ecomes 4(1 + 2 + � � � + m ) � 4 � 4 m =

2 m

2

� 2 m + 4. The elemen ts that follo w, A

i;k

for m � i � N and 0 � k � m � 1, are computed using

lo cally a v ailable data. Therefore this step tak es ( N + 1 � m )4 m arithmetic steps.

Th us w e observ e that the total n um b er of arithmetic and routing op erations for the computation

of the en tries A b ecomes 4 N m � 2 m

2

+ 2 m � 4 and N � m , resp ectiv ely .

Hence, PR OCEDURE TTR CUBE tak es

13 N m + 2 N log p + 2 log p + 2 m � 2 m

2

� 5 = O (

N

2

p

+ N log p ) (12)

parallel arithmetic steps, and

4 N log p + N + 3 log p � m = O ( N log p ) (13)

parallel routing steps to compute the en tries of matrices P and A on a h yp ercub e with N + 1 no des. 2

Note that the routing steps giv en b y (13) do not tak e in to accoun t the initial loading of the data,

whic h requires an additional 2( N + 1) + 2( N + 1) log p routing op erations.

4 E�ciency Analysis

W e de�ne �

comp

as the time required to p erform a 
oating-p oin t op eration, and �

comm

the time required

to transfer a 
oating-p oin t n um b er to a neigh b oring no de for the system under consideration. Using

equations (9) , (10) , and (11) and taking the initial loading step in to accoun t, w e �nd the sequen tial

and the parallel time required b y PR OCEDURE TTR in terms of the ab o v e parameters as

T

seq

=

�

11 N

2

+ 10 N � 6

�

�

comp

, (14)

T

par

=

�

13 N m + 2 N log p + 2 log p + 2 m � 2 m

2

� 5

�

�

comp

+ ( 6 N log p + 3 N + 5 log p � m + 2) �

comm

, (15)
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where m = ( N + 1) =p . The e�ciency of an implemen tation is a function of the input size N + 1,

the n um b er of pro cessors p , and also the parameter � = �

comm

=�

comp

. It is w ell kno wn that this

parameter is v ery crucial in ev aluating the p erformance of m ultipro cessor systems. Usually � � 1, e.g.

our exp erimen ts indicated that � > 25 on the �rst generation In tel h yp ercub e. Figure 5 sho ws the

e�ciency of the parallel algorithm presen ted as a function of N + 1 for � = 1 ; 5 ; 10 ; 50 and for p = 8.

Th us w e see that the e�ciency of our particular implemen tation of PR OCEDURE TTR on the cub e

approac hes 0.80 when � is close to 1 and N � p .

W e ha v e implemen ted PR OCEDURE TTR on a �rst generation In tel cub e with 8 no des (In tel

iPSC/d3 h yp ercub e running XENIX 286 R3.4 and iPSC Soft w are R3.1) and also p erformed exp eri-

men ts, similar to those men tioned in [6 ], to measure �

comp

and �

comm

. The exp erimen ts indicated that

�

comp

� 0 : 058 milliseconds (if the 
oating-p oin t op eration is tak en to b e m ultiplication, addition, or

subtraction) and �

comm

� 1 : 48 milliseconds, whic h implies that � � 25 : 5. The �rst generation In tel

cub e uses the store-and-forw ard comm unication sc heme whic h is v ery slo w. This seems to b e the fun-

damen tal reason for p erformance degradation. The timing results are sho wn in T able 1 for v alues of

8 � N + 1 � 72. Using form ulae (14) and (15) w e also tabulate the estimated e�ciency of PR OCE-

DURE TTR. The table sho ws that our analysis of e�ciency is rather conserv ativ e; on a real mac hine,

one can obtain higher sp eedup and e�ciency than the estimation suggests.

5 Conclusions

W e ha v e presen ted a sequen tial algorithm and its parallel v ersion to construct an orthogonal family of

p olynomials with resp ect to a giv en discrete inner pro duct. The algorithm mak es use of the classical

three-term recursion form ula to generate b oth the co e�cien ts (matrix P ) and the v alues (matrix A ) of

the orthogonal p olynomials p

i

( x ) for 0 � i � N .

The sequen tial v ersion requires O ( N

2

) arithmetic op erations to construct the matrices P and A .

The parallel v ersion of the algorithm requires O ( N log N ) parallel arithmetic steps on a distributed-

memory m ultipro cessor with N + 1 pro cessors. If h yp ercub e top ology is assumed, then the algorithm can

b e implemen ted with an additional o v erhead of O ( N log N ) routing steps. Th us in e�ect, the parallel

algorithm in this case constructs eac h orthogonal p olynomial using O (log N ) parallel arithmetic and

O (log N ) comm unication steps. The implemen tation for the h yp ercub e is quite simple, requiring only

scalar single no de broadcast and accum ulation pro cedures together with a standard Gra y co de mapping

for e�cien t comm unication.

A straigh tforw ard partitioning sc heme of the input allo ws for the implemen tation of the algorithm

in the limited pro cessor case. The limited pro cessor v ersion of the algorithm is sho wn to require

7



O (

N

2

p

+ N log p ) arithmetic and O ( N log p ) routing steps on a h yp ercub e with p � N + 1 no des.

Finally , exp erimen tal results obtained on a �rst generation In tel cub e with 8 no des indicate b etter

p erformance parameters of the limited pro cessor v ersion of the parallel algorithm then our theoretical

estimates suggest.
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Figure 1. Computation of P

ij

and A

ik

for 0 � i; j; k � N .

PR OCEDURE TTR

Input: x

j

, w

j

for 0 � j � N

Output: P

ij

and A

ik

for 0 � i; j; k � N

Step 1. Set P

0 j

= 1 for 0 � j � N and �

0

= 0, and compute




0

=

N

X

j =0

w

j

x

j

, �

0

=

N

X

j =0

w

j

, and �

0

=




0

�

0

.

Step 2. Set P

1 j

= x

j

� �

0

for 0 � j � N , and compute




1

=

N

X

j =0

w

j

x

j

P

2

1 j

, �

1

=

N

X

j =0

w

j

P

2

1 j

,

�

1

=




1

�

1

, �

1

=

�

1

�

0

.

Step 3. F or 1 � i � N � 1 compute

P

i +1 ;j

= ( x

j

� �

i

) P

ij

� �

i

P

i � 1 ;j

for 0 � j � N




i +1

=

N

X

j =0

w

j

x

j

P

2

i +1 ;j

, �

i +1

=

N

X

j =0

w

j

P

2

i +1 ;j

,

�

i +1

=




i +1

�

i +1

, �

i +1

=

�

i +1

�

i

.

Step 4. Set A

ii

= 1 for 0 � i � N , and A

ik

= 0 for 0 � i < k � N . Set A

10

= � �

0

. F or all

1 � k < i � N � 1 compute

A

i +1 ;k

= A

i;k � 1

� �

i

A

ik

� �

i

A

i � 1 ;k
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Figure 2. A h yp ercub e spanning tree ro oted at no de (111)
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Figure 3. The pro cedures for broadcasting and accum ulation.

PR OCEDURE BR O ADCAST ( X )

INPUT: X at no de 2

d

� 1

OUTPUT: X at all no des

j = node id

F OR k = 0 TO d � 1 DO

BEGIN

IF j � 2

d

� 2

k

THEN

SEND( X ; j � 2

k

)

IF 2

d

� 2

k

� 1 � j � 2

d

� 2

k +1

THEN

RECEIVE( X )

END F OR

END BR O ADCAST

PR OCEDURE A CCUMULA TE ( X

j

)

INPUT: X

j

at no de j for 0 � j � 2

d

� 1

OUTPUT:

P

2

d

� 1

j =0

X

j

at no de 2

d

� 1

j = node id

F OR k = d � 1 TO 0 DO

BEGIN

IF 2

d

� 2

k

� 1 � j � 2

d

� 2

k +1

THEN

SEND( X ; j + 2

k

)

IF j � 2

d

� 2

k

THEN

RECEIVE( T empX )

X = X + T empX

END F OR

END A CCUMULA TE
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Figure 4. Computation of the en tries of P and A on a h yp ercub e.

PR OCEDURE TTR CUBE

INPUT: x

0

; : : : ; x

N

and w

j

at no de j

OUTPUT: P

ij

at no de j , and A

ik

at no de G ( k ) for 0 � i � N .

j = node id




0

=A CCUMULA TE( w

j

x

j

) ; �

0

=A CCUMULA TE( w

j

)

IF j = 2

d

� 1 THEN �

0

=




0

�

0

BR O ADCAST( �

0

)

P

1 j

= x

j

� �

0




1

=A CCUMULA TE( w

j

x

j

P

2

1 j

) ; �

1

=A CCUMULA TE( w

j

P

2

1 j

)

IF j = 2

d

� 1 THEN �

1

=




1

�

1

, �

1

=

�

1

�

0

BR O ADCAST( �

1

) ; BR O ADCAST( �

1

)

F OR i = 1 TO N � 1 DO

BEGIN

P

i +1 ;j

= ( x

j

� �

i

) P

ij

� �

i

P

i � 1 ;j




i +1

=A CCUMULA TE( w

j

x

j

P

2

i +1 ;j

) ; �

i +1

=A CCUMULA TE( w

j

P

2

i +1 ;j

)

IF j = 2

d

� 1 THEN �

i +1

=




i +1

�

i +1

, �

i +1

=

�

i +1

�

i

BR O ADCAST( �

i +1

) ; BR O ADCAST( �

i +1

)

END F OR

k = G

� 1

( node id )

IF k = 0 THEN A

00

= 1

IF k > 0 THEN A

0 k

= 0

IF k = 0 THEN A

10

= � �

0

; A

11

= 1

IF k > 1 THEN A

1 k

= 0

F OR i = 1 TO N � 1 DO

BEGIN

IF k = i THEN A

ik

= 1

IF k > i THEN A

ik

= 0

IF k = 0 THEN A

i +1 ; 0

= � �

i

A

i 0

� �

i

A

i � 1 ; 0

IF 0 � k � i � 1 THEN SEND( A

ik

; G ( k + 1))

IF 1 � k � i THEN

BEGIN

RECEIVE( temp A

i;k � 1

)

A

i +1 ;k

= temp A

i;k � 1

� �

i

A

ik

� �

i

A

i � 1 ;k

END IF

END F OR

END TTR CUBE
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Figure 5. E�ciency of PR OCEDURE TTR.
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T able 1. Time and e�ciency of PR OCEDURE TTR on an In tel 3-cub e

Time (ms) E�ciency

N+1 p = 1 p = 8 Measured Estimated

8 45 160 0.035 0.018

16 185 455 0.051 0.037

24 415 655 0.079 0.055

32 740 920 0.101 0.073

40 1160 1400 0.104 0.089

48 1675 1180 0.177 0.105

56 2285 1535 0.186 0.121

64 2995 1775 0.211 0.136

72 3815 2035 0.234 0.150
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