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ABSTRACT

We gve a hjective poof that the number of vertéabeled g-trees onn vertices is gven by

gng

) n-q-2
DqD[qn q-+1]

The bijection transforms each p&iiS, f ) where S is a g-element subset of an-set, andf is a
function mapping an(n — q - 2)-set to a(qn — g + 1)-set into a labeledy-tree on n nodes by a cut-
and-paste process. As a special cage, 1 yields a ne bijective groof of Cayleg’s formula for labeled
trees. The general bijection also provides for the enumeration of laleiess in which a specified subset
of the vertices forms a clique.

1. INTRODUCTION

For each g = 1, the class of graphs calleg-trees is defined recuvay as follows. The smallesg-
tree is the complete grapk, on g vertices. A g-tree with n > g vertices is obtained from a-tree H
on n—1 vertices by introducing a mevertex v, which is connected to all the vertices of a complete
graph K, in H . For g=1 this recursion defines the class of trees, and tpiees are generalizations
of ordinary trees. \&will denote by CY the set ofabeled g-trees onn nodes. Cayle[5] was the first to

enumerateC} :
ICi|=n"2 . 11

In his honoy labeled 1-trees are sometimes referred to as Casdes. There are a number of analytic
proofs of this famous formula in the literature, and a collection of these appears in Moon [13]. Prufer [15]
was the first to provide a bijesté poof of 1.1, and in 1981, Joyal constructed agaieencoding for bi-
rooted Caylg trees from which 1.1follows [12]. More recently in 1986, a class of bijegtiproofs that

yields Caylg’'s formula and the number of spanning trees arfous other graphs as well, waseag by
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Egecioglu and Remmel [9].

In the general case, the number of labetpttees onn > g+ 1 nodes is gien by

anpQ —q-
q| = -2+ 1]"-a 2 . 12
As an example, there are six labeled 2-treeglovertices as depicted in Figure 1. In this case there is only

one underlying 2-tree.

Figure1

Some of the approaches to the proof of Cagldormula that appear in [13] such as the Lagrange
Inversion Formula hee been applied to pr@ 12 for2-trees. Since the original proofwvatve rather com-
plicated combinatorial analyses, the computations are difficult to generalize to arbitrary dimensional case.
In 1969, Beinek and Pippert [3] extended Dziobakiroof [8] of Cayle/’s formula to pree 12 for arbi-
trary q. This approach relies on an identity ded from one of Abeb formulas [1]. Later, using some-
what different methods, Moon in [14] generalized Cééslinductive proof [7] for the g =1 case and gve
another analytic proof ofL..2 . A summary of the various approaches for the proofla? forthe case
g =2 can be found in [2]. Heever, none of the knen proofs for the number of labeleg-trees in the
general case is bijegt, even though the right hand side df.2 hasan easy combinatorial interpretation:

Let [Kq| and [Kg.q| denote the number of complete grapks and Ky, contained in ag-tree
on n nodes, respestdly. It is easy to shev by induction that |[K,| =gqn-g¢°+1 and |Kgu|=n-g.
Hence 1.2 cabe written in the form

0N O k| K| -2
g 0/Kal 13

Thus the right hand side df.2 canbe interpreted as enumerating the number of p@8s f ) where S
is a g-element subset of an-set, and f is a function mapping af |Kq.1| — 2)-set to a |K, | -set.

In this paper we present a bijeetiproof of 1.3 for the number of labeledy-trees. Our method
malkes use of the Egecioglu-Remmel (ER) bijection for Gaflees to construct a bijection between the
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pairs (S, f) and C2. In aur bijection, such functionsf are further decomposed roughly in the fallo
ing way: EachKg,; which is a subgraph of agn g-tree G consists ofq+1 "faces” which areK's.
One of these faces will be fixed for all but one of tig,’sin G.As |Kq|=q |Kgq|+1, f will be
interpreted as dictating hothese n —q  Kg.q's should be glued together along their faces to fo@n
The actual gluing process is accomplished by resorting to the ER bijection foy €agke Itis interesting

to note that een though we start with a bijection for Caylérees as the point of departure, our proof for
the general case specialized go= 1 yields yet another bijection for the number of Cayiees diferent
from the ER bijection.

As is the case with most bijee#i poofs, we gain extra information about the underlying combinato-
rial objects by considering the special properties of the bijection. In this instance, we obtain ememerati
results of the following kind:

Suppose {i,j,k} 0{1,2,...,n}. Then

(i)  thenumber of 2-treeson n nodesin which the vertices i and j areadjacentis

Uong_on-200 n-4 n-3
0o g o gol2n-31""*=(2n-3)""%,
O O
(i)  thenumber of 2-treeson n nodesin which thevertices i, j,and k formatriangleis
3(2n-3)""4 .

(iii)  the number of Cayley treeson n nodesin which thevertices i and j areadjacentis

2n""38 | 35

We gve the general form of the abe formulas for arbitraryq and a subset ofn labels (Corollary
4.1) as well:

The number of labeled gtrees on n>qg+1 nodes in which the vertices

Vi,Vo,...,Vyna O{1,2,...,n} formacliqueis
0 g+1-m .On+i-g-20
0% (a+1-i)g AT Bk (ng- g2 1)nman?
Di:o O | DD

The outline of this paper is as follows. In section 2 we reproduce the ER bijdttierg,
bijection in [9]) for the number of Cayetrees and present requisite terminology concernipg
trees. Insection 3, we construct our bijection for the cases of labeled 2-trees angt Cegte The
description of the bijection for arbitrarg is presented in Section 4.

2. PRELIMIN ARIES



2.1 ERbijection for Cayley trees

For completeness we reproduce here #he bijection for Caylg trees that appears in [9].

Denote by C,, the set of Cayletrees onn nodes rooted at the largest labeled nadeFur-
thermore, we orient each eddei , j} of a Cayley tree in C,, by directing it tovard the root.
Clearly |C,|=|CL|. Nex, let F, denote the set of functions fronj2,...,n-1} into
{1,...,n}. The bijection 8,, betweenC, and F,, is most easily described by referring to an
explicit example.

Supposen =21 and f OF,,; is given by the following table

i f(i) i f(i) [ f(i) [ f(i)
2 5 7 7 12 20 17 16
3 4 8 12 13 19 18 6
4 5 9 14 19 19 7
5 3 10 15 6 20 12
6 21 u 16 1
We @an viav f as a directed graph witlextex set {1, ..., 21} by putting an edge from to j

if f(i) =] .For example, the digraph fof given above is pctured in Figure 2.

Figure 2

A moments thought will convince one that in general, the digraph corresponding to an
f:{2,...,n=1} - {1,...,n} will consist of two trees rooted atL and n, respectiely, with



all edges directed teard their roots plus a number of directed cycles of length where for each
vertex v on a gven cycle, there is possibly a tree attacheduowith v as the root and all edges
directed tovard v . Note that there are trees rootedatand n due to the fact thatl and n are
not in the domain off , so hat there are no directed edges outlofor n. Note also that cycles of
length one or loops simply correspond to fixed points of

As in Figure 2, we imagine the directed graph correspondinf) foF,, is drawn so that

(&) thetrees rooted atl and n are drawn on the extreme left and extreme right resmictivith
their edges directed upwards,

(b) thecycles are drawn so that their vertices form a directed path on the line befweed n
with one backedge abe te line and the tree attached ty aprtex on a g/cle is drawn bely
the line betweenl and n with edges directed upwards,

(c) eachcycle is arranged so that its smallest element is on the right and the cycles themselves are
ordered from left to right by increasing smallest elements.

Once the directed graph fof is drawn as abe, let us refer to the rightmost element in the
i th cycle asr; and the leftmost element in thieth cycle asl; . Thus for the f given aove,
lh=4,r,=3,1l,=r,=7,13=20,and r3 =12 . Once anf OF, is drawn in this manneit
is easy to describe the bijectiofy, ( f ) . That is, if the directed graph of has k cycles where
k>0, we dmply eliminate the baddgesr; - I; for i=1,...,k and add the edge& - |,
ry - Iy, rp - lsz,...,re - n. For example, in Figure 2, we eliminate the badges 3- 4,
757, 12 20 andadd the edgesl - 4, 3 7, 7- 20,and 12- 21 whichare dotted
for emphasis. If there are no cycles in the directed graph pf.e., k =0, then we simply add the
edge 1- n.

Note that it is immediate tha#,, is a bijection betweer-, and C, since gven any Cayley
tree T OC,, we @n easily receer the directed graph off OF, such thatg,(f)=T . The key
point here is that by our ceentions for the ordering of the cycles df , it is easy to recwer the
sequence of nodes,; , r,, ..., sincerq is the smallest element on the path betwéeand n,
r, is the smallest element on the path between and n, etc., and clearly knowing
r{,ry,...,re allowsustoreoceer f from T .

Now we have that 6,:F, - C, is a bijection so that we ave & Cayley’s formula
"= |Fn|=[Cql .

2.2 Definitionsand some properties of g-trees

The following definitions which are analogues of the notions of an ordinary palih, etc. in
a smple graph G are similar to but slightly di€rent from those introduced by Beiretnd Pippert
[4], Harary and Palmer [11] andiWkler [16]. We will consider sequences df;’s and K1 's to go
from one Kg,; subgraph of ag-tree to anotherKg,; subgraph. More preciselyve cefine a
q-walk 7 inasimple graph as an alternating sequencgf ’'s and Kg's



n:(JO!pl!Ulr"'!Jn—llpn!an)

starting and ending witiKq,,'s oo and g, , such that eachK,; graph o; contains p;_; and

pi as distinctKy's. n is the length of 7. A q- path is a g-walk where all the graphs in the
sequence are distinct. In this case we say that thekw,'s g, and o,, are joined by ag-path.
Figure 3 depicts a 2-tree o2 nodesDenoting edges and triangles by the labels of their respecti
vertices, the sequencé679,69,369,36,356, 35, 358)a 2-path of length three joining
the triangles679 axd 358 .

Figure 3

A g-walk is a g-circuit if its length is at least threegy = g, , ahd all other elements in the
sequence are distinct.

We dhall male wse of the following property ofj-trees.

If G isa g-tree, then every pair of Kq,;'sin G arejoined by a unique g-path. In particu-
lar G containsho g-circuits.

The proof of this follows from a similar result of Beimeind Pippert [4] and will be omitted.

Next, we need the notion of &-path connecting tw vertices instead of tw Ky, 's ina g-
tree. Inorder to distinguish this type of a path between vertices froaqrgath which joins tw
Kge1's, we will refer to them asq - trails .

Definition ~ Suppose v; and v; are two nonadjacent vertices of a g-tree. A g-trail between v;
and v; isagpath 7=(0i,p1,01,...,0c1,pPk,0;) Such that v; belongs to o, v;
belongsto o , and neither v; nor v; belongsto any other graph in the sequence.

For example , the 2-path depicted in Figure 3 constitut@steail between theertices 7 and

8 . Since a ertex may belong to more than onié,, , it is not evident from the definition abve that
a g-trail between tw vertices is unique. ¥/rext prove

Lemma 2.1 Suppose v; and v; are two nonadjacent vertices of a g-tree G. Then there is a
unique g-trail between v; and v; .



Proof

We proceed by contradiction. Suppose there aedstinct g-trails

_¢ 1 1 _1 1 11
nl—(ai,pl,al,...,ak_l,pk,aj)
_r 2 2 2 2 2 2
nz—(ai,pl,al,...,a|_l,p|,a]-)

betweenv; and v;. Since there is a unique-path between gnpair of Ky.;'s in a g-tree, we
have that o # o or ajl # ajz . Let Ng(v;) and Ng(v;) denote the subgraphs induced by the
neighborhoods ofv; and v; respectiely. Let H; be the subgraph induced byg(v; ) [1v; and
let H; be the subgraph induced bWg(v;) L] vj. Then both Ng(vi) and Ng(v;) are
(g—1)-trees [10], and therefore by Corollary 3 of [6], the subgraphsand H; are themseks

1 2

g-trees. Assuch, there isg-path 7' between theKg1's of and of that lies entirely inH; .

Similarly, there is g-path 7! between theKgs1 s o} and ajz that lies entirely inH; . Since v;

J
and v; are not adjacent, the sequenge , 7, 7!, ') (where %> and 7 are traersed in the

opposite direction), forms @-circuit in G, which is a contradiction®.

Note that the idea of a-trail between tw vertices v; and v; of a g-tree can be modified
slightly to define the notion of @-path joining a ertex v; and a Ky, subgrapho, . Here we
require thatv; belong only to the firsiKy,, = o; in the g-path

(ai iplial!"'iak—lvpklak)

joining o; and oy . From our arguments alg, it is not difficult to see that there exists a uniqge
path joining a ertex v; and ay Kg,, that does not contairy; . As an &ample, the sequence
(679,69,369,36,356,35, 3589 the 2-path in the2-tree pictured in Figure 3 which
joins vertex 7 to triangle 358 .

In analogy with the notion of external nodes of an ordinary treksah in a g-tree G is
defined as aertex of degree q . It is not difficult to prove that aly g-tree G on n>q+ 1 vertices
contains at least twleaves [6] , [10]. From this fact it follows that gclique K ina g-tree T
with n > g nodes is contained in at least one clique of gjzel .

An acyclic orientation of a simple loopless grap® is an assignment of a direction to each of
the edges ofG in such a way that no directed cycles are formed. By abuse of language, we will call
a oomplete graphKg,; simply oriented if it is equipped with an aclic orientation. Clearlythis is
equiaent to putting a total order on the verticesf,; . We let the unique ertex with no outgoing
edges (i.e. ainkin digraph terminology) correspond to the smallest element in this total Qiden
an orientedKg, , this total order definesj+ 1 faces where thei th face is the oriented sub-
graph of K4, induced by all the vertices except théh smallest one. @en an giented Kgyq , its
largest face will be referred to as thtep or thetop face. In other words, the top face of an oriented

Kq+ is the K induced by all the vertices minus the unigoerce (i.e. no incoming edgesgutex
in Kgs1 . Figure 4 illustrates these notions for+1=4 .



Figure 4

As an extension of the ab® cefinition, a g-tree with an acyclic orientation will be referred to
as anoriented g-tree. It will be useful to single out the following types of orientgdrees for our
purposes: An orientedj-tree will be referred to awell-oriented g-tree if it belongs to the class of
graphs defined by the following recwsicefinition

i) The smallest well-orientedy-tree is an oriented 44 ,

i)  An oriented g-tree onn>q+ 1 vertices is well-oriented if all of its lges ae sources
and there exists a leaf vertehose remwaal results in a well-orientedy-tree.

Note that there is exactly one well-orientegtree on q + 2 nodes. It is obtained by attaching a
source to all the vertices in the top facek,, .

Figure5

3. BIJECTIONS FOR 2-TREESAND CAYLEY TREES

3.1 The 2-tree bijection

In this section we describe our bijecti®? for 1.3 for 2-treesThis bijection is constructed
in two phases. Firstve gve a @mbinatorial interpretation to function$ mapping an(n — 4) -set
to a (2n - 3) -setin terms of triangle labeled)-trees. Then we shohow to obtain labeled2-trees
from this class if we are gn a 2subset of ann-set. . dhall call the first intermediate bijection
Q2 and the second onE? . Thus the actual bijectio®? will be the composition2 . Q2 .

Note that for the casg =2, K;’s become edges an&y.; 's become triangles. Suppose we
are considering 2-trees on >3 rmodes. Aswe hae remarled before, the right hand side &3
can nov be witten in the form

gng Ky -2 _ N0 _ n-4
DZD(2\K3\+1) —DZD[Z(n 2)+1] 3.1
Let F2 denote the collection of all functions from the §&, 3, ... ,n — 3} into the set of pairs

{1,2,....n=-2}yx{1,2} O {(n-2,3)}. Clearly,

IF2| =[2(n-2)+1]""% . 3.2



We dall interpret the numerals in the domain of such a functibnas oriented triangles
2,3, ...,n=3 contained in the collection pictured in Figure 6.

Figure 6

Note that in this case, the faces of thin triangle hae the following order

Figure7

Our first task will be to construct fronf a well-oriented 2-treevhich we shall denote by
Q2 (f), in which each triangle is labeled instead of the verticeshiE end, we first construct the
weighted functional digraph of f [ F2 on the triangles gin in Figure 6 as vertices, in the folle
ing manner: if f (i) =(j, k), then we put an edge from theth triangle to thej th triangle with
weight k . As an &ample, supposa =22 and f is given by the following table

i () | i (i) i (i) i (i)
2 (5,1)| 7 (»,2)| 2 (20,1)|| 17 (16,2)
3 (4,2)| 8 (»,1)|| B (19,1)|| 18 (6,1)
4 (5,2) 9 (1,2)| & (19,2)| 19 (20,3)
5 (3,1)| © (4,2) || B (6,2)

6 (7.1)| n (4,1) || B (1,1)

The corresponding weighted functional digraph is pictured in Figure 8.
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Figure 8

Similar to the construction wolved in the ER bijection, the weighted functional digraph of an
f OF2 will consist of tvo trees rooted at the triangle and the trianglen — 2 , respectiely, with

all edges directed ¥eards their roots plus a number of directed cycles where for eatbxvww on a

given ¢ycle, there may be a tree attachedvtanith v as the root and the edges directedad v .
Folowing the ER bijection, we imagine that the weighted functional digrapli aé drawn as in
Figure 8 so that

(a) thetrees rooted atl and n—2 ae drawn on the extreme left and extreme right resgegti
with their edges directed upwards,

(b) thecycles are drawn so that their vertices form a directed path on the line betivesed
n — 2 with one backedge abe te line and the tree attached ty aprtex on a g/cle is dravn
belav the line betweenl and n -2 with edges directed upwards,

(c) eachcycle is arranged so that its smallest element is on the right angdles themselves are
ordered from left to right by increasing smallest elements.

Once the weighted digraph of 0 F2 is drawn as abe, let us refer to the rightmost element in the
i th cycle asr; and the leftmost element in thieth cycle asl; . Thus for the f given above, we
have aly one cycle and thus; =4, r; =3 . Now if the weighted functional digraph of has k
cycles wherek >0, we dmply eliminate the baaddgesr; - |; for i=1,...,k and add the
edges 1- 1, ri > 1y, ry, - l3,...,re > n=2. The weight of a baddge (;,!;) is
assigned to the newly added egbgeceding it. The last edge added betweep -~ n -2 dways has
weight 3. For example, in Figure 8, we eliminate the bedde 3- 4, and add the edged - 4
and 3- 20 ,with weights 2 and 3, respectiely. If there are no cycles in the weighted functional
digraph of f ,i.e., k =0 ,then we simply add the edge -1 n — 2 with weight 3.

Now the weights on the edges are made use of asvkllib there is a directed edge between
the trianglesi and j with weight k , then we identify the top face of thieth triangle with the
k th face of the j th triangle. For the example abhe@, this identification phase results in the ori-
ented, triangle labeled 2-tre@3, ( f) pictured in Figure 9.
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Figure 9

By our construction, it is not difficult to see that in general, the resulting orie2itde
Q2 (f) is well-oriented. Havever, the triangles labeledl and n-2 ae not arbitraryIn fact,
again by our identification process, in the 2-path

ﬂ:(lapllal!"'lUk—lipk!n_Z)

joining the trianglesl and n-2 in Q2 (), the edgep, is the top face of triangld and the
edge py is the top face of trianglen — 2. The edge px in this path 7z will play a special role
later We will refer to it as thebase of Q2(f). Let us denote all well-oriented, triangle labeled
2-trees onn nodes in which the2-path between the trianglels and n -2 has the property abe

by W2 . Givena T OW? , we @n easily receer the function f 0 F2 such thatQ?2 (f)=T. By
our comventions of ordering the cycles off , it is easy to recwer the sequence ofevtices
r.,rs,...,r, which are the smallest elements on the directed cycleks @& in the ER bijection.
This is because; is the smallest element on the 2-path between triahgéad trianglen -2, r,

is the smallest element on the 2-path betweenand n -2, dc., and knwing rq,r,, .., ,r
allows us to receer the structure of the functional digraph df. The weights on the edges can then
be read dffrom the way the identifications are made since the tail of a directed(edgg always
emanates from the top face of triangle Instead of r&orking the abwe example we gveback-
wards, we present in Figure 142 (5-2)+1]°"*=7 dements of W2 and the corresponding
functions f,,...,f; in F2 under the bijection QZ, adong with their weighted functional
digraphs.
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Figure 10

In the light of the construction described abg we have

Lemma 3.1 Q2 isabijection between F2 and W2 .

Now let S2 denote the collection oR-subsets of{1, 2, ... ,n}. Our next task is to con-
struct a bijectionl2 between the spac&2 x W2 and labeled 2-trees on nodes,C2 . The defi-
nition of I depends on whether or not agi subset S 1S contains the special elements or
n — 2 . We first consider the straightforward case in which neithemor n-2 isin S={i, j}:

Casel:SNn{1,n-2}=0

Recall that the path between triandle and triangle n — 2 meets the latter at the basg,
(which actually is the top face of triangke— 2 since we are considering elements\o€ ). Now we
assign the elements< j of S to the vertices of the base, according to the linear order that is dic-
tated. In other words, the smaller of thetdementsi is assigned to the sink op, and the lager
element j is assigned to the source. After this, we first change the label of theriangle to
n -1, and the label of thej th triangle to n. Next, we "push" thelabels on the trianglesnay
from the edgep, to their source ertices. Br example, the sourceestex of the n—2 triangle is
labeled n — 2, then the vertices of the triangles sharing an edge witmthe? triangle are labeled,
etc. Note that this process can be carried out because of the way that the eleriéhtbak been
constructed. Afteanll the vertices hae bkeen labeled, we may digi@d the orientation on the edges.
Using the previous>xample Q3,(f) we have constructed (Figure 9) together with the subset
{3, 12} 0 S%,, this process results in the labeled 2-tree depicted in Figure 11:
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Figure 11

Note that in Case 1, the vertices labeledand n — 2 in the resulting labele®-tree are neer adja-

cent. If SN {1,n-2}#0, then the labeling process that we shall describe momentarily will
malke are that these tavlabels will be assigned to adjacent verticeg Med only to change the
relabeling process for the triangles. The labeling of the vertices themselves will then be carried out as
in Case 1.

Casell: SN {1,n-2}z0

This case is split into three subcases depending on whether or not
SNn{l,n-2}={1},{n=-2},0r {1,n-2}.

Subcasell A: S={1,j},j#n-2

As in Case I, assign the elements $fas labels to theertices of the base. Relabel tri-
angle j asn-1, tiangle 1 ast=max{{n-1,n}-{j}}. Thus trianglel is rela-
beled n-1 or n depending on whether or ngt=n or j <n, respectiely. Now push the
triangle labels to their respeati ource vertices.

Subcasell B: S={i,n-2},i#1

Assign the elements o6 as labels to the vertices of the base. Relabel trianges
n-1, tiangle 1 ast=max{{n-1,n} -{i}}, and trianglen-2 a 1. Now push
the triangle labels to their respegtiource vertices.

Subcasell C: S={1,n-2}

Assign the elements of as labels to the vertices of the base. Relabel triadglas
n-1,triangle n—2 by n. Push the triangle labels to their respegt®urce vertices.

The effect of these relabelings arising from Case Il on tlegpecial trianglesl and n -2 (omit-
ting the relabelings of the rest of the triangles) before and after the labels are assigned is described

graphically in Figure 12.
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Figure 12

We dall nov show that the correspondencé? : S2 xW32 - C2 described abe is
reversible.

Lemma 3.2 T2 isabijection between S2 xW?2 and C2 .

Proof

Consider a labeled®-tree T 0C2. From T we shall construct a paifS, T') OS2 x W2
such thatl'2 (S, T') =T . The construction is carried out according to whether or not ¢hices
labeled 1 andn -2 in T are adjacent. As we ta remarled before, the first case here will corre-
spond to Case | of the construction of .

Case 1l :1 and n-2 arenot adjacentin T

We look at the 2-trail 7 joining vertex 1 to vertex n—2 . Suppose py is the last edge on
mr (this will be our base edge) and< j are the labels on the endpoints pf . Then we perform
the following operations

(i) orient p, from j to i,
(i)  "bump" thesawo dements out and puS={i, j},
(iii) reverse the process dfpushing” bysliding the labels of theertices incident to the end-

points of edges that @ dready been oriented to the associated triangles while making
these vertices sources,

(iv) relabeltriangle n—1 & i and trianglen as j .

If T' isthe oriented, triangle labeled 2-tree that results in after the &)epév) have been carried
out, then it is not difficult to see that' W2 and M'2(S,T')=T.

The second case weugat consider is whenl and n -2 ae adjacent vertices i . We
will show that the pair(S, T') can be unambiguously reconstructed fram Since the orientation
and sliding the labels to the triangles follows the same pattern as CasesIvabdnall only indicate
the relabeling of the triangles (and theraction of the setS for clarity). Actually, in the following
case, only step \{) above will be different.

Case 2 :1 and n-2 areadjacentin T
The subcases here are as follows:
Subcase2A: {1,n-2,n} isatrianglein T

Consider the 2-path from the e&rtex labeled n-1 to the triangle formed by
{1,n-2,n}. By the correspondences in Figure 12, the labels of #ntces on the last
edge p, on this 2-path determine unambiguously one of the three Subcases Il A, IlIB or
C in the construction of2. As an eample, if the labels on the endpoints @ are
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{n-2,n}, then we see that we V@ revase the transformation in Subcase Il B.
this, we first apply stepgi) - (i) as in Case 1 abe. This gives an sientation to T and
yields S={n-2,n}. Butin the application of stejiv) werelabel trianglel a n-2,
and trianglen -1 as 1.

Subcase2B: {1, n-2,n} isnotatrianglein T

Suppose at first that and n are not adjacent. If one of the labels on the last edge
on the 2-trail fromn to 1 is n-2, then we rgerse the steps according to Subcase Il B.
Thus S={i,n-2} wherei is the other label orp, . In sep (iv) thenwe relabel trian-
gle n-1 & i,triangle 1 asn—-2, and trianglen as 1.If n-2 is ot a label onp, ,
then we are in Subcase Il A, but to find the base edge we consid@rtthé from n to
n — 2 . Note that this is well-defined sincewon and n — 2 cannot be adjacent. In this case,
S={1, j} (where j is the label of the othervtex on the base) and stefiv) resultsin the
relabelings of the triangles -1 by j and n by 1.

If 1 and n are adjacent, them -2 and n cannot be adjacent, and in this case we
reverse the transformation in Subcase I1°A.

As a nontrivial &ample, Figure 13 depicts the pdif2,)™ (T ) where T is the 2-tree onl2
nodes gren in Hgure 3.

Figure 13

Combining Lemma 3.1 and Lemma 3.2, weda

Theorem 3.1Themap ©2 = Q2.2 isabijection between S2 x F2 and C2. Thus

ang

2 —
‘Cn‘_DZD

[2n-3]""4

Note that by the construction of the bijecti@®f , the vertices labeled. and n- 2 ae adja-
cent in a 2-tree onn nodes if and only if SN {1,n-2}#0. Smilarly, the \ertices
1,n-2,n form a triangle in T exactly in the cases wher&={1, n} (Subcase IA),
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S={n-2,n} (Subcase IB),and S={1,n-2} (Subcase IC). Since we could hae wed
ary three labels{i, j,k} O{1,2,...,n} toplay the role of1, n—-2,and n in the construc-
tion of ©2 , we immediately hae

Corollary 3.1  Suppose {i,j,k}O0{1,2,...,n}. Then

i) the number of 2-treeson n nodesin whichthevertices i and j areadjacentis

Oong n-20
D020 02 O

O -4 -3

o2n-31""*=(2n-3)""° | 33

O

i)  the number of 2-treeson n nodesin which the vertices i, j,and k formatriangle
is

3(2n-3)""4 . 34

3.2 TheCayley tree bijection
After defining the bijection®? for labeled 2-trees, we moshow how to use a similar con-
struction to arne & a hjective poof of 1.1. Note that we are forced to interpdefl inthe form

Ch=nn"?

i n .
where the first dctor n:glg corresponds to the selection of an element from the set

{1,2,...,n}, and the second factor enumerateé. . Clearly, the bijection @} will be rather

more complicated than the ER bijection, since it uses the ER bijection as a subprocedure. As we shall
indicate in the next section, both of these constructiongifer2 and q =1 ae special cases of the
bijection ©% for g-trees, but the efant bijective proofs that exist for the proof of.1 donot seem

to generalize to arbitrary . Hence gen though bijection®? is natural in the setting ofj-trees, it
probably is not the easiest bijection if we are only interested in Cagles.

Let nav F! denote the collection of all functions from the §&, 3, ... ,n -2} into the
setof pairs{1,2,...,n-1}x{1} [J {(n-1,2)}. Clearly,

[F&|=nn-3

Since the construction o®} is quite similar to the construction @2 , we shall simply outline the
bijections Q} and '} without going into too much detail, and illustrate these bijections on an
example. Firsthowever, we interpret the numeral® , 3, ... ,n -2 in the domain of F} as ori-
ented edges as in Figure 14, since in this dagg 's are simply edges.
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Figure 14

Here the faces of theth edge hae te following order

Figure 15

The weighted functional digraph of ah O F} has the oriented edges in Figure 14 aséts v

tex set. We ggan put an arc from edge numberdd to edge numberedj with weight k if

f(i) =(j,K). In this case the only arcs with weigt point to the edgen — 1 and all the other
weights arel . We daw the weighted functional digraph of as in the ER bijection. Thus the tree
with root 1 gppears at the extreme left, the one with raot 1 gppears at the extreme right, and
the remaining components are drawn with the smallest element onyeéebr the right. Theycles
themseles are ordered with increasing smallest elements. Breaking the backedges, adding the neces-
sary edges between thgctes as in the ER bijection, and then performing the identifications results
in a well-oriented, edge labeled 1-trde = QL (f) .

The construction of 'l is similar to the construction ofl2. Given a pmir
(S, T") OSt xw?, with S={i}, we dstinguish between the special cases wherel ,n -1,
i=1l,andi=n-1.

Casea :izl,n-1

In this case, we consider the path from edgéo edge n - 1 .Here the base is simply the top
of the edgen — 1. At this point this 'ertex is assigned the label , and the edgei is relabeled as
n. Then we push the labels on the edges to the soertiees on the edgedNow discarding the
orientations on the arcs results in a Caytee T . Note that in this case therices 1 andn -1
can neer be ajacent inT .

Caseb :i=1
We proceed as in Case a up to the point where the edges are relaetedwe relabel edge

1 & n. Note that in the resulting Cayléree T , vertices 1 andn — 1 ae adjacent and. lies on
the path fromn to n-1.

Casec :i=n-1
Again we proceed as in Case a up to the point where the edges are relébéles.case,

edge 1 igelabeled asn, and edgen — 1 is relabeled asl . Note that in the resulting Cayldree
T, 1 and n-1 ae adjacent and that vertax— 1 lies on the path froom to 1.



-18-

The three cases alm cefine the correspondende! . Because of the distinguishing features
of each of these cases, it is noffidiflt to verify that I'} is a bijection. Thus @} = Q! . T} is a
bijection betweenS} x F and Caylg trees and we hva arived at Cayley’s formula in an alternate
way.

We llustrate the abee nstruction on an xample. Considerthe following function

f OF3;.
i f(i) i f(i) i f(i) i f(i)
2 (5,1) 7 (»,1)|| 2 (20,1)| 17 (16,1)
3 (4,1) 8 (»,1)|| B (19,1)| 18 (6,1)
4 (5,1)| 9 (1,1)| 3 (19,1)| 19 (20,2)
5 (3,1)| © (4,1) || 5 (6,1)
6 (7,1)| n (4,1) || B (1,1)

The corresponding weighted functional digraph bfand Q3,( f) OW3, are pictured in Figure

16. For S={7}, the resulting Cayletree @3, ({7}, f) is identical to the Cayletree depicted
in Figure 2.
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Figure 16

We leave it to the reader to verify that if we takS={20} (Case c abe), then @, ({20}, f)
is the Caylg tree in Figure 17.

Figure 17

Note that the argumentwgh for the proof of Corollary 3.1is valid for the bijection®} as
well. In other vords, only wheni =1 (Case b ), and =n-1 (Case c) the label§ and n-1
turn out to be adjacent in the resulting tree. Singetao labelsi and j can play the role ofL
and n - 1 in the definition of @} , we havethe following version of Corollary 3.1 for Caylérees:

Corollary 3.2 Suppose {i,j} O{1,2,...,n}.Thenthenumber of Cayley treeson n nodes
inwhich thevertices i and j areadjacentis

2n""38 | 35

Note that by the ER bijection, 3.5 also counts the numbeydé-dree functions mapping
{2,3,...,n=-1} into {1,2,...,n}.

4. THE g-TREE BIJECTION

Now we ae in a position to describe our bijectig® for arbitrary q. Let FJ denote the
collection of all functions f mapping {2,3,...,n—-g-1} into the set of pairs
{1,2,....n-9g}x{1,2,...,9} Ud{(n-g,q+1)}. We have

Fil=la(n-q)+1]" 92
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Let S and W denote the family ofg-subsets of the setl, 2, ...,n} and the collec-
tion of well-oriented, Ky,, labeled g-trees onn nodes, respestdly. As in the special cases we
have mnsidered beforeP? will be constructed as the composition obthijections QF and ' :

The construction of the bijectio® is similar to theq =2 case. Thus, we first interpret the
numerals in the domain of OFg as contained inn-q oriented Kqiy's 01,07, ...,0n.
Using theseo; 's as the \ertex set, the weighted functional digraph df is constructed by putting an
edge betweers; and o; with weight k if f(i) =(j , k) . The resulting digraph is then dva in
the manner of the ER bijection. In this way a tree with rbogppears at the extreme left, the one
with root n— g appears at the extreme right, and the remaining components are drawn with the
smallest element; on each cycle on the right. Thgctes themselves are ordered with increasing
order of ther;’s. After the backdges are broken and the necessary edges between the cycles added
exactly as in the case of the construction®@t bijection, the identification of faces are made as dic-
tated by the weights. This results in an eleméntd W .

Corversely, given a T' OW,', we monsider theg-path from o; to o, in T'. The last
Kq on this g-path, say py is then the base and thisvgs us he top face ofa, . Furthermore,
from the g;’s on this path, it is easy to reeer the sequence,,r,, ..., ry which will form the
smallest elements on thgates of f . Also note that the orientation of * produces the weight
between o; and o; sharing a commonate. Hencewe can receer f OFJ such that
QI(f)=T"'. Thus QY is a bijection.

The construction of thel ! bijection also follevs closely the q=2 case. Suppose
(S, T") OSYxWJI isgiven. Put A={n-q+1,n-q+2,...,n}. Note that the elements of
A are exactly those amongl , 2, ... ,n} that do not appear as labels Kf,; 'sin T".

Consider theg-path joining o; to g, in T'. Recall that p , which is the lastK; on
this g-path is the base, and it forms the top facemf, . At this point, the construction of
r3(s,T") will consist of roughly the following steps:

(1) Assignthe labels in the se§ to the vertices of the base, according to the linear order
dictated by its orientation.

(2) Now possibly some of the labels that appear on the base also appear as |ldbgls'®f
in T'. Thus we need to incorporate the missing lab&ls S by relabeling theKg,; s
whose labels already appear 1. Having done this, we push the labels on tg,; s
to their source vertices. Note that this process is well-defined because ddytheden
ments of W have been constructed. The resulting labelgdree (afterthe orientation
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is ignored) isT=TJ3(S,T').

The difficult part in the ab@ procedure is the relabeling phase (@) abwe. We haveto
make wre that it will be possible to distinguish the base ofvergiT OCZ in order to recoer
unambiguously the corresponding pais (T ') that givestriseto T .

As in the special casegi=1 and q=2, we reed to consider the situations in which
SNn{l,n-qg}=0 and Sn {1,n-q} #0 . Ineach case, we shall indicatevhthe relabel-
ing is to be carried out. The following notation will be eemient for our description : By an assign-
ment symbol of the formX := Y where X,YO{1,2,...,n} and |[X|=]Y]|, we dall
mean that all of theg;'s for i 0 X are to be relabeled by the elements of theYsefollowing the

original order In other words, if X={X;, X, ..., X} and Y={y;,V¥>,...,¥} with
X1 < Xp<:o< X, Y1<Yp,<---<yy then after the relabeling,, ,o,,,...,0, Wil become
gy, , 0y, , ..., 0y . The tvo dfferent cases are treated as follows:

Casel:Sn{l,n-q}=0
S-A:= A-S.

Note that if T OC;J is obtained as a result of Case |, then #iees 1 andn - g cannot be adja-
cent in T . Our construction will guarantee that in Case Il belthese tw vertices will alvays end
up adjacent in the resulting-tree.

Casell: SNn{1,n-q}#0

This case is split into three subcases depending on whether or not
Sn{l,n-q}={1},{n-q},or {1,n-q}.

Subcasell A: SN {1,n-q}={1}
STEP1: {1} :={t},
STEP2 : S-A-{1} : = A-S-{t},

wheret =max (A-S).

QubcasellB: SN {1,n-q}={n-q}
STEP1: {1} :={t},
STEP2 : {n-q} := {1},
STEP3 : S-A-{n-q} := A-S-{t},

wheret =max (A-S).
SubcasellC: SN {l,n-q}={1,n-q}

STEP1: {1} := {max (A-9)},
STEP2: {n-q} :={t},
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STEP3 : S-A-{1,n-q}:= A-S—-{t,max (A-9S)},
wheret =max (A-S-max (A-9S)).
The efect of these relabelings arising from Case Ihabo the two special Ky, 's labeled 1

and n-q (omitting the relabelings of the rest of thi€,,;’s) before and after the labels are
assigned is described symbolically in Figure 18.
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Figure 18

We rote that after the relabeling is carried out in Case Il , the labels

L={1,n-qg}{t+1,t+2,...,n} 4.1

are assigned to the vertices ofK,,; in T. Thus thg form a clique of sizen—t +2 in the
resulting g-tree. Furthermorel [] {t} does not form a clique. Thus for Case Il werdndne char
acterization

t=min{i|{l,n-q}0{i+1,i+2,...,n} formsacliqueinT } . 4.2

We row show that the maplr ! defined abee is revesible. Gven T OCY, we can immedi-
ately distinguish between Case | and Case Il by checking whether or netticess 1 andn —q
are adjacent inT . If they are, then we h& © revase the labeling assigned in Caselt this end,
first consider theg-trail joining vertex 1 to vertex n—q. Let p, be the lastK, on this g-trail.
We row perform the following operations as in the= 2 case:

(i) orientthe edges ofp, as indicated by the vertices. Thus each eflge j} with i<
in py is oriented fromj to i .

(i) "bump" thelabels on p out. These form the se$.

(iif) reverse the process ofpushing” bysliding the labels of the nodes incident to tlee-v
tices of K4's that hare dready been oriented to the associatkg,; s while making
these vertices sources,

(iv) performthe relabeling ofK,; indicated byA-S := S—-A.

Now we assume that theertices 1 andn — q are adjacent inT . Define t asin 4.2 andL

as in 4.1 .To reconstruct the pai(S,T') with TJ(S,T')=T, we first have © identify the

Ky that will function as the base. This can be accomplished asvéollmong all of theg-trails
joining vertex t to a \ertex in L, there exists a unique one joining to some v 0L, say
(gy,01s--10k-1, Pk »Oy), Uch that all of the ertices L —{ v} are contained inp, . The
unigueness of such g-trail (and such aertex v) is an @sy consequence of Lemma 2.1. Note that
this vertex v immediately tells us which one of the three Subcases Il A, Il B, orrk&ds to be
reversed. If v=n - g then we are in Subcase Il A ,f=1 then we are in Subcase Il B, otherwise
we are in Subcase Il C . At this point, the steps (i) - (iiivabme performed verbatim. It is tedious
but straightforward to sha that the relabelings gén in each one of the three Subcases can then be
reversed to obtain &, T') = (I3)™(T).

Composing these mhijections we hae
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Theorem 4.1 Themap ©J=Q%.I Y isabijection between S¥x FY and CJ .Thus

n
c3|=00 o

_ _ 2 n-q-2

We row oonsider the generalizations of Corollari@8sl and 3.2 The main observation is that
instead of the special labelsl and n-q, we ould hae wed ag two labels
{i,j}O{1,2,...,n} inthe construction of© . Furthermore, in the definition of the special
vertex t that is irvolved, the numerical values of the labels are not required. All that is needed is a
total order on the labels.

Since under our bijection theesices 1 and n—q are adjacent if and only if
Sn{1l,n-q}#0,we immediately obtain that the number of labelgdrees onn nodes in
which vertices labeled and j are adjacent is gén by

Uonp on-2pgU 2 n-g-
DDDq O odq DDD[q n-q +1] ' 3

Actually our bijection tells us more. Suppose at first that we are interested in counting the num-
ber of g -trees onn vertices where foragen t O{n-g+1,n-qg+2,...,n}, the vertices in
the setL in 4.1 formadique of sizen—t+2 but L []{t} does not form a clique. This count
depends solely on the nature of the &tand not on f OFJ that is ivolved in the construction.
More preciselywe reed the count of the number of subs&t&l S? such that

@) Sn{l,n-g}={1} and max(A-S)=t,
2) Sn{l,n-g}={n-q} and max(A-S)=t,
B) SNn{l,n-g}={1,n-q} and max(A-S-max (A-S))=t.

corresponding to the three Subcasegolired in the construction ofl ?, respectiely. Here
A={n-q+1,n-q+2,...,n} as before. Itis not difficult to \erify that the number of
SOSY satisfying the properties (1), (2), and (3) abae

o t-3 0O o t-3 0O (n—t)D t-3 0O
Og-n+t-10" Og-n+t-10' Og-n+t-10"
respectiely. Thus the total number of such subsets is
t-3
(n—t+2)D O 4.4

Og-n+t-10 "



-25-

If we are interested in counting the number of subsets satisfying (1), (2), and \(8)vdteye the
equality in the conditionamax (A-S)=t, and max(A-S-max (A-S)) =t is replaced by

<, we dbtain the sum

4 o t-3 O
-t+ . .
2 (n-t 2)Dq—n+t—1D 45

i=n-q+1

Note that for a gien f OFJ, 45 enumeratethe number of subsetS 0 S? for which the labels

{1,n-q}0{t+1,t+2,...,n}

form a clique of sizen—t +2 in ©1(S, f). By our remarks abee, the selection of names for
the vertices is immaterial as long asytlaege totally ordered. Lettingn=n -t + 2 ,we thus hae

Corollary 4.1  The number of labeled g-trees on n>q+1 nodes in which the vertices

Vi,Vo, ...,V O{1,2,...,n} formacliqueis
Oo+l-m ) n+i-g-2pgC
03 (a+1-i) T O (ng- g2+ 1)nman?
0 i=0 O | DD

Note that Corollaries3.1 and 3.2 as well as the formula gen in 4.3 for m=2 ae special
cases of Corollaryd.1 moduloroutine application of binomial identities.
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