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Abstract

W e presen t a parallel pre�x algorithm whic h uses

2( p +1)

p ( p +1)+2

n � 1 arithmetic and

p ( p � 1)

p ( p +1)+2

n +

1

2

p ( p � 1)

routing steps to compute the pre�xes of n elemen ts on a distributed-memory m ultipro cessor with

p < n no des. The algorithm is compared with the distributed-memory implemen tation of the parallel

pre�x algorithm prop osed b y Krusk al, Rudolph, and Snir. W e sho w that there is a trade-o� b et w een

the t w o algorithms in terms of the n um b er of pro cessors, and the parameter � = �

R

=�

A

, whic h is the

ratio of the time required to transfer an op erand to the time required to p erform the op eration of the

pre�x problem. The new algorithm is sho wn to b e more e�cien t when n is large and p

2

( p � 1) �

4

�

.
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1 In tro duction

Giv en an ordered n -tuple ( x

1

; x

2

; : : : ; x

n

) of elemen ts of a set closed under an asso ciativ e binary op eration

� , the pr e�x pr oblem is the computation of the partial pro ducts y

i

= x

1

� x

2

� � � � � x

i

for 1 � i � n .

The pre�x problem arises in v arious settings including circuit design problems where � is a simple

b o olean op eration, and n umerical problems where � can b e as complicated as 
oating-p oin t matrix

m ultiplication. F or example, parallel algorithms for computing the Newton and Hermite in terp olating

p olynomials mak e use of parallel pre�x algorithms where the x

i

's are 
oating-p oin t n um b ers and � is

a 
oating-p oin t addition or m ultiplication [5 ]. Solution of k th order linear recurrences can b e obtained

b y a parallel pre�x algorithm where � is k � k matrix m ultiplication [9, 8 , 7 ]. T ridiagonal systems can

b e solv ed with Stone's recursiv e doubling algorithm b y computing the pre�xes of 2 � 2 matrices whose

en tries are 
oating-p oin t n um b ers [16 ]. More generally , the recursiv e doubling algorithm can b e used

�
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to solv e a banded linear system with bandwidth W = 2 k + 1 b y computing the pre�x pro duct of k � k

matrices.

P arallel pre�x circuits ha v e applications in the design of optimal-area adders [2 ] and the sim ulation

of sequen tial circuits b y com binational circuits [11 ]. The reader ma y refer to Fic h's pap er [6 ] for a

review of the literature on parallel pre�x circuits and further applications. In a parallel pre�x circuit,

the concern is to reduce the depth ( D ) and the size ( S ) of the circuit. Upp er and lo w er b ounds on the

size for a restricted family of circuits with minim um or near minim um depth app ears in [6 ]. Snir pro v ed

the in teresting lo w er b ound that S + D � 2 n � 2 [15 ].

Pre�xes of n elemen ts can b e computed trivially in n � 1 steps sequen tially where at eac h step a

single � op eration is p erformed. There are sev eral parallel pre�x algorithms [11 , 2 , 6 , 10 , 15 , 12], giv en

either in the arithmetic circuit or PRAM mo del of parallel computation. Async hronous algorithms [13 ]

and implemen tation on v arious ensem ble arc hitectures [14 , 3, 4, 1] ha v e also b een considered.

In this pap er, w e fo cus on the p erformance of parallel pre�x algorithms on distributed-memory

m ultipro cessors. W e assume that w e are giv en p < n pro cessors with a routing mec hanism to send

an op erand from one pro cessor to an y other pro cessor. An arithmetic step ( �

A

) is de�ned as the time

required to p erform a � op eration b y a single pro cessor, and a r outing step ( �

R

) as the time required to

transfer an op erand from one pro cessor to another. It is also assumed that the pro cessors are iden tical

and the arc hitecture is completely connected, i.e., �

A

and �

R

are constan ts.

First in x 2 w e describ e the distributed-memory m ultipro cessor implemen tation of a parallel pre�x

algorithm giv en in [10 ]. W e then presen t a new sub optimal parallel pre�x algorithm whic h ac hiev es

higher e�ciency for small v alues of p , and when �

R

< �

A

. The e�ciency of these t w o algorithms as a

function of the n um b er of pro cessors and the parameter � = �

R

=�

A

is analyzed in x 4 together with a

comparison of their arithmetic complexities to the lo w er b ound obtained b y Snir in [15 ].

2 The KRS P arallel Pre�x Algorithm

First w e consider the distributed-memory implemen tation of the parallel pre�x algorithm (henceforth

named the KRS algorithm) giv en b y Krusk al, Rudolph, and Snir. This algorithm is designed using the

EREW PRAM computation mo del in [10 ]. When p = n , the KRS algorithm reduces to Stone's recursiv e

doubling algorithm. It follo ws that, on a distributed memory m ultipro cessor with n pro cessors, pre�xes

of n elemen ts can b e computed in log n arithmetic and log n routing steps.

When p < n pro cessors P

1

; P

2

; : : : ; P

p

are a v ailable, w e �rst partition the list ( x

1

; x

2

; : : : ; x

n

) in to p

sublists, eac h con taining m = n=p con tiguous elemen ts. The sequen tial pre�x algorithm is then applied

within eac h sublist. Th us, pro cessor P

j

computes the pre�xes of ( x

( j � 1) m +1

; x

( j � 1) m +2

; : : : ; x

( j � 1) m + m

)

for j = 1 ; 2 ; : : : ; p sequen tially using the lo cally a v ailable data. This step tak es m � 1 arithmetic steps.

Let

y

j m

= x

( j � 1) m +1

� x

( j � 1) m +2

� � � � � x

( j � 1) m + m

for j = 1 ; 2 ; : : : ; p . W e apply the recursiv e doubling algorithm to compute the pre�xes of the list

( y

m

; y

2 m

; : : : ; y

pm

) using all p pro cessors. This step of the KRS algorithm tak es log p arithmetic and

log p routing steps.

No w w e ha v e the term

y

m

� y

2 m

� � � � � y

j m

at pro cessor P

j

for j = 1 ; 2 ; : : : ; p . This quan tit y , replacing y

j m

at P

j

, is sen t from pro cessor P

j

to

pro cessor P

j +1

for j = 1 ; 2 ; : : : ; p � 1 in a single parallel routing op eration. The receiv ed item is then
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m ultiplied with ev ery pre�x term in pro cessor P

j +1

except the last one. This step also requires m � 1

parallel arithmetic steps. Summing the con tribution of arithmetic and routing steps, w e ha v e

Theorem 1 The KRS algorithm c omputes the pr e�xes of n elements on a distribute d-memory multi-

pr o c essor with p � n no des using A

p

( n ) = 2

n

p

+ log p � 2 arithmetic and R

p

( n ) = log p + 1 r outing

steps.

The details for the distributed-memory implemen tation of the KRS algorithm and its implemen tation

on the h yp ercub e m ultipro cessor can b e found in [4]. The KRS algorithm ac hiev es linear sp eedup for

p < n . F urthermore, the n um b er of routing op erations required is v ery small; R

p

( n ) = log p + 1, whic h

is not a function of the input size. Ho w ev er, for small v alues of p the KRS algorithm is not e�cien t in

terms of its arithmetic complexit y . F or example, when p = 2 w e ha v e

A

2

( n ) = 2

n

2

+ log 2 � 2 = n � 1

whic h is the n um b er of op erations required to p erform this computation sequen tially . Th us in this case

ha ving 2 pro cessors instead of 1 pro vides no reduction in the execution time.

The optimal v alue of A

p

( n ) for 2 pro cessors is A

opt

2

( n ) =

2 n � 2

3

as giv en b y Snir [15 ]. F urthermore,

Snir has pro vided parallel pre�x circuits with depth D =

2 n

w +1

where w is the width of the circuit, i.e.,

the n um b er of pro cessors required to execute the algorithm in D parallel arithmetic steps [15 ]. Here

the PRAM computation mo del is used where in terpro cessor comm unication is not an issue. Th us Snir's

parallel pre�x algorithm is optimal (up to an additiv e constan t) if one considers only the n um b er of

arithmetic steps.

In the next section w e presen t a new parallel pre�x algorithm whic h is sub optimal in terms of the

n um b er of arithmetic steps, but more e�cien t than the distributed-memory implemen tation of the KRS

algorithm for small v alues of p and � .

3 A New P arallel Pre�x Algorithm

W e prop ose the follo wing t w o-phase algorithm for computing the pre�xes of ( x

1

; x

2

; : : : ; x

n

) on a

distributed-memory m ultipro cessor with p < n pro cessors. Let �

p

b e a rational n um b er with 0 < �

p

< 1,

to b e determined later. As a function of �

p

, the �rst phase of the algorithm is to partition ( x

1

; x

2

; : : : ; x

n

)

in to t w o sublists L

1

= ( x

1

; x

2

; : : : ; x

�

p

n

) and L

2

= ( x

�

p

n +1

; x

�

p

n +2

; : : : ; x

n

) of lengths �

p

n and (1 � �

p

) n ,

resp ectiv ely . Then w e assign p � 1 pro cessors P

1

; P

2

; : : : ; P

p � 1

for the computation of the pre�xes of

L

1

, and a single pro cessor P

p

to the computation of the pre�xes of L

2

. In the second phase, all of

the pre�xes of the giv en list are computed b y com bining the partial pro ducts a v ailable. The further

partitioning of the data in L

1

is done recursiv ely b y assigning the �rst �

p � 1

�

p

n elemen ts of L

1

to the

�rst p � 2 pro cessors P

1

; P

2

; : : : ; P

p � 2

and the remaining (1 � �

p � 1

) �

p

n elemen ts to pro cessor P

p � 1

, and

so on. Our rule in pic king the n um b ers �

p

in this partitioning sc heme is as follo ws:

Cho ose �

p

in such a way that the numb er of p ar al lel arithmetic steps p erforme d by P

1

; : : : ; P

p � 1

to c ompute the pr e�xes of the list L

1

is the same as the numb er of arithmetic steps p erforme d

by pr o c essor P

p

to se quential ly c ompute the pr e�xes of L

2

.

Therefore in the �rst phase of the algorithm, the pre�xes of the �

p

n terms in L

1

are computed b y

p � 1 pro cessors while the last pro cessor computes the pre�xes of the (1 � �

p

) n elemen ts in L

2

. In the

second phase of the algorithm, w e essen tially p erform a scatter op eration to equally distribute all the

computed terms among p pro cessors to �nish the remaining w ork.
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Note that during the computation of the pre�xes of L

1

there is some time sp en t for routing op erations

among P

1

; P

2

; : : : ; P

p � 1

. By our c hoice of �

p

, the idle time exp erienced b y pro cessor P

p

is exactly equal

to the time sp en t b y P

1

; P

2

; : : : ; P

p � 1

for these routing op erations.

In the follo wing analysis w e will ignore the time sp en t for the initial loading of the data and the

�nal unloading of the pre�x terms computed. The pre�x terms ma y ha v e b een scattered among the

pro cessors, i.e., since w e do not require the pre�xes of the terms in list L

j

to b e computed b y pro cessor P

j

,

these quan tities ma y not b e found in pro cessor L

j

after the execution of the algorithm b y all pro cessors.

Ho w ev er, it turns out that the longest pre�x term of list L

j

will alw a ys b e computed b y and th us found

in pro cessor P

j

.

In order to determine the fractions �

p

explicitly for p = 2 ; 3 ; : : : , w e will �rst tak e a closer lo ok at

the b oundary cases p = 2 and p = 3.

Case p = 2 : Here w e assign the �rst �

2

n elemen ts ( L

1

) to pro cessor P

1

and the remaining (1 �

�

2

) n elemen ts ( L

2

) to pro cessor P

2

. The pro cessors indep enden tly p erform sequen tial pre�x

computation with their lo cal data. According to the stated rule, w e determine �

2

so that P

1

and P

2

p erform an equal n um b er of arithmetic op erations. Since r � 1 op erations are required to

compute the pre�xes of r elemen ts sequen tially , this trivially implies that

�

2

n � 1 = (1 � �

2

) n � 1 :

Th us w e pic k �

2

=

1

2

. After the sequen tial pre�x is p erformed, w e ha v e the pre�xes of the elemen ts

of L

1

in pro cessor P

1

and the pre�xes of the elemen ts of L

2

in pro cessor P

2

. W e then transfer the

term x

1

� x

2

� � � � � x

�

2

n

from pro cessor P

1

to pro cessor P

2

. After this step, the �rst half of the

pre�x terms computed in P

2

, i.e.,

y

�

2

n +1

; y

�

2

n +2

; : : : ; y

( �

2

+

1 � �

2

2

) n

,

are forw arded to pro cessor P

1

. No w eac h pro cessor w orks on its o wn data and the data just

receiv ed to compute the remaining pre�xes b y com bining cross pro ducts. Notice that at the end

of the execution the longest pre�x pro duct terms of lists L

1

and L

2

will b e in pro cessors P

1

and

P

2

, resp ectiv ely . The total n um b er of parallel arithmetic steps required for the algorithm is found

to b e

A

2

( n ) = �

2

n � 1 +

(1 � �

2

) n

2

=

3

4

n � 1 .

The n um b er of routing steps required is

R

2

( n ) =

(1 � �

2

) n

2

+ 1 =

1

4

n + 1 .

Case p = 3 : Here w e assign the initial �

3

n elemen ts of the input list to the �rst t w o pro cessors P

1

and P

2

, and the remaining (1 � �

3

) n to P

3

. P

1

and P

2

execute the parallel pre�x algorithm with

�

3

n elemen ts using the algorithm for p = 2 ab o v e, while pro cessor P

3

p erforms a sequen tial pre�x

algorithm on (1 � �

3

) n elemen ts. Th us, b y our selection of �

3

, w e m ust ha v e

A

2

( �

3

n ) = (1 � �

3

) n � 1 .

Th us

3

4

( �

3

n ) � 1 = (1 � �

3

) n � 1 ,

4



whic h implies that w e should pic k �

3

=

4

7

. In the second phase, as b efore, all three pro cessors

equally share the w ork to compute the remaining pre�xes. The total n um b er of parallel arithmetic

steps required for the algorithm is easily computed to b e

A

3

( n ) =

3

4

�

3

n � 1 +

(1 � �

3

) n

3

=

4

7

n � 1 .

T o determine the n um b er of routing steps, w e note that in addition to the n um b er of routing

steps p erformed b y the �rst t w o pro cessors in ternally , w e need to equally distribute (1 � �

3

) n

elemen ts among three pro cessors, and also to send the last term (the longest pre�x pro duct of

list L

2

) computed b y pro cessor P

2

to pro cessors P

1

and P

3

. The �rst task is ac hiev ed b y sending

(1 � �

3

) n

3

terms from pro cessor P

3

to pro cessor P

1

, and an equal n um b er of terms from pro cessor

P

3

to pro cessor P

2

. This requires

2(1 � �

3

) n

3

comm unication steps. Th us, the the total n um b er of

routing steps is found to b e

R

3

( n ) = R

2

( �

3

n ) +

2(1 � �

3

) n

3

+ 2 =

1

4

4

7

n + 1 +

2

7

n + 2 =

3

7

n + 3 .

Note that A

2

( n ) + R

2

( n ) = n and A

3

( n ) + R

3

( n ) = n + 2. In general, one can sho w that A

p

( n ) +

R

p

( n ) = n +

1

2

p ( p � 1) � 1. More precisely , w e ha v e

Theorem 2 The ab ove algorithm c omputes the pr e�xes of n elements on a distribute d-memory multipr o-

c essor with p < n no des using A

p

( n ) =

2( p +1)

p ( p +1)+2

n � 1 p ar al lel arithmetic and R

p

( n ) =

p ( p � 1)

p ( p +1)+2

n +

1

2

p ( p � 1)

r outing steps with �

p

=

p ( p � 1)+2

p ( p +1)+2

.

Pro of The partitioning for the algorithm is depicted in Figure 1. According to our rule the n um b er

of parallel arithmetic steps p erformed b y pro cessors P

1

; P

2

; : : : ; P

p � 1

m ust b e equal to the n um b er of

arithmetic steps p erformed b y the last pro cessor P

p

. Th us, to �nd the total n um b er of arithmetic steps

required, w e add the n um b er of arithmetic op erations p erformed b y pro cessor P

p

(phase one) to the

n um b er of arithmetic steps required b y all p pro cessors to compute the pre�xes of the elemen ts indexed

from �

p

n + 1 to n (phase t w o). This giv es

A

p

( n ) = (1 � �

p

) n � 1 +

(1 � �

p

) n

p

=

p + 1

p

(1 � �

p

) n � 1 .

Let A

p

( n ) = V

p

n � 1, i.e.,

V

p

=

p + 1

p

(1 � �

p

) , (1)

then w e ha v e V

p � 1

�

p

n � 1 = (1 � �

p

) n � 1, as can b e seen from Figure 1. Th us

�

p

=

1

1 + V

p � 1

. (2)

It also follo ws from equation (1) that

V

p

=

p + 1

p

V

p � 1

1 + V

p � 1

. (3)

A recursion for R

p

( n ) can b e giv en as

R

p

( n ) = R

p � 1

( �

p

n ) +

p � 1

p

(1 � �

p

) n + p � 1 , (4)

5



where the �rst term comes from the routing op erations p erformed b y p � 1 pro cessors and the second

term is the n um b er of routing op erations required to send (1 � �

p

) n terms from the last pro cessor to

all the others. Finally p � 1 routing op erations are required to send the last pre�x v alue from pro cessor

P

p � 1

to all the other pro cessors. These op erations are illustrated in Figure 2.

Since V

2

=

3

4

, �

2

=

1

2

, and R

2

( n ) =

1

4

n + 1, using these initial v alues and induction on p in (3) , (2) ,

and (4) , w e obtain

V

p

=

2( p + 1)

p ( p + 1) + 2

, �

p

=

p ( p � 1) + 2

p ( p + 1) + 2

, and R

p

( n ) =

p ( p � 1)

p ( p + 1) + 2

n +

1

2

p ( p � 1) ,

as claimed. Since A

p

( n ) = V

p

n � 1, w e also ha v e

A

p

=

2( p + 1)

p ( p + 1) + 2

n � 1 .

2

4 E�ciency Analysis

In Figure 3, A

p

( n ) for the KRS algorithm and the new algorithm is sho wn for n = 1024 and 2 � p � 10,

together with the optimal n um b er of arithmetic op erations A

opt

2

( n ) =

2 n � 2

p +1

. W e see that when p is small,

the new algorithm is quite e�cien t in terms of arithmetic complexit y but ine�cien t as far as the total

n um b er of routing op erations is concerned. Ho w ev er there is a trade-o� b et w een the new algorithm and

the KRS algorithm as a function of � . As w e men tioned in the in tro duction, the op eration � can b e as

simple as a b o olean function, or as complex as m ultiplication of t w o k � k matrices with 
oating-p oin t

en tries. The total execution time can b e expressed as a function of the time required to p erform a �

op eration ( �

A

) and the time required to p erform a routing op eration ( �

R

). F or the KRS algorithm, w e

obtain

T

K RS

=

�

2

n

p

+ log p � 2

�

�

A

+ [log p + 1] �

R

. (5)

F or the new algorithm the total execution time is giv en as

T

new

=

�

2( p + 1)

p ( p + 1) + 2

n � 1

�

�

A

+

�

p ( p � 1)

p ( p + 1) + 2

n +

1

2

p ( p � 1)

�

�

R

. (6)

The e�ciency of these parallel algorithms with resp ect to the optimal sequen tial algorithm is computed

as

E =

( n � 1) �

A

p [ A

p

( n ) �

A

+ R

p

( n ) �

R

]

=

n � 1

p [ A

p

( n ) + R

p

( n ) � ]

whic h is a function of the ratio � = �

R

=�

A

. Figure 4 illustrates the e�ciency of these t w o algorithms

as � ranges from 0 to 2 for p = 2 and n = 1024. Also in Figure 5, the e�ciency is sho wn as a function

of p for � = 0 : 01 and n = 1024. As it can b e seen from Figure 4, for p = 2 the new algorithm is more

e�cien t if � < 1, otherwise the KRS algorithm is preferred. Similarly , w e observ e from Figure 5 that if

� = 0 : 01 then for p > 8 w e ha v e E

K RS

> E

new

and for p < 8 w e ha v e E

K RS

< E

new

.

>F rom (5) and (6) , w e deriv e that for n large,

lim

n !1

E

K RS

=

1

2

,

6



whic h is indep enden t of � , and

lim

n !1

E

new

=

p

2

+ p + 2

� p

3

+ (2 � � ) p

2

+ 2 p

.

Th us, E

new

� E

K RS

whenev er

p

2

+ p + 2

� p

3

+ (2 � � ) p

2

+ 2 p

�

1

2

.

Th us, the new algorithm is more e�cien t than the KRS algorithm for

p

2

( p � 1) �

4

�

.

Finally w e note that most distributed-memory parallel computers a v ailable on the mark et are capable

of o v erlapping comm unication with computation. Th us, a more careful analysis of the algorithm can

also b e made b y o v erlapping some of the comm unication with computation p erformed b y pro cessors.

Suc h analysis implies that the ratio �

R

=�

A

is e�ectiv ely smaller than for the nono v erlapping case, whic h

in turn means the new parallel pre�x algorithm will obtain higher sp eedup.
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