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Abstract

Identities generalizing the well-known formula relating the lengths of the sides and the diagonals of
a parallelogram in the plane are given. These generalizations all have the flavor of the parallelogram-
law, and specialize to formulas involving sums of roots of unity, trigonometric functions, binomial
coefficients, and permutations over the symmetric and the alternating groups.
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The parallelogram-law in the complex plane is
2 (|21 + |22)*) = |21 + 20> + |21 — 2/ (1)

where z1 = z1+1y1, 29 = T2+ 1 y2, and x1, Y1, T2, Yo are real numbers. The parallelogram-law relates the
lengths of the diagonals of a parallelogram with vertices (0,0), (z1,v1), (22,y2), and (z1 + 2,91 + y2)
to the lengths of its sides.
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Figure 1: The Parallelogram law in the plane.
In general, a Hilbert space is a Banach space whose norm ||z|| satisfies the parallelogram property
2 (Il® + Iyl*) = llz + ylI> + llz — yl* .

Consider the binomial identity



and the identity

- 2)!
(n ) n3 — Z |w1+01+w2+02+”‘+wn+an‘2’ (3)
UEATL

where A, is the alternating group of degree n and w is a primitive n-th root of unity. It is not
immediately clear why (2) or (3) should have any relation to the parallelogram-law. However if we first

write (1) in an equivalent form as

2
A3 157 = Y ez +apml . (4)
=1

iy aiy €A
where A = {—1, 1}, then the right hand sides of (2), (3), and (4) become sums of squares of norms of
certain vectors. Generalizations of complex number identities of this type based on length-preserving
properties of unitary transformations were considered by Klamkin and Murty [6]. In this paper, we take
the formulation (4) for the parallelogram-law as the starting point, and give elementary proofs as well

as a number of specializations of the following theorems of similar flavor.

Theorem 1 Assume A = {1, a0,...,an} is a set of complex numbers with aq + ag + -+ + @y = 0.

Then for any n complexr numbers z1, 29, ..., 2y,

n
m"”! (Z |a2> (Z |zl|2> = Z |cvi, 21 + @, 29 +---—i—az~nzn|2 } (5)
i—1

acA Qg Qg ey Qi €A
Theorem 2 Assume A = {a1,09,...,a,} is a set of complex numbers with a1 + ag + -+ - + o, = 0,
and let Sy, denote the symmetric group of degree n. Then for any n complex numbers z1, 29, ..., zn,
n
2 2 2 2
(n —2)! (Z af > [nz 1z~ t ozl | = D gzt aza o+ gzl . (6)
a€A i=1 (TESn
More generally

Theorem 3 Assume A = {a1,09,...,a,} is a set of complex numbers with a1 + ag + -+ - + o = 0,

and let G be a doubly transitive group of permutations of degree n. Let go denote the size of a stabilizer

subgroup of a pair and let g1 denote the size of the stabilizer subgroup of a single point. Then for any

n complex numbers z1, 29, ..., 2y,
2\ 1G] < 2 2 2
92 Z|a\ _ Z\zz| — |21+ 4+ + 2 = Z\ag1z1+a0222+---+a0nzn| ) (7)
acA g i3 7€G



Before giving the proofs, we look at some special cases. First, some consequences of Theorem 1:

Example 1.1: Take A = {—1,1} and n = 2. Then (5) reads
2-(2) (‘21‘2+‘22|2) = ‘Zl +22‘2+‘21 722‘24-‘ — 21 *22|2+| — 21 +22‘2 = 2 |Zl +22|2+2 |Zl — 29 2 ,

which simplifies to

2 (1] + |22]%) = |21 + 22> + |21 — 20|

Example 1.2: Take A = {—1,1} and n = 3. Then

8(|Z]‘2+‘22|2+|23‘2) = ‘Z]+22+Z3|2+|Z]+22—23|2+|Z] —22—1-23‘2—1-‘21—22—49,‘2

+ |~z —zm—mP4 |-z —mtalPt | —atm— P+ — 2+ 2+ 2
and therefore
4 (\21|2 + |22\2 + \Z3|2) = |z + 22+ 23\2 + 21 + 22 — Z3|2 + 21 — 22 + 23|2 +]21 — 22 — 23\2 .
Example 1.3: Let w be a primitive cube root of unity and A = {1, w,w?}. For n = 2 we have

3(1+ \cu|2 + |u)2|2)(\,21|2 + |22\2) = |z1+ ,22|2 + |21 + wZQ\Q + |wzy + 22\2 + |wz + w22|2 + |wz + w222\2

+ |w221 + wz;g\? + \w221 + w222\2 + \w221 + ,22|2 + |21 + w222\2 )

Thus
3 (\Zl|2 + |z2\2) = |z —i—ng2 + |21 —i—wzQ\Q + |wz —l—zg\Q )

Example 1.4: Take A as in Example 1.3 and n = 3. Then
2 2 PN 2 2 2 2
9 (211" + 22" +12317) = [21 + 22 + 23]" +[21 + 22 +wzs|” + |21 + wze + 23]7 + w2y — 20 — 23" +
2_ 2 2 2 2 2 2_ (2 2 2
+ |71+ 2ot wizs 4|z Fwiz + 23|+ |wiz 2o+ 23| + |z Fwze w21 + w2 + was]
m

Example 1.5: Let A = {(l)z( ) 1 1=0,1,...,m}, m odd. Then

R

by the Vandermonde identity [2], [7]. Thus
__ 1)t m _ 1\ m _1)in m
=n*f Ja+ED" Jat+-+H =D |2
10 21 in

1

(m+1)”(2m)Zlm|2 = >
m Ji=0

0<40,i1,-yin <m0




In particular, taking zg =z =--- = 2, = 1,

(1) (m + 1)n<2m> = 2 [(—1)i° (m> +(-1)" (m) o (=1)m (m)] 7
m 0<i0,01 5. -yin <m [ 10 i i J

which is the identity (2), and taking n = m with

one has
(n+ 1)"(2")2 = X e (”) (”) + (-1 (”) (”) T (”) (”)] :
n 0<i04i150mnsin<n [ 9/ \0 i1/ \1 in) \n J

Next we consider a number of special cases of Theorem 2:

Example 2.1: Take A = {—1,1}. Then (6) reads
4 (|4 2P -2a +2 =|a -2+ -2 + 2.
Consequently
2 2 2 2
2 (|21 + |22]) = [21 + 22" + |21 — 20|,

which is again the parallelogram law for the plane.

Example 2.2: Let w be a primitive n-th root of unity and A = {1,w,...,w™ '}. Then Theorem 2
gives
n
(=223 |z = (n =2l +z+ o+t Y (W w2+ w0z
i=1 0ESy

Example 2.3: Let w be a primitive n-th root of unity and take z; = w’ for i = 1,2,...,n. Then

2
(n=2)n2 > ja)* = Y |ag,w+ anw? + - + ap,w"| (8)
aEA ogESy
for any set of complex numbers A = {1, a9, ..., a,} whose sum is zero. In particular

(n—2)tn’ = 3~ R
gES,



Example 2.4: Let oy = 2z, = cos 2ZE for k =1,2,...,n. Then

n
n n
Zak:sz =0 .
k=1 k=1

Since

" 9 n  cos(n+ 1)zsinnz
Zcos kr = —+ -
bt 2 sinx

(see [5], for example), we have
n n
n
Solenl = Ylal = 5 -
k=1 k=1

This gives the identity

3 2
n 2o 27 2o 47 210 2nm
(n—2) — = Z {cos L cos == + cos 2 oS — + -+ + cos " cos ——
4 ves n n n n
Similarly, since
n .
) n  cos(n+ 1)zsinnz
Z sinkr = — — ( ) ,
bt 2 2 sinz
by taking oy = cos %, 2 = sin 22—’“ we obtain the trigonometric identity
3 2
n 2o 27 2o 47 2o 2nm
(n—=2)! — = Z sin L cos == + sin 2 cos — + -+ +sin ncos—} ,
4 oy n n n n n n
and by taking a; = sin %, 2 = sin % for k=1,2,...,n, we obtain the identity
3 2
n 2 2 2 4 2 2n
(n—-2)! — = Z {sin "0 in = 4 sin =22 gin — + - - + sin ——" gin —W}
4 oy n n n n n n
[n
Example 2.5: Let A = {(—1)'{ | |i=0,1,...,n}, n odd. If we take
i
[n
2 = (71)1‘ i ) ? :Oala 1y
)
and use the Vandermonde convolution identity, we find that
2
n+1)! [2n [ n\fn n\(n n
o = X ey + (-t o (T
n n 0ES{on. ) [ oo/ \0 o1/ \1 On

where Sy 1, ) denotes the permutation group on {0,1,...,n}. Taking



we obtain

o)) s el (e ()
n n n 0ES (0t m} oo/ \0 o1 1 on/) \n

Finally we consider some special cases of Theorem 3:
Example 3.1: Let G = S,,. Then gy = (n—2)!, g1 = (n—1)! and Theorem 3 specializes to Theorem 2.

Example 3.2: Take o = z; = w' for i = 1,2,...,n, where w is a primitive n-th root of unity. Then

2
n? (g1 +g2) = Y @t WP
oeg

b

for any doubly transitive group of permutations G of degree n.

Example 3.3: Let G = A, be the alternating group of degree n. Then g9 = (n —2)!/2, g1 = (n —1)!/2

and (7) becomes
(n —2)! 2 < 12 2 _ 2
— Slal® ) [n D |zl? ozt -tz = D a2 gzt + Q2|
acA i=1 oEA,
Taking z; = w' for i = 1,2,...,n, where w is a primitive n-th root of unity, analogous to (8) we

obtain

n—2)!
% nQ Z |(J/,‘2: Z ‘a01w+a02w2+"'+a0nwn|2

acA o€A,
for any set of complex numbers A = {ay, a9, ..., a,} whose sum is zero. In particular
n — 2)! 2
( 5 ) n3 — Z |w1+(r1+w2+r72+___+wn+rrn‘ 7
O’G.An

which is the identity given in (3).

Now we give proofs of Theorems 1-3. These proofs are essentially based on the fact that unitary

transformations are length-preserving.

Proof of Theorem 1: Consider the m™ x n matrix M whose rows consists of all distinct vectors
(i), Qiyy .-y i,) with o, € A, k=1,2,...,n. Let z = (21,22,...,2,)". Then the right hand side of
(5) is simply
2
Mz . (9)



Let u = (ug,ug, ..., upn)! and v = (v1,v9,...,0,°)" denote two distinct columns of M. Let x(S) be

the indicator of the statement S: x(S) =1 if S is true and x(S) = 0 if S is false. Then for any o € A

m
Zx(a =) = m"!
=1
Similarly, given «, 5 € A,
mn
Y xla=uw)x(B=v) = m"?
=1
Now
m" m" .
<w,v> = ZWW = Z Z Zaﬂ x(a=wu;) x(B8=uv) .
i=1 Q€A BEA i=1
Thus

cuvs = Y Y aB Y xa=uw)x(f=u) = 3 Y afm =

acA BEA =l acA BeA
= m" 2|t ag4-Fan)? = 0. (10)

On the other hand,

<uu> = ¥ Yo Yxe=p=uw) = Yl Yxto=u) = m"" Yo, (1)
1 =1

a€A BEA i= acA

It follows that

M*M = <m"‘1 > a|2>1,

a€cA
where M* is the conjugate transpose of M and I is the n x n identity matrix. Since [3]

IMz||> = <Mz,Mz> = <M'Mz,z> , (12)

combining (10), (11) and (12) we have

IMz|? = m"! (Z |a2> <zz> ,

aEA

which is the content of Theorem 1. O

Proof of Theorem 2: For this proof we take M to be the n! x n matrix with rows (ay,, gy, - .., Qg ),
for o € S,. Let z = (z1,22,...,2,)". The right hand side of (6) is again given by (9). Let u =

(u1,ug, ..., uy)" and v = (v1,v2,...,v,)7 denote two distinct columns of M. Then for any o € A

S xla=u) = (m—1)
1=1



and for any distinct pair o, € A,

ZX(a:Ui)X(ﬁzvi) = (n—=2)!.

Similar to the computation of (10) and (11), we find that

<uv> = - Y awm = -2 Y. Y ww - (n-2)! Y wa

i#j i=1j=1 i=1
= -y +aa+-Fan)? — (n—2)! Z|a\2 = —(n—2)! Z\a|2
acA acA
and
<u,u>=(n-—1) Z\a|
acA

Thus

M*M = (n—Q Za|> (nI-1J) ,

a€cA

where I is the n x n identity matrix and J is the n X n matrix of 1’s. Since
<Jz,z > = |21+22+---+zn|2
we have
IMz|> = <Mz,Mz> = <M'Mz,z> = <n2 Z|o/> (nI—J)z,z >
acA
Consequently
n
Mz —"(”‘2 Z|a>2|zi|2—<”‘2 Zal>lz1+za+---+zn|2
acA i=1 acA

which proves Theorem 2. O

Proof of Theorem 3: If G is doubly transitive, then the stabilizers of pairs of points are all conjugate
subgroups of G. Similarly, the subgroups fixing a point are all conjugates. Thus it makes sense to talk
about g9 and g;. Let M to be the |G| x n matrix with rows (@, @g,, ..., 04, ), for o € G. Then for any
two column vectors u,v of M and o € A

[4

ZX(OKZW) = g1,
i=1

and for any distinct pair o, € A,
4

Y o xla=u)x(B=v) = g5 .
i=1



In this case we compute that

<u,v>=—g Z|a\2, and < u,u>=g Z\a|2 .

acA acA
Thus
MM = ( > 04|2> (g1 +92) T—g2J) .
acA
Therefore
n
Mz = <MMz,2> = (Z al2> ((91 +92) > lail* — g2 | +z2+---+zn2> :
aEA =1

Now Theorem 3 follows from the relation

g1+ g2 = 92 |G|
gi

satisfied by every doubly transitive permutation group G [4]. O

Remarks
The identities derived here are of the same type as consequences of a general theorem of Brauer &

Coxeter [1]:

Theorem 4 Suppose G is an absolutely irreducible finite group of homogeneous linear transformations
of an n-dimensional complex vector space U. Pick an h-dimensional subspace V7 together with its
complementary subspace Wy, and suppose the pairs {(Vi,Wh), (Va, Wa),..., (Vi, Wi)} form an orbit
under G. If p; denotes the vector of V; obtained from a given vector z € U by projection parallel to W;,

then

h

1
—z = —(p1+pP2+-+Pk) - (13)
n k

As an example of a special case of this result, Brauer & Coxeter obtain Schonhardt’s theorem [8] that
if a vector z in the plane is projected orthogonally on the sides of a regular k-gon, then the arithmetic
mean of these k projections is z/2. If in Theorem 4 the group G and the subspace V; can be picked in
such a way as to guarantee that the subspaces Vi, Vs, ..., V} are pairwise orthogonal, then < p;, p; >=0

for i # 7 and from (13) we obtain
h2k?
n2

k
Izl = > leal®
1=1

which would furnish further identities of the type given here.
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