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ABSTRACT
The Smith-W aterman algorithm for lo cal sequence align-

men t is one of the most imp ortan t tec hniques in com-

putational molecular biology . This ingenious dynamic

programming approac h w as designed to rev eal the high-

ly conserv ed fragmen ts b y discarding p o orly conserv ed

initial and terminal segmen ts. Ho w ev er, the existing

notion of lo cal similarit y has a serious 
a w: it do es not

discard p o orly conserv ed in termediate segmen ts. The

Smith-W aterman algorithm �nds the lo cal alignmen t

with maximal sc or e but it is unable to �nd lo cal align-

men t with maxim um de gr e e of similarit y (e.g., maximal

p ercen t of matc hes). Moreo v er, there is still no e�cien t

algorithm that answ ers the follo wing natural question:

do t w o sequences share a (su�cien tly long) fragmen-

t with more than 70% of similarit y? As a result, the

lo cal alignmen t sometimes pro duces a mosaic of w ell-

conserv ed fragmen ts arti�cially connected b y p o orly-

conserv ed or ev en unrelated fragmen ts. This ma y lead

to problems in comparison of long genomic sequences

and comparativ e gene prediction as recen tly p oin ted out

b y Zhang et al., 1999 [33]. In this pap er w e prop ose a

new sequence comparison algorithm ( normalize d lo c al

alignment ) that rep orts the regions with maxim um de-

gree of similarit y . The algorithm is based on fractional

programming and its running time is O ( n

2

log n ). In

practice, normalized lo cal alignmen t is only 3-5 times

slo w er than the standard Smith-W aterman algorithm.
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1. BACKGROUND
Gene prediction in h uman genome often amoun ts to

using related proteins from other sp ecies as clues for

�nding exon-in tron structures (Gelfand et al., 1996 [16],

Birney et al., 1996 [11], P ac h ter et al., 1999 [22]). Re-

cen tly , a related paradigm, motiv ated b y a v ailabilit y

of complete genomes, has emerged (Batzoglou et al.,

2000 [10], Bafna and Huson, 2000 [9]). In this new ap-

proac h, h uman genes are predicted based on other (e.g.,

mouse) un-annotated genomic sequences. The idea of

this metho d is that similarit y b et w een n ucleotide se-

quences of related h uman and mouse exons is 85% on

a v erage, while similarit y b et w een in trons is 35% on a v-

erage. This observ ation motiv ates the follo wing sim-

ple approac h: use lo cal alignmen t algorithm (Smith and

W aterman, 1981 [27]) to �nd the most similar segmen ts

in h uman and mouse genomic sequences and use these

fragmen ts as p oten tial exons at the further stages.

Unfortunately , this approac h faces serious di�culties.

Smith-W aterman algorithm w as dev elop ed 20 y ears ago

for a di�eren t problem and it is not w ell suitable for

sequence comparison at genomic scale. Surprisingly e-

nough, w e still don't ha v e an e�cien t algorithm that

�nds the lo cal alignmen t with the b est degree of se-

quence similarit y . The follo wing example illustrates this

p oin t.

It is w ell-kno wn that the statistical signi�cance of the

lo cal alignmen t dep ends on b oth its score and length

(Altsc h ul and Ericson, 1986 [3], 1988 [4]). Ho w ev er,

the score of a lo cal alignmen t is not normalized o v er the

length of the matc hing region. As a result, a lo cal align-

men t with score 1,000 and length 10,000 ( long alignmen-

t ) will b e c hosen o v er a lo cal alignmen t with score 998

and length 1,000 ( short alignment ), although the lat-

ter one is probably more imp ortan t biologically . More-

o v er, if the corresp onding alignmen t paths o v erlap, the

more biologically imp ortan t \short" alignmen t w on't b e

detected ev en b y sub optimal sequence alignmen t algo-



rithm ( shadow e�e ct ). Another unfortunate prop ert y of

the Smith-W aterman algorithm is that it w as designed

to exclude non-similar initial and terminal fragmen ts in

sequence alignmen t but it w as not designed to exclude

non-similar in ternal fragmen ts. This 
a w with Smith-

W aterman lo cal similarit y approac h (Figure 1) leads to

inclusion of arbitrarily p o or in ternal fragmen ts ( mosaic

e�e ct ). As a result, applications of the Smith-W aterman

algorithm to comparison of related genomes (particular-

ly with short in trons as C. ele gans and C. briggsae ) ma y

lead to problems (Zhang et al., 1999 [33]).

The attempts to �x the problem of mosaic e�ect under-

tak en b y Goad and Kanehisa, 1982 [17] (who in tro duced

alignmen t with minimal mismatc h densit y) and Seller-

s, 1984 [25] did not lead to successful algorithms and

w ere later abandoned. The mosaic e�ect w as �rst an-

alyzed b y W ebb Miller (p ersonal comm unication) and

led to some studies trying to �x this problem at the

p ost-pro cessing stage (Huang et al., 1994 [18], Zhang

et al., 1999 [33]). Zhang et al., 1999 [33] prop osed to

decomp ose a lo cal alignmen t in to sub-alignmen ts that

a v oid the mosaic e�ect. Ho w ev er, the p ost-pro cessing

approac h ma y miss the alignmen ts with the b est degree

of similarit y if the Smith-W aterman algorithm missed

them. As a result, highly similar fragmen ts ma y b e

ignored if they are not parts of larger alignmen ts dom-

inating other lo cal similarities. Another approac h to

�xing the problems with the Smith-W aterman algorith-

m is based on the notion of X - dr op , a region within

an alignmen t that scores b elo w X . The alignmen ts

that con tain no X -drops are called X - alignments . Al-

though X -alignmen ts are exp ensiv e to compute in prac-

tice, Altsc h ul et al., 1997 [5] and Zhang et al., 1998 [32]

used some heuristics for searc hing databases with this

approac h. Other attempts to �x the problem of mo-

saic e�ect in v olv e mo di�cations of the lo cal alignmen t

algorithm that allo w insertions of v ery long gaps.

Another de�ciency of the lo cal alignmen t w as recen tly

rev ealed b y Alexandro v and Solo vy ev, 1998 [2]. They

ask ed if the Smith-W aterman algorithm correctly �nds

the most biologically adequate relativ e in a b enc hmark

sample of di�eren t protein families. The answ er to this

question w as negativ e, and Alexandro v and Solo vy ev,

1998 [2] \blamed" it on the fact that the Smith-W aterman

algorithm do es not tak e in to accoun t the length of the

alignmen t. They prop osed to normalize the alignmen t

score b y its length and demonstrated that this new ap-

proac h leads to b etter protein classi�cation. Ho w ev er,

computing normalized scores in alignmen ts ma y b e v ery

exp ensiv e when there is a constrain t on length.

The idea of normalization has b een studied in the con-

text of e dit distanc es where the ob jectiv e is a minimiza-

tion de�ned o v er the set of sequence of edit op erations

transcribing one string to the other of the t w o giv en

strings. W e ma y think of adapting similar solutions to

normalized lo cal alignmen t problem where the ob jectiv e

is to rev eal lo cal similarities b y maximizing the scores

among the substrings of the original strings. The algo-

rithm dev elop ed b y Marzal and Vidal, 1993 [19] com-

putes the normalize d e dit distanc e b et w een t w o giv en

strings. The normalized edit distance problem seeks for

a sequence of edit op erations with minim um amortized

w eigh t, i.e. the total w eigh t divided b y the n um b er of

edit op erations. The algorithm in [19] uses dynamic

programming to compute the minim um edit distances

for all lengths. Similarly , w e can mo dify the Smith-

W aterman lo cal alignmen t algorithm ([27]) to consider

lo cal scores of all lengths whic h requires cubic time and

quadratic space, v ery high complexities for practical ap-

plications. V arious parallel algorithms for normalized

edit distance problem w ere dev elop ed b y E� gecio� glu and

Ib el, 1996 [15]. In this pap er, w e only consider serial

computations. The algorithms b y Oommen and Zhang,

1996 [21], Vidal et al., 1995 [29], Arslan and E� gecio� glu,

1999 [7], 2000 [8] do not aim to satisfy a constrain t on

the length, therefore they cannot directly b e adapted to

the computation of normalized scores when lengths are

restricted.

In this pap er, w e prop ose a new practical algorithm that

pro duces lo cal alignmen t with maxim um degree of sim-

ilarit y b y extending the ideas presen ted in [7] and [8].

T o re
ect the length of the lo cal alignmen t in scoring,

the score s ( I ; J ) of lo cal alignmen t in v olving substrings

I and J ma y b e adjusted b y dividing s ( I ; J ) b y the

total length of the aligned regions: s ( I ; J ) = ( j I j + j J j ).

The normalize d lo c al alignment pr oblem is to �nd sub-

strings I and J that maximize s ( I ; J ) = ( j I j + j J j ) among

all substrings I and J with j I j + j J j � T , where T is a

threshold for the minimal o v erall length of I and J . F or

the same problem with no restriction on o v erall length,

the answ er w ould b e short substrings that are not bi-

ologically meaningful (in this case normalized score is

maximized b y a single matc h). W e use a sligh tly dif-

feren t ob jectiv e to normalized alignmen t. W e aim to

maximize s ( I ; J ) = ( j I j + j J j + L ) for a giv en parameter

L . Our purp ose is to pro vide a w a y of con trol o v er the

degree of normalization b y v arying L , and at the same

time still b eing able to use fractional programming tec h-

nique for fast computation.

2. NORMALIZED LOCAL ALIGNMEN­
T ALGORITHMS

Let a = a

1

a

2

� � � a

n

and b = b

1

b

2

� � � b

m

b e t w o sequences

of sym b ols o v er an alphab et � with n � m . The A lign-

ment Gr aph G

a;b

( Edit Gr aph in the con text of string

editing) is used to represen t all p ossible alignments (W a-

terman, 1995 [30]) b et w een a and b . It is a directed

acyclic graph ha ving ( n + 1)( m + 1) lattice p oin ts ( u; v )

for 0 � u � n , and 0 � v � m as v ertices (Figure

2). The diagonal arcs are either matc hing ( a

u

= b

v

), or

mismatc hing ( a

u

6= b

v

).

Consider a directed path p b et w een t w o v ertices ( i �

1 ; j � 1) and ( k ; l ) on G

a;b

where i � k and j � l .
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Sequence 2

Sequence 1

SCORE > XSCORE > X SCORE = - X

Figure 1: The inclusion of an arbitrarily p o or region in an alignmen t (Zhang et al., 1999). If a region of

negativ e score � X is sandwic hed b et w een t w o regions scoring more than X , then the Smith-W aterman

algorithm will join the three regions in to a single alignmen t that ma y not b e biologically adequate.

G G A C

1

-d

1

TA

1

-m

(k,l)

(n,m)

A

T

T

G

T

a2
a1
(0,0)b1b2 b A

(i-1,j-1)

bj-1

ai-1

-m

-m-m

m

an

Figure 2: The alignmen t graph G

a;b

where a

i

� � � a

k

= AT T GT and b

j

� � � b

l

= AGGAC AT . Matc hing

diagonal arcs are dra wn as solid lines while mismatc hing diagonal arcs are sho wn b y dashed lines.

Dotted lines used for horizon tal and v ertical arcs corresp ond to indels. An example alignmen t path

is sho wn. Only the w eigh ts of the arcs in this path are included.

W e call eac h suc h path an alignment p ath since trac-

ing the arcs of p , and p erforming the corresp onding edit

op erations in a

i

� � � a

k

, w e obtain the segmen t b

j

� � � b

l

as follo ws : for a horizon tal arc (( u; v � 1) ; ( u; v )), in-

sert b

v

immediately b efore a

u

; for a v ertical arc (( u �

1 ; v ) ; ( u; v )) delete a

u

; for a mismatc hing diagonal arc

(( u � 1 ; v � 1) ; ( u; v )), substitute b

v

for a

u

. In the con-

text of sequence alignmen t, insertions (horizon tal arcs)

and deletions (v ertical arcs) are b oth called indel s, and

the names match , and mismatch , are used to refer to

matc hing diagonal, and mismatc hing diagonal arcs.

The ob jectiv e of sequence alignmen t is to quan tify the

similarit y b et w een t w o strings. There are v arious s-

coring sc hemes for this purp ose. In one simple suc h

metho d, the arcs of G

a;b

ha v e w eigh ts determined b y

p ositiv e reals � ( mismatch p enalty ) and � ( indel or gap

p enalty ) as sho wn in Figure 2. W e assume that a matc h

has a score of 1, a mismatc h p enalt y is � , and an indel

has a p enalt y of � . Existence of an alignmen t path with

a large total w eigh t b et w een the v ertices ( i � 1 ; j � 1) and

( k ; l ) indicates a high similarit y b et w een the segmen ts

a

i

� � � a

k

and b

j

� � � b

l

.

F or clarit y of exp osition, w e assume this simple scoring

sc heme in setting up the de�nitions. W e address the

issue of extending the results to more complex scoring

sc hemes in the next section.

W e sa y that ( x; y ; z ) is an alignment ve ctor for a

i

� � � a

k

and b

j

� � � b

l

, if there is an alignmen t path b et w een the

v ertices ( i � 1 ; j � 1) and ( k ; l ) in G

a;b

with x matc hes,

y mismatc hes, and z indels. In Figure 2, (3 ; 1 ; 4) is an

alignmen t v ector corresp onding to the path sho wn in the

�gure. Let AV

i;j;k ;l

( a; b ) denote the set of all suc h align-

men t v ectors, i.e. AV

i;j;k ;l

( a; b ) = f ( x; y ; z ) j ( x; y ; z ) is

an alignmen t v ector for a

i

� � � a

k

and b

j

� � � b

l

g :

Similarly w e call ( x; y ; z ) an alignment ve ctor if it is an

alignmen t v ector for some pair a

i

� � � a

k

and b

j

� � � b

l

.

W e de�ne AV ( a; b ) as the set of all alignmen t v ectors,

o v er all i � k and j � l . An alignmen t v ector ( x; y ; z )

has a score de�ned b y � , and � :

SCORE ( x; y ; z ) = x � � y � �z (1)

The maxim um score b et w een segmen ts a

i

� � � a

k

and

b

j

� � � b

l

is the score of an alignmen t v ector whose score is

the maxim um among all the alignmen t v ectors b et w een

these t w o sequences.

S

� ;�

( a

i

� � � a

k

; b

j

� � � b

k

) =

max f SCORE ( x; y ; z ) j ( x; y ; z ) 2 AV

i;j;k ;l

( a; b ) g (2)



In this pap er, w e denote b y P

�

the optim um v alue of

problem P . Lo cal Alignmen t ( LA ) problem seeks for

t w o segmen ts with the highest similarit y score:

LA

�

� ;�

( a; b ) = max

i � k ;

j � l

f S

� ;�

( a

i

� � � a

k

; b

j

� � � b

k

) g (3)

Let LENGTH

L

( a

i

� � � a

k

; b

j

� � � b

l

) = ( k � i + 1) + ( l �

j + 1) + L where L is a p ositiv e constan t. A normalized

score N S

L

of t w o segmen ts a

i

� � � a

k

, b

j

� � � b

l

is then

N S

� ;�;L

( a

i

� � � a

k

; b

j

� � � b

l

) =

S

� ;�

( a

i

��� a

k

;b

j

��� b

l

)

LENGTH

L

( a

i

��� a

k

;b

j

��� b

l

)

(4)

Normalized Lo cal Alignmen t ( NLA ) problem seeks for

t w o segmen ts a

i

� � � a

k

and b

j

� � � b

l

for whic h the nor-

malized score is the highest among all p ossible pairs of

segmen ts as expressed b elo w:

NLA

�

� ;�;L

( a; b ) = max

i � k ;

j � l

f N S

� ;�;L

( a

i

� � � a

k

; b

j

� � � b

l

) g

Observ e that if ( x; y ; z ) is an alignmen t v ector for a

i

: : : a

k

and b

j

: : : b

l

then ( k � i + 1) + ( l � j + 1) = 2 x + 2 y + z .

Using this relation, w e see that the function LENGTH

L

can b e giv en on the set of alignmen t v ectors ( x; y ; z ) 2

AV ( a; b ) b y the expression

LENGTH

L

( x; y ; z ) = 2 x + 2 y + z + L (5)

By using the de�nition of AV ( a; b ) with (1), (2), (4),

and (5) w e express the ob jectiv e of the NLA problem in

the domain of alignmen t v ectors as

NLA

�

� ;�;L

( a; b ) =

max

n

SCORE ( x;y ;z )

LENGTH

L

( x;y ;z )

j ( x; y ; z ) 2 AV ( a; b )

o

(6)

Figure 3 sho ws some p ossible problem cases for LA

for whic h NLA discriminates an alignmen t with higher

p ercen t matc hes from the one determined b y the LA

problem. P art ( i ) includes an example for the mosa-

ic e�ect, and parts ( ii ), and ( iii ) ha v e examples with

non-o v erlapping and o v erlapping alignmen ts resp ectiv e-

ly . F or L < 600 , in eac h case, the shorter alignmen-

t(s) with a score of 80 has a larger normalized score

(

80

200+ L

) than the longer alignmen t whic h has a score of

120 (whose normalized score is

120

600+ L

) .

The lo cal and normalized alignmen t problems w e ha v e

de�ned b y stating their ob jectiv es are clearly optimiza-

tion problems of linear functions o v er the same domain.

In other w ords, using equations (1) and (5), and de�-

nitions (3) and (6) w e can rewrite LA and NLA as the

follo wing maximization problems :

LA

� ;�

( a; b ) : maximiz e x � � y � �z

s.t.( x; y ; z ) 2 AV ( a; b )

NLA

� ;�;L

( a; b ) : maximiz e

x � � y � �z

2 x +2 y + z + L

s.t.( x; y ; z ) 2 AV ( a; b )

F or a giv en � , w e de�ne a problem whic h w e call the

p ar ametric lo c al alignment pr oblem

LA

� ;�;L

( � )( a; b ) :

maximiz e x � � y � �z � � (2 x + 2 y + z + L )

s.t. ( x; y ; z ) 2 AV ( a; b )

In order not to rep eat the formal parameters in the

problem descriptions when they are the same, in the rest

of the pap er w e will use LA , NLA and LA ( � ) instead of

LA

� ;�;L

( a; b ), NLA

� ;�;L

( a; b ), and LA

� ;�;L

( � )( a; b ), re-

sp ectiv ely .

As w e prop ose next, a parametric lo cal alignmen t prob-

lem can b e describ ed in terms of lo cal alignmen t prob-

lem.

Pr oposition 1. F or a p ar ameter � ( <

1

2

), the opti-

mum value LA

�

( � ) of the p ar ametric LA pr oblem c an

b e formulate d in terms of the optimum value LA

�

of an

LA pr oblem.

Pr oof. The ob jectiv e of the parametric problem is

LA

�

( � )

= max f (1 � 2 � ) x � ( � + 2 � ) y � ( � + � ) z � �L g

= (1 � 2 � ) max

n

x �

� +2 �

1 � 2 �

y �

� + �

1 � 2 �

z

o

� �L

= (1 � 2 � ) LA

�

�

0

;�

0

( a; b ) � �L

where �

0

=

� +2 �

1 � 2 �

; �

0

=

� + �

1 � 2 �

:

Th us, computing LA

�

( � ) in v olv es solving the lo cal align-

men t problem LA

�

0

;�

0

( a; b ) , and p erforming some sim-

ple arithmetic afterw ards.

Note that since � , � and L are p ositiv e, for an y align-

men t v ector ( x

0

; y

0

; z

0

), if � is its normalized score then

� =

x

0

� � y

0

� �z

0

2 x

0

+ 2 y

0

+ z

0

+ L

<

1

2

Dink elbac h's algorithm [14] can b e used to solv e NLA .

Dink elbac h has dev elop ed a general algorithm whic h us-

es the p ar ametric metho d of an optimization tec hnique
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Figure 3: Mosaic and shado w e�ects. ( i ) mosaic e�ect, ( ii ) shado w e�ect (non-o v erlapping alignmen ts),

( iii ) shado w e�ect (o v erlapping alignmen ts). The n um b ers written in italic are the scores of alignmen ts

iden ti�ed b y the corresp onding rectangles. The other n um b ers are the side lengths of the rectangles.

kno wn as fr actional pr o gr amming . The algorithm is ap-

plicable to optimization problems whic h in v olv e a ratio

of t w o functions o v er the same domain where the func-

tion in the denominator is assumed to b e p ositiv e. The

thesis of the parametric metho d applied to the case of

alignmen t maximization problems implies that the op-

timal solution to NLA can b e ac hiev ed via a series of

optimal solutions of LA ( � ) for di�eren t � . The cen tral

result is that

� = NLA

�

i� LA

�

( � ) = 0 :

That is, an alignmen t v ector a has the optim um nor-

malized score � i� a is an optimal alignmen t v ector for

the parametric problem LA ( � ) whose optim um v alue is

zero. A pro of of this essen tial prop ert y of the paramet-

ric metho d is giv en b y Sniedo vic h, 1992 [28]. Cra v en,

1988 [13] and Sniedo vic h, 1992 [28] explain v arious oth-

er in teresting prop erties of Dink elbac h's algorithm and

fractional programming.

Dink elbac h algorithm for NLA problem is sho wn in Fig-

ure 4. The algorithm starts with an initial v alue for

� and rep eatedly solv es LA ( � ). A t eac h instance of

the parametric problem, an optimal alignmen t v ector

( x; y ; z ) of LA ( � ) yields a ratio (normalized score) for

NLA . This new ratio is either equal to � , in whic h case

it is optim um, or larger than � . If it is equal to �

then the algorithm terminates. Note that in this case

LA

�

( � ) = 0 since the optimal alignmen t v ector of the

last iteration has the normalized score � . Otherwise,

the ratio is tak en to b e the new v alue of � and LA ( � ) is

solv ed again. When con tin ued in this fashion, con v er-

gence to NLA

�

is guaran teed. Another w a y to explain

the b eha vior of the algorithm is as follo ws. It iterativ ely

mo di�es the scores in suc h a w a y that the optimal non-

normalized lo cal alignmen t under the set of con v erged

scores is also the optimal normalized alignmen t under

the original scores.

Algorithm Dinkelbach

Pick an arbitrary alignment vector ( x; y ; z ) in

AV ( a; b ) ,

�

�

 

x � � y � �z

2 x +2 y + z + L

Repeat

�  �

�

Using Prop.1, solve LA ( � ) and

obtain an optimal alignment vector ( x; y ; z )

�

�

 

x � � y � �z

2 x +2 y + z + L

Until �

�

= �

Return( �

�

)

Figure 4: Dinkelbach algorithm for NLA .



The parametric problem in this algorithm can b e solv ed

using the Smith-W aterman algorithm. An optimal align-

men t v ector (or alternativ ely its score and length v alues)

needs to b e computed along with optimal score for the

parametric problem of the Dink elbac h algorithm. P osi-

tion of an optimal alignmen t ma y also b e desired. These

can b e done b y extending the Smith-W aterman algorith-

m to include, at eac h en try of the score matrix, infor-

mation ab out the alignmen t v ector corresp onding to an

optimal alignmen t path whic h ends at that no de, and

the starting no de-p osition of the path. This addition-

al information can b e carried o v er and up dated along

with the optimal score up dates without an increase in

the asymptotic space and time complexit y . The result-

ing space complexit y of solving NLA b y this algorithm is

O ( m ). The resulting time complexit y is the pro duct of

the n um b er of iterations and, the time complexit y of the

Smith-W aterman algorithm. Although exp erimen tal re-

sults suggest that the n um b er of iterations is small on

a v erage, no satisfactory theoretical a v erage-case/w orst-

case b ound for the gro wth of the n um b er of iterations

has b een established.

W e sho w next that a pro v ably b etter time complexi-

t y result can b e ac hiev ed b y using Megiddo's tec hnique

based on an observ ation used in Arslan and E� gecio� glu,

2000 [8] for the computation of normalized edit distance.

Ev en though it do es not seem feasible to precompute

candidate v alues for the optim um v alue of NLA , w e can

sho w that an e�cien t searc h ( a binary se ar ch ) for the

optim um v alue is still p ossible b y using the fact that an y

t w o distinct candidate v alues for NLA

�

are not arbitrar-

ily close to eac h other if the scores are rational. The

resulting algorithm RationalNLA for the NLA problem

with rational p enalties is giv en in Figure 5. The prop er-

ties of RationalNLA can b e used to pro v e the follo wing

theorem whose pro of is omitted.

Theorem 1. If algorithm A c omputes LA

�

and ob-

tains an optimal alignment ve ctor with time c omplexity

T ( n; m ) , then NLA

�

c an b e c ompute d in time O ( T ( n; m )

log n ) and using (asymptotic al ly) the same sp ac e r e quir e d

by algorithm A pr ovide d that � and � ar e r ational.

The Smith-W aterman algorithm can b e used as algo-

rithm A in RationalNLA to �nd the lo cal alignmen t v ec-

tors and hence to solv e the parametric lo cal alignmen t

problems in v ok ed b y RationalNLA . Therefore:

Cor ollar y 1. Normalize d lo c al alignment of se quenc es

of length n and m c an b e c ompute d in O ( nm log n ) time

and O ( m ) sp ac e.

The ideas in the Dink elbac h algorithm or algorithm

RationalNLA are not restricted to a particular scoring

sc heme. Under an y giv en scoring sc heme, pro vided that

the parametric LA problems in these algorithms can b e

form ulated in terms of an LA problem, these algorithms

Algorithm RationalNLA

�  

1

q s ( m + n + L )

2

where � =

p

q

, and � =

r

s

(This is the

gap lower bound)

[ e; f ]  [0 ;

1

2

q s ( m + n + L )

2

]

While ( e + 1 < f ) do

k  b ( e + f ) = 2 c

Using Prop.1, solve LA ( k � )

and let v be the optimum score obtained

if v = 0 then return( k � )

else if v < 0 then f  k

else e  k

End f while g

Using Prop.1, solve LA ( f � ) and obtain an optimal

alignment vector ( x; y ; z )

Return

�

x � � y � �z

2 x +2 y + z + L

�

Figure 5: NLA algorithm RationalNLA for rational

scores.

can b e mo di�ed so that they presen t a solution to NLA

problem. F urthermore, if scores/p enalties are rational,

and solving a parametric problem and obtaining an opti-

mal solution (alignmen t v ector) tak e asymptotically the

same time as that of the underlying LA algorithm, then

the complexit y results for RationalNLA of Theorem 1

hold. W e address t w o particularly imp ortan t cases of

scoring sc hemes : a�ne gap p enalties , and arbitr ary s-

c or e matric es .

Sometimes insertion or deletion of a blo c k of sym b ols

called a gap is treated di�eren tly than a stream of single-

sym b ol indels. A�ne gap p enalt y for a gap of length k

is

� + �k

where � is a gap op en p enalty and � is an indel p enalt y .

In this case, w e ma y use a 4-tuple ( x; y ; z ; g ) to represen t

an alignmen t v ector with whic h the new comp onen t g

is the n um b er of gaps. F or example, (3 ; 1 ; 4 ; 2) is the

alignmen t v ector for the alignmen t path sho wn in Figure

2. The alignmen t v ector has t w o gaps one of whic h is a

single delete, and the other is a blo c k of three inserts.

The de�nition of the length function LE N GT H

L

do es

not c hange under this scoring sc heme. The score of an

alignmen t v ector can b e rewritten as

SCORE ( x; y ; z ; g ) = x � � y � �z � �g

In some applications, score of a giv en op eration v aries

dep ending on the individual sym b ols in v olv ed in the

op eration (e.g., protein sequence comparison). In this

case, w e ma y decide to de�ne the alignmen t v ector suc h

that it includes as a comp onen t frequency of eac h op er-

ation. Let i � , � i denote resp ectiv ely the deletion and

insertion of the i th sym b ol, and ij denote the substi-



tution of the j th sym b ol for the i th sym b ol of the al-

phab et � . F or a giv en op eration e , let s

e

represen t the

score, and f

e

represen t the frequency of this op eration.

If u = j � j then for a giv en alignmen t v ector a where

a = < f

1 �

; f

2 �

; : : : ; f

u �

;

f

� 1

; f

� 2

; : : : ; f

� u

;

f

11

; f

12

; : : : ; f

1 u

; : : : ; f

u 1

; f

u 2

; : : : ; f

uu

> ;

the score and length functions can b e de�ned as

SCORE ( a ) =

X

ij

s

ij

f

ij

+

X

i

s

i �

f

i �

+

X

i

s

� i

f

� i

LENGTH

L

( a ) = 2

X

ij

f

ij

+

X

i

f

i �

+

X

i

f

� i

+ L

One can v erify that in b oth of these cases, a parametric

LA problem can easily b e form ulated in terms of an LA

problem under that particular scoring sc heme, and our

results hold.

3. IMPLEMENTATION AND TEST RE­
SULTS

W e ha v e c hosen to implemen t the Dink elbac h algorith-

m for NLA computation (a�ne gap p enalties) since this

algorithm has a go o d p erformance in practice. W e ha v e

mo di�ed the Smith-W aterman algorithm (for a�ne gap-

s) to obtain and carry along the alignmen t information

through the no des. In our implemen tation w e ha v e used

LENGTH

L

v alue of the alignmen t v ectors as a tie break-

er. W e select an alignmen t with the largest LENGTH

L

v alue in case there are more than one optimal align-

men ts ending in the same no de. That is, w e fa v or the

alignmen t with the largest LENGTH

L

v alue among the

alignmen ts with the same normalized score since for t w o

alignmen ts with the same normalized score, the one with

larger LENGTH

L

v alue has the higher (non-normalized)

score whic h ma y b e preferred o v er others (The program

can b e obtained b y con tacting A.N.A.). In our tests,

the algorithm nev er required more than 9 in v o cations

of the Smith-W aterman algorithm, and in the ma jorit y

of cases it to ok 3 � 5 in v o cations to solv e a single NLA

problem.

Once optimal segmen ts are found for one NLA prob-

lem, one ma y w an t to con tin ue with more NLA com-

putations after masking these segmen ts in the t w o se-

quences. F or this purp ose, w e ha v e dev elop ed algorith-

m RepeatedDinkelbach . With eac h alignmen t b et w een

a

i

: : : a

k

and b

j

: : : b

l

, w e store a pair whose �rst comp o-

nen t is the alignmen t v ector ( x; y ; z ; g ) and second com-

p onen t is the alignmen t p osition ( i; j; k ; l ) . W e ha v e

used a queue Q to store alignmen ts generated b y the

iterations of the Dink elbac h NLA algorithm so that a

new NLA computation pic ks as the initial alignmen-

t the last alignmen t in Q whic h do es not o v erlap with

the alignmen t rep orted in the last iteration. This w a y

w e impro v e the a v erage n um b er of iterations p er NLA

computation. RepeatedDinkelbach con tin ues generat-

ing alignmen ts un til no alignmen t whose normalized s-

core is larger than a giv en threshold score T can b e

found in unmask ed regions of the sequences. This ter-

mination condition is easy to implemen t since the nor-

malized scores are decreasing as they are rep orted. An-

other alternativ e w ould b e to let the algorithm run un til

there remains no more alignmen ts with p ositiv e score.

W e ha v e also implemen ted a v ersion of the algorithm

whic h �rst masks a set of regions as a pre-pro cessing

step. This allo ws us to explicitly stop the NLA compu-

tations at an y time w e w an t, and resume the computa-

tion of alignmen ts from where it (almost) left using the

second algorithm.

W e ha v e tested our algorithms with v arious v alues of

L . W e observ e that if L is large w e obtain alignmen ts

with high scores but lo w normalized scores, while if L is

small then the resulting alignmen ts ha v e high normal-

ized scores but they ma y b e short and less in teresting

biologically . In other w ords, as the v alue of L increas-

es our algorithm �nds longer optimal alignmen ts for a

particular instance of the problem. It is di�cult to de-

termine a v alue for L whic h p erforms w ell in (almost)

ev ery case b ecause a prop er v alue is data-dep enden t. If

the highest normalized score (with resp ect to the curren t

v alue of L ) b elongs to an alignmen t that is to o short to

b e biologically in teresting then w e need to increase the

v alue of L to fa v or the longer (biologically in teresting)

alignmen ts. F or example for the alignmen ts in Figure

3, L has to b e at least 600 so that the longer alignmen-

t wins o v er the shorter one. If alignmen ts returned as

optimal do not ha v e su�cien tly high normalized scores

then a smaller v alues of L should b e tried. One needs

to exp erimen t v arious v alues for L for a particular in-

stance of sequence alignmen t. Another w a y to get rid

of un w an ted short alignmen ts can b e to mask the corre-

sp onding regions and rerun the algorithm. If w e decide

to do so w e need to b e sure that these regions do not

tak e part in desired alignmen ts. As a common practice

in sequence alignmen t, w e �rst mask ed the rep eats b y

Rep eatMask er (h ttp://ftp.genome.w ashington.edu/ R-

M/Rep eatMask er.h tml) b efore running our algorithm.

These biologically unin teresting regions ma y ha v e high

normalized scores. They ma y b ecome part of un w an t-

ed short alignmen ts. Therefore hiding rep eats ma y help

eliminate short alignmen ts to b e output as optimal b y

our algorithm. T o visualize the di�erence among v arious

approac hes to sequence alignmen t, w e represen ted ev ery

area of similarit y as a rectangle rather than as a diag-

onal in con v en tional dra wings of dot-matrices. Rectan-

gles in the �gures sho w the segmen ts in v olv ed in the

alignmen ts. In Figures 6 and 7 the alignmen t region-

s returned b y Smith-W aterman algorithm are sho wn

using dotted lines whereas those determined b y p ost-

pro cessing algorithm b y Zhang et al., 1999 [33] are dis-

tinguished b y dashed lines. Rectangles with thic k lines

are the ones obtained b y our algorithm. W e ha v e includ-

ed p ercen t matc hes (n um b er of matc hes divided b y the

a v erage length of the segmen ts) for the alignmen ts w e

ha v e found. Our algorithm captures the regions found



b y these algorithms but pro vides more \gran ularit y" in

represen ting the most similar fragmen ts of the aligned

regions. T o ac hiev e ev en higher lev el of gran ularit y one

can either reduce the threshold T for rep orted align-

men ts or v ary L at di�eren t iterations of the algorithm.

As exp ected, the regions not included in found normal-

ized lo cal alignmen ts sho w little similarit y: the degree

of similarit y \outside" the b o xes in Figures 6 and 7 is

usually b elo w 35%.

4. CONCLUSIONS
The arriv al of long genomic sequences raises new c hal-

lenges in sequence comparison. In particular, the tradi-

tional to ols for computing and represen ting alignmen ts

ma y not b e suitable for genomic-scale sequence com-

parison. These c hallenges w ere recen tly addressed b y

Sc h w artz et al, 2000 [24] who in tro duced the Per c ent

Identity Plots or PIPs . PIPs are compact and con v e-

nien t substitutes for dot-matrices that, in addition to

rev ealing similar segmen ts, re
ect the p ercen t of similar-

it y b et w een di�eren t segmen ts of compared sequences.

Our normalized lo cal approac h is conceptually similar

to this approac h in an attempt to �nd the regions with

the highest p ercen t of similarit y .

The undesirable prop erties of linear scoring in sequence

alignmen t w ere �rst rev ealed b y Altsc h ul and Eric kson,

1986 [3] who prop osed di�eren t non-linear scoring func-

tions. They also noticed that alignmen ts with non-linear

scoring functions are di�cult to compute in practice.

The de�ciency of linear scoring functions are w ell-kno wn

in other application domains of dynamic programming.

In particular, non-linear scoring functions lead to b etter

practical algorithms for sp eec h recognition and recogni-

tion of hand-written texts (Vidal et al., 1995 [29]).

Some sequence comparison practitioners ha v e b een us-

ing a few runs of the Smith-W aterman algorithm with

v aried gap p enalties to arriv e to a biologically adequate

alignmen t. Ho w ev er, the c hoice of gap p enalties in suc h

searc hes remained largely heuristic. Our algorithm for

normalized sequence alignmen t mimics this approac h

but pro vides a rigorous justi�cation for c ho osing param-

eters in di�eren t runs of the Smith-W aterman algorith-

m.

P earson, 1995 [23], Shpaer et al., 1996 [26] and Brenner

et al.,1998 Brenner98 made the comparativ e analysis

of F AST A, BLAST and the Smith-W aterman algorith-

m for functional protein classi�cation. Ab duev a et al.

2001 [1] used their test framew ork to study the e�ect

of alignmen t length on sensitivit y of database searc h.

The preliminary results of this w ork demonstrate that

normalization impro v es the functional protein classi�-

cation.

Although the normalized lo cal alignmen t approac h pro v ed

to b e successful in our preliminary tests, a n um b er of

questions remain unsolv ed. Most imp ortan tly , the s-

tatistics of normalized lo cal alignmen t is p o orly under-

sto o d. The statistical questions asso ciated with the

classical lo cal alignmen t are so complex (Arratia et al.,

1990 [6], W aterman and Vingron, 1994 [31]) that w e did

not ev en dare to try estimating statistical signi�cance

of normalized lo cal alignmen t. Another problem is that

the rules go v erning the optimal c hoice of the parameter

L are not y et w ell understo o d.
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