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Abstract. We investigate the computing power of stateless multi-
counter machines with reversal-bounded counters. Such a machine can
be deterministic, nondeterministic, realtime (the input head moves right
at every step), or non-realtime. The deterministic realtime stateless mul-
ticounter machines has been studied elsewhere [1]. Here we investigate
non-realtime machines in both deterministic and nondeterministic cases
with respect to the number of counters and reversals. We also consider
closure properties and relate the models to stateless multihead automata
and show that the bounded languages accepted correspond exactly to
semilinear sets.
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1 Introduction

Stateless machines (i.e. machines with only one state) have been investigated in
recent papers because of their connection to certain aspects of membrane com-
puting [9], a subarea of molecular computing that was introduced in a seminal
paper by Gheorge Păun [7] (see also [8]).

Stateless machines have no states to store information. The move of such a
machine depends only on the symbol(s) scanned by the input head(s) and the
local portion of the memory unit(s). Acceptance of an input string has to be
defined in a different way. For example, in the case of a pushdown automaton
(PDA), one definition of acceptance is by “null” stack. It is well known that
nondeterministic PDA with states are equivalent to stateless nondeterministic
PDA [2] although this is not true for the deterministic case [5]. For Turing Ma-
chines where acceptance is when the machine enters a halting configuration, it
can be shown that the stateless version is less powerful than those with states.
In [4,9] the computing power of stateless multihead automata with respect to
decision problems and head hierarchies were investigated. For these devices, the
input is provided with left and right end markers. The move depends only on the
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symbols scanned by the input heads. The machine can be deterministic, nonde-
terministic, one-way, two-way. An input is accepted if, when all heads are started
on the left end marker, the machine eventually reaches the configuration where
all heads are on the right end marker. In [6], various types of stateless restart-
ing automata and two-pushdown automata were compared to the corresponding
machines with states.

We investigate the computing power of stateless multicounter machines with
reversal-bounded counters. Such a machine operates on on a one-way input de-
limited by left and right end markers, and it is equipped with m counters. A
move depends only on the symbol under the input head and the signs of the
counters (zero or positive). An input string is accepted if, when the input head
is started on the left end marker with all counters zero, the machine eventu-
ally reaches the configuration where the input head is on the right end marker
with all the counters again zero. Moreover, in the computation, no counter makes
more than k-reversals (alternation between increasing mode and decreasing mode
and vice-versa) for a specified k. There are various scenarios to consider: deter-
ministic, nondeterministic, realtime (the input head moves right at every step),
non-realtime. In this paper we investigate mainly the non-realtime deterministic
and nondeterministic machines.

2 Stateless Multicounter Machines

A deterministic stateless (one-way) m-counter machine operates on an input of
the form cw$, where c and $ are the left and right end markers for the input
w. At the start of the computation, the input head is on the left end marker c
and all m counters are zero. The moves of the machine are described by a set of
rules of the form:

(x, s1, .., sm) → (d, e1, . . . , em)

where x ∈ Σ ∪ {c, $}, Σ is the input alphabet, si = sign of counter Ci (0 or 1
for positive), d = 0 or 1 (direction of the move of the input head: d = 0 means
don’t move, d =1 means move the head one cell to the right), and ei = +,−, or 0
(increment counter i by 1, decrement counter i by 1, or do not change counter i),
with the restriction that ei = − is applicable only if si = 1. For a deterministic
machine, no two rules have the same left hand sides.

The input w is accepted if the machine reaches the configuration where the
input head is on the right end marker $ and all counters are zero. The machine
is k-reversal if it has the property that each counter makes at most k “full”
alternations between increasing mode and decreasing mode and vice-versa on
any computation (accepting or not). Thus, e.g., k = 2 means the counter can
only go from increasing to decreasing to increasing to decreasing. A machine is
reversal-bounded if it is k-reversal for some k.

Note that when the input head reaches $, the machine can continue computing
until all counters eventually become zero for an input that is accepted. A special
case is when the machine is realtime: in this case d = 1 for each rule, i.e., the input
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head moves right at each step. This means that when the input head reaches $,
all the counters must be zero for the input to be accepted. Deterministic realtime
machines were investigated in [1], where hierarchies with respect to the number
of counters and number of reversals were studied. A stateless multicounter ma-
chine is nondeterministic if different rules are allowed to have identical left hand
sides.

2.1 1-Reversal Machines

For w ∈ Σ∗ and a ∈ Σ, define |w|a as the number of occurrences of a in w.
Clearly, any language accepted by a realtime machine can be accepted by a
non-realtime machine. The latter is strictly more powerful.

Theorem 1. The language L = {w | w ∈ {a, b}∗, |w|a = |w|b} can be accepted
by a stateless non-realtime 1-reversal 2-counter machine M but not by a stateless
realtime k-reversal m-counter machine for any k,m ≥ 1.

Proof. M has counters C1 and C2. On input cw$, M reads the input and stores
the number of a’s (resp., b’s) it sees in C1 (resp., C2). When the input head
reaches $, the counters are decremented simultaneously while the head remains
on $. M accepts if and only if the counters become zero at the same time.

Suppose L is accepted by some realtime k-reversal m-counter machine M ′.
Let x be a string with |x|a = |x|b > 0. Then x is accepted by M ′, i.e., M ′ on
input cx$, starts with the input head on c with all counters zero, computes, and
accepts after reading the last symbol of x with all counters again at zero.

Consider now giving input xab to M ′. After processing x, all counters are zero.
Clearly, after processing symbol a, at least one counter of M ′ must increment;
otherwise (i.e., if all counters remain at zero), M ′ will accept all strings of the
form xai for all i, a contradiction. Then after processing b, all counters must
again be zero, since xab is in L. It follows that on input xab, at least one counter
made an additional reversal than on input x. Repeating the argument, we see
that for some i, x(ab)i will require at least one counter to make k + 1 reversals.
Therefore M ′ cannot be k-reversal for any k. ��
The result above can be made stronger. A non-realtime reversal-bounded mul-
ticounter machine is restricted if it can only accept an input when the input
head first reaches the right end marker $ and all counters are zero. Hence, there
is no applicable rule when the input head is on $. However, the machine can
be non-realtime (i.e., need not move at each step) when the head is not on $.
The machine can also be nondeterministic. An argument similar to the proof of
Theorem 1 can be used to prove the following result:

Corollary 1. L = {w | w ∈ {a, b}∗, |w|a = |w|b} cannot be accepted by any
stateless restricted nondeterministic non-realtime reversal-bounded multicounter
machine.
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Next, we give an example of a unary singleton language that is accepted by a non-
realtime 1-reversal machine that does not seem to be acceptable by a realtime
1-reversal machine. Our construction uses a technique in [4] where it was shown
that the language can be accepted by a stateless (2m+ 1)-head machine.

Theorem 2. For every m ≥ 1, the singleton language L = {a2m−1} can be
accepted by a stateless non-realtime 1-reversal 2(m+ 1)-counter machine M .

Proof. Let the counters be 0, 1, . . . , 2m+1. Counters 2, . . . , 2m+1 form m pairs
(i, i + m). Initially all counters are zero and the input head is on the left end
marker. We describe the computation of M on input can$ in two phases.

Loading phase:
In this phase, the input head is moved to the right while simultaneously counters
1, . . . , 2m+ 1 are incremented by 1 for every right move of the head. When the
input head reaches $, counter 0 has value zero and counters 1, . . . , 2m+ 1 have
value n+ 1. Then M enters the next phase.

Computing phase:
When this phase is entered, the input head is on the right end marker, counter 0
has value zero and counters 1, . . . , 2m+1 each have value n+1. We will refer to
counter 1 as the head counter. The input head remains on the right end marker
during this phase.

First, counter 0 is incremented by 1, counters 1, 2, . . . ,m + 1 (i.e., the main
counter and the first counter from each pair) are decremented by 1, while counter
m+2, . . . , 2m+1 (second components of all pairs) remain unchanged with value
n+ 1.

Then counters (m + 1, 2m + 1) (that is, the last pair), whose difference (in
value) is one, are decremented until m + 1 becomes zero. From here, counters
1, 2, . . . ,m (the main counter and the first components of all unused pairs) are
decremented simultaneously with counter 2m+1, until counter 2m+1 becomes
zero. This will take only one step, and after that counters 1, 2, . . . ,m will have
value n− 1, counters m+ 2, . . . , 2m will have value n+ 1, while counters m+ 1
and 2m+ 1 will have value zero.

Then the next pair (m, 2m) is taken, and the same sequence of steps is re-
peated. Note that the difference in values between these counters is now 2.
The result is that counters m and 2m are decremented to zero, while counters
1, 2, . . . ,m− 1 will have value n− 3. This is continued with the rest of the pairs,
until the following configuration is reached: counter 0 has value 1, counters 1
and 2 have values 2m−1, counter m + 2 has value n+ 1, and all other counters
are zero.

From here, counters 2 and m + 2 are decremented until counter 2 becomes
zero. At this point, counters 1 and m + 2 have same value if and only if the
length of the string is 2m − 1. After that counters 1 and m+ 2 are decremented
and the input is accepted if and only if these counters become zero at the same
time. This happens if and only if the input has length 2m − 1. ��
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2.2 k-Reversal Machines

We will be using the following result (shown in [1]) relating the number of re-
versals to counters.

Theorem 3. If a language L is accepted by a stateless non-realtime k-reversal
m-counter machine then it can be accepted by a stateless non-realtime 1-reversal
(2k − 1)m-counter machine.

2.3 Counter and Reversal Hierarchies

First we prove that there is a hierarchy with respect to the number of counters
for stateless non-realtime machines.

Lemma 1. For k,m ≥ 1, there is a unique maximal number f(k,m) such that
the singleton language L = {af(k,m)} is accepted by a stateless non-realtime
k-reversal m-counter machine. (We refer to L as“maximal”.)

Proof. Follows from the fact that the singleton language {a} is accepted by a
non-realtime 1-reversal 1-counter machine and the fact that the number of non-
realtime k-reversalm-counter machines is finite, depending only on k and m. ��
Theorem 4. For m ≥ 1, m + 1 counters can do more than m counters for
stateless non-realtime k-reversal machines.

Proof. Clearly, any language accepted by a non-realtime k-reversal m-counter
machine can be accepted by a k-reversal (m+ 1)-counter machine.

Now let M a non-realtime k-reversal m-counter machine accepting the max-
imal language {an} (for some n). Such a languages exists by the above lemma.
Let the counters ofM be C1, . . . , Cm. We will construct a non-realtime k-reversal
(m+ 1)-counter machine M ′ accepting {an+1}. It would then follow that m+ 1
counters are better than m counters.
M ′ will have counters C1, . . . , Cm, Cm+1 and its rules are defined as follows:

1. If (c, s1, . . . , sm) → (0, e1, . . . , em) is in M , then
(c, s1, . . . , sm, 0) → (0, e1, . . . , em, 0) is in M ′.

2. If (c, s1, . . . , sm) → (1, e1, . . . , em) is in M , then
(c, s1, . . . , sm, 0) → (1, e1, . . . , em, 1) is in M ′.

3. If (a, s1, . . . , sm) → (d, e1, . . . , em) is in M , then
(a, s1, . . . , sm, 1) → (1, 0, . . . , 0,−1) is in M ′.

4. If (x, s1, . . . , sm) → (d, e1, . . . , em) is in M , then
(x, s1, . . . , sm, 0) → (d, e1, . . . , em, 0) is in M ′ for x ∈ {a, $}. ��

Note that the above result and proof hold for the realtime case. In fact, in the
construction, case 1 does not apply; in case 2, s1 = · · · = sm = 0, and in case 4,
x = a and d = 1. The following result can be shown:

Theorem 5. For any fixed m and k < 2
m
2 −1/m, there is a language accepted

by a stateless (k + 1)-reversal m-counter machine which is not accepted by any
stateless k-reversal m-counter machine.
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2.4 Closure Properties

Theorem 6. The class of languages accepted by stateless deterministic non-
realtime k-reversal multicounter machines is closed under intersection, union,
and complementation.

Proof. Let M1 and M2 be two such machines.

Intersection:
Let M1 and M2 have m and n counters, respectively. We construct a machine M
which simulates these machines in parallel. M has m + n counters to simulate
the counters of M1 and M2, using the following rules:

1. If (x, s1, . . . , sm) → (d, e1, . . . , em) in M1 and (x, s′1, . . . , s
′
n) → (d, e′1, . . . , e

′
n)

in M2, then (x, s1, . . . , sm, s
′
1, . . . , s

′
n) → (x, e1, . . . , em, e

′
1, . . . , e

′
n) in M .

2. If (x, s1, . . . , sm) → (0, e1, . . . , em) in M1 and (x, s′1, . . . , s′n) → (1, e′1, . . . , e′n)
in M2, then (x, s1, . . . , sm, s

′
1, . . . , s

′
n) → (x, e1, . . . , em, 0, . . . , 0) in M .

3. If (x, s1, . . . , sm) → (1, e1, . . . , em) in M1 and (x, s′1, . . . , s
′
n) → (0, e′1, . . . , e

′
n)

in M2, then (x, s1, . . . , sm, s
′
1, . . . , s

′
n) → (x, 0, . . . , 0, e′1, . . . , e′n) in M .

Complementation and Union:
Given M1, we construct a machine M which accepts the complement of the
language accepted by M1. In the addition to the m counters of M1, M uses a
new counter T . Before the simulation, M sets T to 1. Then M simulates M1.
If M1 does not accept the input, either by getting stuck at some point on the
input or reaching $ and not able to zero all the counters, M decrements all the
counters to zero and sets T to 0. Closure under union follows, since the class of
languages is closed under intersection. ��

2.5 A Pumping Lemma for Stateless Deterministic Non-realtime
Reversal-Bounded Multicounter Machines

We have the following “pumping lemma” type result for stateless deterministic
non-realtime reversal-bounded multicounter machines.

Theorem 7. Suppose L is the language accepted by a stateless deterministic
non-realtime reversal-bounded m-counter machine over a unary alphabet. If L
is infinite, then there exists some n0 ≥ 0 such that for n ≥ n0, an ∈ L implies
an+1 ∈ L.

Proof. We omit the proof.

As a corollary of Theorem 7, we have

Corollary 2. The language L = {a2n | n ≥ 1} cannot be accepted by any state-
less deterministic non-realtime reversal-bounded multicounter machine.
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3 Equivalence to Stateless Multihead Automata

It turns out that stateless non-realtime reversal-bounded multicounter machines
over a unary alphabet are equivalent to stateless multihead automata.

A stateless m-head machine (over unary input) M operates on an input can$,
where c and $ are the left and right end markers. The initial configuration is
when all m heads are on the left end marker c, and the accepting configuration
is when all m heads reach the right end marker $, which we assume is a halting
configuration. The moves are defined by a set of rules of the form:

(�1, .., �m) → (d1, . . . , dm)

where �i is the symbol under head i (can be c, a, $), di = 0 or 1 (direction of
move of head i : no move or move right one cell). Note that since the machine
is deterministic, no two rules can have the same left hand sides. Also there is no
rule with left hand side ($, . . . , $).

Lemma 2. Any stateless multihead automaton M can be simulated by a state-
less non-realtime 1-reversal multicounter machine M ′.

Proof. Let the heads of M be H1, . . . , Hm. M ′ will have an input head and 2m
counters C1, . . . , Cm, T1, . . . , Tm, which are initially zero. When given can$, M ′

reads the input while simultaneously incrementing the m counters C1, . . . , Cm.
When the input head reaches the right end marker $, each Ci will have value
n + 1. Then M ′ simulates M . The input head of M ′ remains on $ during the
simulation. Counter Ci simulates the actions of head Hi. Moving head Hi one
cell to the right right is simulated by decrementing Ci. Note that at the start of
the simulation, T1, . . . , Tm are zero. This corresponds to the configuration when
all the heads of M are on the left end marker c. When Ci is first decremented
(corresponding to Hi moving right of c), Ti is set to 1. When the counters
C1, . . . , Cm become zero (corresponding to all heads H1, . . . , Hm reaching $),
the Ti’s are decremented and the input is accepted. ��
Lemma 3. Any stateless non-realtime 1-reversal multicounter machine can be
simulated by a stateless multihead automaton M ′.

Proof. (Sketch.) First consider a stateless non-realtime 1-reversal 1-counter ma-
chine M with input head H and counter C. We construct a stateless multihead
automaton M ′ equivalent to M . M ′ will have 6 heads H1, H2, C1, C2, T1, T2.
Initially, all heads of M ′ are on c. M ′ simulates M as follows:

1. Heads H1 and C1 simulate head H and counter C of M , respectively, where
“incrementing” C corresponds to “moving” C1 to the right on the input.

2. When C decrements, M ′ moves T1 right to the next symbol (indicating a
new situation).

3. M ′ restarts the simulation of M (from the beginning) but now using H2 and
C2 (to simulate H and C) and at same time C1 is moved along with C2 when
the latter is incrementing.
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4. When C2 decrements, M ′ moves T2 right to the next symbol (indicating yet
again another situation) and suspend the simulation, i.e., H2 and C2 are not
moved. At this time, if C2 is in position d, then C1 is in position 2d, i.e., the
“distance” between these heads is d.

5. C1 and C2 are moved to the right in parallel until C1 reaches $. Note that
the “distance” between C1 (which is now on $) and C2 is still d.

6. Then M ′ uses H2 and C2 to resume the simulation of M , but C2 now simu-
lates the decreasing phase of counter C of M by moving right on the input.
C2 reaching $ indicates that counter C of M has value 0.

M ′ accepts the language accepted by M . When M has several 1-reversal coun-
ters, the construction of M ′ above can be generalized. We omit the details. ��

From Theorem 3 and the above lemmas, we have the following characterization:

Theorem 8. A language L over a unary alphabet is accepted by a stateless non-
realtime reversal-bounded multicounter machine if and only if it can be accepted
by a stateless multihead automaton.

4 Unbounded Reversal Multicounter Machines

First we give an example of a stateless non-realtime counter machine that accepts
the language L = {a2i | i ≥ 0}. What is interesting is that this can be accepted
by a machine with only 4 counters.

Here the input is ca1a2 · · · an$ with the read head initially on the left end
marker c and all m counters zero. The head moves to the right at each step.
Depending on the symbol under the head and the signs of the counters, a counter
is decremented (if positive), incremented, or left the same. Once the head reaches
the $ sign, further moves are possible, depending on the signs of the counters
only. The machine accepts if the counters all become zero. Since further moves
are allowed after the head reaches the $, the machine is non-realtime.

Let us consider the unary alphabet. The inputs are of the form can$. We can
show the following:

Proposition 1. The language L = {a2i | i ≥ 0} is accepted by a stateless non-
realtime 4-counter machine.

It can also be proved that by adding a fifth counter, the construction for the
proof of the above proposition can be modified to accept the language

L = {an | n is a tower of 2’s} .

Furthermore the singleton language L = {an | n = m levels of 2’s } can be
accepted by a machine with logm+ 5 counters. In these examples, the counter
machines are non-realtime. Interestingly, one can show that similar results can
be obtained for realtime machines.
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5 Nondeterministic Machines and Semilinear Sets

Recall that in a nondeterministic machine some rules can have the same left hand
sides. In this section, we characterize bounded languages accepted by stateless
nondeterministic reversal-bounded non-realtime multicounter machines in terms
of semilinear sets.

In contrast to the fact that L = {a2n | n ≥ 0} cannot be accepted by
any stateless deterministic non-realtime reversal-bounded multicounter machine
(Theorem 2), we can show that L = {an | n ≥ 0} is accepted by a stateless
nondeterministic non-realtime 1-reversal multicounter machine if and only if L
is regular. In fact, we can prove a more general result.

A language L is bounded if there are distinct symbols a1, . . . , ar such that
L ⊆ a∗1 · · · a∗r . The Parikh map of L, ψ(L), is defined to be the set of r-tuples of
nonnegative integers {(i1, . . . , ir) | ai1 · · · air ∈ L}.

Let IN be the set of nonnegative integers and r be a positive integer. A subset
Q of INr is a linear set if there exist vectors v0, v1, . . . , vt in INr such that Q =
{v | v = v0 + a1v1 + · · · + atvt, ai ∈ IN}. A set Q ⊆ INr is semilinear if it is a
finite union of linear sets.

It is known that L ⊆ a∗1 · · · a∗r is accepted by a nondeterministic non-realtime
reversal-bounded multicounter machine with states if and only if ψ(L) is semilin-
ear. This result also holds for stateless machines. We illustrate with an example
below.

Consider the linear set Q = {(2, 1)+x(2, 3)+y(1, 0) | x, y ≥ 0}. The bounded
language corresponding to this set is L = {a2x+y+2b3x+1 | x, y ≥ 0}. We will
construct a stateless nondeterministic non-realtime 1-reversal multicounter ma-
chine M accepting L. In the construction, we use some special types of counters,
which we call switches. A switch starts at zero at the beginning of the compu-
tation (when the input head is on c), then it is incremented to 1 at some point
during the computation, and finally set back to zero before acceptance.
M has counters A1, A2, B1, B2, B3 and other counters used as switches. Given

input cw$, we may assume that w = ambn for some m,n; otherwise, we can use
a switch counter to confirm that a b cannot be followed by an a.

On input cambn$,M operates as follows: while the input is on c,M increments
A1, A2, B1, B2, B3 simultaneously, x times, where x is chosen nondeterministi-
cally, after which (using some switches) increments counter A3, y times, where y
is chosen nondeterministically. Then it checks that m = A1 +A2+A3 +2. This is
done by first reading 2 a’s (again using some switches). Then it reads the rest of
the a-segment while decrementing A1 until it becomes zero, then decrementing
A2 until it too becomes zero, and decrementing A3 until it becomes zero. M ’s
head will be on the first b if and only if m = A1 + A2 + A3 + 2. Similarly, by
reading the b-segment, M can check that m = B1 +B2 +B3 + 1, and this holds
if and only if the head reaches $ when counter B3 becomes zero.

If Q is a semilinear set we can construct a machine for each linear set and
then combine these machines into one machine that nondeterministically selects
one of the machines to simulate. (We will need to use additional switches for
this.)
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One can formalize the discussion above to prove the “if” part of the next
result. The “only if” part follows from the fact that it holds for machines with
states [3].

Theorem 9. L ⊆ a∗1 · · · a∗r can be accepted by a stateless nondeterministic non-
realtime reversal-bounded multicounter machine if and only if ψ(L) is semilinear.

Corollary 3. L ⊆ a∗1 · · · a∗r is accepted by a stateless nondeterministic non-
realtime reversal-bounded multicounter machine with states if and only if it can
be accepted by a stateless nondeterministic non-realtime reversal-bounded multi-
counter machine.
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