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Abstract

In a m ultiple disk en vironmen t it is desirable to ha v e

tec hniques for e�cien t parallel execution of similarit y

queries. Usually man y buc k ets that ma y ha v e the query

result are needed to b e retriev ed from secondary stor-

age, whic h is a costly op eration. T o ac hiev e e�ciency ,

there are t w o ma jor factors that need to b e consid-

ered. These are the n um b er of buc k ets retriev ed b y

the query , and the degree of parallelism pro vided b y

the disk allo cation metho d. In this pap er, w e dev elop

e�cien t tec hniques for parallel similarit y searc hing b y

optimizing these t w o factors de�ned for data-sets that

are circular in nature, and similarit y queries consisting

of query spheres cen tered at the query p oin t. Our par-

titioning tec hnique minimizes the exp ected n um b er of

buc k ets retriev ed b y a random query among a sp ectrum

of partitioning sc hemes whic h ha v e equi-area concen tric

rings and equi-area cen tral w edges as its t w o extremes.

A simple disk allo cation tec hnique for the prop osed par-

titioning metho d that maximizes the degree of paral-

lelism obtained is also describ ed.

Key W ords : Circular partitioning, similarit y query ,

parallel searc h, m ultiple disks, disk allo cation.

1 In tro duction

The v olume of m ultidimensional data that need to b e

pro cessed has b een increasing rapidly . Commercial data

w arehouses are doubling their size ev ery 9-12 mon ths

and satellite data rep ositories will so on add one to t w o

terab ytes of data in a da y [1]. If the curren t trends con-

tin ue, large organizations will ha v e p etab ytes of stor-

age managed b y thousands of pro cessors [7]. Sev eral

applications using this data require e�cien t supp ort

for range and similarit y searc hing. Example of these

applications include Geographical Information Systems

(GIS) [8], Multimedia Information Systems [11 ], CAD

[6], medical imaging [10 ]. General approac h is to repre-

sen t the data ob jects as m ultidimensional p oin ts and to

�
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measure similarit y b et w een ob jects b y some notion of

distance b et w een the corresp onding m ultidimensional

p oin ts. Generally , it is assumed that the closer the

p oin ts, the more similar the data ob jects. Sev eral index

structures ha v e b een prop osed for retriev al of m ultidi-

mensional data. Examples of these include kdb-trees,

hB-tree, R-tree, R*-tree, SS-tree, TV-tree, X-tree, and

the Pyramid T ec hnique [14 , 2 , 19 , 5, 4]. Ho w ev er, tra-

ditional retriev al metho ds based on index structures

dev elop ed for single disk and single pro cessor en viron-

men ts ma y b e ine�ectiv e for the storage and retriev al of

m ultidimensional data in m ultipro cessor and m ultiple

disk en vironmen ts. Therefore, it is essen tial to dev elop

tec hniques that are optimized for suc h en vironmen ts.

Note that the buc k ets that ma y ha v e the query result

are needed to b e retriev ed from secondary storage as a

result of the query . F or e�cien t execution of queries in

these en vironmen ts, there are t w o ma jor factors that

need to b e considered:

1. the n um b er of buc k ets retriev ed b y the query ,

2. the degree of parallelism pro vided.

In this pap er, w e fo cus on similarit y queries. One of the

t ypical query t yp es is the � -similarit y whic h is sp eci�ed

b y a query p oin t and a radius whic h de�nes the ac-

ceptable region of similarit y . Another t ypical query is

the k -nearest neigh b or query in whic h k most similar

ob jects to the query ob ject need to b e rep orted. Both

of these query t yp es need to retriev e a spherical region

as a result whereas rectangular range queries retriev e a

rectangular region.

F or range and � -similarit y queries the buc k ets, i.e.

the sub divisions of the data-set, that in tersect the query

region are needed to b e retriev ed. It is eviden t that the

n um b er of buc k ets retriev ed b y a query is imp ortan t

in the p erformance of a query and this n um b er directly

dep ends on the underlying partitioning strategy [13 , 4].

If w e run the same query in t w o di�eren tly partitioned

data sets, w e ma y end up retrieving di�eren t n um b er of

buc k ets dep ending on the w a y the data-space is initially

organized. Hence, it is desirable to dev elop e�cien t

partitioning tec hniques to minimize the exp ected n um-

b er of buc k ets retriev ed as result of similarit y queries.
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Figure 1: Concen tric h yp er-cub es and h yp er-p yramids

The �rst parameter is the result of this fact. These

buc k ets are retriev ed from parallel disks in a m ulti-disk

en vironmen t. The degree of parallelism e�ects the p er-

formance of the query result. The core problem in par-

allel searc h is to distribute the buc k ets among sev eral

I/O devices suc h that the data retriev ed b y an y query is

ev enly spread across all the I/O devices. F or example,

if all the buc k ets retriev ed as a result of a giv en query

are allo cated to di�eren t devices then the query execu-

tion time is minimized. Ho w ev er, if they are allo cated

to the same device, the buc k ets are retriev ed from one

single disk sequen tially . Therefore the degree of par-

allelism m ust b e maximized b y dev eloping appropriate

allo cation tec hniques for the underlying partitioning.

2 Problem statemen t

In this pap er, w e dev elop e�cien t tec hniques for par-

allel similarit y searc hing in spherical data-sets b y op-

timizing the t w o imp ortan t factors de�ned ab o v e for

parallel searc hing. W e dev elop and analyze appropriate

partitioning tec hniques whic h minimize the n um b er of

buc k ets retriev ed b y an y query . Then, w e dev elop disk

(or I/O device) allo cation tec hniques that maximize the

degree of parallelism.

Concen tric partitioning is sho wn to b e useful for

parallel searc hing. The idea of using concen tric parti-

tioning for parallel searc hing is prop osed in [13 ]. Tw o

di�eren t partitioning strategies, concen tric h yp er-cub es

and h yp er-p yramids sho wn in Figure 1 are discussed in

the con text of parallel execution of rectangular range

queries. These tec hniques are useful for declustering

optimized for rectangular range searc hing. In this pa-

p er, w e fo cus on � -similarit y queries. W e �rst dev elop

theoretical analysis to �nd the optimal w a y of circular

data-space partitioning whic h optimizes the �rst pa-

rameter discussed in the previous section. F or h yp er-

rectangular range queries, the h yp er-p yramid partition-

ing is obtained b y dividing concen tric h yp er-cub es in to

2 d more divisions from the cen ter through the edges,

where d is the n um b er of dimensionalit y . F or similarit y

searc hing, w e will consider spherical queries, and spher-

ical partitions. The o v erall region of the data-space is

also tak en to b e a sphere. One extreme p ossibilit y is to

partition the data-space b y concen tric spheres (righ t-

most partition in Figure 2). Other extreme w a y is to

partition the data-space in to w edges without using an y

concen tric rings (leftmost partition in Figure 2). These

t w o w a ys are similar to the concen tric h yp er-cub es and

h yp er-p yramids, resp ectiv ely . Here, w e will explore the

p ossibilities of ha ving partitioning strategies in b et w een

of these extremes, as illustrated in Figure 2. Is it fea-

sible and p ossible to build a partitioning tec hnique op-

timized for the �rst parameter for similarit y queries

whic h also ac hiev es e�cien t parallelism? After stat-

ing the appropriate partitioning tec hnique, w e dev elop

an allo cation metho d for the prop osed partitioning to

ac hiev e e�cien t degrees of parallelism.

3 Theoretical considerations

F or the analysis of e�cien t partitioning tec hniques for

similarit y searc hing, w e �rst start with the observ ation

that there is a relation b et w een the the exp ected n um-

b er of partitions (w e also refer to these as buc k ets, sub-

divisions, or regions) a spherical query in tersects with

the total b oundary of the partitions. W e concen trate on

the t w o dimensional case and assume that the exp ected

n um b er of regions a small disc of radius � in tersects is

minimized when the total b oundary of the regions form-

ing the partition is minimized. This is not exactly righ t

if � is not small, since the n um b er of regions meeting

at a p oin t is imp ortan t in the calculation of the ex-

p ected v alue, whereas the length of the b oundary do es

not directly tak e this in to accoun t (i.e. it treats the

n um b er of regions in tersected as either 1 (one side of

a b oundary line) or 2 (in tersecting a b oundary line)).

Ho w ev er for small � , w e argue that this assumption is

v alid as follo ws: Consider a strip of width 2 � around

eac h b oundary line, with the b oundary line running at

the cen ter as sho wn in Figure 3. An y query circle of

radius � cen tered outside the region S in the unit circle

formed b y these strips is con tained in a single region of

the sub division. If the total area of S is A , then the

exp ected n um b er E of regions in tersected b y a random

query circle of radius � satis�es

1

�

( � � A ) + 2

A

�

� E �

1

�

( � � A ) + n

A

�

:
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Figure 2: Equi-area sub division of a circular data-space in to n = 2

k

regions consisting of 2

r

rings and 2

k � r

cen tral

w edges: k = 3, r = 0 ; 1 ; 2 ; 3.

This is b ecause eac h query circle with cen ter in S in ter-

sects at least 2 and at most n regions of the sub division.

Th us

1 +

A

�

� E � 1 + ( n � 1)

A

�

; (1)

and for an y �xed n , E approac hes its minim um p ossi-

ble v alue of 1 as A approac hes 0. Therefore for small

enough � , the exp ected v alue E is minimized for a sub-

division in to equal parts with minim um b oundary . This

is a t yp e of an isop erimetric problem. Note that in (1),

it is p ossible to use planarit y and reduce the quan tit y

n � 1 for b oundaries that are not pathological. This

is b ecause b y Euler's form ula the a v erage degree of a

v ertex in a planar graph is no larger than 6.

2r
2r

Figure 3: Crossing partition b oundaries.

No w w e assume that the query radius � is small,

and calculate the v alue of r whic h giv es the optimal

sub division in to n regions. W e assume that n = 2

k

for

some in teger k � 0. W e also assume that the query disc

is completely con tained in the unit disc. In other w ords,

its cen ter lies in the disc with origin as cen ter and of

radius 1 � � . Th us the b oundary of the unit circle itself

need not b e tak en in to accoun t in these calculations.

The t yp es of sub divisions of the unit disc in to n =

2

k

regions w e c ho ose to consider are parameterized b y

r , and corresp onding to r , the unit disk is �rst divided

in to 2

r

equal-area concen tric rings. Then eac h of these

rings is further divided up b y 2

k � r

cen tral w edges of

equal angles for a total of 2

k

equal area regions. Whic h

v alue of r = 0 ; 1 ; : : : ; k minimizes the total b oundary?

The radius x

1

of the innermost disc of the division

in to 2

r

rings is found from � x

2

1

= � = 2

r

as x

1

= 1 =

p

2

r

.

Similarly , the radius of the i -th innermost disc is x

i

=

p

i=

p

2

r

with p erimeter 2 �

p

i=

p

2

r

. The sum of the

p erimeters of the 2

r

� 1 circles is then

2 �

p

2

r

(1 +

p

2 +

p

3 + � � � +

p

2

r

� 1 ) :

T o this sum, w e add the lengths of the 2

k � r

radii that

form the b oundary of the w edges, to obtain an expres-

sion for the total b oundary in terms of r as

n

2

r

+

2 �

p

2

r

(1 +

p

2 +

p

3 + � � � +

p

2

r

� 1 ) : (2)

T o get an idea ab out the magnitude of r that minimizes

this expression, w e appro ximate

1 +

p

2 +

p

3 + � � � +

p

x � 1 �

Z

x

0

p

t dt =

2

3

x

3 = 2

and minimize the real-v alued function of x giv en b y

n

x

+

4 �

3

p

x

x

3 = 2

on 1 � x � n . By calculus, w e �nd that the minim um

is ac hiev ed at

x =

1

2

r

3

�

p

n � 0 : 489

p

n:

This means that the optimal exp onen t r for n = 2

k

is

roughly

r �

1

2

k � 1 : (3)

F or small v alues of k and n = 2

k

, the optimal v alues

of r that minimizes the expression in (2) can b e cal-

culated n umerically . The corresp onding v alue of 2

r

is

the n um b er of rings, and n= 2

r

is the n um b er of w edges

that the unit disc needs to b e divided in to to minimize

the b oundary of the n equal-area regions. The v alues of

the optimal exp onen t r calculated b y brute force from

(2) for k � 19 are giv en in the follo wing table.

k 1 2 3 4 5 7 8 9 10

r 0 0 1 1 2 2 3 3 4

k 11 12 13 14 15 16 17 18 19

r 4 5 5 6 6 7 7 8 8
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These v alues are in p erfect agreemen t with the for-

m ula for r giv en in (3). In particular when n is of the

form n = 4

k

, then the optimal b oundary sub division

has 2

k � 1

rings and 2

k +1

w edges.

4 Implemen tation

When w e sub divide the unit disk in the plane in to 2

k

regions b y �rst dividing in to 2

r

equi-area rings, and

then dividing eac h ring in to 2

k � r

b y means of equi-

area cen tral w edges, eac h region in the sub division is

determined b y 4 parameters. A pair of angles �

1

; �

2

determines the w edge that the region is in, and a pair

of radii r

1

; r

2

determines whic h ring the region is in.

The angles satisfy 0 � �

1

< �

2

� 2 � . The b oundary

case �

1

= 0, and �

2

= 2 � is in terpreted as the sub di-

vision in whic h there are no w edges (i.e. r = k and

the regions consist only of rings). The t w o radii sat-

isfy 0 � r

1

< r

2

� 1. The extreme cases r

1

= 0 and

r

2

= 1 corresp ond to the sub division in whic h there

are no rings (i.e. r = 0 and the regions consist only of

w edges).

The regions are lab eled from 0 to 2

k

� 1 as follo ws.

First of all, lab el the 2

r

rings from 0 to 2

r

� 1 b y increas-

ing radius as w e go out from the origin to the b oundary

of the unit circle. In eac h ring, lab el the 2

k � r

pieces

determined b y the w edges from 0 to 2

k � r

� 1 coun ter-

clo c kwise, starting with the w edge that is inciden t to

the horizon tal axis in the �rst quadran t. An in teger m

with 0 � m < 2

k

can b e written uniquely in the form

m = q 2

r

+ s with 0 � q < 2

k � r

, and 0 � s < 2

r

. The

pair ( q ; s ) uniquely corresp onds to the region in the q -

th w edge of the s -th ring of the sub division under this

n um b ering sc heme. F or example the region lab eled 7 in

Figure 4 is enco ded as the pair (3 ; 1), since 7 = 3 � 2 + 1.

Aside from the extreme cases of r = 0 and r = k , the

b oundary of the m -th region is describ ed analytically

b y the radii

r

1

=

p

s

p

2

r

; r

2

=

p

s + 1

p

2

r

;

and the t w o angles

�

1

=

2 � q

2

k � r

; �

2

=

2 � ( q + 1)

2

k � r

:

5 Exp erimen tal results

W e ha v e conducted exp erimen ts to calculate the ex-

p ected n um b er of regions in tersected b y a randomly

selected query circle of radius � in the unit circle for

v arying v alues of � . The exp erimen ts for the calcula-

tion of the exp ected v alues w ere conducted with three

parameters: n = 2

k

, r , and the radius � of the query

circle. The data-space is divided in to 2

k

regions b y �rst

12

7

10

13

4

5

6

14

1
0

8
9

3

2

11

15

Figure 4: Lab eling of the sub divisions: n = 2

4

and

r = 1.

dividing in to 2

r

equi-area rings, and then dividing eac h

ring in to 2

k � r

b y means of equi-area cen tral w edges,

r = 0 ; 1 ; : : : ; k .

In the �rst set of exp erimen ts, w e c hose the n um-

b er of partitions to b e n = 2

12

, i.e. k = 12. When

r = 0, then the partitioning is just the set of w edges

without an y concen tric rings, i.e., the leftmost partition

in Figure 2. When r = 12, the partitions are formed b y

circles only , creating 2

12

concen tric rings as partitions,

analogous to the righ tmost partition in Figure 2. In

the exp erimen ts the query cen ter is c hosen randomly

in the data-space from the uniform distribution in suc h

a w a y that the query region lies en tirely within the

data-space.

W e started with the v alue of the query radius �

0

=

1

p

n

, whic h giv es the query circle the same areas as the

area of eac h region. Figure 5 illustrates the results of

the exp erimen ts run with this initial v alue of � . The

horizon tal axis giv es the v alues of r ranging from 0 to

12, and the v ertical axis is the a v erage n um b er of par-

titions in tersected b y a random query of query radius

� . This quan tit y is prop ortional to the cost of retriev al

from secondary storage, since the cost of a query de-

p ends on the n um b er of buc k ets retriev ed as a result of

the query , and this is exactly the n um b er of partitions

whic h in tersect the query circle. When r = 4 and r = 5

the n um b er of in tersected partitions is found to b e min-

imized with exp ected n um b er E = 6 : 55 and E = 6 : 65,

resp ectiv ely . This result is in agreemen t with the the-

oretical analysis. When r = 12, the a v erage n um b er

of partitions in tersected b y the queries is E = 118 : 55,

ab out 18 times greater than the a v erage n um b er of re-

gions in tersected when r = 5.

W e v ary the radius of the query . The initial v alue

of �

0

=

1

p

n

w as reduced b y a factor of

1

2

in in eac h sub-

sequen t set of exp erimen ts. The corresp onding radii

are �

1

=

1

2

p

n

, �

2

=

1

2

2

p

n

etc., un til the smallest radius

v alue �

4

=

1

2

4

p

n

. F or eac h radius v alue � , w e generate

random queries and �nd the n um b er of in tersections

of the query circle of radius � cen tered at the query

p oin t generated with the regions in the partition. In

Figure 6 the horizon tal axis is �

i

, where 0 � i � 4, and

the v ertical axis is the a v erage n um b er of partitions re-

triev ed b y the queries in the case of (1) optimal w a y
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p

n .

of partitioning, (2) partitioning based on our appro x-

imation, (3) fully-w edged partitioning (leftmost parti-

tion in Figure 2), and (4) fully-concen tric partitioning

(righ tmost partition in Figure 2). P artitioning tec h-

nique based on theoretical analysis giv es optimal cost,

i.e optimal n um b er of in tersected partitions, for most of

the queries. Our theoretical analysis is in p erfect agree-

men t with the exp erimen ts. The n um b er of partitions

retriev ed b y the queries in concen tric and fully-w edged

partitioning is m uc h more than the h ybrid approac h

with the appropriate parameters dev elop ed in the pre-

vious sections.

6 Disk allo cation metho ds

In order to obtain a go o d degree of parallelism careful

distribution of buc k ets to m ultiple disks is necessary .

There ha v e b een sev eral disk allo cation tec hniques for

regular grid partitioning. The partitioning tec hnique

describ ed here is di�eren t from the curren t tec hniques

used for declustering, therefore w e can not use them

directly . Ho w ev er, it is p ossible to apply the in tuitions

b ehind the curren t approac hes here. As in the general

case, w e concen trate on the neigh b oring buc k ets and

distribute them to di�eren t disks. The direct neigh-

b ors are de�ned as the partitions that ha v e a common

b oundary , e.g. in Figure 4 the direct neigh b ors of the

partition 2 are 0, 3, and 4. The indirect neigh b ors are

de�ned as the partitions that share a p oin t, e.g. the

indirect neigh b ors of partition 3 are partitions 0 and 4.

Our data-space is partitioned in to 2

k

equi-area re-

gions determined b y 2

r

concen tric rings and 2

k � r

cen-

tral w edges where r = b

1

2

k c � 1. As men tioned b efore,

eac h partition corresp onds to an ordered pair of in tegers

( q ; s ), where s is the rank of the ring (0 � q < 2

r

), and q

is the rank of the w edge inside that ring (0 � s < 2

k � r

).

F or example, in Figure 4 (0 ; 0) corresp onds to the par-

tition lab eled 0, the pair (2 ; 1) corresp onds to the par-

tition lab eled 5, and (5 ; 0) corresp onds to the partition

10. In general, the pair ( q ; s ) represen ts the partition

lab eled q 2

r

+ s . The allo cation tec hnique w e prop ose is

as follo ws. Giv en the n um b er M of a v ailable disks, w e

use a generic allo cation tec hnique parametrized b y a

skip v alue H . The partition (0 ; 0) is assigned to device

0. Next, the partitions along this ring (with rank s = 0)

is assigned to consecutiv e devices, i.e. partition ( q ; 0)

is assigned to device q mo d M . Eac h partition lab eled

( q ; 1) in ring 1 is assigned to device ( H + q ) mo d M ,

whic h is H devices a w a y from the device on whic h the

partition from the same w edge lev el in ring 0 w as as-

signed. In general, a partition ( q ; s ) on ring s is assigned

to device ( H q + s ) mo d M . This assignmen t is an ex-

tension of the Cyclic Allo cation T ec hnique applied to

our partitioning. Cyclic allo cation w as originally pro-

p osed for regular grid partitioning and its p erformance

dep ends on the H v alue that is used. The tec hniques

discussed in [17 ] to determine appropriate H v alues

can also b e used here.

In addition to cyclic allo cation, there ha v e b een

a n um b er of other disk allo cation tec hniques prop osed

for regular grid partitioning, esp ecially in the con text

of relational data and partial matc h and range queries.

Disk Mo dulo (DM) [9 ], Fieldwise Exclusiv e (FX) [16],

Hilb ert (HCAM) [12 ], Near Optimal Declustering (NoD)

-5-
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[3], General Multidimensional Data Allo cation (GMD A)

[15 ], Cyclic Allo cation Sc hemes [17 , 18 ] are w ell-kno wn

tec hniques. All of these can b e applied to our partition-

ing sc heme.

Figure 7: Additional partition in the cen ter

There are t w o di�eren t metrics to ev aluate the de-

gree of parallelism for similarit y searc hing. In [3], the

goal of allo cation tec hnique is de�ned to ensure that

an y t w o buc k ets that are direct or indirect neigh b ors

of eac h other are allo cated to di�eren t disks. Suc h an

allo cation is de�ned to b e ne ar-optimal . The second

metric is de�ned in [18 ] as follo ws. The maxim um de-

gree of parallelism is ac hiev ed when buc k ets that are

retriev ed together are spread among all a v ailable disks

as uniformly as p ossible. The cyclic tec hnique is sho wn

to b e e�cien t in terms of these t w o di�eren t metrics. In

fact, it has b een sho wn that b y using cyclic allo cation

it is p ossible to �nd appropriate skip v alues suc h that

no t w o direct or indirect neigh b ors are allo cated to the

same disk if the data-space is d � dimensional space and

2 d disks are a v ailable. Except for the b order and in-

side most partitions, e.g. 0 ; 2 ; 4 ; : : : ; 14, the direct and

indirect neigh b oring buc k et pairs remain same in reg-

ular grid partitioning and in the partitioning prop osed

here. Since cyclic tec hnique guaran tees the distribu-

tion of the direct and indirect neigh b ors to di�eren t

disks in regular grid partitioning, our allo cation tec h-

nique on the new partitioning sc heme also guaran tees

this. Therefore, disk allo cation tec hnique describ ed in

this section is also near-optimal. Similarly , w e exp ect

the same go o d p erformance of cyclic allo cation in this

con text. T o a v oid the neigh b oring problem for the in-

nermost partitions, w e can just add one more partition

in the cen ter of the data-space. This additional parti-

tion will add t w o adv an tages. First, w e eliminate the

case that a single p oin t, i.e. the cen ter, is con tained in

all 2

n � r

cen tral w edges. This eliminates the retriev al of

all 2

n � r

innermost partitions for a a query p oin t in v olv-

ing the cen ter. Second, the innermost partitions other

than the adjacen t ones are no longer direct neigh b ors.

Figure 7 illustrates this p ossible extension.

7 Conclusions

There are t w o ma jor factors that determine the e�-

ciency of � -similarit y queries in a m ultiple disk en vi-

ronmen t: the n um b er of buc k ets retriev ed b y the query

circle, and the the degree of parallelism pro vided b y the

disk allo cation metho d. The idea is to minimize the ex-

p ected n um b er of buc k ets retriev ed b y a random query

and at the same time devise an e�cien t disk allo cation

sc heme for the resulting partitioning that maximizes

the degree of parallelism obtained.

W e ha v e describ ed tec hniques for parallel similar-
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it y searc hing in circular data-sets in the plane meeting

these t w o conditions: the n um b er of buc k ets retriev ed

b y the query is minimized b y an appropriate selection of

partitioning, and the degree of parallelism is maximized

b y applying disk (or I/O device) allo cation tec hniques

suitable for the partitioning selected. The partitions

considered form a sp ectrum in whic h the equi-area con-

cen tric rings and equi-area cen tral w edges form extreme

cases. W e sho w ed that the optimal partitioning in to n

buc k ets uses a mixture of ab out

p

n of eac h of these

t yp es of regions, and conducted exp erimen ts with ran-

dom queries without b oundary e�ects. The �ndings ob-

tained b y v arying the query-radii for di�eren t partitions

and query p oin ts generated from the uniform distribu-

tion and calculating the a v erage n um b er of buc k ets in-

tersected supp ort the theoretical �ndings. F or the gen-

eral case, the construction of spherical shells b y means

of concen tric spheres in high dimensions is straigh tfor-

w ard, whereas the the analogue of the w edge-shap ed

regions requires more care. A w edge is determined b y

a pair of angles in the plane, but the analogous region

in three dimensions requires t w o pairs of angles, and in

d dimensions, d � 1 pairs of angles. Therefore for the

d - dimensional spherical/w edge partitions, eac h buc k et

will ha v e a description consisting of d pairs of n um b ers.
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