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ABSTRACT

We giv e a bijective proof that the number of vertex labeled q-trees onn vertices is given by




n

q



[ q n − q2 + 1 ] n − q − 2 .

The bijection transforms each pair( S , f ) where S is a q-element subset of ann-set, and f is a

function mapping an( n − q − 2 )-set to a ( q n − q2 + 1 )-set into a labeledq-tree on n nodes by a cut-

and-paste process. As a special case,q = 1 yields a new bijective proof of Cayley’s formula for labeled

trees. The general bijection also provides for the enumeration of labeledq-trees in which a specified subset

of the vertices forms a clique.

1. INTRODUCTION

For each q ≥ 1 , the class of graphs calledq-trees is defined recursively as follows. The smallestq-

tree is the complete graphKq on q vertices. A q-tree with n > q vertices is obtained from aq-tree H

on n − 1 vertices by introducing a new vertex v , which is connected to all the vertices of a complete

graph Kq in H . For q = 1 this recursion defines the class of trees, and thusq-trees are generalizations

of ordinary trees. We will denote by C q
n the set oflabeled q-trees onn nodes. Cayley [5] was the first to

enumerateC1
n :

C1
n = nn−2 . 1.1

In his honor, labeled 1-trees are sometimes referred to as Cayley trees. There are a number of analytic

proofs of this famous formula in the literature, and a collection of these appears in Moon [13]. Prufer [15]

was the first to provide a bijective proof of 1.1 , and in 1981, Joyal constructed an elegant encoding for bi-

rooted Cayley trees from which 1.1follows [12]. More recently in 1986, a class of bijective proofs that

yields Cayley’s formula and the number of spanning trees of various other graphs as well, was given by
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Egecioglu and Remmel [9].

In the general case, the number of labeledq-trees onn > q + 1 nodes is given by

C q
n = 


n

q



[ q n − q2 + 1 ] n − q − 2 . 1.2

As an example, there are six labeled 2-trees on4 vertices as depicted in Figure 1. In this case there is only

one underlying 2-tree.

Figure 1

Some of the approaches to the proof of Cayley’s formula that appear in [13] such as the Lagrange

Inversion Formula have been applied to prove 1.2 for 2-trees. Since the original proofs involve rather com-

plicated combinatorial analyses, the computations are difficult to generalize to arbitrary dimensional case.

In 1969, Beineke and Pippert [3] extended Dziobek’s proof [8] of Cayley’s formula to prove 1.2 for arbi-

trary q . This approach relies on an identity derived from one of Abel’s formulas [1]. Later, using some-

what different methods, Moon in [14] generalized Clarke’s inductive proof [7] for the q = 1 case and gav e

another analytic proof of1.2 . A summary of the various approaches for the proof of1.2 for the case

q = 2 can be found in [2]. However, none of the known proofs for the number of labeledq-trees in the

general case is bijective, even though the right hand side of1.2 hasan easy combinatorial interpretation:

Let Kq and Kq+1 denote the number of complete graphsKq and Kq+1 contained in aq-tree

on n nodes, respectively. It is easy to show by induction that Kq = q n − q2 + 1 and Kq+1 = n − q .

Hence 1.2 canbe written in the form




n

q



Kq
Kq+1 − 2 1.3

Thus the right hand side of1.2 canbe interpreted as enumerating the number of pairs( S , f ) where S

is a q-element subset of ann-set, and f is a function mapping an( Kq+1 − 2 )-set to a Kq -set.

In this paper we present a bijective proof of 1.3 for the number of labeledq-trees. Our method

makes use of the Egecioglu-Remmel (ER) bijection for Cayley trees to construct a bijection between the
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pairs (S , f ) and C q
n . In our bijection, such functionsf are further decomposed roughly in the follow-

ing way: EachKq+1 which is a subgraph of a given q-tree G consists ofq + 1 "faces" which areKq ’s.

One of these faces will be fixed for all but one of theKq+1 ’s in G . As Kq = q Kq+1 + 1 , f will be

interpreted as dictating how these n − q Kq+1 ’s should be glued together along their faces to formG .

The actual gluing process is accomplished by resorting to the ER bijection for Cayley trees. Itis interesting

to note that even though we start with a bijection for Cayley trees as the point of departure, our proof for

the general case specialized toq = 1 yields yet another bijection for the number of Cayley trees different

from the ER bijection.

As is the case with most bijective proofs, we gain extra information about the underlying combinato-

rial objects by considering the special properties of the bijection. In this instance, we obtain enumerative

results of the following kind:

Suppose { i , j , k } ⊂ { 1  ,  2  ,  . . .  ,n } . Then

(i) the number of 2-trees on n nodes in which the vertices i and j are adjacent is








n

2



− 


n − 2

2







[ 2 n − 3 ] n − 4 = ( 2 n − 3 )n − 3 ,

(ii) the number of 2-trees on n nodes in which the vertices i ,  j , and k form a triangle is

3 ( 2n − 3 )n − 4 .

(iii) the number of Cayley trees on n nodes in which the vertices i and j are adjacent is

2 n n − 3 . 3.5

We giv e the general form of the above formulas for arbitraryq and a subset ofm labels (Corollary

4.1) as well:

The number of labeled q-trees on n > q + 1 nodes in which the vertices

v1 , v2 , . . .  , vm ∈ { 1  ,  2  ,  . . .  ,n } form a clique is





q+1−m

i = 0
Σ ( q + 1 − i ) 


n + i − q − 2

i







× ( n q − q2 + 1 )n − q − 2 .

The outline of this paper is as follows. In section 2 we reproduce the ER bijection(the θ n

bijection in [9]) for the number of Cayley trees and present requisite terminology concerningq-

trees. Insection 3, we construct our bijection for the cases of labeled 2-trees and Cayley trees. The

description of the bijection for arbitraryq is presented in Section 4.

2. PRELIMIN ARIES
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2.1 ERbijection for Cayley trees

For completeness we reproduce here theθ n bijection for Cayley trees that appears in [9].

Denote byCn the set of Cayley trees on n nodes rooted at the largest labeled noden . Fur-

thermore, we orient each edge{ i , j } of a Cayley tree in Cn by directing it toward the root.

Clearly, Cn = C1
n . Next, let Fn denote the set of functions from{ 2  ,  . . .  , n − 1 }  into

{ 1  ,  . . .  , n } .  The bijection θ n between Cn and Fn is most easily described by referring to an

explicit example.

Supposen = 21 and f ∈ F21 is given by the following table

i f ( i ) i f ( i ) i f ( i ) i f ( i )

2 5  7  7 12 20 17 16

3 4  8 12 13 19 18 6

4 5  9  1 14 19 19 7

5 3 10 4 15 6 20 12

6 21 11 4 16 1

We can view f as a directed graph with vertex set { 1 , .. .  ,  21 }  by putting an edge fromi to j

if f (i) = j . For example, the digraph forf given above is pictured in Figure 2.

Figure 2

A moment’s thought will convince one that in general, the digraph corresponding to an

f : { 2 , . . .  , n − 1 } → { 1  ,  . . .  , n } w ill consist of two trees rooted at1 and n , respectively, with
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all edges directed toward their roots plus a number of directed cycles of length≥ 1 where for each

vertex v on a given cycle, there is possibly a tree attached tov with v as the root and all edges

directed toward v . Note that there are trees rooted at1 and n due to the fact that1 and n are

not in the domain of f , so that there are no directed edges out of1 or n . Note also that cycles of

length one or loops simply correspond to fixed points off .

As in Figure 2, we imagine the directed graph corresponding tof ∈ Fn is drawn so that

(a) thetrees rooted at1 and n are drawn on the extreme left and extreme right respectively with

their edges directed upwards,

(b) thecycles are drawn so that their vertices form a directed path on the line between1 and n

with one backedge above the line and the tree attached to any vertex on a cycle is drawn below

the line between1 and n with edges directed upwards,

(c) eachcycle is arranged so that its smallest element is on the right and the cycles themselves are

ordered from left to right by increasing smallest elements.

Once the directed graph forf is drawn as above, let us refer to the rightmost element in the

i th cycle as ri and the leftmost element in thei th cycle as li . Thus for the f given above,

l1 = 4 , r1 = 3 , l2 = r2 = 7 , l3 = 20 , and r3 = 12 . Once an f ∈ Fn is drawn in this manner, it

is easy to describe the bijectionθ n ( f ) .  That is, if the directed graph off has k cycles where

k > 0 ,  we simply eliminate the backedges ri → li for i = 1 , .. .  , k and add the edges1 → l1 ,

r1 → l2 , r2 → l3 , . . .  , rk → n . For example, in Figure 2, we eliminate the backedges 3→ 4 ,

7 → 7 ,  12 → 20 andadd the edges1 → 4 ,  3→ 7 ,  7→ 20 , and 12→ 21 whichare dotted

for emphasis. If there are no cycles in the directed graph off , i.e., k = 0 ,  then we simply add the

edge 1→ n .

Note that it is immediate thatθ n is a bijection betweenFn and Cn since given any Cayley

tree T ∈ Cn , we can easily recover the directed graph off ∈ Fn such thatθ n ( f ) = T . The key

point here is that by our conventions for the ordering of the cycles off , it is easy to recover the

sequence of nodesr1 , r2 , . . .  , rk since r1 is the smallest element on the path between1 and n ,

r2 is the smallest element on the path betweenr1 and n , etc., and clearly, knowing

r1 , r2 , . . .  , rk allows us to recover f from T .

Now we hav e that θ n : Fn → Cn is a bijection so that we arrive at Cayley’s formula

nn−2 = Fn = C1
n .

2.2 Definitionsand some properties of q-trees

The following definitions which are analogues of the notions of an ordinary path, walk, etc. in

a simple graph G are similar to but slightly different from those introduced by Beineke and Pippert

[4], Harary and Palmer [11] and Winkler [16]. We will consider sequences ofKq ’s and Kq+1 ’s to go

from one Kq+1 subgraph of aq-tree to anotherKq+1 subgraph. More precisely, we define a

q − walk π in a simple graph as an alternating sequence ofKq+1 ’s and Kq ’s



-6-

π = ( σ0 , ρ1 , σ1 , . . .  , σ n−1 , ρ n , σ n )

starting and ending withKq+1 ’s σ0 and σ n , such that eachKq+1 graph σ i contains ρ i−1 and

ρ i as distinct Kq ’s. n is the length ofπ . A q − path is a q-walk where all the graphs in the

sequence are distinct. In this case we say that the two Kq+1 ’s σ0 and σ n are joined by aq-path.

Figure 3 depicts a 2-tree on12 nodes.Denoting edges and triangles by the labels of their respective

vertices, the sequence( 6 7 9  ,  6 9  ,  3 6 9  ,  3 6  ,  3 5 6  ,  3 5  ,  3 5 8 )is a 2-path of length three joining

the triangles6 7 9  and 35 8  .

Figure 3

A q-walk is a q − circuit if its length is at least three,σ0 = σ n , and all other elements in the

sequence are distinct.

We shall make use of the following property ofq-trees.

If G is a q-tree, then every pair of Kq+1 ’s in G  are joined by a unique q-path. In particu-

lar G contains no q-circuits.

The proof of this follows from a similar result of Beineke and Pippert [4] and will be omitted.

Next, we need the notion of aq-path connecting two vertices instead of two Kq+1 ’s in a q-

tree. Inorder to distinguish this type of a path between vertices from aq-path which joins two

Kq+1 ’s, we will refer to them asq − trails .

Definition Suppose vi and v j are two nonadjacent vertices of a q-tree. A q-trail between vi

and v j is a q-path π = ( σ i , ρ1 , σ1 , . . .  , σ k−1 , ρ k , σ j ) such that vi belongs to σ i , v j

belongs to σ j , and neither vi nor v j belongs to any other graph in the sequence.

For example , the 2-path depicted in Figure 3 constitutes a2-trail between the vertices 7 and

8 . Since a vertex may belong to more than oneKq+1 , it is not evident from the definition above that

a q-trail between two vertices is unique. We next prove

Lemma 2.1 Suppose vi and v j are two nonadjacent vertices of a q-tree G. Then there is a

unique q-trail between vi and v j .
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Proof

We proceed by contradiction. Suppose there are two distinct q-trails

π 1 = ( σ 1
i , ρ1

1 , σ 1
1 , . . .  , σ 1

k−1 , ρ1
k , σ 1

j )

π 2 = ( σ 2
i , ρ2

1 , σ 2
1 , . . .  , σ 2

l−1 , ρ2
l , σ 2

j )

between vi and v j . Since there is a uniqueq-path between any pair of Kq+1 ’s in a q-tree, we

have that σ 1
i ≠ σ 2

i or σ 1
j ≠ σ 2

j . Let NG( vi ) and NG( v j ) denote the subgraphs induced by the

neighborhoods ofvi and v j respectively. Let Hi be the subgraph induced byNG( vi ) ∪ vi and

let H j be the subgraph induced byNG( v j ) ∪ v j . Then both NG( vi ) and NG( v j ) are

(q − 1)-trees [10], and therefore by Corollary 3 of [6], the subgraphsHi and H j are themselves

q-trees. Assuch, there isq-path τ i between theKq+1 ’s σ 1
i and σ 2

i that lies entirely in Hi .

Similarly, there is q-path τ j between theKq+1 ’s σ 1
j and σ 2

j that lies entirely inH j . Since vi

and v j are not adjacent, the sequence( τ i , π 2 , τ j , π 1 ) (where τ 2 and π 1 are traversed in the

opposite direction), forms aq-circuit in G , which is a contradiction.•.

Note that the idea of aq-trail between two vertices vi and v j of a q-tree can be modified

slightly to define the notion of aq-path joining a vertex vi and a Kq+1 subgraphσ k . Here we

require thatvi belong only to the firstKq+1 = σ i in the q-path

( σ i , ρ1 , σ1 , . . .  , σ k−1 , ρ k , σ k )

joining σ i and σ k . From our arguments above, it is not difficult to see that there exists a uniqueq-

path joining a vertex vi and any Kq+1 that does not containvi . As an example, the sequence

( 6 7 9  ,  6 9  ,  3 6 9  ,  3 6  ,  3 5 6  ,  3 5  ,  3 5 8 )is the 2-path in the2-tree pictured in Figure 3 which

joins vertex 7 to triangle 35 8  .

In analogy with the notion of external nodes of an ordinary tree, aleaf in a q-tree G is

defined as a vertex of degree q . It is not difficult to prove that any q-tree G on n ≥ q + 1 vertices

contains at least two leaves [6] , [10]. From this fact it follows that any clique K in a q-tree T

with n > q nodes is contained in at least one clique of sizeq + 1 .

An acyclic orientation of a simple loopless graphG is an assignment of a direction to each of

the edges ofG in such a way that no directed cycles are formed. By abuse of language, we will call

a complete graphKq+1 simply oriented if it is equipped with an acyclic orientation. Clearly, this is

equivalent to putting a total order on the vertices ofKq+1 . We let the unique vertex with no outgoing

edges (i.e. asink in digraph terminology) correspond to the smallest element in this total order. Giv en

an orientedKq+1 , this total order definesq + 1 faces where the i th face is the orientedKq sub-

graph of Kq+1 induced by all the vertices except thei th smallest one. Given an oriented Kq+1 , its

largest face will be referred to as thetop or thetop face. In other words, the top face of an oriented

Kq+1 is the Kq induced by all the vertices minus the uniquesource (i.e. no incoming edges) vertex

in Kq+1 . Figure 4 illustrates these notions forq + 1 = 4 .
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Figure 4

As an extension of the above definition, a q-tree with an acyclic orientation will be referred to

as anoriented q-tree. It will be useful to single out the following types of orientedq-trees for our

purposes: An orientedq-tree will be referred to aswell-oriented q-tree if it belongs to the class of

graphs defined by the following recursive definition

i) Thesmallest well-orientedq-tree is an orientedKq+1 ,

ii) An oriented q-tree on n > q + 1 vertices is well-oriented if all of its leaves are sources

and there exists a leaf vertex whose removal results in a well-orientedq-tree.

Note that there is exactly one well-orientedq-tree on q + 2 nodes. It is obtained by attaching a

source to all the vertices in the top face ofKq+1 .

Figure 5

3. BIJECTIONS FOR 2-TREES AND CAYLEY TREES

3.1 The 2-tree bijection

In this section we describe our bijectionΘ2
n for 1.3 for 2-trees.This bijection is constructed

in two phases. Firstwe give a combinatorial interpretation to functionsf mapping an(n − 4) -set

to a (2 n − 3) -setin terms of triangle labeledq-trees. Then we show how to obtain labeled2-trees

from this class if we are given a  2-subset of ann-set. We shall call the first intermediate bijection

Ω2
n and the second oneΓ2

n . Thus the actual bijectionΘ2
n will be the compositionΓ2

n Ω2
n .

Note that for the caseq = 2 , Kq ’s become edges andKq+1 ’s become triangles. Suppose we

are considering 2-trees onn > 3  nodes. Aswe have remarked before, the right hand side of1.3

can now be written in the form




n

2



( 2 K3 + 1 ) K3 − 2 = 


n

2



[ 2 ( n − 2 ) + 1 ] n − 4 3.1

Let F2
n denote the collection of all functions from the set{ 2  ,  3  ,  . . .  ,n − 3 }  into the set of pairs

{ 1  ,  2  ,  . . .  ,n − 2 } × { 1  ,  2 } ∪ { ( n − 2 , 3) } . Clearly,

F2
n = [ 2 ( n − 2 ) + 1 ] n − 4 . 3.2
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We shall interpret the numerals in the domain of such a functionf as oriented triangles

2 , 3 , .. .  , n − 3 contained in the collection pictured in Figure 6.

Figure 6

Note that in this case, the faces of thei th triangle have the following order

Figure 7

Our first task will be to construct fromf a well-oriented 2-treewhich we shall denote by

Ω2
n ( f ) ,  in which each triangle is labeled instead of the vertices. To this end, we first construct the

weighted functional digraph of f ∈ F2
n on the triangles given in Figure 6 as vertices, in the follow-

ing manner: if f ( i ) = ( j , k ) ,  then we put an edge from thei th triangle to the j th triangle with

weight k . As an example, supposen = 22 and f is given by the following table

i f ( i ) i f ( i ) i f ( i ) i f ( i )

2 (5 , 1 )  7  ( 12 , 2 )  12 (20 , 1 ) 17 (16 , 2 )

3 (4 , 2 )  8  ( 12 , 1 )  13 (19 , 1 ) 18 (6 , 1 )

4 (5 , 2 )  9 ( 1 , 2 )  14 (19 , 2 ) 19 (20 , 3 )

5 (3 , 1 )  10 (4 , 2 )  15 (6 , 2 )

6 (7 , 1 )  11 (4 , 1 )  16 (1 , 1 )

The corresponding weighted functional digraph is pictured in Figure 8.
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Figure 8

Similar to the construction involved in the ER bijection, the weighted functional digraph of an

f ∈ F2
n will consist of two trees rooted at the triangle1 and the trianglen − 2 ,  respectively, with

all edges directed towards their roots plus a number of directed cycles where for each vertex v on a

given cycle, there may be a tree attached tov with v as the root and the edges directed toward v .

Following the ER bijection, we imagine that the weighted functional digraph off is drawn as in

Figure 8 so that

(a) thetrees rooted at1 and n − 2 are drawn on the extreme left and extreme right respectively

with their edges directed upwards,

(b) thecycles are drawn so that their vertices form a directed path on the line between1 and

n − 2 with one backedge above the line and the tree attached to any vertex on a cycle is drawn

below the line between1 and n − 2 with edges directed upwards,

(c) eachcycle is arranged so that its smallest element is on the right and the cycles themselves are

ordered from left to right by increasing smallest elements.

Once the weighted digraph off ∈ F2
n is drawn as above, let us refer to the rightmost element in the

i th cycle asri and the leftmost element in thei th cycle as li . Thus for the f given above, we

have only one cycle and thusl1 = 4 , r1 = 3 .  Now if the weighted functional digraph off has k

cycles where k > 0 ,  we simply eliminate the backedges ri → li for i = 1 , .. .  , k and add the

edges 1→ l1 , r1 → l2 , r2 → l3 , . . .  , rk → n − 2 .  The weight of a backedge (ri , li ) is

assigned to the newly added edgepreceding it. The last edge added betweenrk → n − 2 always has

weight 3. For example, in Figure 8, we eliminate the backedge 3→ 4 ,  and add the edges1 → 4

and 3→ 20 ,with weights 2 and 3, respectively. If there are no cycles in the weighted functional

digraph of f , i.e., k = 0 , then we simply add the edge 1→ n − 2 with weight 3 .

Now the weights on the edges are made use of as follows: if there is a directed edge between

the triangles i and j with weight k , then we identify the top face of thei th triangle with the

k th face of the j th triangle. For the example above, this identification phase results in the ori-

ented, triangle labeled 2-treeΩ2
22 ( f ) pictured in Figure 9.
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Figure 9

By our construction, it is not difficult to see that in general, the resulting oriented2-tree

Ω2
n ( f ) is well-oriented. However, the triangles labeled1 and n − 2 are not arbitrary. In fact,

again by our identification process, in the 2-path

π = ( 1 , ρ1 , σ1 , . . .  , σ k−1 , ρ k , n − 2 )

joining the triangles1 and n − 2 in Ω2
n ( f ) ,  the edge ρ1 is the top face of triangle1 and the

edge ρ k is the top face of trianglen − 2 .  The edge ρ k in this path π will play a special role

later. We will refer to it as thebase of Ω2
n ( f ) .  Let us denote all well-oriented, triangle labeled

2-trees onn nodes in which the2-path between the triangles1 and n − 2 has the property above

by W 2
n . Giv en a T ∈ W 2

n , we can easily recover the function f ∈ F2
n such thatΩ2

n ( f ) = T . By

our conventions of ordering the cycles off , it is easy to recover the sequence of vertices

r1 , r2 , . . .  , rk which are the smallest elements on the directed cycles off as in the ER bijection.

This is becauser1 is the smallest element on the 2-path between triangle1 and triangle n − 2 , r2

is the smallest element on the 2-path betweenr1 and n − 2 ,  etc., and knowing r1 , r2 , . . ,  , rk

allows us to recover the structure of the functional digraph off . The weights on the edges can then

be read off f rom the way the identifications are made since the tail of a directed edge(i , j) always

emanates from the top face of trianglei . Instead of reworking the above example we gav eback-

wards, we present in Figure 10,[ 2 (5 − 2) + 1 ] 5 − 4 = 7 elements of W 2
5 and the corresponding

functions f1 , . . .  , f7 in F2
n under the bijection Ω2

5 , along with their weighted functional

digraphs.
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Figure 10

In the light of the construction described above , we hav e

Lemma 3.1 Ω2
n is a bijection between F2

n and W 2
n .

Now let S2
n denote the collection of2-subsets of{ 1  ,  2  ,  . . .  ,n } .  Our next task is to con-

struct a bijectionΓ2
n between the spaceS2

n × W 2
n and labeled 2-trees onn nodes,C2

n . The defi-

nition of Γ2
n depends on whether or not a given subset S ∈ S2

n contains the special elements1 or

n − 2 . We first consider the straightforward case in which neither1 nor n − 2 is in S = { i , j } :

Case I : S ∩ { 1  , n − 2 } = ∅

Recall that the path between triangle1 and triangle n − 2 meets the latter at the baseρ k

(which actually is the top face of trianglen − 2 since we are considering elements ofW 2
n ). Now we

assign the elementsi < j of S to the vertices of the base, according to the linear order that is dic-

tated. In other words, the smaller of the two elements i is assigned to the sink onρ k and the larger

element j is assigned to the source. After this, we first change the label of thei th triangle to

n − 1 ,  and the label of thej th triangle to n . Next, we "push" thelabels on the triangles away

from the edgeρ k to their source vertices. For example, the source vertex of the n − 2 triangle is

labeled n − 2 , then the vertices of the triangles sharing an edge with then − 2 triangle are labeled,

etc. Note that this process can be carried out because of the way that the elements ofW 2
n have been

constructed. Afterall the vertices have been labeled, we may disregard the orientation on the edges.

Using the previous example Ω2
22 ( f ) we hav e constructed (Figure 9) together with the subset

{ 3  ,  12 } ⊂ S2
22 , this process results in the labeled 2-tree depicted in Figure 11:
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Figure 11

Note that in Case 1, the vertices labeled1 and n − 2 in the resulting labeled2-tree are never adja-

cent. If S ∩ { 1  , n − 2 } ≠ ∅ , then the labeling process that we shall describe momentarily will

make sure that these two labels will be assigned to adjacent vertices. We need only to change the

relabeling process for the triangles. The labeling of the vertices themselves will then be carried out as

in Case 1.

Case II : S ∩ { 1  , n − 2 } ≠ ∅

This case is split into three subcases depending on whether or not

S ∩ { 1  , n − 2 } = { 1 }  ,  { n − 2 }  , or { 1 , n − 2 }  .

Subcase II A : S = { 1  , j } , j ≠ n − 2

As in Case I, assign the elements ofS as labels to the vertices of the base. Relabel tri-

angle j as n − 1 ,  triangle 1 as t = max { { n − 1 , n } − { j } }  . Thus triangle 1 is rela-

beled n − 1 or n depending on whether or notj = n or j < n , respectively. Now push the

triangle labels to their respective source vertices.

Subcase II B : S = { i , n − 2 }  , i ≠ 1

Assign the elements ofS as labels to the vertices of the base. Relabel trianglei as

n − 1 ,  triangle 1 as t = max { { n − 1 , n } − { i } }  , and triangle n − 2 as 1. Now push

the triangle labels to their respective source vertices.

Subcase II C : S = { 1  , n − 2 }

Assign the elements ofS as labels to the vertices of the base. Relabel triangle1 as

n − 1 , triangle n − 2 by n . Push the triangle labels to their respective source vertices.

The effect of these relabelings arising from Case II on the two special triangles1 and n − 2 (omit-

ting the relabelings of the rest of the triangles) before and after the labels are assigned is described

graphically in Figure 12.
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Figure 12

We shall now show that the correspondenceΓ2
n : S2

n × W 2
n → C2

n described above is

reversible.

Lemma 3.2 Γ2
n is a bijection between S2

n × W 2
n and C2

n .

Proof

Consider a labeled2-tree T ∈ C2
n . From T we shall construct a pair(S , T ′ ) ∈ S2

n × W 2
n

such thatΓ2
n ( S , T ′ ) = T . The construction is carried out according to whether or not the vertices

labeled 1 andn − 2 in T are adjacent. As we have remarked before, the first case here will corre-

spond to Case I of the construction ofΓ2
n .

Case 1 :1 and n − 2 are not adjacent in T

We look at the2-trail π joining vertex 1 to vertex n − 2 .  Suppose ρ k is the last edge on

π (this will be our base edge) andi < j are the labels on the endpoints ofρ k . Then we perform

the following operations

(i) orient ρ k from j to i ,

(ii) "bump" thesetwo elements out and putS = { i , j } ,

(iii) reverse the process of"pushing" bysliding the labels of the vertices incident to the end-

points of edges that have already been oriented to the associated triangles while making

these vertices sources,

(iv) relabeltriangle n − 1 as i and trianglen as j .

If T ′ is the oriented, triangle labeled 2-tree that results in after the steps(i) - (iv) have been carried

out, then it is not difficult to see thatT ′ ∈ W 2
n and Γ2

n ( S , T ′ ) = T .

The second case we have to consider is when1 and n − 2 are adjacent vertices inT . We

will show that the pair(S , T ′) can be unambiguously reconstructed fromT . Since the orientation

and sliding the labels to the triangles follows the same pattern as Case 1 above, we shall only indicate

the relabeling of the triangles (and the extraction of the setS for clarity). Actually, in the following

case, only step (iv) above will be different.

Case 2 : 1 and n − 2 are adjacent in T

The subcases here are as follows:

Subcase 2 A : { 1  , n − 2 , n } is a triangle in T

Consider the 2-path from the vertex labeled n − 1 to the triangle formed by

{ 1  , n − 2 , n } .  By the correspondences in Figure 12, the labels of the vertices on the last

edge ρ k on this 2-path determine unambiguously one of the three Subcases II A, II B orII

C in the construction ofΓ2
n . As an example, if the labels on the endpoints ofρ k are



-15-

{ n − 2 , n } ,  then we see that we have to rev erse the transformation in Subcase II B. To do

this, we first apply steps(i) - (iii) as in Case 1 above. This gives an orientation to T and

yields S = { n − 2 , n } .  But in the application of step(iv) we relabel triangle1 as n − 2 ,

and trianglen − 1 as 1.

Subcase 2 B : { 1  , n − 2 , n } is not a triangle in T

Suppose at first that1 and n are not adjacent. If one of the labels on the last edgeρ k

on the 2-trail from n to 1 is n − 2 ,  then we reverse the steps according to Subcase II B.

Thus S = { i , n − 2 }  where i is the other label onρ k . In step (iv) then,we relabel trian-

gle n − 1 as i , triangle 1 asn − 2 ,  and triangle n as 1. If n − 2 is not a label onρ k ,

then we are in Subcase II A, but to find the base edge we consider the2-trail from n to

n − 2 . Note that this is well-defined since now n and n − 2 cannot be adjacent. In this case,

S = { 1  , j } ( where j is the label of the other vertex on the base) and step(iv) resultsin the

relabelings of the trianglesn − 1 by j and n by 1 .

If 1 and n are adjacent, thenn − 2 and n cannot be adjacent, and in this case we

reverse the transformation in Subcase II A.•

As a nontrivial example, Figure 13 depicts the pair( Γ2
12 )−1 ( T ) where T is the 2-tree on12

nodes given in Figure 3.

Figure 13

Combining Lemma 3.1 and Lemma 3.2, we have

Theorem 3.1The map Θ2
n = Ω2

n Γ2
n is a bijection between S2

n × F2
n and C2

n . Thus

C2
n = 


n

2



[ 2 n − 3 ] n − 4 .

Note that by the construction of the bijectionΘ2
n , the vertices labeled1 and n − 2 are adja-

cent in a 2-tree onn nodes if and only if S ∩ { 1  , n − 2 } ≠ ∅ . Similarly, the vertices

1 , n − 2 , n form a triangle in T exactly in the cases whereS = { 1  , n } ( Subcase IIA ),
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S = { n − 2 , n } ( Subcase IIB ), and S = { 1  , n − 2 }  (Subcase IIC ). Since we could have used

any three labels{ i , j , k } ⊂ { 1  ,  2  ,  . . .  ,n } t o play the role of1 , n − 2 , and n in the construc-

tion of Θ2
n , we immediately have

Corollary 3.1 Suppose { i , j , k } ⊂ { 1  ,  2  ,  . . .  ,n } . Then

i) the number of 2-trees on n nodes in which the vertices i and j are adjacent is








n

2



− 


n − 2

2







[ 2 n − 3 ] n − 4 = ( 2 n − 3 )n − 3 , 3.3

ii) the number of 2-trees on n nodes in which the vertices i ,  j , and k form a triangle

is

3 ( 2n − 3 )n − 4 . 3.4

3.2 TheCayley tree bijection

After defining the bijectionΘ2
n for labeled 2-trees, we now show how to use a similar con-

struction to arrive at a bijective proof of 1.1. Note that we are forced to interpret1.1 inthe form

C1
n = n n n − 3 ,

where the first factor n = 


n

1



corresponds to the selection of an element from the set

{ 1  ,  2  ,  . . .  ,n } ,  and the second factor enumeratesW 1
n . Clearly, the bijection Θ1

n will be rather

more complicated than the ER bijection, since it uses the ER bijection as a subprocedure. As we shall

indicate in the next section, both of these constructions forq = 2 and q = 1 are special cases of the

bijection Θq
n for q-trees, but the elegant bijective proofs that exist for the proof of1.1 donot seem

to generalize to arbitraryq . Hence even though bijectionΘ1
n is natural in the setting ofq-trees, it

probably is not the easiest bijection if we are only interested in Cayley trees.

Let now F1
n denote the collection of all functions from the set{ 2  ,  3  ,  . . .  ,n − 2 }  into the

set of pairs{ 1  ,  2  ,  . . .  ,n − 1 } × { 1 } ∪ { ( n − 1 , 2) } . Clearly,

F1
n = n n − 3 .

Since the construction ofΘ1
n is quite similar to the construction ofΘ2

n , we shall simply outline the

bijections Ω1
n and Γ1

n without going into too much detail, and illustrate these bijections on an

example. First,however, we interpret the numerals2 , 3 , .. .  , n − 2 in the domain of F1
n as ori-

ented edges as in Figure 14, since in this caseKq+1 ’s are simply edges.
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Figure 14

Here the faces of thei th edge have the following order

Figure 15

The weighted functional digraph of anf ∈ F1
n has the oriented edges in Figure 14 as its ver-

tex set. We again put an arc from edge numberedi to edge numberedj with weight k if

f (i) = ( j , k) .  In this case the only arcs with weight2 point to the edgen − 1 and all the other

weights are1 . We draw the weighted functional digraph off as in the ER bijection. Thus the tree

with root 1 appears at the extreme left, the one with rootn − 1 appears at the extreme right, and

the remaining components are drawn with the smallest element on each cycle on the right. The cycles

themselves are ordered with increasing smallest elements. Breaking the backedges, adding the neces-

sary edges between the cycles as in the ER bijection, and then performing the identifications results

in a well-oriented, edge labeled 1-treeT ′ = Ω1
n ( f ) .

The construction of Γ1
n is similar to the construction of Γ2

n . Giv en a pair

(S , T ′) ∈ S1
n × W 1

n , with S = { i } ,  we distinguish between the special cases wherei ≠ 1 , n − 1 ,

i = 1 , and i = n − 1 .

Case a : i ≠ 1 , n − 1

In this case, we consider the path from edge1 to edge n − 1 . Here the base is simply the top

of the edgen − 1 .  At this point this vertex is assigned the labeli , and the edgei is relabeled as

n . Then we push the labels on the edges to the source vertices on the edges.Now discarding the

orientations on the arcs results in a Cayley tree T . Note that in this case the vertices 1 andn − 1

can never be adjacent in T .

Case b : i = 1

We proceed as in Case a up to the point where the edges are relabeled.Here we relabel edge

1 as n . Note that in the resulting Cayley tree T , vertices 1 andn − 1 are adjacent and1 lies on

the path fromn to n − 1 .

Case c : i = n − 1

Again we proceed as in Case a up to the point where the edges are relabeled.In this case,

edge 1 isrelabeled asn , and edgen − 1 is relabeled as1 . Note that in the resulting Cayley tree

T , 1 and n − 1 are adjacent and that vertexn − 1 lies on the path fromn to 1 .
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The three cases above define the correspondenceΓ1
n . Because of the distinguishing features

of each of these cases, it is not difficult to verify that Γ1
n is a bijection. Thus Θ1

n = Ω1
n Γ1

n is a

bijection betweenS1
n × F1

n and Cayley trees and we have arrived at Cayley’s formula in an alternate

way.

We illustrate the above construction on an example. Considerthe following function

f ∈ F1
21 .

i f ( i ) i f ( i ) i f ( i ) i f ( i )

2 (5 , 1 )  7  ( 12 , 1 )  12 (20 , 1 ) 17 (16 , 1 )

3 (4 , 1 )  8  ( 12 , 1 )  13 (19 , 1 ) 18 (6 , 1 )

4 (5 , 1 )  9 ( 1 , 1 )  14 (19 , 1 ) 19 (20 , 2 )

5 (3 , 1 )  10 (4 , 1 )  15 (6 , 1 )

6 (7 , 1 )  11 (4 , 1 )  16 (1 , 1 )

The corresponding weighted functional digraph off and Ω1
21 ( f ) ∈ W 1

21 are pictured in Figure

16. For S = { 7 }  , the resulting Cayley tree Θ1
21 ( { 7 }  , f ) is identical to the Cayley tree depicted

in Figure 2.
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Figure 16

We leave it to the reader to verify that if we take S = { 20 }  (Case c above), then Θ1
21 ( { 20 }  , f )

is the Cayley tree in Figure 17.

Figure 17

Note that the argument given for the proof of Corollary 3.1is valid for the bijectionΘ1
n as

well. In other words, only wheni = 1 (Case b ), andi = n − 1 (Case c ) the labels1 and n − 1

turn out to be adjacent in the resulting tree. Since any two labels i and j can play the role of1

and n − 1 in the definition of Θ1
n , we hav ethe following version of Corollary 3.1 for Cayley trees:

Corollary 3.2 Suppose { i , j } ⊂ { 1  ,  2  ,  . . .  ,n } . Then the number of Cayley trees on n nodes

in which the vertices i and j are adjacent is

2 n n − 3 . 3.5

Note that by the ER bijection, 3.5 also counts the number of cycle-free functions mapping

{ 2 , 3 , .. .  , n − 1} into { 1 , 2 , .. .  , n } .

4. THE q-TREE BIJECTION

Now we are in a position to describe our bijectionΘq
n for arbitrary q . Let F q

n denote the

collection of all functions f mapping {2 , 3 , .. .  , n − q − 1 }  into the set of pairs

{ 1  ,  2  ,  . . .  ,n − q } × { 1  ,  2  ,  . . .  ,q } ∪ { ( n − q , q + 1 ) }  . We hav e

F q
n = [ q (n − q) + 1] n − q − 2 .
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Let S q
n and W q

n denote the family ofq-subsets of the set{ 1  ,  2  ,  . . .  ,n } and the collec-

tion of well-oriented, Kq+1 labeled q-trees on n nodes, respectively. As in the special cases we

have considered before,Θq
n will be constructed as the composition of two bijections Ωq

n and Γ q
n :

Θq
n : S q

n × F q
n − − − − −→ S q

n × W q
n − − − − − −→ C q

n

Ωq
n Γq

n

where Ωq
n : F q

n → W q
n .

The construction of the bijectionΩ q
n is similar to theq = 2 case. Thus, we first interpret the

numerals in the domain off ∈ F q
n as contained inn − q oriented Kq+1 ’s σ1 , σ2 , . . .  , σ n−q .

Using theseσ i ’s as the vertex set, the weighted functional digraph off is constructed by putting an

edge betweenσ i and σ j with weight k if f (i) = ( j , k) .  The resulting digraph is then drawn in

the manner of the ER bijection. In this way a tree with root1 appears at the extreme left, the one

with root n − q appears at the extreme right, and the remaining components are drawn with the

smallest elementri on each cycle on the right. The cycles themselves are ordered with increasing

order of the ri ’s. After the backedges are broken and the necessary edges between the cycles added

exactly as in the case of the construction ofΩ2
n bijection, the identification of faces are made as dic-

tated by the weights. This results in an elementT ′ ∈ W q
n .

Conversely, giv en a T ′ ∈ W q
n , we consider the q-path from σ1 to σ n−q in T ′ . The last

Kq on this q-path, say ρ k is then the base and this gives us the top face ofσ n−q . Furthermore,

from the σ i ’s on this path, it is easy to recover the sequencer1 , r2 , . . .  , rk which will form the

smallest elements on the cycles of f . Also note that the orientation ofT ′ produces the weight

between σ i and σ j sharing a common face. Hencewe can recover f ∈ F q
n such that

Ωq
n ( f ) = T ′ . Thus Ωq

n is a bijection.

The construction of theΓ q
n bijection also follows closely the q = 2 case. Suppose

( S , T ′ ) ∈ S q
n × W q

n is given. Put A = { n − q + 1 , n − q + 2 , .. .  , n } .  Note that the elements of

A are exactly those among{ 1  ,  2  ,  . . .  ,n } t hat do not appear as labels ofKq+1 ’s in T ′ .

Consider theq-path joining σ1 to σ n−q in T ′ . Recall that ρ k , which is the lastKq on

this q-path is the base, and it forms the top face ofσ n−q . At this point, the construction of

Γ q
n ( S , T ′ ) will consist of roughly the following steps:

(1) Assignthe labels in the setS to the vertices of the base, according to the linear order

dictated by its orientation.

(2) Now possibly some of the labels that appear on the base also appear as labels ofKq+1 ’s

in T ′ . Thus we need to incorporate the missing labelsA − S by relabeling theKq+1 ’s

whose labels already appear inS . Having done this, we push the labels on theKq+1 ’s

to their source vertices. Note that this process is well-defined because of the way ele-

ments of W q
n have been constructed. The resulting labeledq-tree (afterthe orientation
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is ignored) isT = Γ q
n ( S , T ′ ) .

The difficult part in the above procedure is the relabeling phase in(2) above. We hav e to

make sure that it will be possible to distinguish the base of a given T ∈ C q
n in order to recover

unambiguously the corresponding pair (S , T ′ ) that gives rise to T .

As in the special casesq = 1 and q = 2 ,  we need to consider the situations in which

S ∩ { 1  , n − q } = ∅ and S ∩ { 1  , n − q } ≠ ∅ . In each case, we shall indicate how the relabel-

ing is to be carried out. The following notation will be convenient for our description : By an assign-

ment symbol of the formX : = Y where X , Y ⊂ { 1  ,  2  ,  . . .  ,n } and X = Y , we shall

mean that all of theσ i ’s for i ∈ X are to be relabeled by the elements of the setY , following the

original order. In other words, if X = { x1 , x2 , . . .  , xk } and Y = { y1 , y2 , . . .  , yk } w ith

x1 < x2 < . . . < xk , y1 < y2 < . . . < yk then after the relabelingσ x1
, σ x2

, . . .  , σ xk
will become

σ y1
, σ y2

, . . .  , σ yk
. The two different cases are treated as follows:

Case I : S ∩ { 1  , n − q } = ∅

S − A : = A − S .

Note that if T ∈ C q
n is obtained as a result of Case I, then the vertices 1 andn − q cannot be adja-

cent in T . Our construction will guarantee that in Case II below, these two vertices will always end

up adjacent in the resultingq-tree.

Case II : S ∩ { 1  , n − q } ≠ ∅

This case is split into three subcases depending on whether or not

S ∩ { 1  , n − q } = { 1 }  ,  { n − q } , or { 1 , n − q } .

Subcase II A : S ∩ { 1  , n − q } = { 1 }

STEP 1 : { 1 }  : = { t },

STEP 2 : S − A − { 1 }  : = A − S − { t } ,

where t = max (A − S ) .

Subcase II B : S ∩ { 1  , n − q } = { n − q }

STEP 1 : { 1 }  : = { t },

STEP 2 : { n − q } : = { 1 } ,

STEP 3 : S − A − { n − q } : = A − S − { t } ,

where t = max (A − S ) .

Subcase II C : S ∩ { 1  , n − q } = { 1  , n − q }

STEP 1 : { 1 }  : = { max (A − S ) } ,

STEP 2 : { n − q } : = { t },
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STEP 3 : S − A − { 1  , n − q } : = A − S − { t , max (A − S ) }  ,

where t = max (A − S − max (A − S ) )  .

The effect of these relabelings arising from Case II above on the two special Kq+1 ’s labeled 1

and n − q (omitting the relabelings of the rest of theKq+1 ’s) before and after the labels are

assigned is described symbolically in Figure 18.
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Figure 18

We note that after the relabeling is carried out in Case II , the labels

L = { 1  , n − q } ∪ { t + 1 , t + 2 , .. .  , n } 4.1

are assigned to the vertices of aKq+1 in T . Thus they form a clique of sizen − t + 2 in the

resulting q-tree. FurthermoreL ∪ { t } does not form a clique. Thus for Case II we have the char-

acterization

t = min { i { 1  , n − q } ∪ { i + 1 , i + 2 , .. .  , n } f orms a clique inT } .  4.2

We now show that the mapΓ q
n defined above is rev ersible. Given T ∈ C q

n , we can immedi-

ately distinguish between Case I and Case II by checking whether or not the vertices 1 andn − q

are adjacent inT . If they are, then we have to rev erse the labeling assigned in Case I.To this end,

first consider theq-trail joining vertex 1 to vertex n − q . Let ρ k be the lastKq on this q-trail.

We now perform the following operations as in theq = 2 case:

(i) orient the edges ofρ k as indicated by the vertices. Thus each edge{ i , j } w ith i < j

in ρ k is oriented from j to i .

(ii) "bump" thelabels on ρ k out. These form the setS .

(iii) reverse the process of"pushing" bysliding the labels of the nodes incident to the ver-

tices of Kq ’s that have already been oriented to the associatedKq+1 ’s while making

these vertices sources,

(iv) performthe relabeling ofKq+1 indicated byA − S : = S − A .

Now we assume that the vertices 1 andn − q are adjacent inT . Define t as in 4.2 andL

as in 4.1 . To reconstruct the pair( S , T ′ ) with Γ q
n ( S , T ′ ) = T , we first have to identify the

Kq that will function as the base. This can be accomplished as follows: Among all of theq-trails

joining vertex t to a vertex in L , there exists a unique one joiningt to some v ∈ L , say

( σ t , ρ1 , . . .  , σ k−1 , ρ k , σ v ) ,  such that all of the vertices L − { v } are contained in ρ k . The

uniqueness of such aq-trail (and such a vertex v ) is an easy consequence of Lemma 2.1. Note that

this vertex v immediately tells us which one of the three Subcases II A , II B , or II Cneeds to be

reversed. If v = n − q then we are in Subcase II A , ifv = 1 then we are in Subcase II B , otherwise

we are in Subcase II C . At this point, the steps (i) - (iii) above are performed verbatim. It is tedious

but straightforward to show that the relabelings given in each one of the three Subcases can then be

reversed to obtain (S , T ′ ) = ( Γ q
n )−1 (T ) .

Composing these two bijections we have
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Theorem 4.1 The map Θ q
n = Ωq

n Γ q
n is a bijection between S q

n × F q
n and C q

n .Thus

C q
n = 


n

q



[ q n − q2 + 1 ] n − q − 2 .

We now consider the generalizations of Corollaries3.1 and 3.2. The main observation is that

instead of the special labels1 and n − q , we could have used any two labels

{ i , j } ⊂ { 1  ,  2  ,  . . .  ,n } i n the construction ofΘ q
n . Furthermore, in the definition of the special

vertex t that is involved, the numerical values of the labels are not required. All that is needed is a

total order on the labels.

Since under our bijection the vertices 1 and n − q are adjacent if and only if

S ∩ { 1  , n − q } ≠ ∅ , we immediately obtain that the number of labeledq-trees on n nodes in

which vertices labeledi and j are adjacent is given by








n

q



− 


n − 2

q







[ q n − q2 + 1 ] n − q − 2 . 4.3

Actually our bijection tells us more. Suppose at first that we are interested in counting the num-

ber of q -trees on n vertices where for a given t ∈ { n − q + 1 , n − q + 2 , .. .  , n } ,  the vertices in

the set L in 4.1 forma clique of size n − t + 2 but L ∪ { t } does not form a clique. This count

depends solely on the nature of the setS and not on f ∈ F q
n that is involved in the construction.

More precisely, we need the count of the number of subsetsS ∈ S q
n such that

(1) S ∩ { 1  , n − q } = { 1 }  and max( A − S ) = t ,

(2) S ∩ { 1  , n − q } = { n − q } and max( A − S ) = t ,

(3) S ∩ { 1  , n − q } = { 1  , n − q } and max( A − S − max (A − S ) ) = t .

corresponding to the three Subcases involved in the construction ofΓ q
n , respectively. Here

A = { n − q + 1 , n − q + 2 , .. .  , n } as before. It is not difficult to verify that the number of

S ∈ S q
n satisfying the properties (1), (2), and (3) above are




t − 3

q − n + t − 1



, 


t − 3

q − n + t − 1



, ( n − t ) 


t − 3

q − n + t − 1



,

respectively. Thus the total number of such subsets is

( n − t + 2 )


t − 3

q − n + t − 1



. 4.4
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If we are interested in counting the number of subsets satisfying (1), (2), and (3) above where the

equality in the conditionsmax (A − S ) = t , and max( A − S − max (A − S ) ) = t is replaced by

≤ , we obtain the sum

n

i = n − q + 1
Σ ( n − t + 2 )


t − 3

q − n + t − 1



. 4.5

Note that for a given f ∈ F q
n , 4.5 enumeratesthe number of subsetsS ∈ S q

n for which the labels

{ 1  , n − q } ∪ { t + 1 , t + 2 , .. .  , n }

form a clique of sizen − t + 2 in Θq
n ( S , f ) .  By our remarks above, the selection of names for

the vertices is immaterial as long as they are totally ordered. Lettingm = n − t + 2 , we thus have

Corollary 4.1 The number of labeled q-trees on n > q + 1 nodes in which the vertices

v1 , v2 , . . .  , vm ∈ { 1  ,  2  ,  . . .  ,n } form a clique is





q+1−m

i = 0
Σ ( q + 1 − i ) 


n + i − q − 2

i







× ( n q − q2 + 1 )n − q − 2 .

Note that Corollaries3.1 and 3.2, as well as the formula given in 4.3 for m = 2 are special

cases of Corollary4.1 moduloroutine application of binomial identities.
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