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ABSTRA CT

Using a directed acyclic graph (dag) mo del of algorithms, w e solv e a problem related

to precedence-constrained m ultipro cessor sc hedules for arra y computations: Giv en a se-

quence of dags and linear sc hedules parametrized b y n , compute a lo w er b ound on the

n um b er of pro cessors required b y the sc hedule as a function of n . In our form ulation,

the n um b er of tasks that are sc heduled for execution during an y �xed time step is the

n um b er of non-negativ e in teger solutions d

n

to a set of parametric linear Diophan tine

equations. W e presen t an algorithm based on generating functions for constructing a

form ula for these n um b ers d

n

. The algorithm has b een implemen ted as a Mathematica

program. Example runs and the sym b olic form ulas for pro cessor lo w er b ounds automati-

cally pro duced b y the algorithm for Matrix-V e ctor Pr o duct , T riangular Matrix Pr o duct ,

and Gaussian Elimination problems are presen ted. Our approac h actually solv es the

follo wing more general problem: Giv en an arbitrary r � s in tegral matrix A and r -

dimensional in tegral v ectors b and c , let d

n

( n = 0 ; 1 ; : : : ) b e the n um b er of solutions in

non-negativ e in tegers to the system Az = n b + c . Calculate the (rational) generating

function

P

n � 0

d

n

t

n

and construct a form ula for d

n

.

Keywor ds: P arallel algorithm, arra y computation, lo w er b ound, Diophan tine equation,

lattice p oin t, generating function.

1. In tro duction

W e consider arra y computations, often referred to as systems of uniform recur-

rence equations [25 ]. P arallel execution of uniform recurrence equations has b een

studied extensiv ely , from at least as far bac k as 1966 (e.g., [24 , 27 , 26 , 17 , 33 , 18 ,

19 , 34 , 35 , 20 ]). In suc h computations, the tasks to b e computed are view ed as

the no des of a directed acyclic graph, where the data dep endencies are represen ted

as arcs. Giv en a dag G = ( N ; A ), a m ultipro cessor sc hedule assigns no de v for

pro cessing during step � ( v ) on pro cessor � ( v ). A v alid m ultipro cessor sc hedule is
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sub ject to t w o constrain ts:

Causalit y: A no de can b e computed only when its c hildren ha v e b een computed

at previous steps:

( u; v ) 2 A ) � ( u ) < � ( v ) :

Non-con
ict: A pro cessor cannot compute 2 di�eren t no des during the same time

step:

� ( v ) = � ( u ) ) � ( v ) 6= � ( u ) :

In what follo ws, w e refer to v alid sc hedules simply as sc hedules. A sc hedule is

go o d, if it uses time e�cien tly; an implemen tation of a sc hedule is go o d, if it uses

few pro cessors. This view prompted sev eral researc hers to in v estigate pro cessor-

time-minimal sc hedules for families of dags. These are time-minimal sc hedules that

in addition use as few pro cessors as p ossible. Pro cessor-time-minimal sc hedules

for v arious fundamen tal problems ha v e b een prop osed in the literature: Sc heiman

and Capp ello [4, 3, 13 , 10 ] examine the dag family for matrix pro duct; Louk a

and Tc h uen te [9 ] examine the dag family for Gauss-Jordan elimination; Sc heiman

and Capp ello [11 , 12 ] examine the dag family for transitiv e closure; Benaini and

Rob ert [2, 1] examine the dag families for the algebraic path problem and Gaussian

elimination. Clauss, Mongenet, and P errin [5] dev elop ed a set of mathematical to ols

to help �nd a pro cessor-time-minimal m ultipro cessor arra y for a giv en dag. Another

approac h to a general solution has b een rep orted b y W ong and Delosme [15, 16 ],

and Shang and F ortes [14 ]. They presen t metho ds for obtaining optimal linear

sc hedules. That is, their pro cessor arra ys ma y b e sub optimal, but they get the

b est linear sc hedule p ossible. Darte, Khac hiy an, and Rob ert [20 ] sho w that suc h

sc hedules are close to optimal, ev en when the constrain t of linearit y is relaxed.

In [10 ], a lo w er b ound on the n um b er of pro cessors needed to satisfy a sc hedule

for a particular time step w as form ulated as the n um b er of solutions to a linear Dio-

phan tine equation, sub ject to the linear inequalities of the con v ex p olyhedron that

de�nes the dag's computational domain. Suc h a geometric/com binatorial form ula-

tion for the study of a dag's task domain has b een used in v arious other con texts

in parallel algorithm design as w ell (e.g., [24 , 25 , 27 , 33 , 34 , 8 , 7 , 35 , 5 , 14 , 42, 16 ];

see F ortes, F u, and W ah [6 ] for a surv ey of systolic/arra y algorithm form ulations.)

The maxim um suc h b ound for a giv en linear sc hedule, tak en o v er all time steps, is

a lo w er b ound for the n um b er of pro cessors needed to satisfy the sc hedule for the

dag family . Here, w e presen t a more general and uniform tec hnique for deriving

suc h lo w er b ounds:

Given a p ar ametrize d dag family and a c orr esp ondingly p ar ametrize d

line ar sche dule, we c ompute a form ula for a lower b ound on the numb er

of pr o c essors r e quir e d by the sche dule.

This is m uc h more general than the analysis of an optimal sc hedule for a giv en

sp e ci�c dag. The lo w er b ounds obtained are go o d; w e kno w of no dag treatable

b y this metho d for whic h the lo w er b ounds are not also upp er b ounds. W e b eliev e
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this to b e the �rst rep orted algorithm and its implemen tation for automatically

generating suc h form ulae.

The no des of the dag t ypically can b e view ed as lattice p oin ts in a con v ex p oly-

hedron. Adding to these constrain ts the linear constrain t imp osed b y the sc hedule

itself results in a linear Diophan tine system of the form

Az = n b + c ; (1)

where the matrix A and the v ectors b and c are in tegral, but not necessarily non-

negativ e. The n um b er d

n

of solutions in non-negativ e in tegers z = [ z

1

; z

2

; : : : ; z

s

]

t

to this linear system is a lo w er b ound for the n um b er of pro cessors required when

the dag corresp onds to parameter n . Our algorithm pro duces (sym b olically) the

generating function for the sequence d

n

, and from the generating function, a form ula

for the n um b ers d

n

. W e do not mak e use of an y sp ecial prop erties of the system

that re
ects the fact that it comes from a dag. Th us in (1), A can b e tak en to b e an

arbitrary r � s in tegral matrix, and b and c arbitrary r -dimensional in tegral v ectors.

As suc h w e actually solv e a more general com binatorial problem of constructing the

generating function

P

n � 0

d

n

t

n

, and a form ula for d

n

giv en a matrix A and v ectors b

and c , for whic h the lo w er b ound computation is a sp ecial case. There is a large b o dy

of literature concerning lattice p oin ts in con v ex p olytop es and n umerous in teresting

results: see for example Stanley [39] for Ehrhart p olynomials, and Sturmfels [40 , 41 ]

for v ector partitions and other mathematical treatmen ts. Our results are based

mainly on MacMahon [31 , 32 ], and Stanley [38 ].

The outline of this pap er is as follo ws. In Section 2, w e use the examples

of Matrix-V e ctor Pr o duct , T riangular Matrix Pr o duct , and Gaussian Elimination

problems to describ e the lattice p oin t in terpretation of parametric dags. Section 3

describ es the general form ulation of the problem and the sequence of steps to go from

a dag to a parametric linear Diophan tine system. In Section 4, w e presen t sample

runs of the Mathematica implemen tation: these include the arra y computation

examples of Section 2, and three others. In Section 5 w e describ e the main p oin ts of

the algorithm to construct the generating function and the ideas b ehind its pro of.

In Section 6 w e presen t a high lev el description of the implemen tation, remark on

the complexit y of the algorithm, and summarize our results.

2. Examples from Arra y Computations

2.1. Example 1: n � n Matrix-V e ctor Pr o duct

An algorithm for n � n matrix-v ector pro duct is giv en in the follo wing pro cedure,

written in a P ascal-lik e notation. M is the input matrix, x is the input v ector, and

y = M � x is the output v ector. W e index the en tries of an n -dimensional v ector v

b y v [0] ; v [1] ; : : : ; v [ n � 1].

for i = 0 to n � 1 do :

y [ i ]  0;

for j = 0 to n � 1 do :

y [ i ]  y [ i ] + M [ i; j ] � x [ j ];
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endfor ;

endfor ;

Computation is \lo cated" at certain index pairs de�ned b y the for lo op limits,

namely all pairs ( i; j ) satisfying:

0 � i � n � 1 (2)

0 � j � n � 1

Clearly , these pairs ( i; j ) are the lattice p oin ts inside the 2-dimensional con v ex

p olyhedron whose four faces are de�ned b y the four inequalities ab o v e. The faces

of the p olyhedron are, in turn, constructed from the for lo op limits. This geometric

in terpretation of the no de set leads to a com binatorial in terpretation: solutions to

a set of linear Diophan tine equations that w e describ e b elo w. W e henceforth are

concerned with only non-ne gative in tegral solutions to Diophan tine equations. In

this w a y , the inequalities 0 � i , and 0 � j are implied, and need not b e sp eci�ed.

In order to transform the set of inequalities in (2) to a set of e quations (whic h turn

out to b e easier to w ork with), w e in tro duce in tegral slac k v ariables s

1

; s

2

� 0 and

write

i + s

1

= n � 1

j + s

2

= n � 1

The standard arra y computation for n � n matrix-v ector pro duct is giv en b y G

n

=

( N ; A ), where

� N = f ( i; j ) j 0 � i; j � n � 1 g .

� A = f [( i; j ) ; ( i

0

; j

0

)] j ( i; j ) 2 N ; ( i

0

; j

0

) 2 N and i

0

= i + 1, and j

0

= j ; or

j

0

= j + 1, and i

0

= i g .

02

00

01

10 20

11 21

2212

i + j  + 1 = 2

Figure 1: The matrix-v ector pro duct dag for n = 2.

The standard, time-minimal linear m ultipro cessor sc hedule for G

n

is to execute

no de N ( i; j ) at time i + j + 1. F or the n � n case, the computation w ould b egin in
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time step 1 with the computation of N (0 ; 0), and end in time step 2 n � 1 with the

computation of N ( n � 1 ; n � 1). A t time step � , all no des N ( i; j ), where i + j + 1 = �

are sc heduled for parallel execution (see Figure 1). A t time step � = n , there are n

no des sc heduled for execution: N (0 ; n � 1) ; N (1 ; n � 2) ; : : : ; N ( n � 1 ; 0). If w e include

the linear sc hedule i + j + 1 = � in the set of Diophan tine equations describing the

lo op index ranges, then n um b er of non-negativ e solutions to the augmen ted system

of linear Diophan tine equations is the n um b er of tasks sc heduled for execution

during time step � . Th us for an y particular � with 1 � � � 2 n � 1, the n um b er of

solutions to the resulting linear Diophan tine system is a lo w er b ound on the n um b er

of pro cessors necessary for the sc hedule.

As an example, for � = n , the augmen ted system obtained from (2) is

i + j = n � 1

i + s

1

= n � 1

j + s

2

= n � 1

(3)

The n um b er of non-negativ e in tegral solutions to (3) is a pro cessor lo w er b ound for

the n � n Matrix-V e ctor Pr o duct problem. F or this example, time step � = n ob vi-

ously requires the maxim um n um b er of no des that m ust b e computed concurren tly ,

as � ranges from 1 to 2 n � 1. Th us, as is w ell kno wn, to realize this sc hedule, n

pro cessors are necessary (and clearly su�cien t).

2.2. Example 2: n � n T riangular Matrix Pr o duct

An algorithm for the computation of the matrix pro duct C = A � B , where A

and B are giv en n � n upp er triangular matrices is giv en b elo w. The main b o dy of

this algorithm is tak en from Golub and V an Loan [23 ].

for i = 0 to n � 1 do :

for j = i to n � 1 do :

for k = i to j do :

C [ i; j ]  C [ i; j ] + A [ i; k ] � B [ k ; j ];

endfor ;

endfor ;

endfor ;

The computational no des are de�ned b y non-negativ e in tegral triplets ( i; j; k ) sat-

isfying

i � n � 1

i � j � n � 1

i � k � j :

F ew er than 5 constrain ts are needed to de�ne this p olyhedron. The �rst inequalit y

ab o v e is a consequence of the t w o on the next line, for example. In fact, the whole

p olyhedron is de�ned b y the inequalities

i � k � j � n � 1 :
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Note that as b efore w e assume from the outset that the v ariables are non-negativ e.

In tro ducing in tegral slac k v ariables s

1

; s

2

; s

3

� 0, w e obtain the equiv alen t linear

Diophan tine system

j + s

1

= n � 1

� j + k + s

2

= 0

i � k + s

3

= 0

A linear sc hedule for the corresp onding dag is giv en b y � ( i; j; k ) = i + j + k + 1. Since

� ranges from 1 to 3 n � 2, w e can augmen t the system b y adding the constrain t

i + j + k + 1 = � (3 n � 2) for an y rational n um b er � b et w een 0 and 1. In particular the

halfw a y p oin t in this sc hedule is time step � �

3

2

n � 1. When n is an ev en n um b er,

sa y n = 2 N , then w e can tak e � to b e 3 N � 1. Adding the sc hedule constrain t to

the system w e already ha v e, w e obtain the augmen ted Diophan tine system

i + j + k = 3 N � 2

j + s

1

= 2 N � 1

� j + k + s

2

= 0

i � k + s

3

= 0

(4)

If n = 2 N + 1 is an o dd n um b er, then the exact midp oin t of the sc hedule is � =

3 N + 1. The augmen ted system no w b ecomes

i + j + k = 3 N

j + s

1

= 2 N

� j + k + s

2

= 0

i � k + s

3

= 0

(5)

Therefore, a lo w er b ound for the n um b er of pro cessors needed for the n � n

T riangular Matrix Pr o duct problem is the n um b er of solutions of (4) if n = 2 N ,

and the n um b er of solutions of (5) if n = 2 N + 1.

2.3. Example 3: Gaussian Elimination without Pivoting

The algorithm for p erforming Gaussian elimination on an n � n matrix M b elo w

is tak en from Golub and V an Loan [23].

for i = 0 to n � 1 do :

for j = i + 1 to n � 1 do :

w

j

 M [ i; j ];

endfor ;

for j = i + 1 to n � 1 do :

�  M [ j; i ] = M [ i; i ];

for k = i + 1 to n � 1 do :

M [ j; k ]  M [ j; k ] � � � w

j

;

endfor ;

endfor ;

endfor ;
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W e are in terested in the triply-nested for lo op, the heart of the computation.

The computational no des are de�ned b y non-negativ e in tegral triplets ( i; j; k ) sat-

isfying the constrain ts

i � n � 1

i + 1 � j � n � 1

i + 1 � k � n � 1

Note that as b efore w e assume that the v ariables are non-negativ e. Since the �rst

inequalit y is sup er
uous, in tro ducing in tegral slac k v ariables s

1

; s

2

; s

3

; s

4

� 0, w e

obtain the equiv alen t linear Diophan tine system

i � j + s

1

= � 1

j + s

2

= n � 1

i � k + s

3

= � 1

k + s

4

= n � 1

A linear sc hedule for the corresp onding dag is giv en b y � ( i; j; k ) = i + j + k + 1. Since

� ranges from 1 to 3 n � 2, w e can augmen t the system b y adding the constrain t

at the halfw a y p oin t: � �

3

2

n � 1. When n is an ev en n um b er, sa y n = 2 N , then

w e can tak e � to b e 3 N � 1. Adding the sc hedule constrain t to system w e already

ha v e, w e obtain the augmen ted Diophan tine system

i + j + k = 3 N � 2

i � j + s

1

= � 1

j + s

2

= 2 N � 1

i � k + s

3

= � 1

k + s

4

= 2 N � 1

(6)

Here b = [3 ; 0 ; 2 ; 0 ; 2]

t

and c = [ � 2 ; � 1 ; � 1 ; � 1 ; � 1]

t

. The system for Gaussian

elimination for n = 2 N + 1 is

i + j + k = 3 N � 1

i � j + s

1

= � 1

j + s

2

= 2 N

i � k + s

3

= � 1

k + s

4

= 2 N

(7)

whic h di�ers from the ev en case only in the v ector c .

Therefore, a lo w er b ound for the n um b er of pro cessors needed to implemen t the

sc hedule of the algorithm for Gaussian elimination without piv oting of an n � n

matrix is the n um b er of solutions of (6) if n = 2 N , and the n um b er of solutions of

(7) if n = 2 N + 1.

In the examples ab o v e, the �nal problem to b e solv ed is the determination of

the n um b er of non-negativ e in tegral solutions d

n

to a linear parametric Diophan tine

system of the form Az = n b + c where A is some r � s in tegral matrix, b and c

are r -dimensional in tegral v ectors.
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3. The General F orm ulation

W e no w generalize these examples and consider the problem of computing a

lo w er b ound for the n um b er of pro cessors needed to satisfy a giv en linear sc hedule.

That is, w e sho w ho w to automatically construct a form ula for the n um b er of lattice

p oin ts inside a linearly parameterized family of con v ex p olyhedra, b y automatically

constructing a form ula for the n um b er of solutions to the corresp onding linearly

parameterized system of linear Diophan tine equations. The algorithm for doing

this and its implemen tation are our principal con tributions.

Our use of linear Diophan tine equations, w e b eliev e, is w ell-motiv ated: the com-

putations of an inner lo op are t ypically de�ned o v er a set of indices that can b e

describ ed as the lattice p oin ts in a con v ex p olyhedron. Indeed, in t w o languages,

SDEF [21 ] and Alpha [42 ], one expressly de�nes domains of computation as the

in teger p oin ts con tained in some programmer-sp eci�ed con v ex p olyhedron.

The general setting exempli�ed b y Matrix-V e ctor Pr o duct , T riangular Matrix

Pr o duct , and Gaussian Elimination problems is as follo ws: Supp ose a (also denoted

b y A ) is an r � s in tegral matrix, and b and c are r -dimensional in tegral v ectors.

Supp ose further that, for ev ery n � 0, the linear Diophan tine system az = n b + c ,

i.e.

a

11

z

1

+ a

12

z

2

+ : : : + a

1 s

z

s

= b

1

n + c

1

a

21

z

1

+ a

22

z

2

+ : : : + a

2 s

z

s

= b

2

n + c

2

.

.

.

.

.

.

.

.

. =

.

.

.

a

r 1

z

1

+ a

r 2

z

2

+ : : : + a

r s

z

s

= b

r

n + c

r

(8)

in the non-negativ e in tegral v ariables z

1

; z

2

; : : : ; z

s

has a �nite n um b er of solutions.

Let d

n

denote the n um b er of solutions for n . The generating function of the se-

quence d

n

is f ( t ) =

P

n � 0

d

n

t

n

. F or a linear Diophan tine system of the form (8),

f ( t ) is alw a ys a rational function, and w e pro vide an algorithm to compute f ( t ) sym-

b olically . The Mathematica program implemen ting the algorithm also constructs a

form ula for the n um b ers d

n

from this generating function.

Giv en a nested for lo op, the pro cedure to follo w is informally as follo ws:

1. W rite do wn the no de space as a system of linear inequalities. The lo op b ounds

m ust b e a�ne functions of the lo op indices. The domain of computation is

represen ted b y the set of lattice p oin ts inside the con v ex p olyhedron, describ ed

b y this system of linear inequalities.

2. Eliminate unnecessary constrain ts b y translating the lo op indices (so that

0 � i � n � 1 as opp osed to 1 � i � n , for example). The reason for this

is that the inequalit y 0 � i is implicit in our form ulation, whereas 1 � i

in tro duces an additional constrain t.

3. T ransform the system of inequalities to a system of equalities b y in tro ducing

non-negativ e slac k v ariables, one for eac h inequalit y .

4. Augmen t the system with a linear sc hedule for the asso ciated dag, \frozen"

in some in termediate time v alue: � = � ( n );
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5. Run the program DiophantineGF.m on the resulting data. The program

calculates the rational generating function f ( t ) =

P

d

n

t

n

, where d

n

is the

n um b er of solutions to the resulting linear system of Diophan tine equations,

and pro duces a form ula for d

n

.

4. Mathematica Runs

Once the Mathematica program DiophantineGF.m w e ha v e written for this

computation

a

has b een loaded b y the command << DiophantineGF.m , the user

ma y request examples and help in its usage. The program essen tially requires three

argumen ts a ; b ; c of the Diophan tine system

az = n b + c : (9)

The main computation is p erformed b y the call DiophantineGF[ a ; b ; c ] . The out-

put is the (rational) generating function f ( t ) =

P

n � 0

d

n

t

n

, where d

n

is the n um b er

of solutions z � 0 to (9). After the computation of f ( t ) b y the program, the user

can execute the command formula , whic h pro duces form ulas for d

n

in terms of bi-

nomial co e�cien ts (with certain added divisibilit y restrictions), and in terms of the

ordinary p o w er basis in n when suc h a form ula exists. The command formulaN[c]

ev aluates d

n

for n = c . If needed, the generating function f ( t ) computed b y the pro-

gram subsequen tly can b e manipulated b y v arious Mathematica commands, suc h

as Series[] .

Belo w, w e pro vide sample runs of DiophantineGF.m . The �rst three are pro-

cessor lo w er b ound computations for the arra y computation problems form ulated,

the rest are examples from com binatorics.

4.1. Sample R un 1: n � n Matrix-V e ctor Multiplic ation

F or the linear sc hedule of the Matrix-ve ctor Pr o duct example, the augmen ted

Diophan tine system in (3) can b e written in the form (9) where

a =

2

4

1 1 0 0

1 0 1 0

0 1 0 1

3

5

; b =

2

4

1

1

1

3

5

; c =

2

4

� 1

� 1

� 1

3

5

: (10)

In[1]:= << DiophantineGF.m

In[2]:= a = {{1, 1, 0, 0},

{1, 0, 1, 0},

{0, 1, 0, 1}};

In[3]:= b = {1, 1, 1}; c = {-1, -1, -1};

In[4]:= DiophantineGF[a, b, c]

a

h ttp://www.cs.ucsb.edu/~omer/p ersonal/abstracts/Diophan tineGF.m
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t

Out[4]= ---------

2

(-1 + t)

In[5]:= formula;

Binomial Formula : C[n, 1]

Power Formula : n

In the output, C [ x; k ] denotes the binomial co e�cien t

�

x

k

�

=

x !

k !( x � k )!

when x is a

non-negativ e in teger, and zero otherwise.

4.2. Sample R un 2: n � n T riangular Matrix Pr o duct ( n = 2 N )

F or the n � n T riangular Matrix Pr o duct problem the Diophan tine system is

az = N b + c where

a =

2

6

6

4

1 1 1 0 0 0

0 1 0 1 0 0

0 � 1 1 0 1 0

1 0 � 1 0 0 1

3

7

7

5

; b =

2

6

6

4

3

2

0

0

3

7

7

5

(11)

and c = [ � 2 ; � 1 ; 0 ; 0 ]

T

for n = 2 N , and c = [0 ; 0 ; 0 ; 0 ]

T

for n = 2 N + 1. In the

�rst case,

In[1]:= << DiophantineGF.m

In[2]:= a = {{1, 1, 1, 0, 0, 0},

{0, 1, 0, 1, 0, 0},

{0,-1, 1, 0, 1, 0},

{1, 0,-1, 0, 0, 1}};

In[3]:= b = {3, 2, 0, 0}; c = {-2,-1, 0, 0};

In[4]:= DiophantineGF[a, b, c]

t

Out[4]= --------

3

(1 - t)

In[5]:= formula

Binomial Formula : C[1 + n, 2]

n (1 + n)

Power Formula : ---------

2

Since the n in this form ula is our N , substituting n= 2, w e �nd that a lo w er

b ound for the n um b er of pro cessors needed to satisfy the linear sc hedule � ( i; j; k ) =

i + j + k + 1 for the n � n T riangular Matrix Pr o duct is

n ( n + 2)

8

10



when n is ev en. When n = 2 N + 1, the Mathematica run for the n � n problem

results in the generating function (1 + t

2

) = (1 � t )

3

(1 + t ). This time the form ula

for d

n

dep ends on whether or not N is ev en. It is found to b e 2 m

2

+ 2 m + 1 if n is

of the form 4 m + 1, and 2(1 + m )

2

if n is of the form 4 m + 3.

T o summarize, a lo w er b ound for the n um b er of pro cessors needed to satisfy a

the linear sc hedule � ( i; j; k ) = i + j + k + 1 for the n � n T riangular Matrix Pr o duct

is

2 m

2

+ m if n = 4 m;

2 m

2

+ 3 m + 1 if n = 4 m + 2 ;

2 m

2

+ 2 m + 1 if n = 4 m + 1 ;

2 m

2

+ 4 m + 2 if n = 4 m + 3 :

In particular, a lo w er b ound that holds for all cases for this problem is

b

n

4

c (2 b

n

4

c + 1) :

4.3. Sample R un 3: Gaussian Elimination

F or Gaussian Elimination without piv oting of an n � n matrix the Diophan tine

system is az = N b + c where

a =

2

6

6

6

6

4

1 1 1 0 0 0 0

1 � 1 0 1 0 0 0

0 1 0 0 1 0 0

1 0 � 1 0 0 1 0

0 0 1 0 0 0 1

3

7

7

7

7

5

: (12)

Here b = [3 ; 0 ; 2 ; 0 ; 2]

t

and c = [ � 2 ; � 1 ; � 1 ; � 1 ; � 1]

t

, for n = 2 N . The generating

function computed is

t

2

(3 + t )

(1 � t )

3

(1 + t )

:

The actual form ula DiophantineGF.m pro duces for the co e�cien t of t

N

in the

expansion of this function is

(3 C [( N � 2) = 2 ; 0] � C [( N � 4) = 2 ; 0] � 2 C [( N � 3) = 2 ; 0]) = 8 + (13)

( C [ N � 3 ; 2] + 3 C [( N � 2) = 2 ; 0] � C [ N � 2 ; 2] � 5 C [ N � 1 ; 2] + 21 C [ N ; 2]) = 8

Ho w ev er, note that C [ x; 0] = 0 unless x is an in teger. This means that

3 C [( N � 2) = 2 ; 0] � C [( N � 4) = 2 ; 0] � 2 C [( N � 3) = 2 ; 0] =

�

2 N ev en;

� 2 N odd:

Simplifying the other binomial co e�cien ts in (13), w e get the lo w er b ound for

n = 2 N as

2 N

2

� N

2

if N is ev en;

2 N

2

� N � 1

2

if N is odd;

11



whic h can b e com bined in to b

2 N

2

� N

2

c for n = 2 N . The system for Gaussian elimi-

nation for n = 2 N + 1 is giv en in (7). In this case c = [ � 1 ; � 1 ; 0 ; � 1 ; 0]

t

and a and

b are the same as ab o v e. The generating function computed b y the program is

t (1 + 3 t )

(1 � t )

3

(1 + t )

:

Simplifying the automatically pro duced form ula as b efore,

( C [( N � 1) = 2 ; 0] � 3 C [( N � 3) = 2 ; 0] + 2 C [( N � 2) = 2 ; 0]) = 8 +

(3 C [ N � 2 ; 2] � 11 C [ N � 1 ; 2] + 17 C [ N ; 2] + 7 C [ N + 1 ; 2]) = 8 ;

w e obtain

2 N

2

� N

2

if N is ev en;

2 N

2

� N � 1

2

if N is odd:

Therefore the lo w er b ound for n = 2 N + 1 is also b

2 N

2

� N

2

c . Com bining with the

previous case, w e obtain the pro cessor lo w er b ound

b

b

n

2

c (2 b

n

2

c � 1)

2

c

for n � n Gaussian elimination without piv oting for arbitrary n .

Next w e presen t examples of sample runs for a few problems that do not arise

from arra y computations.

4.4. Sample R un 4

Consider the inequalities

z

1

� n � 1

z

2

� n � 1

z

3

� n � 1

in non-negativ e in tegers z

1

; z

2

; z

3

. The n um b er of solutions is d

n

= n

3

for n � 1

since eac h z

i

can b e indep enden tly pic k ed from f 0 ; 1 ; : : : ; n � 1 g . T o v erify this

using DiophantineGF.m , w e �rst in tro duce in tegral slac k v ariables s

1

; s

2

; s

3

� 0

and write the corresp onding system of equalities

z

1

+ s

1

= n � 1

z

2

+ s

2

= n � 1

z

3

+ s

3

= n � 1

with

a =

2

4

1 0 0 1 0 0

0 1 0 0 1 0

0 0 1 0 0 1

3

5

; b =

2

4

1

1

1

3

5

; c =

2

4

� 1

� 1

� 1

3

5

: (14)

12



The Mathematica run giv es the form ula for d

n

in the p o w er basis as w ell as in

terms of binomial co e�cien ts, resulting in

d

n

= n

3

=

�

n

3

�

+ 4

�

n + 1

3

�

+

�

n + 2

3

�

:

In[1]:= << DiophantineGF.m

In[2]:= a = {{1, 0, 0, 1, 0, 0},

{0, 1, 0, 0, 1, 0},

{0, 0, 1, 0, 0, 1}};

In[3]:= b = {1, 1, 1}; c = {-1, -1, -1};

In[4]:= DiophantineGF[a, b, c]

2

t (1 + 4 t + t )

Out[4]= ----------------

4

(-1 + t)

In[5]:= formula

Binomial Formula : C[n, 3] + 4 C[1 + n, 3] + C[2 + n, 3]

3

Power Formula : n

4.5. Sample R un 5

F or this example consider the linear Diophan tine system

z

1

� z

2

+ 2 z

3

= n + 1

z

2

+ z

4

= n � 2

2 z

1

+ z

3

+ z

5

= n + 3

(15)

DiophantineGF.m giv es the generating function of the n um b er of solutions d

n

of

this system in non-negativ e in tegers as

2 2 3 4

t (-1 - 2 t - t + t + 2 t )

Out[5]= ---------------- --- -- -- --- -- --

3 2

(-1 + t) (1 + t) (1 + t + t )

2 3 4 5 6 7 8 9

= t + 3 t + 5 t + 7 t + 9 t + 12 t + 14 t + O[t]

In particular, w e see from the T a ylor series expansion of the generating function

ab o v e that d

8

= 14, and th us there are 14 solutions to (15) when n = 8. This result

can b e c hec k ed in another w a y as follo ws: W e can �rst substitute n = 8 in (15),

13



resulting in the system

z

1

� z

2

+ 2 z

3

= 9

z

2

+ z

4

= 6

2 z

1

+ z

3

+ z

5

= 11

(16)

This system then should ha v e 14 solutions as w ell. Running DiophantineGF.m with

the corresp onding input

a =

2

4

1 � 1 2 0 0

0 1 0 1 0

2 0 1 0 1

3

5

; b =

2

4

0

0

0

3

5

; c =

2

4

9

6

11

3

5

w e obtain

14 2 3 4 5 6

Out[5]= ------ = 14 + 14 t + 14 t + 14 t + 14 t + 14 t + O[t]

1 - t

whic h again implies that the n um b er of solutions to (16) is 14, indep enden tly of n .

4.6. Sample R un 6

F or the linear Diophan tine system

z

1

� 2 z

2

� z

3

= n � 4

z

1

+ z

2

� z

3

= 2 n + 3

z

1

� 2 z

3

= 2 n � 2

(17)

DiophantineGF.m calculates the generating function of the n um b er of solutions as

2 5 8

Out[6]= t + t + t

Th us (17) has unique solutions in non-negativ e in tegers for n = 2 ; 5 ; and 8, and no

other solutions.

5. The Algorithm

W e demonstrate the algorithm on a sp eci�c instance, and sk etc h its pro of. Con-

sider the linear Diophan tine system

z

1

� 2 z

2

= n

z

1

+ z

2

= 2 n

(18)

in whic h z

1

and z

2

are non-negativ e in tegers. Let d

n

denote the n um b er of solutions

to (18). Asso ciate indeterminates �

1

and �

2

to the �rst and the second equations,

resp ectiv ely , and also indeterminates t

1

and t

2

to the �rst and the second columns

of the system. Consider the pro duct of the geometric series

R =

1

1 � �

1

1

�

1

2

t

1

1

1 � �

� 2

1

�

1

2

t

2

=

0

@

X

�

1

� 0

( �

1

1

�

1

2

t

1

)

�

1

1

A

0

@

X

�

2

� 0

( �

� 2

1

�

1

2

t

2

)

�

2

1

A

14



where the exp onen ts of �

1

and �

2

in the �rst factor are the co e�cien ts in the �rst

column and the exp onen ts of �

1

and �

2

in the second factor are the co e�cien ts in

the second column. Individual terms arising from this pro duct are of the form

�

�

1

� 2 �

2

1

�

�

1

+ �

2

2

t

�

1

1

t

�

2

2

; (19)

where �

1

; �

2

are non-negativ e in tegers. F ollo wing Ca yley , MacMahon [28 ] mak es use

of the op erator 


=

whic h pic ks out those terms (19) in the p o w er series expansion

whose exp onen ts of �

1

and �

2

are b oth equal to zero (this is the � -fr e e part of

the expansion). Th us, the con tribution of the term in (19) to 


=

( R ) is non-zero if

and only if the exp onen ts of �

1

and �

2

are equal to zero. If this is the case, the

con tribution is t

�

1

1

t

�

2

2

if and only if z

1

= �

1

and z

2

= �

2

is a solution

b

to the

homogeneous system

z

1

� 2 z

2

= 0

z

1

+ z

2

= 0

(20)

This means, in particular, that what MacMahon calls the \crude" generating func-

tion of the solutions to the homogeneous system (20) is

1

1 � �

1

1

�

1

2

t

1

1

1 � �

� 2

1

�

1

2

t

2

;

and




=

�

1

(1 � �

1

1

�

1

2

t

1

)(1 � �

� 2

1

�

1

2

t

2

)

�

=

X

t

�

1

1

t

�

2

2

where the summation is o v er all solutions z

1

= �

1

and z

2

= �

2

of (20). Let

R

n

= �

� n

1

�

� 2 n

2

R ; where the exp onen ts of �

1

and �

2

are the negativ es of the righ t

hand sides of �rst and the second equations of (18), resp ectiv ely . Then




=

( R

n

) =

X

t

�

1

1

t

�

2

2

where no w the summation is o v er all non-negativ e in tegral solutions z

1

= �

1

, z

2

=

�

2

of (18), since generic terms arising from the expansion of R are no w of the form

�

�

1

� 2 �

2

� n

1

�

�

1

+ �

2

� 2 n

2

t

�

1

1

t

�

2

2

:

If w e let t

1

= t

2

= 1, then 


=

( R

n

) sp ecializes to the n um b er of solutions d

n

to

(18). Let L denote the substitution op erator that sets eac h t

i

equal to 1. Then

d

n

= L 


=

( R

n

), and the op erator 


=

comm utes b oth with L op eration and addition

of series. Th us,

f ( t ) =

X

n � 0

L 


=

( R

n

) t

n

= 


=

0

@

X

n � 0

L ( R

n

) t

n

1

A

(21)

= 


=

0

@

1

(1 � �

1

�

2

)(1 � �

� 2

1

�

2

)

X

n � 0

�

� n

1

�

� 2 n

2

t

n

1

A

: (22)

b

There is only a single solution to (20) in this case, but this do es not e�ect the general nature

of the demonstration of the algorithm on this example.
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Since

X

n � 0

�

� n

1

�

� 2 n

2

t

n

=

1

1 � �

� 1

1

�

� 2

2

t

; (23)

the generating function f ( t ) can b e obtained b y applying the op erator 


=

to the

crude generating function

F =

1

(1 � �

1

�

2

)(1 � �

� 2

1

�

2

)(1 � �

� 1

1

�

� 2

2

t )

: (24)

No w, w e mak e use of the iden tit y that app ears in Stanley [38 ] for the computa-

tion of the homogeneous case ab o v e, namely

1

(1 � A )(1 � B )

=

1

(1 � AB )(1 � A )

+

1

(1 � AB )(1 � B )

�

1

1 � AB

: (25)

W e demonstrate the usage of this iden tit y on the example at hand. T aking the

�rst t w o factors of (24) as (1 � A )

� 1

and (1 � B )

� 1

(i.e. A = �

1

�

2

, B = �

� 2

1

�

2

),

and using (25),

F =

1

(1 � �

� 1

1

�

2

2

)(1 � �

1

�

2

)(1 � �

� 1

1

�

� 2

2

t )

(26)

+

1

(1 � �

� 1

1

�

2

2

)(1 � �

� 2

1

�

2

)(1 � �

� 1

1

�

� 2

2

t )

�

1

(1 � �

� 1

1

�

2

2

)(1 � �

� 1

1

�

� 2

2

t )

whic h w e can write as F = F

1

+ F

2

� F

3

, where F

1

; F

2

, and F

3

denote the three

summands ab o v e. By additivit y ,

f ( t ) = 


=

( F ) = 


=

( F

1

) + 


=

( F

2

) � 


=

( F

3

) :

Con tin uing this w a y b y using the iden tit y (25), this time on F

3

with (1 � A )

� 1

and

(1 � B )

� 1

as the t w o factors, w e obtain the expansion

F

3

=

1

(1 � �

� 2

1

t )(1 � �

� 1

1

�

2

2

)

+

1

(1 � �

� 2

1

t )(1 � �

� 1

1

�

� 2

2

t )

�

1

(1 � �

� 2

1

t )

= F

31

+ F

32

� F

33

: (27)

Call a pro duct of the form

� 1

(1 � A )(1 � B ) � � � (1 � Z )

(28)

that ma y arise during this pro cess uniformly-signe d if the exp onen ts of �

1

that

app ear in A , B ; : : : ; Z are either all non-negativ e, or all non-p ositiv e; the exp onen ts

of �

2

that app ear in A , B ; : : : ; Z are either all non-negativ e, or all non-p ositiv e, etc..

Clearly if U is suc h a uniformly-signed pro duct, then 


=

( U ) is obtained from U b y

discarding the factors whic h are not purely functions of t , as there can b e no \cross
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cancellation" of an y of the terms coming from di�eren t expansions in to geometric

series of the factors (1 � A )

� 1

, (1 � B )

� 1

; : : : ; (1 � Z )

� 1

of U .

The idea, then, is to use iden tit y (25) rep eatedly using pairs of appropriate

factors in suc h a w a y that the resulting pro ducts of the form (28) that arise are all

uniformly-signed. The con tribution of a uniformly-signed pro duct to f ( t ) is simply

the pro duct of the terms in it that are functions of t only , and all other factors

can b e ignored. Eac h of the summands of F

3

giv en in (27) ab o v e, for example, are

uniformly signed. Since neither term con tains a factor whic h is a pure function of

t , the con tribution of eac h is zero.

The problem is to pic k the (1 � A )

� 1

, (1 � B )

� 1

pairs at eac h step appropriately

to mak e sure that the pro cess ev en tually ends with uniformly-signed pro ducts only .

This cannot b e done arbitrarily , ho w ev er. F or example in the application of the

iden tit y (25) to

1

(1 � �

� 1

1

�

1

2

)(1 � �

2

1

�

1

2

)(1 � �

1

1

�

� 1

2

)

(29)

with 1 � A = 1 � �

� 1

1

�

1

2

and 1 � B = 1 � �

2

1

�

1

2

(in whic h the �

1

exp onen ts

ha v e opp osite sign), one of the three terms pro duced b y the iden tit y to b e further

pro cessed is

1

(1 � �

� 1

1

�

1

2

)(1 � �

1

1

�

2

2

)(1 � �

1

1

�

� 1

2

)

:

Con tin uing with the c hoice 1 � A = 1 � �

1

1

�

2

2

, and 1 � B = 1 � �

1

1

�

� 1

2

(in whic h

the �

2

exp onen ts ha v e opp osite sign), one of the three terms pro duced is

1

(1 � �

� 1

1

�

1

2

)(1 � �

2

1

�

1

2

)(1 � �

1

1

�

� 1

2

)

;

whic h is iden tical to (29). In particular the w eigh t argumen t in Stanley [38 ] do es not

result in an algorithm unless the �

i

are pro cessed to completion in a �xed ordering

of the indices i (e.g. �rst all exp onen ts of �

1

are made same signed, then those of

�

2

, etc.)

Accordingly , w e use the follo wing criterion: Giv en a term of the form (28), pic k

the �

i

with the smallest i for whic h a negativ e and a p ositiv e exp onen t app ears

among A , B ; : : : ; Z . Use t w o extremes (i.e. maxim um p ositiv e and minim um neg-

ativ e exp onen ts) of suc h opp osite signed factors (1 � A )

� 1

and (1 � B )

� 1

of the

curren t term in (28), and apply iden tit y (25) with this c hoice of A and B . This

computational pro cess results in a ternary tree whose lea v es are functions of t only ,

after the application of the op erator 


=

. The generating function f ( t ) can then b e

read o� as the (signed) sum of the functions that app ear at the leaf no des. The

reader can v erify that the example at hand results in the generating function

f ( t ) =

1

(1 � t )(1 + t + t

2

)

after the functions of t at the leaf no des of the resulting ternary tree are summed

up and necessary algebraic simpli�cations are carried out.
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In the case ab o v e, c = 0 . No w, w e consider the more general case with c 6= 0 .

These are the instances for whic h the description and the pro of of the algorithm is

not m uc h harder, but the extra computational e�ort required justi�es the use of a

sym b olic algebra pac k age.

As an example, consider the Diophan tine system

z

1

� 2 z

2

= n � 2

z

1

+ z

2

= 2 n + 3

(30)

As b efore, let d

n

b e the n um b er of solutions to (30) in non-negativ e in tegers z

1

; z

2

,

and let f ( t ) b e the generating function of the d

n

. As in the deriv ation of the iden tit y

(22) for f ( t ), this time w e obtain

f ( t ) = 


=

0

@

1

(1 � �

1

�

2

)(1 � �

� 2

1

�

2

)

X

n � 0

�

� n +2

1

�

� 2 n � 3

2

t

n

1

A

: (31)

Since

X

n � 0

�

� n +2

1

�

� 2 n � 3

2

t

n

=

�

2

1

�

� 3

2

1 � �

� 1

1

�

� 2

2

t

;

the generating function f ( t ) is obtained b y applying the op erator 


=

to the crude

generating function

F =

�

2

1

�

� 3

2

(1 � �

1

�

2

)(1 � �

� 2

1

�

2

)(1 � �

� 1

1

�

� 2

2

t )

: (32)

No w, w e pro ceed as b efore using the iden tit y (25), ignoring the n umerator for

the time b eing. It is no longer true that there can b e no \cross cancellation" of an y

of the terms coming from di�eren t expansions in to geometric series of the factors

(1 � A )

� 1

, (1 � B )

� 1

; : : : ; (1 � Z )

� 1

in a pro duct U of the form (28) ev en if the

term is uniformly-signed. It could b e that the exp onen ts of all of the �

1

that

app ear in U are negativ e, and the exp onen ts of all of the �

2

that app ear in U

are all p ositiv e, but there can b e � � free terms arising from the expansions of the

pro ducts that in v olv e � 's, since the n umerator �

2

1

�

� 3

2

can cancel terms of the form

�

� 2

1

�

3

2

t

k

that ma y b e pro duced if w e expand the factors in to geometric series and

m ultiply . The application of 


=

w ould then con tribute t

k

from this term to the �nal

result coming from U , for example. The imp ortan t observ ation is that the geometric

series expansion of the terms that in v olv e � in U need not b e carried out past p o w ers

of �

1

larger than 2, and past p o w ers of �

2

smaller than � 3. This means that w e

need to k eep trac k of only a p olynomial in �

1

; �

2

and t b efore the application of 


=

to �nd the � -free part con tributed b y this leaf no de. In this case, this con tribution

ma y in v olv e a p olynomial in t as w ell. Therefore when c 6= 0 , w e need to calculate

with truncated T a ylor expansions at the leaf no des of the computation tree. It is

this asp ect of the algorithm that is handled most e�cien tly (in terms of co ding

e�ort) b y a sym b olic algebra pac k age suc h as Mathematica.
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6. Implemen tation, Complexit y , and Remarks

The main computational e�ort of the algorithm is the construction of the ternary

tree (Figure 2), where eac h in ternal no de is expanded according to iden tit y (25),

un til uniform-signed leaf expressions are reac hed. F or simplicit y , w e consider the

case c = 0 . Carrying out this p ortion of the computation sym b olically is un wise:

(F )W= 3(F )

(F)

(F )1 2W=

W=

W
=

+ + -

Figure 2: Generation of the ternary tree from iden tit y (25).

instead, w e represen t eac h expression F that 


=

op erates on as a ( r + 1) � ( s + 1)

matrix M

F

of in tegers. The 0

th

ro w is reserv ed for the exp onen ts of t in eac h factor

in the denominator of F . The i

th

ro w is the exp onen ts of �

i

in F . F or example, the

initial F in (24) is enco ded b y the matrix

F =

1

(1 � �

1

�

2

)(1 � �

� 2

1

�

2

)(1 � �

� 1

1

�

� 2

2

t )

 ! M

F

=

2

4

0 0 1

1 � 2 � 1

1 1 � 2

3

5

:

Iden tit y (25) applied to F no w turns in to column op erations on M = M

F

: Let

C and C

0

b e t w o columns of M . Then the three matrices corresp onding to the

summands F

1

, F

2

and F

3

in the application of (25) are obtained from M b y

1. M

1

: Replace C b y C + C

0

in M ,

2. M

2

: Replace C

0

b y C + C

0

in M ,

3. M

3

: Replace C

0

b y C + C

0

, and C b y the zero v ector in M .

The calculation in (26) follo w ed b y (27) results in the p ortion of the computa-

tion tree represen ted as matrices with sign in Figure 3. When the computation is

con tin ued, it can b e seen that the middle subtree in this example pro duces a leaf

no de

2

4

0 1 2

1 0 0

1 1 0

3

5

 !

1

(1 � �

1

�

2

)(1 � �

2

t )(1 � t

2

)

:

The con tribution of this to the generating function is the term




=

�

1

(1 � �

1

�

2

)(1 � �

2

t )(1 � t

2

)

�

=

1

1 � t

2

:
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0  0  1
1 -2 -1
1  1 -2

0  0  1      0  0  1       0  0  1
1 -1 -1     -1 - 2 -1      -1  0 -1
1  2 -2      2  1 -2       2  0 -2

 1  0  1      0   0  1     0  0  1
-2  0 -1     -1   0 - 2     0  0 -1
 0  0 -2      2   0  0     0  0 -2

+ + -

+ + -

Figure 3: The start of the computational tree.

In general, when w e arriv e at a leaf no de (i.e. when all ro ws of the curren t matrix

are uniformly-signed), supp ose d

1

; d

2

; : : : ; d

l

are the p ositiv e elemen ts in the 0

th

ro w, with the added prop ert y that the en tries b elo w eac h d

i

in the leaf matrix are

all zeros. The con tribution of this leaf no de to the generating function is then

� 1

(1 � t

d

1

)(1 � t

d

2

) � � � (1 � t

d

l

)

(33)

with the appropriate sign. It is immediate that the resulting generating function is

rational with a common denominator of the form (33).

W e giv e a high lev el description of the algorithm using matrices to represen t the

co e�cien ts. W e assume that the giv en system is of the form (8) where c = 0 . The

input is of the form of a matrix M = M

initial

giv en in (34). The ro ws of M are

indexed 0 through r , and the columns are indexed 0 through s .

M

initial

=

2

6

6

6

6

6

4

0 0 : : : 0 1

a

11

a

12

: : : a

1 s

� b

1

a

21

a

22

: : : a

2 s

� b

2

.

.

.

.

.

.

.

.

.

a

r 1

a

r 2

: : : a

r s

� b

r

3

7

7

7

7

7

5

; (34)

with sig n

initial

= +1. Assume the follo wing functions

Z er ocol umn [ M ; j ] : Returns true i� the en tries of M in the j -th column in

ro ws 1 through r are all zeros.

U nif or msig ned [ M ] : Returns true i� ro ws of M are all nonnegativ e or all

nonp ositiv e.

20



M inindex [ M ; i ]: Returns the index of a smallest elemen t in ro w i of M .

M axindex [ M ; i ]: Returns the index of a largest elemen t in ro w i of M .

F ir stnonunif or m [ M ] : Returns the index of the �rst non uniformly-signed

ro w in M .

Addcol umn [ M ; u; v ]: Returns the matrix whic h is obtained from M b y adding

its v -th column to its u -th column.

Z apcol umn [ M ; v ]: Returns the matrix obtained b y replacing the v -th column

of M b y zeros.

U pdate [ g f ; M ; sig n ]:

b egin

Calculate S = f j j Z er ocol umn [ M ; j ] g ;

Let f d

1

; d

2

; : : : ; d

l

g b e the m ultiset of p ositiv e v alues among M [0 ; j ],

j 2 S ;

g f = g f + sig n � 1 = (1 � t

d

1

)(1 � t

d

2

) � � � (1 � t

d

l

);

end U pdate

The main recursion for the c = 0 case that generates the ternary tree consists

of the basic steps giv en in Figure 4.

The n um b er of lea v es in the generated ternary tree is exp onen tial in n =

P

f a

i

g

j a

i

j , where f a

i

g is the set of co e�cien ts describing the set of Diophan tine

equations. The depth of recursion can b e reduced somewhat, when the columns to

b e used are pic k ed carefully . It is also p ossible to prune the tree when the input

v ector c determines that there can b e no � -free terms resulting from the curren t

matrix (e.g., some ro w is all strictly p ositiv e or all negativ e with c = 0 , or the ro w

elemen ts are w eakly negativ e but the corresp onding c

i

is p ositiv e, etc.). F urther-

more, the set of co e�cien ts describing the Diophan tine system coming from an arra y

computation is not unique. T ranslating the p olyhedron, and omitting sup er
uous

constrain ts (i.e., not in their transitiv e reduction) reduces the algorithm's w ork.

Additional prepro cessing ma y b e p ossible (e.g., via some unitary transform).

The fact that the algorithm has w orst case exp onen tial running time is not

surprising ho w ev er; the simpler computation: \Are any pro cessors sc heduled for a

particular time step?", whic h is equiv alen t to \Is a particular co e�cien t of the series

expansion of the generating function non-zero?" is already kno wn to b e an NP-

complete problem [36 , 22 ]. This computational complexit y is further ameliorated

b y the observ ation that, since a form ula can b e automatically pro duced from the

generating function, it needs to b e constructed only once for a giv en algorithm. In

practice, arra y algorithms t ypically ha v e a description that is su�cien tly succinct

to mak e this automated form ula pro duction feasible.

T o summarize the main ideas of this pap er: giv en a nested lo op program whose

underlying computation dag has no des represen table as lattice p oin ts in a con v ex
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Program M ain [ M ]:

b egin

g f = 0;

M = M

initial

;

sig n = sig n

initial

= +1;

R ecur se [ M ; sig n ] :

b egin

if U nif or msig ned [ M ] then U pdate [ g f ; M ; sig n ] and return ;

else b egin

i = F ir stnonunif or m [ M ];

u = M inindex [ M ; i ];

v = M axindex [ M ; i ];

M

1

= Addcol umn [ M ; u; v ];

M

2

= Addcol umn [ M ; v ; u ];

M

3

= Z apcol umn [ M

1

; v ];

R ecur se [ M

1

; sig n ];

R ecur se [ M

2

; sig n ];

R ecur se [ M

3

; � sig n ];

end ;

end R ecur se ;

end M ain

Figure 4: Basic description of the algorithm for c = 0 .

p olyhedron, and a m ultipro cessor sc hedule for these no des that is linear in the lo op

indices, w e pro duce a form ula for the n um b er of lattice p oin ts in the con v ex p oly-

hedron that are sc heduled for a particular time step (whic h is a lo w er b ound on the

n um b er of pro cessors needed to satisfy the sc hedule). This is done b y constructing

a system of parametric linear Diophan tine equations whose solutions represen t the

lattice p oin ts of in terest. Our principal con tribution is devising an algorithm and

its implemen tation for constructing the generating function from whic h a form ula

for the n um b er of these solutions is pro duced.

Sev eral examples illustrated the relationship b et w een nested lo op programs and

Diophan tine equations, and w ere annotated with the output of a Mathematica pro-

gram that implemen ts the algorithm. The algorithmic relationship b et w een the

Diophan tine equations and the generating function w as illustrated with a simple

example. Pro of of the algorithm's correctness w as sk etc hed while illustrating its

steps. The algorithm's exp onen tial computational complexit y should b e seen in

ligh t of t w o facts:

� Deciding if a time step has any no des asso ciated with it is NP-complete; w e
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construct a formula for the n um b er of suc h no des;

� This form ula is a pro cessor lo w er b ound, not just for one instance of a sc hed-

uled computation but for a parameterized family of suc h computations.

In b ounding the n um b er of pro cessors needed to satisfy a linear m ultipro cessor

sc hedule for a nested lo op program, w e actually deriv ed a solution to a more gen-

eral linear Diophan tine problem of the t yp e giv en b y (8). This lea v es op en some

in teresting com binatorial questions of rationalit y and asso ciated algorithm design:

e.g. the analogue of (23) when the righ t hand side of the system in (8) consists of

higher degree p olynomials in n .
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