
Parallelogram-Law Type Identities�Omer E�ge
io�gluDepartment of Computer S
ien
eUniversity of California Santa Barbara, CA 93106Abstra
tIdentities generalizing the well-known formula relating the lengths of the sides and the diagonals ofa parallelogram in the plane are given. These generalizations all have the 
avor of the parallelogram-law, and spe
ialize to formulas involving sums of roots of unity, trigonometri
 fun
tions, binomial
oeÆ
ients, and permutations over the symmetri
 and the alternating groups.Keywords: Parallelogram-law, primitive root, doubly transitive group, Vandermonde 
onvolution.The parallelogram-law in the 
omplex plane is2 (jz1j2 + jz2j2) = jz1 + z2j2 + jz1 � z2j2 (1)where z1 = x1+i y1, z2 = x2+i y2, and x1; y1; x2; y2 are real numbers. The parallelogram-law relates thelengths of the diagonals of a parallelogram with verti
es (0; 0), (x1; y1), (x2; y2), and (x1 + x2; y1 + y2)to the lengths of its sides.
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....��������Rz2 z1 + z2z1 � z2z1Figure 1: The Parallelogram law in the plane.In general, a Hilbert spa
e is a Bana
h spa
e whose norm kxk satis�es the parallelogram property2 (kxk2 + kyk2) = kx+ yk2 + kx� yk2 :Consider the binomial identity(n+ 1) (m+ 1)n0�2mm1A = X0�i0;i1;:::;in�m24(�1)i00�mi01A+ (�1)i10�mi11A+ � � �+ (�1)in0�min1A352 ; (2)1



and the identity (n� 2)!2 n3 = X�2An j!1+�1 + !2+�2 + � � �+ !n+�n j2 ; (3)where An is the alternating group of degree n and ! is a primitive n-th root of unity. It is notimmediately 
lear why (2) or (3) should have any relation to the parallelogram-law. However if we �rstwrite (1) in an equivalent form as4 2Xi=1 jzij2 = X�i1 ;�i22A j�i1z1 + �i2z2j2 : (4)where A = f�1; 1g, then the right hand sides of (2), (3), and (4) be
ome sums of squares of norms of
ertain ve
tors. Generalizations of 
omplex number identities of this type based on length-preservingproperties of unitary transformations were 
onsidered by Klamkin and Murty [6℄. In this paper, we takethe formulation (4) for the parallelogram-law as the starting point, and give elementary proofs as wellas a number of spe
ializations of the following theorems of similar 
avor.Theorem 1 Assume A = f�1; �2; : : : ; �mg is a set of 
omplex numbers with �1 + �2 + � � � + �m = 0.Then for any n 
omplex numbers z1; z2; : : : ; zn,mn�1 X�2A j�j2! nXi=1 jzij2! = X�i1 ;�i2 ;:::;�in2A j�i1z1 + �i2z2 + � � �+ �inznj2 : (5)Theorem 2 Assume A = f�1; �2; : : : ; �ng is a set of 
omplex numbers with �1 + �2 + � � � + �n = 0,and let Sn denote the symmetri
 group of degree n. Then for any n 
omplex numbers z1; z2; : : : ; zn,(n� 2)! X�2A j�j2!"n nXi=1 jzij2 � jz1 + z2 + � � �+ znj2# = X�2Sn j��1z1 + ��2z2 + � � � + ��nznj2 : (6)More generallyTheorem 3 Assume A = f�1; �2; : : : ; �ng is a set of 
omplex numbers with �1 + �2 + � � � + �n = 0,and let G be a doubly transitive group of permutations of degree n. Let g2 denote the size of a stabilizersubgroup of a pair and let g1 denote the size of the stabilizer subgroup of a single point. Then for anyn 
omplex numbers z1; z2; : : : ; zn,g2  X�2A j�j2!" jGjg1 nXi=1 jzij2 � jz1 + z2 + � � � + znj2# = X�2G j��1z1 + ��2z2 + � � � + ��nznj2 : (7)
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Before giving the proofs, we look at some spe
ial 
ases. First, some 
onsequen
es of Theorem 1:Example 1.1: Take A = f�1; 1g and n = 2. Then (5) reads2 � (2) (jz1 j2+ jz2j2) = jz1 + z2j2+ jz1 � z2j2+ j � z1 � z2j2+ j � z1 + z2j2 = 2 jz1 + z2j2+2 jz1 � z2j2 ;whi
h simpli�es to 2 (jz1j2 + jz2j2) = jz1 + z2j2 + jz1 � z2j2 :Example 1.2: Take A = f�1; 1g and n = 3. Then8 (jz1j2 + jz2j2 + jz3j2) = jz1 + z2 + z3j2 + jz1 + z2 � z3j2 + jz1 � z2 + z3j2 + jz1 � z2 � z3j2+ j � z1 � z2 � z3j2 + j � z1 � z2 + z3j2 + j � z1 + z2 � z3j2 + j � z1 + z2 + z3j2and therefore4 (jz1j2 + jz2j2 + jz3j2) = jz1 + z2 + z3j2 + jz1 + z2 � z3j2 + jz1 � z2 + z3j2 + jz1 � z2 � z3j2 :Example 1.3: Let ! be a primitive 
ube root of unity and A = f1; !; !2g. For n = 2 we have3 (1 + j!j2 + j!2j2)(jz1j2 + jz2j2) = jz1 + z2j2 + jz1 + !z2j2 + j!z1 + z2j2 + j!z1 + !z2j2 + j!z1 + !2z2j2+ j!2z1 + !z2j2 + j!2z1 + !2z2j2 + j!2z1 + z2j2 + jz1 + !2z2j2 :Thus 3 (jz1j2 + jz2j2) = jz1 + z2j2 + jz1 + !z2j2 + j!z1 + z2j2 :Example 1.4: Take A as in Example 1.3 and n = 3. Then9 (jz1j2+ jz2j2+ jz3j2) = jz1 + z2 + z3j2+ jz1 + z2 + !z3j2+ jz1 + !z2 + z3j2+ j!z1 � z2 � z3j2++ jz1 + z2 + !2z3j2 + jz1 + !2z2 + z3j2 + j!2z1 + z2 + z3j2 + jz1 + !z2 + !2z3j2 + jz1 + !2z2 + !z3j2Example 1.5: Let A = f(�1)i0�mi1A j i = 0; 1; : : : ;mg, m odd. ThenX�2A j�j2 = mXi=00�mi1A2 = 0�2mm1Aby the Vandermonde identity [2℄, [7℄. Thus(m+ 1)n0�2mm1A nXi=0 jzij2 = X0�i0;i1;:::;in�m ������(�1)i00�mi01Az0 + (�1)i10�mi11Az1 + � � � + (�1)in0�min1Azn������23



In parti
ular, taking z0 = z1 = � � � = zn = 1,(n+ 1) (m+ 1)n0�2mm1A= X0�i0;i1;:::;in�m24(�1)i00�mi01A+ (�1)i10�mi11A+ � � � + (�1)in0�min1A352 ;whi
h is the identity (2), and taking n = m withzi =0�mi1A ; i = 0; 1; : : : ;m ;one has(n+ 1)n0�2nn1A2 = X0�i0;i1;:::;in�n24(�1)i00�ni01A0�n01A+ (�1)i10�ni11A0�n11A+ � � �+ (�1)in0�nin1A0�nn1A352 :Next we 
onsider a number of spe
ial 
ases of Theorem 2:Example 2.1: Take A = f�1; 1g. Then (6) reads4 (jz1j2 + jz2j2)� 2 jz1 + z2j2 = jz1 � z2j2 + j � z1 + z2j2 :Consequently 2 (jz1j2 + jz2j2) = jz1 + z2j2 + jz1 � z2j2 ;whi
h is again the parallelogram law for the plane.Example 2.2: Let ! be a primitive n-th root of unity and A = f1; !; : : : ; !n�1g. Then Theorem 2gives (n� 2)!n2 nXi=1 jzij2 = (n� 2)!n jz1 + z2 + � � � + znj2 + X�2Sn j!�1z1 + !�2z2 + � � � + !�nznj2Example 2.3: Let ! be a primitive n-th root of unity and take zi = !i for i = 1; 2; : : : ; n. Then(n� 2)!n2 X�2A j�j2 = X�2Sn j��1! + ��2!2 + � � �+ ��n!nj2 (8)for any set of 
omplex numbers A = f�1; �2; : : : ; �ng whose sum is zero. In parti
ular(n� 2)!n3 = X�2Sn j!1+�1 + !2+�2 + � � �+ !n+�n j2 :4



Example 2.4: Let �k = zk = 
os 2�kn for k = 1; 2; : : : ; n. ThennXk=1�k = nXk=1 zk = 0 :Sin
e nXk=1 
os2 kx = n2 + 
os(n+ 1)x sinnx2 sinx(see [5℄, for example), we have nXk=1 j�kj2 = nXk=1 jzkj2 = n2 :This gives the identity(n� 2)! n34 = X�2Sn �
os 2��1n 
os 2�n + 
os 2��2n 
os 4�n + � � �+ 
os 2��nn 
os 2n�n �2 :Similarly, sin
e nXk=1 sin2 kx = n2 � 
os(n+ 1)x sinnx2 sinx ;by taking �k = 
os 2�kn , zk = sin 2�kn we obtain the trigonometri
 identity(n� 2)! n34 = X�2Sn �sin 2��1n 
os 2�n + sin 2��2n 
os 4�n + � � �+ sin 2��nn 
os 2n�n �2 ;and by taking �k = sin 2�kn , zk = sin 2�kn for k = 1; 2; : : : ; n, we obtain the identity(n� 2)! n34 = X�2Sn �sin 2��1n sin 2�n + sin 2��2n sin 4�n + � � �+ sin 2��nn sin 2n�n �2 :Example 2.5: Let A = f(�1)i0�ni1A j i = 0; 1; : : : ; ng, n odd. If we takezi = (�1)i0�ni1A ; i = 0; 1; : : : ; n ;and use the Vandermonde 
onvolution identity, we �nd that(n+ 1)!n 0�2nn1A2 = X�2Sf0;1;:::;ng 24(�1)�00�n�01A0�n01A+ (�1)1+�10�n�11A0�n11A+ � � �+ (�1)n+�n0� n�n1A0�nn1A352 ;where Sf0;1;:::;ng denotes the permutation group on f0; 1; : : : ; ng. Takingzi = 0�ni1A ; i = 0; 1; : : : ; n ;5



we obtain(n+ 1)!n 0�2nn1A240�2nn1A� 4n35 = X�2Sf0;1;:::;ng 24(�1)�00�n�01A0�n01A+ (�1)�10�n�11A0�n11A+ � � �+ (�1)�n0� n�n1A0�nn1A352 :Finally we 
onsider some spe
ial 
ases of Theorem 3:Example 3.1: Let G = Sn. Then g2 = (n� 2)!, g1 = (n� 1)! and Theorem 3 spe
ializes to Theorem 2.Example 3.2: Take �i = zi = !i for i = 1; 2; : : : ; n, where ! is a primitive n-th root of unity. Thenn2 (g1 + g2) = X�2G j!1+�1 + !2+�2 + � � �+ !n+�n j2 ;for any doubly transitive group of permutations G of degree n.Example 3.3: Let G = An be the alternating group of degree n. Then g2 = (n� 2)!=2, g1 = (n� 1)!=2and (7) be
omes(n� 2)!2  X�2A j�j2!"n nXi=1 jzij2 � jz1 + z2 + � � �+ znj2# = X�2An j��1z1 + ��2z2 + � � �+ ��nznj2 :Taking zi = !i for i = 1; 2; : : : ; n, where ! is a primitive n-th root of unity, analogous to (8) weobtain (n� 2)!2 n2 X�2A j�j2 = X�2An j��1! + ��2!2 + � � � + ��n!nj2for any set of 
omplex numbers A = f�1; �2; : : : ; �ng whose sum is zero. In parti
ular(n� 2)!2 n3 = X�2An j!1+�1 + !2+�2 + � � � + !n+�n j2 ;whi
h is the identity given in (3).Now we give proofs of Theorems 1{3. These proofs are essentially based on the fa
t that unitarytransformations are length-preserving.Proof of Theorem 1: Consider the mn � n matrix M whose rows 
onsists of all distin
t ve
tors(�i1 ; �i2 ; : : : ; �in) with �ik 2 A, k = 1; 2; : : : ; n. Let z = (z1; z2; : : : ; zn)T . Then the right hand side of(5) is simply kMzk2 : (9)6



Let u = (u1; u2; : : : ; umn)T and v = (v1; v2; : : : ; vmn)T denote two distin
t 
olumns of M. Let �(S) bethe indi
ator of the statement S: �(S) = 1 if S is true and �(S) = 0 if S is false. Then for any � 2 AmnXi=1 �(� = ui) = mn�1 :Similarly, given �; � 2 A, mnXi=1 �(� = ui)�(� = vi) = mn�2 :Now < u;v > = mnXi=1 ui vi = X�2A X�2A mnXi=1 �� �(� = ui) �(� = vi) :Thus < u;v > = X�2A X�2A�� mnXi=1 �(� = ui) �(� = vi) = X�2A X�2A�� mn�2 == mn�2 j�1 + �2 + � � � + �mj2 = 0 : (10)On the other hand,< u;u > = X�2A X�2A�� mnXi=1 �(� = � = ui) = X�2A j�j2 mnXi=1 �(� = ui) = mn�1 X�2A j�j2 : (11)It follows that M�M =  mn�1 X�2A j�j2! I ;where M� is the 
onjugate transpose of M and I is the n� n identity matrix. Sin
e [3℄kMzk2 = <Mz;Mz > = <M�Mz; z > ; (12)
ombining (10), (11) and (12) we havekMzk2 = mn�1 X�2A j�j2! < z; z > ;whi
h is the 
ontent of Theorem 1. 2Proof of Theorem 2: For this proof we take M to be the n!�n matrix with rows (��1 ; ��2 ; : : : ; ��n),for � 2 Sn. Let z = (z1; z2; : : : ; zn)T . The right hand side of (6) is again given by (9). Let u =(u1; u2; : : : ; un!)T and v = (v1; v2; : : : ; vn!)T denote two distin
t 
olumns of M. Then for any � 2 An!Xi=1 �(� = ui) = (n� 1)! ;7



and for any distin
t pair �; � 2 A,n!Xi=1 �(� = ui)�(� = vi) = (n� 2)! :Similar to the 
omputation of (10) and (11), we �nd that< u;v > = (n� 2)! Xi6=j �i�j = (n� 2)! nXi=1 nXj=1�i�j � (n� 2)! nXi=1 �i�i= (n� 2)! j�1 + �2 + � � � + �nj2 � (n� 2)! X�2A j�j2 = � (n� 2)! X�2A j�j2and < u;u >= (n� 1)! X�2A j�j2 :Thus M�M =  (n� 2)! X�2A j�j2! (nI� J) ;where I is the n� n identity matrix and J is the n� n matrix of 1's. Sin
e< Jz; z > = jz1 + z2 + � � � + znj2 ;we havekMzk2 = <Mz;Mz > = <M�Mz; z > =  (n� 2)! X�2A j�j2! < (nI� J)z; z >ConsequentlykMzk2 = n  (n� 2)! X�2A j�j2! nXi=1 jzij2 � (n� 2)! X�2A j�j2! jz1 + z2 + � � � + znj2 ;whi
h proves Theorem 2. 2Proof of Theorem 3: If G is doubly transitive, then the stabilizers of pairs of points are all 
onjugatesubgroups of G. Similarly, the subgroups �xing a point are all 
onjugates. Thus it makes sense to talkabout g2 and g1. Let M to be the jGj�n matrix with rows (��1 ; ��2 ; : : : ; ��n), for � 2 G. Then for anytwo 
olumn ve
tors u;v of M and � 2 AjGjXi=1 �(� = ui) = g1 ;and for any distin
t pair �; � 2 A, jGjXi=1 �(� = ui)�(� = vi) = g2 :8



In this 
ase we 
ompute that< u;v >= �g2 X�2A j�j2 ; and < u;u >= g1 X�2A j�j2 :Thus M�M =  X�2A j�j2! ((g1 + g2) I� g2 J) :ThereforekMzk2 = <M�Mz; z > =  X�2A j�j2! (g1 + g2) nXi=1 jzij2 � g2 jz1 + z2 + � � �+ znj2! :Now Theorem 3 follows from the relation g1 + g2 = g2g1 jGjsatis�ed by every doubly transitive permutation group G [4℄. 2RemarksThe identities derived here are of the same type as 
onsequen
es of a general theorem of Brauer &Coxeter [1℄:Theorem 4 Suppose G is an absolutely irredu
ible �nite group of homogeneous linear transformationsof an n-dimensional 
omplex ve
tor spa
e U . Pi
k an h-dimensional subspa
e V1 together with its
omplementary subspa
e W1, and suppose the pairs f(V1;W1); (V2;W2); : : : ; (Vk;Wk)g form an orbitunder G. If pi denotes the ve
tor of Vi obtained from a given ve
tor z 2 U by proje
tion parallel to Wi,then hn z = 1k (p1 + p2 + � � �+ pk) : (13)As an example of a spe
ial 
ase of this result, Brauer & Coxeter obtain S
h�onhardt's theorem [8℄ thatif a ve
tor z in the plane is proje
ted orthogonally on the sides of a regular k-gon, then the arithmeti
mean of these k proje
tions is z=2. If in Theorem 4 the group G and the subspa
e V1 
an be pi
ked insu
h a way as to guarantee that the subspa
es V1; V2; : : : ; Vk are pairwise orthogonal, then < pi;pj >= 0for i 6= j and from (13) we obtain h2k2n2 kzk2 = kXi=1 kpik2 ;whi
h would furnish further identities of the type given here.A
knowledgement: I would like to thank the referee who pointed out the relevan
e of the referen
es[1℄ and [6℄. 9
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