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Abstract. Given a recursive (datalog) query, the nonrecursive incremental eval-
uation approach uses nonrecursive (datalog) programs to compute the difference
of the answers to the query against successive databases between updates. The
mechanism used in this approach is called a “First-Order Incremental Evaluation
System” (FOIES). We show that for two large classes of datalog queries, called
“generalized (weakly) regular queries”, FOIES always exist. We also define “in-
crement boundedness” and its variations, which generalize boundedness. Incre-
ment bounded queries are shown to have FOIES of certain forms. We also relate
increment boundednessto structural recursion, which was proposed for bulk data
types. We characterize increment boundednessusing the “insertion idempotency”,
“insertion commutativity”, and “determinism” properties of structural recursion.
Finally, we show that the increment boundedness notions are undecidable and a
decidable sufficient condition is given.

1 Introduction

Recursive query optimization has been a focus of the study on the datalog language over
the last several years (see [17] and recent PODS, SIGMOD, VLDB, DOOD proceed-
ings). Most recently, query evaluation against databases that are frequently updated is
studiedin[8, 6, 5, 7, 10]. Specifically, to repeatedly evaluate the same (computationally
expensive) recursive query on a database that is being updated between successive query
requests, it should be possible to use the difference between successive database states
and the answer to the query in one state to reduce the cost of evaluating the entire query
in the next state. It is considered as “desirable” if one can use nonrecursive queries to
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compute the differences. In[8, 6, 5, 7], these ideas were abstracted in the so-called “first-
order incremental query evaluation system” (or FOIES), and some interesting results
were given; and in [15] a similar class called Dyn-FO was investigated as a complexity
class. In this paper we continue our investigation in this direction by studying further
on FOIES and by exploring some related query optimization issues.

Boundedness of datalog programs is one of the most-studied issues in the deductive
database community [13, 14, 19, 18, 1, 12, 4]. In this paper we introduce and examine a
related property, “increment boundedness”, of datalog programs. Intuitively, a datalog
programpP is increment bounded if, to derive a new model after inserting one edb fact,
one only needs to apply% for some fixedk (instead ofl'y).

On the other hand, the notion of “structural recursion” by insertion was proposed
in [3] as a paradigm to specify database queries. Briefly speaking, a query defined by
structural recursion consists of a base clause on the empty set, and a recursive clause on
“inserting an element to a set”.

In this paper, we establish close relationships between the three notions: FOIES,
increment boundedness, and structural recursion. This paper has the following contri-
butions: First, we extend our earlier results [7] on the existence of FOIES for (weakly)
regular queries to wider classes of queries, “generalized (weakly) regular queries”. These
queries allow predicates of arbitrary arities, unlike in the (weakly) regular case where
only binary chain rules are permitted in the recursive part. Second, increment bound-
edness and its variations are defined and shown to be equivalent to some subclasses of
FOIES. Third, we characterize increment boundedness by the “insertion idempotency”,
“insertion commutativity”, and “determinism” properties of structural recursion and
show that commutativity is equivalent to increment boundedness for a syntactic class of
programs. Fourth, undecidability results for increment boundedness and its variations
are presented and a decidable sufficient conditionis given. Increment boundedness turns
out to be remarkably different from boundedness.

This abstract is organized as follows. Section 2 reviews some basic terminologies.
Section 3 discusses generalized (weakly) regular queries. Section 4 presents the notion
of increment boundedness and some results on them. Section 5 provides the character-
izations of increment boundedness through structural recursion; and Section 6 focuses
on the decision issues. Proofs are sketched or omitted in this extended abstract; full
proofs will be included in the full version.

2 Preiminaries

We briefly review datalog and some necessary notions, and then present the definition
of a FOIES.

We assume the existence of three pairwise disjoint infinite setenstants, vari-
ables, andpredicates. Built-in predicates such as equality are disallowed. Each predicate
has a positivarity. An atomis a formula of the forng (¢4, ..., ), wheregq is a predicate
andiy, ..., t; are variables or constants fact is an atom without variables. @latal og)
program is a finite set of rules of the formt — A4, ..., A,, wheren > 1, A and
Ay, ..., A, are atoms and each variabledroccurs in somel;. Let P be a program. We
call a predicate occurring iR intensional (idb) if it occurs in the head of some rule in



P, andextensional (edb) otherwise. We usélb( P) to denote the set of all idb predicates
in P. For each seD of facts and each nonnegative integelet 7% (D) denote the set
of facts having derivation trees of depth at mgstach fact inD is considered to have
a derivation tree of depth zero; and ¢ (D) = U2 T4 (D). A (datalog) query is a
pair (P, p), whereP is a program, ang an (answer) idb predicate; for each geof
edb facts, thanswer to the query is the set of facts ovein 73 (D).

We now turn to FOIES, which use nonrecursive programs to maintain models of
programs after insertion of facts. The nonrecursive programs need to differentiate facts
in the old state (before an insertion) and facts in the new state (after the insertion). We
adopt the following notation: for each predicatewe shall use (i) ° (o for old) as a
predicate to represent facts oyeromputed or stored in the old database state, ang (ii)
torepresent facts overthat are asserted (either through insertion or through derivation)
in the new state. For each skbf facts, let/° be the set of facts obtained fromby
replacing each predicatewith ¢°. If S is a set of predicates, the restriction/ab those
with predicate inS' is denoted | . We write|, for I|;,;.

Definition. A FOIESfor a query(P, p) is a triple(P;, S, Ps), where:

— S'is a set of idb predicates containipg

— P, is a (possibly recursive) program, called ingial program, such that”, and
P are equivalent regarding their common idb predicates,T&.(D)|Z-db(p)05 =
T8 (D)]ianp)ns for each sed of edb facts; and

— Ps is a nonrecursive program, called timeremental program, such that, for each
set D and each singleton set of edb facts,Ps derives the new least model of
P, containingD U A from A and the old least model af, containingD, i.e.,
Tg (DU A)|s = T3, ([TE,(D)|s]° U A)ls U TE (D)]s.

AFOIES(P,, S, Ps) for (P, p) is space-freeif S C idb(P).

Intuitively, a FOIES of a query always stores the answer on the current database.
It may also store some auxiliary relations (predicates inther thanp). When the
database changes, the FOIES uses the stored answer (and possibly auxiliary relations)
to non recursively compute the new answer (and the new auxiliary relations). Space-free
FOIES do not use any auxiliary relations. The following example illustrates the notion
of FOIES.

Example2.1. Consider the progran¥’; computing the transitive closure of an edb

predicatey: {p(x, z) — q(x,2); p(z,z) — q(z,y),p(y,z)}. Let P, = P1, S = {p},
and Ps be the program

pEx,zg —q(z,z) pEx,zg —q(z,y),p°(y,2)

p(z,2) < p°(2,9), q(y, 2) p(x, 2) — p°(2,y1), 4(¥1, ¥2), P (Y2, 2)
Then(P,, S, Ps) is a FOIES for( Py, p). To illustrate how the FOIES works, suppose
D = {4(1,2),4(2,3), ¢(4,5),4(5,6)} and A = {¢(3,4)}. ThenTy (D) = D U
{p(i, ) | 1<i<j<3,4<i<j<6}. To computels (DU A) fromTy (D) usingPs,
the facts il (D) are marked with the superscripto indicate that they were facts
before inserting the fact(3, 4); the predicate (resp.p) in Ps denotes the additional



set of facts that are added (resp. derived)f@resp.p). Thus, the additional fact far
is ¢(3,4), and the additional facts ferare{p(¢, j) | ¢ € [1..3] andj € [4..6]}.

Note that, to get the new paths afteryaedge is added using this FOIES, only
four (one if the new edge is treated as a pair of constants) joins are needed. Thus we
have transformed the computation of a recursive program into the computation of a
nonrecursive one (with the help of stored results). O

3 Generalized Regular Queries

In this section, we define “generalized (weakly) regular queries”, which are subclasses
of generalized chain queries, and extend the results on FOIES for subclasses of chain
queries reported in [7] to generalized (weakly) regular queries. The results are new and
the proofs require nontrivial new techniques.

The main results are Theorems 3.3, 3.5 and 3.6. Theorem 3.3 says that generalized
regular queries (defined syntactically) have FOIES, Theorem 3.5 that generalized reg-
ular queries augmented by adding non recursive initializations having a property called
“cci” have FOIES, and Theorem 3.6 that the cci property is decidable for non recursive
programs which implies that the extended class, generalized weakly regular queries, is
decidable. (This is because the class is defined syntactically except the cci property.)

A datalog ruler is ageneralized chain rule if it has the following form:

7> po(Zo, 2n) — p1(To, 20, 1), ..., Pi(Bi—1, Zic1, Zi)y ooy Pa(Bn—1, Zn—1, Tn) (1)

wherexy, ..., r,, 20, ..., 2, _1 are disjoint (possibly empty) sequences of variables. Note
thatchain rules are special generalized chain rules, whege .., z,, are distinct single
variables andx, ..., z,_1 are all empty sequences of variablesgéneralized chain
program is a finite set of generalized chain rules; andeaeralized chain query is a
query(P,p), whereP is a generalized chain program. Similar to chain queries, each
generalized chain query = (P, p) can be associated with a context-free gramaigr
constructed as follows. The terminals (nonterminals) are the edb (idb) predicates; the
start nonterminal ig; and for each rule it of the form (1) there is a production of the
formpo — pip2- - pn.

Aquery( isgeneralizedregular (g.r.) if G g isright-linear, i.e., the only nonterminal
in the right hand side of each production is the rightmost symbol.

Obviously, each chain query (program) is also generalized chain; each regular (chain)
query [7] is also generalized regular. In particular, transitive closure can be expressed
by a g.r. query. For nonrecursive generalized chain queries, the next proposition follows
from a resultin [7].

Proposition 3.1. Each nonrecursive generalized chain query is a conjunctive query, but
not vice versa. ]

We now give an example of a g.r. chain query which is not a chain query, together
with a FOIES for it.

Example3.2. Let@ = (P2, p) be aquery, wher®, = {p(z) < s(z,y), p(y); p(x) —
q(z)}. Q represents the propagation of signalthrough a networls of logical “or”



gates (=, y) means the gate hasy as an inputwire)q is g.r. but not a (regular) chain
query.@ also has a FOIES. Indeed, I8t= {p,t}, wheret(z,y) denotesz is “on”
whenevely is “on” and

t(e,y) — s(z,y)
p - t(w,z) —t(x,y),t(y, 2)
r - 3
pEx —q(»)
p(x) — =z, y),q(y)
t(z,y) — s(x,y) p(z) — q(2)
p. = Qe z) = t°(x,y), s(y, 2 ple) = °(x,y),q(y
P U, 2) — s, ), 10y, 2 p(z) —t(x,y),¢°(y
t €T,z <_to($ayl)as(ylayZ)ato(yZaz)

It can be verified that{P,, S, P;5) is a FOIES forQ but @ has no space-free FOIES.
Observe that’, computes the entire transitive closurespivhereas?, only computes
the part reachable from constantsg;in

Theorem 3.3. Each g.r. (generalized regular) query has a FOIES.

The proof idea is similar to the one used in [7] for regular (chain) queries. To
construct a FOIES for a g.r. query, we first find a regular expressionrresponding
to the grammar, and’ uses only symbols from the set of idb predicates, “(*, “}4";
and “t”. This can be done by standard procedures [2]. For exampldXfdhe regular
expression i$s*¢) U ¢. We then use an auxiliary relation for each subexpressidn of
and the incremental program is obtained inductively according to (roughly) the syntax
tree of . The basis for both [7] and here is that all new derived facts after inserting a
fact A can be obtained by using the old derived facts daralbounded number of times.

The proof and construction for the g.r. case, however, require some new techniques. The
modification to this proof, as well as to the proofs of other results, is needed due to the
following difference between chain and generalized chain programs:

Note that chain programs consist of rules of the form (1) wherg glare empty and
eachz; is a single variable. Consequently, chain queries operate on graphs where each
edge has two constants as nodes. On the other hand, generalized chain queries operate
on hypergraphs where each hyperedge may have three nodes, each being a sequence
of constants. Specifically, a fagtas, ..., a;) corresponds to many hyperedges, e.g., for
eachj € [1..(k—1)], itcan be used as a hyperedge frem..., a; toa; 41, . . ., ar (there
are many other ways where the middle constants do not connect other constants in the
edges before and after this edge).

We now consider “generalized weakly regular queries”.

We sayp[j1, j2, j3] is apartitionof a predicate if j1, j», j3 are nonnegative integers
suchthay;+ j»+ j3 = arity of p. Each rule- of form (1) above is said tosethe partition
pil|l@i-1|, |zi—1], |2:|] for eachi € [1..n] (J2] denotes the length af). Intuitively, » uses
pilj, j2, 73] if facts overp; may be unified with an atom (x;_1, z;—1, #;) such that the
first j; constants are identical to the lgstconstants of the preceding fact, the lgst
constants are identical to the firgt constants of the following fact, and the middle
constants are not restricted.



AsetD offacts over a predicatgis calledy[j1, j2, j3]-cartesianclosed if, q[j1, j2, j3]
is a partition ofy and, whenevey(au, e1, b1) andq(az, c2,b2) are inD where|as| =
|@z| = j1 and|by| = |ba| = js, there is some 50 thaty(a, ¢, bo) belongs taD.

This notion is a special case of embedded multivalued dependency (with an empty
left-hand-side [16]). Note thdD is alwaysq[j1, j», js]-cartesian closed if eithdp is a
singleton set, of; = 0 orj3 = 0.

The notion of cartesian-closed sets is important for incremental evaluation since it
allows us to extend results on single fact to sets: the insertion of a cartesian-closed set
will behave like the insertion of a single fact in incremental evaluation, which can be
dealt with by FOIES for generalized regular queries.

Definition. A program P has k-cartesian-closed increment (k-cci) wir.t. a partition
plj1, j2, js] if & > 0 and for each seb and singleton set\ of edb facts, there are
plj1, j2, js]-cartesian-closed sefs, ..., (', satisfying

TE(D U A)|, — TE(D)], CUZ1Ci CTE(DUA)],.
P hascci wir.t. p[j1, j2, js if it has k-cci w.r.t. p[j1, j2, j3] for somek.

Example3.4. ProgramPs; = {pi(z,y) — q1(x, u,v), ¢s(v, w, z), ¢3(z,y)} has 1-cci
w.r.t. p1[1, 0, 1]. Intuitively, for each database and each set\ of one edb fact, let

{pri(a,d2) | ¢5(ec, d, d1) andgs(di, d2) in D for somed andd },
if A has the form{qi(a,b,¢)}
{pl(az, bl) | ql(az, ai, Cl) andqg(b, bl) in D for Someal},
if A has the form{¢s(a,c,b)}
{p1(c,b) | qa(e, d1, d2) andgs(da, d, a) in D for somed, d; andda},
if A has the form{¢s(a, b)}

C =

Then('is cartesian closed, afé(D U A) — P3(D) C C' C P3(D U A) hold.

An empty (binary) program has 1-cciw.ipt[1, 0, 1], since the empty set is cartesian
closed. ProgranPs = {pi(x,y) — qi(z,u,v), ¢s5(v, u, 2), ¢s(z, u, y) } also has 1-cci
w.r.t. p1[1,0, 1.

ProgramPs = {pi(z,y) — qa(z,y), ¢2(u,v)} does not have cci w.r.p;[1,0, 1].
Indeed, for eaclt > 0, supposé) is a set ofg, facts such thab is not the union of
anyk cartesian-closed sets. Th&( D U {g¢2(a, b)}) — Ps(D) is not bounded by ank
cartesian-closed sets (D U {q2(a, b)}), violating the two containments in the above
definition.

We next define “generalized weakly regular” queries which may allow nonrecursive
initialization.
Definition. A query(P, p) isgeneralizedweakly regular (g.w.r.) if P = P.U P, satisfies

the following:

1. P.is non recursive;
2. Each predicate in the heads of rules’indoes not occur ir,;



3. For eachy € idb(F.), let P! be the set of rules defining. The programe,
with only one idb-predicate (i.eg), modified fromP2 by eliminating all other idb
predicates through expansion, has cci for each partjfibn j», j3] of ¢ used byP,.

4. (P.,p)isaag.r. query (viewing idb predicates i as edb predicates).

Since the nonrecursive initialization part of a g.w.r. query has cci, Theorem 3.3 can
be generalized:

Theorem 3.5. Each g.w.r. (generalized weakly regular) chain query has a FOIES.

Finally, we consider the decision problem for cci. It turns out that the decidability
and undecidability results in [7] can also be extended (nontrivially) to the case with
partitions. In the following, we state the results and two key lemmas used in proving the
decidability result.

Theorem 3.6. Itis decidable if a nonrecursive program has cci w.r.t. a partjtion, &];
undecidable if a recursive program has cci wuit, j, k]. O

A program P is nonredundant if? cannot be syntactically simplied by removing
“elements” from it, i.e., ()P is not equivalent to any of its proper subsets andKiis
not equivalent to any?’ obtained by removing atoms from its rule bodies.

Lemma3.7. A nonredundant, nonrecursive prograhwith a single idb-predicate has
cciw.r.t.p[i, j, k] iff {r} has cciw.r.tp[i, j, k] for eachr € P. a

For each sef of atoms and each atorh, we say two variables andy are(.S, 4)-
connected if there is a sequencdy, ..., A, (¢> 1) of atoms fromS such thaty occurs
in Ay, y occurs in4,, andA; and 4,1 share a variable; not occurring inA for each
1<i< t. Forexamples, fof = {qi(x, u,v), q2(z, u,y)} andA = ¢(v, v, z), z andy
are(S, A)-connected; however, fot’ = ¢(v, u, z), # andy are not(.S, A’)-connected.
If two variables occur in a common atomsh then they aréS, A)-connected for every
A. Note that( .S, A)-connectivity reduces to the usual connectivity whinontains no
variable.

For each sequence of variablesve definél/ () to be the set of variables occurring
in z. We also extend’” to atoms naturally.

Lemma3.8. Aruler: p(x,y,z) — A, ..., An has cciw.r.tp[|z], |4], |z]] iff for each
i€ [1l.m],

1L V(x)nV(z) CV(4;);and
2. eitherV(z) C V(4;), orV(z) C V(4;), or for eachr € V(z) — V(z) and each
z € V()= V(x), z,z are not(S, A;)-connected (wher§ = {4;|1 < j < m}).
O

For example,P; in Example 3.4 has 1-cci w.rp[1, 0, 1] according to this lemma.
Indeed, letd1 = qa1(x, u, v), A2 = ¢s5(v, w, z) andAz = qa(z, y). ThenV(z) NV (z) =
0 C V(4;) for eachi € [1..3]. For eachi € {1, 3}, we have eitheV/(z) C V(4;), or
V(z) C V(A;). Furthermoreg, y are not(.S, Az)-connected wher§ = { A1, Ay, As}.



4 Increment Boundednessand FOIES

We define a new property, called “increment boundedness”, for datalog programs and
establish two equivalence relationships with space-free FOIES and FOIES that are syn-
actically constructible from the programs. A characterization of increment boundedness
using “structural recursion” is given in the next section and decision problems are
discussed in Section 6.

Intuitively, a programP is £-increment bounded (> 1) if, upon an insertion of one
edb factA into a databas®, the new minimal model'y (D U {A}) can be obtained
by applyT (instead of the usudly) to the previous minimal modél% (D) and the
new factA. Hence, arf-increment bounded program needs no recursion to update its
minimal model upon insertion. This concept is closely related to the popular bounded
class [9] but with some interesting distinct behavior. Formally, we have:

Definition. Suppose” is a datalog program.

— For eachv > 1 [and each edb predicaj§ P is ¢-increment bounded (¢-1B) [w.r.t.
q] if
TE(DU{A}) = Tp(TE(D) U {A})
for each set) of edb facts and for each edb fat¢tover q].
— Pisincrement bounded (IB) if it is ¢-1B for some fixed?.
— P is generalized increment bounded (GIB) if there is some nonrecursive program
@ such that
Tp(DU{A}) = To(Tp(D)U{A})

for each sefD of edb facts and for each edb fatt

We also denote by-IB (resp., IB, GIB) the set of programs which at4B (resp., IB,
GIB).

Exampled.1l. Let Ps be Ps in Example 2.1 except the superscript is removed. Note
that the predicate holds the transitive closure af. Pg is increment bounded (by
Theorem 4.2). In factPs is 1-I1B: Supposep contained the transitive closure of
before the insertion. Then after insertinggafact, the new closure is obtained by
applyinngﬁ6 once. However, the equivalent prografh in Example 2.1 is not even
increment bounded. Indeed, for eath> 1, T (D U {A}) # Th (T (D) U {A}),
whereD = {q(i,i+ 1) |0<i <20, i # {}andA = q(£, £+ 1). |

Example 4.1 indicates that IB is not semantic. (A property is semantic if it is closed
under substitution by equivalent programs [9].) Recall that a progPambounded if
there is an integef such thatl's (D) = T5(D) for each seD of edb facts. It follows
that each bounded program is also increment bounded but not vice versa.

Theorem 4.2. Let (P, p) be a query. IfP is ¢-IB, then (P, p) has a FOIES (and the
FOIES can be constructed frof by syntactic changes). Furthermor@,is GIB iff

(P, p) has a space-free FOIES. Consequently, each IB query has a space-free FOIES;
but the converse is not true.



For proving the first statement, for ea¢fB query (P, p), we construct a FOIES
(P, idb(P), Q.), where, roughly(), is obtained by “expanding? up to ¢ times (all
derivation trees of height ¢) and marking appropriate predicates with supersexipt
To be more precise, consider an arbitrary rule in the expansion:

A—By,....,By,Ch,...,Cp

where eachB; is an idb atom and’; is an edb atom. Then, for each proper sulget
of [1..n], @, includes the following rule:

A—BS ... B.C,.. . C

whereC; is C; if j ¢ M andC} is C7 otherwise. (IfC' = p(ty, ..., #;), then byC” we
meanp®(t1, ..., tx).)

The second statement is easily verified from the definitions. For the last statement,
the standard TC progray (Example 2.1) has a space-free FOIES, but is not IB.

Example4.3. Let P; be as in Example 2.1. Then, f¢Pi, p), there is a space-free
FOIES. LetP; be Ps in Example 2.1 except thesuperscriptis removed, as considered
in Example 4.1. Then there is a space-free FO{ES {p}, P{) for (Ps, p), whereF{
is constructed as above, and it happens Bfat P5 (in Example 2.1).

It can be verified that the original transitive closure queRy, p) and the or-gate
propagation query) in Example 3.2 do not have FOIES constructed in this wayd

The following result shows that there is a strict hierarchy among the classes.
Theorem4.4. V¢ > 1, (-IB C# (¢ + 1)-IB. Also, U»of-IB = IB C# GIB.

Proof. Obviously the containments hold. The first containment is proper because we
can write inefficient datalog programs that delays output; for example, forl, the
two-rule program{pi(z) — q(z); pa(x) — q(x),pi(y)} is 2-1B, but not 1-IB. The
second containment is proper since the standard TC profigixample 2.1) belongs

to GIB but not to IB. O

In terms of the number of iterations needed for evaluating IB queries, we have:

Theorem4.5. If (P, p) is an IB query, then the number of iterations needed to derive
Tg(D)|, using semi-naive evaluation method is at most linear in the number of facts
in D.

Finally, similar to the boundedness problem of whether a given program is equivalent
to some nonrecursive program, it is also interesting to know when a given program is
equivalent to some IB program.



5 FOIES and Structural Recursion

Structural recursion [3] was proposed as a database programming paradigm on “bulk”
types such as sets or relations. Structural recursion can be performed based either on
insertion or on union. Under the insertion approach, the computation (query) on an input
setS is divided into the computation on a subset which contains all but one element of
S, followed by the computation for inserting the remaining element. The computation
on the subsets of is done recursively in that manner.

Since both FOIES and structural recursion accomplish computation in a similar way,
it is interesting to know how FOIES relates to structural recursion.

We consider Datalog programs having the special forms of space-free FOIES cor-
responding to the IB property as discussed Theorem 4.2. We give two characterizations
of such IB programs using structural recursion. The first shows the equivalence of four
properties: (i) IB, (ii) determinism, (iii) idempotency, and (iv) the combination of weak
idempotency and commutativity. The second refines the first by establishing the equiv-
alence of IB and commutativity for connected datalog programs. The restrictions on
programs are shown necessary to guarantee this equivalence.

Roughly, structural recursion by insertion allows inductive definition of mappings
on sets by inserting one element at a time, where each element may be inserted more
than once. Formally, given a constanand a functionp, we define a mapping as

follows?:
fun 0 =e

9(

| g(lnSEft(A,S)g = ¢(4,9(9))

Following [3], we will write in combinator styl@ (e, ¢) for g. The typing is¥ (e, ¢) :
{a} — B, provided that : Sand¢ : o x 3 — f.

The mappingy is calleddeterministic if, for all appropriates, ¢(5) has exactly
one value, thatisp( A1, ¢(Aa, ..., ¢(Am, €))) = ¢(B1, ¢(Ba, ..., ¢(Bn, €))) whenever
Az, ..., Ay andBy, ..., B, are sequences satisfyifd, ..., A} =S = {By, ..., Bn}.
The following two properties imply determinism [3]: ¢fis a function whose typing is
a x 3 — B, then (i)¢ is called(insertion) idempotent if

¢(A’ ¢(A’ ¢(A1’ ¢(A2’ X ¢(Am’ e))))) = ¢(A, ¢(A1, ¢(A2a ceey ¢(Am, 6))))
forall A, A;, ..., A (m > 0) of typeq, and (ii) ¢ is called(insertion) commutative if

¢(A’ ¢(Ba ¢(A1a ¢(A2’ sy ¢(Am’ e))))) = ¢(Ba ¢(A’ ¢(A1a ¢(A2’ sy ¢(Am’ e)))))

forall A, B, Ay, ..., A, (m > 0) of type«. We further define to beweakly idempotent
w.rt. e if ¢(A, ¢(A,e)) = ¢(A, e) forall A.

The proposition below shows the relationship among determinism, idempotency,
and commutativity for general functions. As it will be seen later, (b) shows an inter-
esting difference between structural recursion using general function and using datalog
mappings.

Proposition 5.1. (a) Determinisme idempotency+ commutativity. (b) Idempotency
and commutativity are incomparable. (¢) Commutativityveakly idempotency imply
idempotency. O

3 Insert is a set constructor so thamsert( A, S) returns the set obtained by inserting (an
element) into a sef.
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For each progran® and each positive integér definels by I5(A, ) = TH(S U
{A}). We will write I} asp. From here on we assume thads the empty sef.
The next theorem presents the first characterization for IB.

Theorem5.2. If ¢ is a positive integer, then (&) is ¢-IB iff (b) 1'% is idempotentff (c)
w(0, I5) is deterministidff (d) 75 is commutative and weakly idempotent.

Proof. By Proposition 5.1, we have (d) implies (b), and so (c) and (d) are equivalent;
and we have (c) implies (b). It is easy to prove that (a) and (b) are equivalent and that
(b) implies (c). ]

As an aside, from the equivalence of (b) and (c) it is easily seen that the expressive
power of structural recursion using datalog is confined to datalog. That is, all determin-
istic mappings defined by using datalog mappings in structural recursion by insertion
are themselves datalog mappings.

Corollary5.3. Aquery(P, p) has a space-free FOIES if for soy®ne of the following
conditions holds: (1)/% is idempotent, (2)7(0, I%) is deterministic, or (3)[% is
commutative and weakly idempotent. O

We now give results on the relationships between commutativity and 1B for datalog
programs.

Proposition 5.4. Commutativity does not imply IB in general: There are constant-free
(nonrecursive or recursive) progratisuch that p is commutative but notidempotent.
Consequently, commutativity for datalog mappings does notimply IB and determinism.

Proof. Let P; be the nonrecursive program consisting of the following two rules:
ry ! pi(x) — g(x)
r2t pa(x) — q(x), pay)

Then!p, is notidempotent:
IP7(q(l)’ @) = {Q(l)apl(l)} # IP7(q(l)’ IP7(q(l)’ @)) = {q(l),Pl(l),Pz(l)}

To see thaf p, is commutative, letdo, ..., A, (m > 1) be a sequence of facts. Let
be a constant occurring in som. Fromr; we see that the following two statements

hold:
pl(c) € IP7(A0, IP7(A1, IP7(A2, .. .,IP7(Am, @) .. ))),
pl(c) € IP7(A1, IP7(A0, IP7(A2, .. .,IP7(Am, @) .. )))

Sincem > 1, there arg; facts in each of the following two sets:

Ip.(Ax, Ip, (A, . .., Ip(Am, 0) ),
Ip.(Ao, Ip,(Az, . .., Ip(Am, 0) ..)).

Hence, fromy, we see that the following two statements hold:

pz(c) € IP7(A0, IP7(A1, IP7(A2, .. .,IP7(Am, @) .. ))),
pz(c) € IP7(A1, IP7(A0, IP7(A2, .. .,IP7(Am, @) .. )))

So commutativity follows. O
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Theorem 5.5. If P is a connectédand constant-free datalog program, theis (-IB
iff 1% is idempotentff 7% is commutative.

Proof. Suppose” is a connected and constant-free datalog program. By Theorem 5.2,
it suffices to show thats is weakly idempotent.

We call two sets of facts; and.S; disconnected if there are no facts € S; and
Az € Sp such thatd; is connected tai, in 51 U S,. ClearlyTs maps disconnected sets
to disconnected sets, affth(D1 U D,) = T5(D1) U T5(D-) for all disjoint setsD;
and D, of facts.

Let A be an arbitrary fact, an®# a fact no® using any constants id. Then

IL(AI5(B,0)) = TH(T5({B}) U {A}), by definition of 7%
=TE(TE({B}))UTE({A}), since{A} and{B} are disconnected.

Similarly, I&(B, I5(A,0)) = T6({B}) UTH(TH({A})). Supposds is commutative.
Then
Ip(A Ip(B,0)) = Ip(B, Ip(4,0)).

SinceP is connected and andB are disconnected, we gBt ({A}) = T5(T5({A})),
thatis,I5(A4,0) = I5(A, I6(4,0)). 0

Corollary5.6. A query(P,p) has a space-free FOIESHfis connected and constant-
free andl% is commutative for somé O

6 Decision Problemsfor Increment Boundedness

We consider here the decision issues for the increment bounded properties. The main
results of the section show that they are all undecidable. The results also raise an
interesting contrast between boundedness and increment boundedness: While they are
both undecidable for the general case, for a fikelboundedness is decidable [4] but
£-1B is still undecidable.

In [9], it was shown that undecidability of boundedness can be translated into
undecidability for many other properties. The translation, however, is not applicable to
our context because none of the IB notions is semantic.

Theorem 6.1. Itis undecidable for an arbitrary datalog qué&yf @ is GIB; if @ is IB.

Proof. In[7], it was shown thatitis undecidable if a query has a space-free FOIES. By
Theorem 4.2, it follows easily that GIB is also undecidable. By using a direct reduction
from the halting problem, IB can also be shown undecidable. O

4 Two atoms arelirectly connected if they share a variable or constant. Given aSetf atoms,
two atoms inS areconnectedin S if either they are directly connected, or there is an afdém
in S which is connected to both of them.ih Arule A — A, ..., A, is connectedif for each
1,7 € [1..m], Ai, A; are connected ifiA4, ..., A }. A program isconnected if each rule is
connected.

5 Here we assume that there are unbounded number of constants.
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We next considef-IB for a fixed ¢. It turns out to be again undecidable which is
interesting compared to the decidability/eboundedness.

Theorem 6.2. Itis undecidable whethé? is ¢-IB w.r.t. ¢ for arbitrary datalog programs
P and arbitrary edb predicate

The proof is based on the following lemma, which shows thladundedness for
databases that are least models of some datalog program is undecidable.

Definition. For datalog programB,,, Ps, P, is ¢-bounded (¢ > 1) w.r.t. Pg if for each
setD of edb factsT (T3, (D)) € Tf, (T5,(D)).

Lemma6.3. Let £ > 1 be fixed. It is undecidable if a program dsbounded w.r.t.
another.

Proof. The proof is based on a reduction using a similar technique as in [11]. (The
reduction simulates the checking of whether the input database describes a halting
configuration of a Turing machine starting from an empty tape.) ]

In view of the undecidability results, it is interesting to give some sufficient yet
decidable conditions fof-IB. In the following we provide a sufficient condition (in
Proposition 6.5) which is based on “uniform query containment relative to a program
P (C}).

Definition. Let P be a datalog program an@i, @, two queries.; is uniformly
contained in ), relativeto P, denoted)1 C% @2, if for each modelD of P, Q1(D) C

Q2(D).

Intuitively, the problem of uniform relative query containment is to consider con-
tainment under certain “integrity” constraints specified by some datalog program.

Lemma6.4. For an arbitrary progranm® and two conjunctive querie® 1, Q», it is
decidable ifQ1 C% Q>. O

Thus the following provides a decidable sufficient condition/fdiB:
Proposition 6.5. SupposeP is an arbitrary datalog program. Thénis ¢-IB if, for
each edb facH = ¢(a) whereq occurs inP, ngjl C% Tp,, whereP, is obtained as

follows: For each rule- containingg in the rule body, add each ruté to P4, wherer’
is obtained by unifying one or mokgatoms in the body of with A. O
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