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ABSTRA CT

Let �

n

denote the collection of visibilit y graphs of staircase p olygons (orthogonal

con v ex fans) whic h consist of n � 1 horizon tal steps of arbitrary lengths. W e sho w that

for n � 7 there are graphs in �

n

whic h cannot b e realized as the visibilit y graphs of

staircase p olygons with uniform step length.

Keywor ds: Visibilit y graph, staircase p olygon, orthogonal con v ex fan, uniform step

length.

1. In tro duction

O'Rourk e

9

remarks that \some of the fundamen tal unsolv ed problems in v olv-

ing visibilit y in computational geometry will not b e solv ed un til the com binatorial

structure of visibilit y is more fully understo o d". In this regard, one of the cen-

tral op en questions is that of c haracterizing visibilit y graphs of v arious classes of

p olygons (ElGindy

4

, Ghosh

7

, O'Rourk e

10

).

A t the time of this writing, there is no p olynomial algorithm kno wn for the

solution of the recognition problem for visibilit y graphs, i.e. to decide whether or

not a giv en graph is the visibilit y graph of some p olygon. Nor is this problem kno wn

to b e NP-hard. In fact, it is not ev en kno wn if the recognition problem is in class

NP . A t this p oin t w e only ha v e Ev erett's

5

result that the recognition problem is

in PSP A CE. Giv en this state of a�airs, curren t results ha v e in v olv ed restricting

the class of p olygons (Ev erett and Corneil

6

, Ab ello, E~ gecio~ glu, and Kumar

1

), or

restricting the class of graphs (ElGindy

4

), or adding some extra information to the

graph (Ghosh

7

, O'Rourk e

10

).
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In this pap er, w e answ er a question suggested b y the discussion in O'Rourk e [9,

p.171] ab out visibilit y graphs of staircase p olygons (orthogonal con v ex fans) with

uniform step length. Namely , w e sho w that this class is a prop er sub class of the

class of visibilit y graphs of general staircase p olygons. W e obtain this result b y �rst

noticing that the requiremen t of uniform step length mak es the visibilit y problem

amenable to a linear programming form ulation (section 3) and then sho w that a

certain system of linear inequalities is infeasible (section 4). In the last section of

the pap er (section 5) w e elab orate on ho w w e came ab out the coun terexample and

w e discuss also some of the implications of the linear programming approac h.

2. Visibilit y Graphs and Staircase P olygons

Let G = ( V ; E ) b e an undirected graph with v ertex set V = f 1 ; 2 ; : : : ; n g and

edge set E . Since the adjacency matrix A

G

of G is symmetric with zero diagonal,

G is completely c haracterized b y the arra y L

G

of the sub diagonal en tries of A

G

. T o

simplify our exp osition here, w e shall refer to L

G

as the matrix of G (see Figure

3). W e shall denote b y L

G

( i; j ) the en try in c olumn i and r ow j of L

G

. Note that

in this setting, the columns and the ro ws of L

G

are indexed b y i = 1 ; 2 ; : : : ; n � 1

from left to righ t and j = 2 ; 3 ; : : : ; n from top to b ottom, resp ectiv ely .

The notion of visibilit y that w e deal with is closely related to the \clear visibilit y"

of Breen

2

. It di�ers from the generally used notion in that w e do not allo w visibilit y

lines to go through in termediate v ertices. More sp eci�cally , giv en a p olygon P in the

plane, w e sa y that t w o of its v ertices i and j are visible or se e eac h other if the line

segmen t joining i and j is a b oundary segmen t of P , or it is completely con tained in

the in terior of P . W e use this non-standard quali�cation since w e b eliev e that the

essen tial questions regarding visibilit y graphs remain unc hanged when w e adhere to

this notion.

The visibility gr aph of P is then the graph

V G ( P ) = ( V ertic es of P ; f ( i; j ) j i se es j g ) :

Consider a monotone non-increasing path � consisting of horizon tal and v ertical

line segmen ts that connects a p oin t p on the p ositiv e y -axis to a p oin t q on the

p ositiv e x -axis. If � consists of a �nite n um b er of line segmen ts, then it is called

a stair c ase p ath . A stair c ase p olygon or an ortho gonal c onvex fan S is a staircase

path � together with the p ortion from the origin to p of the y -axis, and the p ortion

from the origin to q of the x -axis. If w e assume that the horizon tal segmen ts of

� ha v e lengths x = ( x

1

; x

2

; : : : ; x

n � 1

) from left to righ t, and the v ertical segmen ts

ha v e lengths y = ( y

1

; y

2

; : : : ; y

n � 1

) from top to b ottom, then S is called a staircase

p olygon of order n . Th us a staircase p olygon of order n is completely determined

b y a pair of p ositiv e v ectors x ; y 2 R

n � 1

with p =

P

n � 1

i =1

y

i

, and q =

P

n � 1

i =1

x

i

.

When S has order n , V G ( S ) is a Hamiltonian graph on 2 n v ertices.

Giv en a staircase p olygon of order n , let u

0

denote the origin, and lab el the

2 n � 1 v ertices on � from v

1

= (0 ; p ) to v

n

= ( q ; 0) in a clo c kwise fashion b y

v

1

; u

1

; v

2

; u

2

; : : : ; v

i

; u

i

; v

i +1

; : : : ; u

n � 1

; v

n

; (1)
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as sho wn on the staircase p olygon in Figure 1.

Figure 1: A staircase p olygon.

Some elemen tary prop erties of the visibilit y graphs of staircase p olygons are

giv en in the follo wing prop osition:

Prop osition 1 Supp ose G = V G ( S ) is the visibility gr aph of a stair c ase p olygon S

of or der n > 3 . Then

1. u

0

is the only vertex of G of de gr e e 2 n � 1 ,

2. In G n u

0

, the neighb orho o d of u

i

c onsists of f v

i

; v

i +1

g for i = 1 ; 2 ; : : : ; n � 1 ,

3. In G n u

0

, the neighb orho o d of v

i

c ontains the vertic es f v

i � 1

; u

i � 1

; u

i

; v

i +1

g for

i = 2 ; 3 ; : : : ; n � 1 . F urthermor e u

i � 1

and u

i

ar e the only u

j

's adjac ent to v

i

,

4. In G n u

0

, the vertic es f u

1

; v

2

g and f u

n � 1

; v

n

g ar e c ontaine d in the neighb or-

ho o ds of v

1

and v

n

, r esp e ctively. F urthermor e, u

1

is the only u

j

adjac ent to

v

1

and u

k

is the only u

j

incident to v

n

.

Pro of. Omitted. 2

The subgraph G ( S ) of V G ( S ) induced b y the v ertices f v

1

; v

2

; : : : ; v

n

g will b e

called the stair c ase sub gr aph of V G ( S ). More generally , a giv en lab eled graph on

f v

1

; v

2

; : : : ; v

n

g is called a stair c ase gr aph if v

1

! v

2

! � � � ! v

n

is a Hamiltonian

path in G , and G is isomorphic to G ( S ) for some staircase p olygon S in whic h the

lab eling of the v ertices of the staircase path � has the ordering in 1. W e let �

n

denote the collection of staircase graphs on n v ertices. Note that the graphs in �

n

are lab eled.

The study of V G ( S ) is equiv alen t to the study of G ( S ) in the follo wing sense:

from a giv en unlab eled graph G = ( V ; E ) whic h is isomorphic to some V G ( S ), the
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staircase subgraph G ( S ) can unam biguously b e constructed mo dulo renaming of

the axes.

Prop osition 2 Supp ose G = ( V ; E ) is isomorphic to some V G ( S ) . Then the stair-

c ase sub gr aph G ( S ) of V G ( S ) c an b e found with O ( j V j + j E j ) op er ations.

Pro of. W e ha v e that j V j = 2 n for some n � 1. Without loss of generalit y assume

n > 3. Lo cate the unique v ertex u

0

of G of degree 2 n � 1 and construct the graph

G n u

0

. P artition the v ertex set of G n u

0

in to t w o parts U

1

and V

1

where U

1

consists

of all v ertices in G n u

0

of degree exactly t w o, and V

1

consists of all v ertices of degree

larger than t w o. There are three cases to consider according to if j U

1

j = n � 1 ; n;

or n + 1.

If j U

1

j = n � 1, then U

1

actually consists of the v ertices u

1

; u

2

; : : : ; u

n � 1

in some

order. By part 4 of Prop osition 1, there exists exactly t w o v ertices in V

1

eac h of

whic h is adjacen t to only one v ertex in U

1

. W e ma y tak e v

1

to b e one of these

v ertices. Assume v

1

is adjacen t to u

1

2 U

1

. Next, let v

2

b e the common neigh b or of

v

1

and u

1

. By part 2 of Prop osition 1, v

2

is adjacen t to a v ertex other than u

1

in U

1

.

Call this v ertex u

2

. No w the common neigh b or of v

2

and u

2

giv es v

3

. Con tin uing

in this manner, the v ertices v

1

; v

2

; : : : ; v

n

can b e iden ti�ed in or der . Note that the

ordering v

1

; v

2

; : : : ; v

n

is unique up to an isomorphism exc hanging v

i

and v

n +1 � i

.

No w assume j U

1

j = n . By parts 3 and 4 of Prop osition 1, U

1

consists of

u

1

; u

2

; : : : ; u

n � 1

in some order, together with one of v

1

or v

n

, sa y

U

1

= f u

1

; u

2

; : : : ; u

n � 1

; v

1

g :

F urthermore, b y part 4 of Prop osition 1, v

1

is adjacen t to exactly one v ertex in U

1

,

whic h w e tak e to b e u

1

. Note that in this case v

1

and u

1

are indistinguishable. The

iden ti�cation of v

2

through v

n

can no w b e carried out exactly as ab o v e.

In case j U

1

j = n + 1, w e can similarly iden tify the pairs f v

1

; u

1

g , and f v

n

; u

n � 1

g ,

as these t w o v ertices v

1

; v

n

2 U

1

are adjacen t to single v ertices in U

1

, whic h w e

tak e to b e u

1

and u

n � 1

resp ectiv ely . W e ma y then follo w the steps of the case

j U

1

j = n � 1 ab o v e to iden tify the v ertices v

1

; v

2

; : : : ; v

n

of G ( S ).

In an y case, the ab o v e pro cedure returns the induced subgraph G ( S ) on the

v ertices f v

1

; v

2

; : : : ; v

n

g .

W e omit the pro of that the ab o v e algorithm can b e implemen ted in linear time.

2

Note that from the three cases of Prop osition 2 it follo ws that the automorphism

group of V G ( S ) for a staircase p olygon of order n > 3 is one of Z

2

, Z

2

� Z

2

, or

Z

2

� Z

2

� Z

2

, where Z

2

is the cyclic group of t w o elemen ts.

3. Enco ding of Staircase Graphs

W e �rst pro vide a co ordinate free com binatorial construction to enco de staircase

graphs. Giv en a staircase p olygon S de�ned b y x ; y 2 R

n � 1

, x ; y > 0, let G = G ( S ).

F or notational con v enience, denote the v ertex v

i

simply b y i for i = 1 ; 2 ; : : : ; n . F or

1 � i < j � n let s

ij

denote the negativ e of the slop e of the line segmen t through
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the v ertices i and j . Th us

s

ij

=

y

i

+ y

i +1

+ : : : + y

j � 1

x

i

+ x

i +1

+ : : : + x

j � 1

: (2)

Supp ose w e arrange the slop es s

ij

in the form of a triangular arra y as sho wn in

Figure 2. V ertex i is visible from v ertex j in S if and only if s

ik

< s

ij

for ev ery

Figure 2: T riangular arra y of slop es for the p olygon in Figure 1.

v ertex k with i < k < j . In other w ords i sees j if and only if the en try in column i

and ro w j of this arra y is strictly larger than all of the en tries ab o v e it in the same

column.

Th us the matrix of the staircase graph G is obtained from this arra y of slop es

after replacing s

ij

b y 1 if s

ik

< s

ij

for ev ery i < k < j , and replacing s

ij

b y 0

otherwise (see Figure 2). Note that w e automatically ha v e L

G

( i; i + 1) = 1 for

1 � i < n .

Supp ose no w w e are giv en a triangular arra y L

G

corresp onding to an arbitrary

undirected graph G in whic h L

G

( i; i + 1) = 1 for 1 � i < n . Let M

s

denote the

collection of strict inequalities

s

ik

� s

ij

< 0 (3)

for i < k < j in the comp onen ts of x and y , obtained from en tries L

G

( i; j ) = 1 in

L

G

. F or ev ery L

G

( i; j ) = 0, let k b e the largest index in the range i < k < j for

whic h L

G

( i; k ) = 1. Note that suc h an index k alw a ys exists since L

G

( i; i + 1) = 1

for ev ery i . Geometrically k corresp onds to the �rst v ertex coun terclo c kwise of

v ertex j that sees v ertex i . Set

s

ij

� s

ik

� 0 : (4)

Denote b y M

w

the set of w eak inequalities of the form 4, eac h obtained from a zero

en try of L

G

. G is a staircase graph if and only if the nonlinear system of inequalities

M

s

[ M

w

has a feasible solution x ; y 2 R

n � 1

; x ; y > 0 .

5



Figure 3: The matrix L

G

.

Supp ose no w that there is a realization of a staircase graph G in whic h the

step lengths x

i

are uniform. Without loss of generalit y , w e ma y assume that G

has a geometric realization in whic h x = (1 ; 1 ; : : : ; 1). Then in suc h a realization,

x

i

+ x

i +1

+ � � � + x

j � 1

= j � i , and from 3 and 4 it follo ws that y

1

; y

2

; : : : ; y

n � 1

m ust

satisfy j M

s

j =

P

1 � i<j � n

( j � i � 1) L

G

( i; j ) strict inequalities of the form

( j � k ) [ y

i

+ y

i +1

+ � � � + y

k � 1

] � ( k � i ) [ y

k

+ y

k +1

+ � � � + y

j � 1

] < 0 ; (5)

and j M

w

j =

P

1 � i<j � n

(1 � L

G

( i; j )) w eak inequalities of the form

( k � j ) [ y

i

+ y

i +1

+ � � � + y

k � 1

] + ( k � i ) [ y

k

+ y

k +1

+ � � � + y

j � 1

] � 0 ; (6)

whic h are obtained from 2, 3, and 4 after regrouping v arious terms.

Th us theoretically , w e can c hec k whether or not a giv en undirected, unlab eled

graph H is isomorphic to V G ( S ) for some staircase p olygon S with uniform step

length b y going through the follo wing steps. Without loss of generalit y , w e assume

that H has at least 8 v ertices.

1. If H has 2 n v ertices for some n and the pro cedure in Prop osition

2 returns G = G ( S ) on the v ertex set f v

1

; v

2

; : : : ; v

n

g , then go to

Step 2. Else, if an y step of the pro cedure in Prop osition 2 fails,

then H is not isomorphic to V G ( S ) for an y staircase p olygon S .

2. Construct the matrix L

G

using the ordering v

1

! v

2

! � � � ! v

n

pro duced in Step 1. Go to Step 3.

3. Chec k whether or not the feasibilit y problem whic h consists of

P

i<j

( j � i � 1) L

G

( i; j ) strict inequalities and

P

i<j

(1 � L

G

( i; j ))

w eak inequalities that are obtained from the en tries in L

G

has a

solution. H is isomorphic to the visibilit y graph of a staircase p oly-

gon with uniform step lengths if and only if this feasibilit y problem

has a solution.
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4. A Negativ e Result

Theorem 1 The visibility gr aph of the stair c ase p olygon in Figur e 1 c annot b e

r e alize d with uniform step length.

Pro of. T o pro v e the theorem w e shall sho w that the feasibilit y problem arising

from the staircase graph G giv en in Figure 3 do es not ha v e a solution. F or this

particular G , j M

s

j = 25 and j M

w

j = 6. The resulting j M

s

j + j M

w

j = 31 linear

constrain ts that are obtained from 3 and 4 ab o v e are depicted in Figure 4.

Figure 4: Inequalities for the graph G of Figure 3.

In Figure 4, the n umerical lab el in paren theses indicates the column from whic h

the corresp onding inequalit y arises.

Consider the six linear forms E

1

; E

2

; : : : ; E

6

that are mark ed in Figure 4. These

7



satisfy the inequalities

E

1

= 2 y

1

� y

2

� y

3

< 0

E

2

= y

1

+ y

2

+ y

3

� 3 y

4

< 0

E

3

= 3 y

3

� y

4

� y

5

� y

6

< 0

E

4

= � y

1

+ y

2

� 0

E

5

= � 2 y

2

� 2 y

3

+ 2 y

4

+ 2 y

5

� 0

E

6

= � y

5

+ y

6

� 0 :

W e �nd that

4 E

1

+ E

2

+ 3 E

3

+ 9 E

4

+ 3 E

5

+ 3 E

6

= 0

and therefore w e obtain the inequalit y 0 < 0. In particular the set of inequalities

in Figure 4 has no feasible solution y . Consequen tly , the visibilit y graph of the

staircase p olygon in Figure 1 cannot b e realized b y a staircase p olygon with unit

horizon tal steps. 2

5. Conclusion and Remarks

In this section w e elab orate on ho w w e came ab out the coun terexample of Figure

3, and some of the p ossible consequences of the linear programming approac h.

First of all, a giv en staircase graph G is realizable b y a staircase p olygon with

unit horizon tal steps if and only if the system of j M

s

j + j M

w

j inequalities (suc h

as the system in Figure 4) arising from its matrix has a feasible solution. Using

standard linear programming tec hniques (see for example Ch v� atal

3

, Luen b erger

8

,

or Sc hrijv er

11

), w e add j M

s

j slac k v ariables to obtain an augmen ted matrix M from

this system. After that, instead of solving the feasibilit y problem My � 0 , y > 0 ,

w e consider the optimization problem

(P) : maximize �

s.t. My � 0 ,

y � � e ,

y � 0 ,

where � is a new v ariable and e is the j M

s

j + j M

w

j dimensional v ector of ones. With

this form ulation the optimal v alue of (P) is 0 if and only if there exists no y > 0

satisfying My � 0 . Otherwise the optimal v alue is un b ounded.

No w consider a staircase graph G on n v ertices f 1 ; 2 ; : : : ; n g in whic h 1 ! 2 !

� � � ! n is a Hamiltonian path. Supp ose w e ha v e three v ertices i < j < k suc h that

i sees b oth j and k , but do es not see an y v ertex y with j < y < k . Then

1. No v ertex x with i < x < j sees an y v ertex y with j < y < k ,

2. V ertex j sees v ertex k .

This prop ert y of staircase graphs are depicted in Figure 5.

On the matrix L

G

of G these corresp ond to the follo wing prop ert y

8



Figure 5: Geometric p ersistence.

Giv en i < j < k , if L

G

( i; j ) = L

G

( i; k ) = 1 and L

G

( i; y ) = 0 for

ev ery y in the range j < y < k , then

1. L

G

( x; y ) = 0 for ev ery x with i < x < j , and ev ery y with j < y <

k ,

2. L

G

( j; k ) = 1.

A matrix L

G

with L

G

( i; i + 1) = 1 for i = 1 ; 2 ; : : : n , whic h satis�es these t w o

prop erties for ev ery triple i < j < k is called p ersistent . P ersistency is depicted

graphically in Figure 6. As an example, the matrix L

G

depicted in Figure 3 is

p ersisten t. In fact b y our argumen ts ab o v e, L

G

is p ersisten t for ev ery staircase

graph G .

Let p

n

and s

n

= j �

n

j denote the n um b er of p ersisten t matrices of size n and

the n um b er of staircase graphs on n v ertices, resp ectiv ely . Since p ersistency of L

G

is a necessary condition for staircase graphs, s

n

� p

n

for all n . Using the simple

condition for p ersistency , w e can computer-generate all p ersisten t 0-1 matrices for

small v alues of n . W e �nd that p

1

= p

2

= 1, p

3

= 2, p

4

= 6, p

5

= 25, p

6

= 138,

and p

7

= 972. In addition to generating p ersisten t matrices, w e ha v e written co de

to generate the parameters of the linear programming problem (P) corresp onding

to ev ery p ersisten t matrix of size n � 7. When n is in this range, the optimal

v alue of (P) found b y the simplex metho d turns out to b e un b ounded for ev ery LP

problem generated, except for the p ersisten t matrix L

G

of our example in Figure

3. Therefore for n < 7, all staircase graphs are realizable as the visibilit y graphs

of staircase p olygons with unit horizon tal steps. F or n = 7, L

G

in Figure 3 turns

out to b e the only p ersisten t matrix whic h is not the visibilit y graph of a staircase

p olygon with unit horizon tal steps (i.e. 1 out of 972 LP problems solv ed). Ho w ev er,

9



Figure 6: P ersistence.

this graph is the staircase graph corresp onding to the p olygon in Figure 1. Th us

s

n

= p

n

for n � 7.

It can b e pro v ed that the p ersistency condition completely c haracterizes the

class of staircase graphs. This and related results on recognition of visibilit y graphs

of staircase p olygons, and the com binatorics of staircase graphs can b e found in

Ab ello, E~ gecio~ glu, and Kumar

1

.

No w �

n

is naturally em b edded in �

n +1

b y mapping

( x

1

; x

2

; : : : ; x

n � 1

) ! ( x

1

; x

2

; : : : ; x

n � 1

; 1)

( y

1

; y

2

; : : : ; y

n � 1

) ! ( y

1

; y

2

; : : : ; y

n � 1

; � )

where � is pic k ed so that � < s

ij

for ev ery slop e s

ij

giv en b y 2. Under this em b edding,

a staircase graph G = ( V ; E ) 2 �

n

with V = f v

1

; v

2

; : : : ; v

n

g is em b edded in �

n +1

as

G

0

= ( V

0

; E

0

) where V

0

= V [ f v

n +1

g and E

0

= E [ f ( v

n

; v

n +1

) g . Th us the visibilit y

graphs of staircase p olygons for n � 7 cannot in general b e realized b y staircase

p olygons with unit horizon tal steps, since a cop y of the smallest coun terexample G

liv es in eac h �

n

for n � 7.

Ho w ev er, our negativ e result do es not pro vide a geometric in tuition as to why

uniform steps do not w ork for our particular example G of Figure 3. It w ould b e

desirable to c haracterize those staircase graphs realizable b y uniform step lengths

b y a form ulation that do es not require linear programming, and p ossibly explaining

whether or not G is in e�ect the only obstruction for non constructibilit y b y uniform

step lengths.

Linear programming form ulation ma y pro v e useful for visibilit y prop erties of

larger classes of p olygons, and also in optimization of other in teresting prop erties

of staircase graphs in particular, and larger families of con v ex fans in general. F or

example, it is tempting to conjecture that two distinct horizon tal step lengths should

10



allo w for the represen tation of all visibilit y graphs of staircase p olygons.

W e note that a p olynomial time solution to the recognition and reconstruction

problem for visibilit y graphs of staircase p olygons ha v e recen tly b een found (Ab ello,

E~ gecio~ glu, and Kumar

1

). These problems for con v ex fans w ere previously explored

b y ElGindy

4

with inconclusiv e results.
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