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ated by Editor's nameABSTRACTLet �n denote the 
olle
tion of visibility graphs of stair
ase polygons (orthogonal
onvex fans) whi
h 
onsist of n� 1 horizontal steps of arbitrary lengths. We show thatfor n � 7 there are graphs in �n whi
h 
annot be realized as the visibility graphs ofstair
ase polygons with uniform step length.Keywords: Visibility graph, stair
ase polygon, orthogonal 
onvex fan, uniform steplength.1. Introdu
tionO'Rourke 9 remarks that \some of the fundamental unsolved problems involv-ing visibility in 
omputational geometry will not be solved until the 
ombinatorialstru
ture of visibility is more fully understood". In this regard, one of the 
en-tral open questions is that of 
hara
terizing visibility graphs of various 
lasses ofpolygons (ElGindy 4, Ghosh 7, O'Rourke 10).At the time of this writing, there is no polynomial algorithm known for thesolution of the re
ognition problem for visibility graphs, i.e. to de
ide whether ornot a given graph is the visibility graph of some polygon. Nor is this problem knownto be NP-hard. In fa
t, it is not even known if the re
ognition problem is in 
lassNP. At this point we only have Everett's 5 result that the re
ognition problem isin PSPACE. Given this state of a�airs, 
urrent results have involved restri
tingthe 
lass of polygons (Everett and Corneil 6, Abello, E~ge
io~glu, and Kumar 1), orrestri
ting the 
lass of graphs (ElGindy 4), or adding some extra information to thegraph (Ghosh 7, O'Rourke 10). 1



In this paper, we answer a question suggested by the dis
ussion in O'Rourke [9,p.171℄ about visibility graphs of stair
ase polygons (orthogonal 
onvex fans) withuniform step length. Namely, we show that this 
lass is a proper sub
lass of the
lass of visibility graphs of general stair
ase polygons. We obtain this result by �rstnoti
ing that the requirement of uniform step length makes the visibility problemamenable to a linear programming formulation (se
tion 3) and then show that a
ertain system of linear inequalities is infeasible (se
tion 4). In the last se
tion ofthe paper (se
tion 5) we elaborate on how we 
ame about the 
ounterexample andwe dis
uss also some of the impli
ations of the linear programming approa
h.2. Visibility Graphs and Stair
ase PolygonsLet G = (V;E) be an undire
ted graph with vertex set V = f1; 2; : : : ; ng andedge set E. Sin
e the adja
en
y matrix AG of G is symmetri
 with zero diagonal,G is 
ompletely 
hara
terized by the array LG of the subdiagonal entries of AG. Tosimplify our exposition here, we shall refer to LG as the matrix of G (see Figure3). We shall denote by LG(i; j) the entry in 
olumn i and row j of LG. Note thatin this setting, the 
olumns and the rows of LG are indexed by i = 1; 2; : : : ; n � 1from left to right and j = 2; 3; : : : ; n from top to bottom, respe
tively.The notion of visibility that we deal with is 
losely related to the \
lear visibility"of Breen 2. It di�ers from the generally used notion in that we do not allow visibilitylines to go through intermediate verti
es. More spe
i�
ally, given a polygon P in theplane, we say that two of its verti
es i and j are visible or see ea
h other if the linesegment joining i and j is a boundary segment of P , or it is 
ompletely 
ontained inthe interior of P . We use this non-standard quali�
ation sin
e we believe that theessential questions regarding visibility graphs remain un
hanged when we adhere tothis notion.The visibility graph of P is then the graphV G(P ) = ( Verti
es of P ; f(i; j) j i sees jg):Consider a monotone non-in
reasing path � 
onsisting of horizontal and verti
alline segments that 
onne
ts a point p on the positive y-axis to a point q on thepositive x-axis. If � 
onsists of a �nite number of line segments, then it is 
alleda stair
ase path. A stair
ase polygon or an orthogonal 
onvex fan S is a stair
asepath � together with the portion from the origin to p of the y-axis, and the portionfrom the origin to q of the x-axis. If we assume that the horizontal segments of� have lengths x = (x1; x2; : : : ; xn�1) from left to right, and the verti
al segmentshave lengths y = (y1; y2; : : : ; yn�1) from top to bottom, then S is 
alled a stair
asepolygon of order n. Thus a stair
ase polygon of order n is 
ompletely determinedby a pair of positive ve
tors x;y 2 Rn�1 with p = Pn�1i=1 yi, and q = Pn�1i=1 xi.When S has order n, V G(S) is a Hamiltonian graph on 2n verti
es.Given a stair
ase polygon of order n, let u0 denote the origin, and label the2n� 1 verti
es on � from v1 = (0; p) to vn = (q; 0) in a 
lo
kwise fashion byv1; u1; v2; u2; : : : ; vi; ui; vi+1; : : : ; un�1; vn ; (1)2



as shown on the stair
ase polygon in Figure 1.

Figure 1: A stair
ase polygon.Some elementary properties of the visibility graphs of stair
ase polygons aregiven in the following proposition:Proposition 1 Suppose G = V G(S) is the visibility graph of a stair
ase polygon Sof order n > 3. Then1. u0 is the only vertex of G of degree 2n� 1,2. In G n u0, the neighborhood of ui 
onsists of fvi; vi+1g for i = 1; 2; : : : ; n� 1,3. In Gnu0, the neighborhood of vi 
ontains the verti
es fvi�1; ui�1; ui; vi+1g fori = 2; 3; : : : ; n� 1. Furthermore ui�1 and ui are the only uj's adja
ent to vi,4. In G n u0, the verti
es fu1; v2g and fun�1; vng are 
ontained in the neighbor-hoods of v1 and vn, respe
tively. Furthermore, u1 is the only uj adja
ent tov1 and uk is the only uj in
ident to vn.Proof. Omitted. 2The subgraph G(S) of V G(S) indu
ed by the verti
es fv1; v2; : : : ; vng will be
alled the stair
ase subgraph of V G(S). More generally, a given labeled graph onfv1; v2; : : : ; vng is 
alled a stair
ase graph if v1 ! v2 ! � � � ! vn is a Hamiltonianpath in G, and G is isomorphi
 to G(S) for some stair
ase polygon S in whi
h thelabeling of the verti
es of the stair
ase path � has the ordering in 1. We let �ndenote the 
olle
tion of stair
ase graphs on n verti
es. Note that the graphs in �nare labeled.The study of V G(S) is equivalent to the study of G(S) in the following sense:from a given unlabeled graph G = (V;E) whi
h is isomorphi
 to some V G(S), the3



stair
ase subgraph G(S) 
an unambiguously be 
onstru
ted modulo renaming ofthe axes.Proposition 2 Suppose G = (V;E) is isomorphi
 to some V G(S). Then the stair-
ase subgraph G(S) of V G(S) 
an be found with O(jV j+ jEj) operations.Proof. We have that jV j = 2n for some n � 1. Without loss of generality assumen > 3. Lo
ate the unique vertex u0 of G of degree 2n� 1 and 
onstru
t the graphGnu0. Partition the vertex set of Gnu0 into two parts U1 and V1 where U1 
onsistsof all verti
es in Gnu0 of degree exa
tly two, and V1 
onsists of all verti
es of degreelarger than two. There are three 
ases to 
onsider a

ording to if jU1j = n� 1; n;or n+ 1.If jU1j = n�1, then U1 a
tually 
onsists of the verti
es u1; u2; : : : ; un�1 in someorder. By part 4 of Proposition 1, there exists exa
tly two verti
es in V1 ea
h ofwhi
h is adja
ent to only one vertex in U1. We may take v1 to be one of theseverti
es. Assume v1 is adja
ent to u1 2 U1. Next, let v2 be the 
ommon neighbor ofv1 and u1. By part 2 of Proposition 1, v2 is adja
ent to a vertex other than u1 in U1.Call this vertex u2. Now the 
ommon neighbor of v2 and u2 gives v3. Continuingin this manner, the verti
es v1; v2; : : : ; vn 
an be identi�ed in order . Note that theordering v1; v2; : : : ; vn is unique up to an isomorphism ex
hanging vi and vn+1�i.Now assume jU1j = n. By parts 3 and 4 of Proposition 1, U1 
onsists ofu1; u2; : : : ; un�1 in some order, together with one of v1 or vn, sayU1 = fu1; u2; : : : ; un�1; v1g :Furthermore, by part 4 of Proposition 1, v1 is adja
ent to exa
tly one vertex in U1,whi
h we take to be u1. Note that in this 
ase v1 and u1 are indistinguishable. Theidenti�
ation of v2 through vn 
an now be 
arried out exa
tly as above.In 
ase jU1j = n+1, we 
an similarly identify the pairs fv1; u1g, and fvn; un�1g,as these two verti
es v1; vn 2 U1 are adja
ent to single verti
es in U1, whi
h wetake to be u1 and un�1 respe
tively. We may then follow the steps of the 
asejU1j = n� 1 above to identify the verti
es v1; v2; : : : ; vn of G(S).In any 
ase, the above pro
edure returns the indu
ed subgraph G(S) on theverti
es fv1; v2; : : : ; vng.We omit the proof that the above algorithm 
an be implemented in linear time.2 Note that from the three 
ases of Proposition 2 it follows that the automorphismgroup of V G(S) for a stair
ase polygon of order n > 3 is one of Z2, Z2 � Z2, orZ2 �Z2 �Z2, where Z2 is the 
y
li
 group of two elements.3. En
oding of Stair
ase GraphsWe �rst provide a 
oordinate free 
ombinatorial 
onstru
tion to en
ode stair
asegraphs. Given a stair
ase polygon S de�ned by x;y 2 Rn�1, x;y > 0, let G = G(S).For notational 
onvenien
e, denote the vertex vi simply by i for i = 1; 2; : : : ; n. For1 � i < j � n let sij denote the negative of the slope of the line segment through4



the verti
es i and j. Thus sij = yi + yi+1 + : : :+ yj�1xi + xi+1 + : : :+ xj�1 : (2)Suppose we arrange the slopes sij in the form of a triangular array as shown inFigure 2. Vertex i is visible from vertex j in S if and only if sik < sij for every

Figure 2: Triangular array of slopes for the polygon in Figure 1.vertex k with i < k < j. In other words i sees j if and only if the entry in 
olumn iand row j of this array is stri
tly larger than all of the entries above it in the same
olumn.Thus the matrix of the stair
ase graph G is obtained from this array of slopesafter repla
ing sij by 1 if sik < sij for every i < k < j, and repla
ing sij by 0otherwise (see Figure 2). Note that we automati
ally have LG(i; i + 1) = 1 for1 � i < n.Suppose now we are given a triangular array LG 
orresponding to an arbitraryundire
ted graph G in whi
h LG(i; i + 1) = 1 for 1 � i < n. Let Ms denote the
olle
tion of stri
t inequalities sik � sij < 0 (3)for i < k < j in the 
omponents of x and y, obtained from entries LG(i; j) = 1 inLG. For every LG(i; j) = 0, let k be the largest index in the range i < k < j forwhi
h LG(i; k) = 1. Note that su
h an index k always exists sin
e LG(i; i+ 1) = 1for every i. Geometri
ally k 
orresponds to the �rst vertex 
ounter
lo
kwise ofvertex j that sees vertex i. Set sij � sik � 0: (4)Denote by Mw the set of weak inequalities of the form 4, ea
h obtained from a zeroentry of LG. G is a stair
ase graph if and only if the nonlinear system of inequalitiesMs [Mw has a feasible solution x;y 2 Rn�1; x;y > 0.5



Figure 3: The matrix LG.Suppose now that there is a realization of a stair
ase graph G in whi
h thestep lengths xi are uniform. Without loss of generality, we may assume that Ghas a geometri
 realization in whi
h x = (1; 1; : : : ; 1). Then in su
h a realization,xi+xi+1+ � � �+xj�1 = j � i, and from 3 and 4 it follows that y1; y2; : : : ; yn�1 mustsatisfy jMsj =P1�i<j�n(j � i� 1)LG(i; j) stri
t inequalities of the form(j � k) [yi + yi+1 + � � �+ yk�1℄ � (k � i) [yk + yk+1 + � � �+ yj�1℄ < 0; (5)and jMwj =P1�i<j�n(1� LG(i; j)) weak inequalities of the form(k � j) [yi + yi+1 + � � �+ yk�1℄ + (k � i) [yk + yk+1 + � � �+ yj�1℄ � 0; (6)whi
h are obtained from 2, 3, and 4 after regrouping various terms.Thus theoreti
ally, we 
an 
he
k whether or not a given undire
ted, unlabeledgraph H is isomorphi
 to V G(S) for some stair
ase polygon S with uniform steplength by going through the following steps. Without loss of generality, we assumethat H has at least 8 verti
es.1. If H has 2n verti
es for some n and the pro
edure in Proposition2 returns G = G(S) on the vertex set fv1; v2; : : : ; vng, then go toStep 2. Else, if any step of the pro
edure in Proposition 2 fails,then H is not isomorphi
 to V G(S) for any stair
ase polygon S.2. Constru
t the matrix LG using the ordering v1 ! v2 ! � � � ! vnprodu
ed in Step 1. Go to Step 3.3. Che
k whether or not the feasibility problem whi
h 
onsists ofPi<j(j � i� 1)LG(i; j) stri
t inequalities and Pi<j(1� LG(i; j))weak inequalities that are obtained from the entries in LG has asolution. H is isomorphi
 to the visibility graph of a stair
ase poly-gon with uniform step lengths if and only if this feasibility problemhas a solution. 6



4. A Negative ResultTheorem 1 The visibility graph of the stair
ase polygon in Figure 1 
annot berealized with uniform step length.Proof. To prove the theorem we shall show that the feasibility problem arisingfrom the stair
ase graph G given in Figure 3 does not have a solution. For thisparti
ular G, jMsj = 25 and jMwj = 6. The resulting jMsj + jMwj = 31 linear
onstraints that are obtained from 3 and 4 above are depi
ted in Figure 4.

Figure 4: Inequalities for the graph G of Figure 3.In Figure 4, the numeri
al label in parentheses indi
ates the 
olumn from whi
hthe 
orresponding inequality arises.Consider the six linear forms E1; E2; : : : ; E6 that are marked in Figure 4. These7



satisfy the inequalities E1 = 2y1 � y2 � y3 < 0E2 = y1 + y2 + y3 � 3y4 < 0E3 = 3y3 � y4 � y5 � y6 < 0E4 = �y1 + y2 � 0E5 = �2y2 � 2y3 + 2y4 + 2y5 � 0E6 = �y5 + y6 � 0 :We �nd that 4E1 +E2 + 3E3 + 9E4 + 3E5 + 3E6 = 0and therefore we obtain the inequality 0 < 0. In parti
ular the set of inequalitiesin Figure 4 has no feasible solution y. Consequently, the visibility graph of thestair
ase polygon in Figure 1 
annot be realized by a stair
ase polygon with unithorizontal steps. 25. Con
lusion and RemarksIn this se
tion we elaborate on how we 
ame about the 
ounterexample of Figure3, and some of the possible 
onsequen
es of the linear programming approa
h.First of all, a given stair
ase graph G is realizable by a stair
ase polygon withunit horizontal steps if and only if the system of jMsj + jMwj inequalities (su
has the system in Figure 4) arising from its matrix has a feasible solution. Usingstandard linear programming te
hniques (see for example Chv�atal 3, Luenberger8,or S
hrijver 11), we add jMsj sla
k variables to obtain an augmented matrixM fromthis system. After that, instead of solving the feasibility problem My � 0, y > 0,we 
onsider the optimization problem(P) : maximize �s.t. My � 0,y � � e ,y � 0,where � is a new variable and e is the jMsj+ jMwj dimensional ve
tor of ones. Withthis formulation the optimal value of (P) is 0 if and only if there exists no y > 0satisfying My � 0. Otherwise the optimal value is unbounded.Now 
onsider a stair
ase graph G on n verti
es f1; 2; : : : ; ng in whi
h 1! 2!� � � ! n is a Hamiltonian path. Suppose we have three verti
es i < j < k su
h thati sees both j and k, but does not see any vertex y with j < y < k. Then1. No vertex x with i < x < j sees any vertex y with j < y < k,2. Vertex j sees vertex k.This property of stair
ase graphs are depi
ted in Figure 5.On the matrix LG of G these 
orrespond to the following property8



Figure 5: Geometri
 persisten
e.Given i < j < k, if LG(i; j) = LG(i; k) = 1 and LG(i; y) = 0 forevery y in the range j < y < k, then1. LG(x; y) = 0 for every x with i < x < j, and every y with j < y <k,2. LG(j; k) = 1.A matrix LG with LG(i; i + 1) = 1 for i = 1; 2; : : : n, whi
h satis�es these twoproperties for every triple i < j < k is 
alled persistent . Persisten
y is depi
tedgraphi
ally in Figure 6. As an example, the matrix LG depi
ted in Figure 3 ispersistent. In fa
t by our arguments above, LG is persistent for every stair
asegraph G.Let pn and sn = j�nj denote the number of persistent matri
es of size n andthe number of stair
ase graphs on n verti
es, respe
tively. Sin
e persisten
y of LGis a ne
essary 
ondition for stair
ase graphs, sn � pn for all n. Using the simple
ondition for persisten
y, we 
an 
omputer-generate all persistent 0-1 matri
es forsmall values of n. We �nd that p1 = p2 = 1, p3 = 2, p4 = 6, p5 = 25, p6 = 138,and p7 = 972. In addition to generating persistent matri
es, we have written 
odeto generate the parameters of the linear programming problem (P) 
orrespondingto every persistent matrix of size n � 7. When n is in this range, the optimalvalue of (P) found by the simplex method turns out to be unbounded for every LPproblem generated, ex
ept for the persistent matrix LG of our example in Figure3. Therefore for n < 7, all stair
ase graphs are realizable as the visibility graphsof stair
ase polygons with unit horizontal steps. For n = 7, LG in Figure 3 turnsout to be the only persistent matrix whi
h is not the visibility graph of a stair
asepolygon with unit horizontal steps (i.e. 1 out of 972 LP problems solved). However,9



Figure 6: Persisten
e.this graph is the stair
ase graph 
orresponding to the polygon in Figure 1. Thussn = pn for n � 7.It 
an be proved that the persisten
y 
ondition 
ompletely 
hara
terizes the
lass of stair
ase graphs. This and related results on re
ognition of visibility graphsof stair
ase polygons, and the 
ombinatori
s of stair
ase graphs 
an be found inAbello, E~ge
io~glu, and Kumar 1.Now �n is naturally embedded in �n+1 by mapping(x1; x2; : : : ; xn�1) ! (x1; x2; : : : ; xn�1; 1)(y1; y2; : : : ; yn�1) ! (y1; y2; : : : ; yn�1; � )where � is pi
ked so that � < sij for every slope sij given by 2. Under this embedding,a stair
ase graph G = (V;E) 2 �n with V = fv1; v2; : : : ; vng is embedded in �n+1 asG0 = (V 0; E0) where V 0 = V [fvn+1g and E0 = E[f(vn; vn+1)g. Thus the visibilitygraphs of stair
ase polygons for n � 7 
annot in general be realized by stair
asepolygons with unit horizontal steps, sin
e a 
opy of the smallest 
ounterexample Glives in ea
h �n for n � 7.However, our negative result does not provide a geometri
 intuition as to whyuniform steps do not work for our parti
ular example G of Figure 3. It would bedesirable to 
hara
terize those stair
ase graphs realizable by uniform step lengthsby a formulation that does not require linear programming, and possibly explainingwhether or not G is in e�e
t the only obstru
tion for non 
onstru
tibility by uniformstep lengths.Linear programming formulation may prove useful for visibility properties oflarger 
lasses of polygons, and also in optimization of other interesting propertiesof stair
ase graphs in parti
ular, and larger families of 
onvex fans in general. Forexample, it is tempting to 
onje
ture that two distin
t horizontal step lengths should10



allow for the representation of all visibility graphs of stair
ase polygons.We note that a polynomial time solution to the re
ognition and re
onstru
tionproblem for visibility graphs of stair
ase polygons have re
ently been found (Abello,E~ge
io~glu, and Kumar 1). These problems for 
onvex fans were previously exploredby ElGindy 4 with in
on
lusive results.A
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