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Abstract

We consider the problem of constructing binary space partitions (BSPs) for orthogonal subdi-
visions (space filling packings of boxes) in d-space. We show that a subdivision with n boxes can
be refined into a BSP of size O(n

d+1
3 ), for all d ≥ 3, and that such a partition can be computed

in time O(K log n), where K is the size of the BSP produced. Our upper bound on the BSP size
is tight for 3-dimensional subdivisions; in higher dimensions, this is the first nontrivial result for
general full-dimensional boxes. We also present a lower bound construction for a subdivision of
n boxes in d-space for which every axis-aligned BSP has Ω(nβ(d)) size, where β(d) converges to
(1 +

√
5)/2 as d → ∞.

1 Introduction

Many algorithms in computational geometry, robotics, and computer graphics decompose a set of
objects and the ambient space for efficient processing of certain queries. A binary space partition
(BSP) is a popular scheme for constructing such decompositions. Given an open convex region of
space containing a set of pairwise disjoint objects S, a BSP partitions the region and objects with
a cutting hyperplane, then recursively partitions the two resulting subproblems. The process stops
when each open partition region intersects at most one object of S. See Figure 1 for an example in
two dimensions. In the ideal case, the number of regions in the final BSP would be at most n, the
number of input objects. In general, however, the recursive partitioning may fracture input objects
many times, and the size of the partition can be much larger than n.

Binary space partitions were introduced in the computer graphics community [10, 16] to solve hid-
den surface removal problems. But they are now used for a wide variety of applications, including set
operations in solid modeling, visibility preprocessing for interactive walkthroughs, shadow generation,
and cell decomposition methods in robotics, to name only a representative sample [2, 6, 7, 12, 13, 17].
The size of a BSP is the total number of pieces the input objects are partitioned into by the BSP,
and it is a measure of the fragmentation caused by the partition. Because BSPs are often used to
decompose large data sets, their size can be crucial to the performance of the applications that rely
on them. Theoretical analyses have therefore focused primarily on BSP algorithms that produce
small size partitions.
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A theoretical study of BSPs began in earnest with two influential papers by Paterson and Yao [14,
15]. In two dimensions, Paterson and Yao gave an O(n) size BSP construction for orthogonal (axis-
parallel rectangular) objects, and an O(n log n) size construction for general polygons with a total of
n edges. Recently, Tóth [18] has shown an almost-matching lower bound of Ω(n log n/ log log n) for
arbitrary polygons in the plane. In three dimensions, Paterson and Yao gave an O(n3/2) size BSP
construction for orthogonal boxes, and an O(n2) size construction for arbitrarily oriented polyhedra
with a total of n edges. They also gave lower bound constructions matching these upper bounds.

The results of Paterson and Yao have been extended and improved in several important directions,
yet the complexity of BSPs in three and higher dimensions is still not fully understood. We briefly
review the previous research most relevant to our work. De Berg shows that any uncluttered scene of
n objects in d-space admits a linear size BSP [4]; informally, “uncluttered” means that any cubical
region intersecting more than a constant number of objects must include a vertex of the bounding
box of one of the objects. For instance, a collection of hypercubes (or, more generally, of fat objects)
is uncluttered. Such an assumption may be practical in some situations, but it seems quite restrictive
in general.

Paterson and Yao [14] consider the complexity of BSPs for 1-dimensional objects (line segments)
in d-space, and show that a worst-case set of n axis-aligned line segments requires a BSP of size
Θ(nd/(d−1)), for d > 2. Dumitrescu, Mitchell, and Sharir [8] give an upper bound of O(nd/(d−k)) for
the BSP size of disjoint k-dimensional orthogonal objects in d-space for 1 ≤ k < d. This bound is
asymptotically tight for k < d/2. The only known tight bound for orthogonal k-flats in d-space with
k ≥ d/2 is the case d = 4 and k = 2 where a Θ(n5/3) bound has been shown [8].

The general O(nd/(d−k)) upper bound does not say anything about full-dimensional boxes. Berman,
DasGupta, and Muthukrishnan [5] show that every set of n axis-aligned rectangles in the plane has a
BSP of size at most 3n. The best known lower bound, 7

3n−o(n), is due to Dumitrescu, Mitchell, and
Sharir [8]. If the rectangles tile the plane, however, then Berman, DasGupta, and Muthukrishnan [5]
prove an upper bound of 2n− 1, matching a lower bound of 2n− o(n) by Dumitrescu, Mitchell, and
Sharir [8] (originally designed for axis-parallel line segments). For full-dimensional axis-aligned boxes
in d-space, d ≥ 2, one can obtain an upper bound of O(nd/2) by using the result of [8] in conjunction
with an observation of Paterson and Yao [15] that a set of n full-dimensional boxes in d-space has
the same BSP complexity in certain cases as the set of their (d − 2)-dimensional faces.

Agarwal et al. [1] consider BSPs of 2-dimensional fat rectangles in 3-space—each rectangle has
sides parallel to the axes and a constant aspect ratio. They show that a collection of n such rectangles
admits a BSP of size n2O(

√
log n). This bound was recently improved to O(n log8 n) by Tóth [19].

Our Results

In an attempt to understand the true complexity of d-dimensional BSPs, we consider a natural but
restricted setting: orthogonal subdivisions. An orthogonal subdivision is a collection of interior-
disjoint rectilinear boxes that fill their containing space. (That is, a subdivision is a space-filling
packing of boxes.) Our interest in subdivisions is motivated by the observation that all the known
lower bound constructions involve intertwined rod-like objects that create many “holes.” This raises
a natural question: what is the complexity of the BSP for scenes where the complement space can
be “tiled” with few boxes, say a linear number? Our main result is the following theorem:

Given an orthogonal subdivision with n boxes in d-space, we can construct a BSP for it
of size O(n

d+1
3 ), for any d ≥ 2.

Thus, for collections of orthogonal objects that fill their containing space, we are able to improve
the worst-case bound on the BSP size from O(nd/2) to O(n

d+1
3 ). As a corollary, for any collection of
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n orthogonal boxes whose complement space can be tiled with m boxes, there exists a BSP of size
O((n + m)

d+1
3 ). Our subdivision BSP can be constructed in time O(K log n), where K is the output

size. We also exhibit a lower bound construction for an important class of BSPs: An axis-aligned
BSP is a BSP in which every cutting hyperplane is orthogonal to one of the axes. We describe
a subdivision that requires an axis-aligned BSP of size Ω(nβ(d)) in R

d , where β(d) converges to
(1 +

√
5)/2 as d goes to infinity. The value of β(d) is 4/3 for d = 3, and thus our upper bound is

tight in 3-space.
Our BSP algorithms are quite simple and therefore easy to implement. Their key component is

a round robin partitioning scheme (in which cutting hyperplanes orthogonal to the coordinate axes
are selected in a round robin order). They follow a conventional scheme—a round robin partitioning
phase followed by efficient BSP construction in the terminal regions. Such a two-phase partitioning
framework has been used earlier in several papers [1, 8], but in each case it requires problem-specific
insights to find the right stopping rule for the round robin phase as well as an analysis for the
terminal case. In our case, we show that “round robin cutting until no interior (d − 3)-dimensional
face remains” is a good stopping rule. One tricky part of analyzing this round robin scheme is that
each cut may also increase the number of (d − 3)-faces. The second phase requires efficient binary
space partitions for regions that do not contain a (d − 3)-face. To this end, we prove the following
theorem, which may have independent appeal:

Consider a box R in d-space, and a subdivision of R into n boxes such that no (d − 3)-
dimensional face of any box intersects the interior of R. Then there is a BSP of size
O(n) for this subdivision.

2 Geometric Preliminaries

A d-dimensional box B is the cross product of d real-valued intervals. Given a box R and a set of
boxes S = {B1, . . . , Bn}, we say that S is a subdivision of R if each Bi lies in R, the union of the
Bi’s covers R, and the Bi’s have pairwise disjoint interiors. Thus, an orthogonal subdivision of R is
a packing by boxes that completely fills R. In this paper, we consider BSPs for d-dimensional box
subdivisions only.

A BSP for problem instance (R,S) partitions R with a hyperplane into sub-boxes R1 and R2, and
recursively solves the problems (R1, S1) and (R2, S2), where Si = S∩Ri is the set of fragments of the
input objects contained in Ri, for i = 1, 2. The partitioning stops when every subproblem contains
at most one object (fragment). A BSP is naturally modeled as a binary tree: the root corresponds
to the problem (R,S), and its two children correspond to the subproblems (R1, S1) and (R2, S2).
Every internal node stores the splitting hyperplane for the corresponding problem; the leaf nodes
correspond to the regions in the final partition. See Figure 1 for a small example in two dimensions.
For ease of reference, we will often call R the container box for the problem instance. Thus, Ri is
the container box for the ith subproblem, for i = 1, 2, produced at the root.

Free cuts are important for the construction of small BSPs. A free cut is a hyperplane that
separates the object set without splitting any object. When a subproblem (R,S) has a free cut, it
is always worth splitting the subproblem with the free cut, since the split does necessary work—
separating objects that must be separated by the BSP—without increasing the complexity of the
subproblems (and hence the final BSP size). In Figure 1, the cuts along h2, h3, h4, and h5 are free
cuts.

A d-dimensional box B has 2d vertices, d2d−1 edges, and 2d facets. B also has many faces of
intermediate dimensions j, for 2 ≤ j ≤ d − 2. A k-face of B is a k-dimensional box, and it can
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Figure 1: An orthogonal subdivision S (left), a BSP for S (middle), and the corresponding binary
tree (right).

be characterized as follows: a k-face of B is obtained from the cross-product B by fixing (d − k)
coordinates at one of the two extremes of the corresponding intervals; the remaining k coordinates
maintain the same extent as B. Thus, vertices are the 0-faces, edges are the 1-faces, and facets are
the (d − 1)-faces of B. It is easy to see that every k-face of the box B, for 0 ≤ k < d, lies on the
boundary of B. Our algorithm exploits the structure of boxes whose extents in certain dimensions
match those of the container box. We therefore introduce the notions of pass-through and k-rod.1

Consider a container box R, and a box B in a subdivision of R. We say that B is pass-through
for R in dimension j if the extent of B in dimension j equals that of R. We say that box B is a k-rod
in R if B is pass-through in exactly k dimensions. If B is a k-rod in R, then its orientation σ(B) is
the set of the k dimensions in which B is pass-through for R. Whenever the container box R is clear
from the context, we will simply say that B is a k-rod, without mentioning R. Figure 2 illustrates
k-rods in three dimensions, for k = 1, 2.

x1

x2

x3

B

Figure 2: A 1-rod of orientation {x2} on the left and a 2-rod of orientation {x1, x3} on the right
in R

3 .

Suppose B is a rod in a box subdivision of some container R. If B is a d-rod, then, of course, B
fills up R, and it is the only box in R. If B is a (d−1)-rod, with orientation σ(B) = {x1, x2, . . . , xd−1},
then at least one of the two facets of B orthogonal to the xd-axis intersects the interior of R, separating
it into two parts. A cut along this facet is a free cut for the subdivision of R. For instance, in the
right half of Figure 2, the box B is a 2-rod in 3-space, and there are free cuts along its top and
bottom faces. We summarize this fact for future reference.

Lemma 2.1. If a box subdivision contains a (d − 1)-rod, then there is a free cut along one of the
facets of that rod.

1The notion of pass-through also appears in [8]. Our analysis, however, requires a more detailed investigation into
the properties of rods.
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We next establish an elementary but useful characterization of k-rods: a box B is a k-rod in a
container R if and only if every j-face of B is disjoint from the interior of R, for all j < k. For
instance, in Figure 2 (right), B is a 2-rod, and all of its vertices and edges (0- and 1-faces) lie on
the boundary of the container box. We call a face an interior face if it intersects the interior of the
container box.

Lemma 2.2. Suppose B is a box in the subdivision of R. Then B is a k-rod if and only if B has no
interior j-faces for j < k and at least one interior j-face for every j such that k ≤ j ≤ d.

Proof. Consider a k-rod B. Let F be one of its j-faces, where j < k. By definition, F has a fixed
coordinate in (d− j) dimensions, and the same extent as B in the remaining j dimensions. Because
B is a k-rod, it is pass-through for R in k dimensions, and k ≥ j + 1. Thus, at least one of the
fixed coordinates of F is at one of the extremes of a pass-through dimension of B, and so F lies on
the boundary of R. Now consider j such that k ≤ j ≤ d. Choose F to be a j-face whose varying
coordinates include all the pass-through directions of the k-rod B, and whose fixed coordinates
are chosen inside the corresponding intervals of the cross product of the container box R (possible
because B is pass-through in none of those d − j ≤ d − k dimensions). By construction, this j-face
F intersects the interior of R.

3 An Upper Bound in R
3

Our first result is an optimal binary space partition for 3-dimensional subdivisions. Our BSP has
worst-case size O(n4/3), which is optimal because a modified Paterson-Yao construction gives a
matching lower bound for orthogonal subdivisions (see Section 6). The 3-dimensional bound is central
to our main result, because our algorithm for constructing the d-dimensional BSP uses projection of
the d-dimensional subdivision onto an appropriate 3-space (after a suitable number of round-robin
cuts).

Our algorithm (Algorithm 3-BSP) is a round robin partitioning scheme that iteratively slices
the subdivision by planes passing through interior box vertices, producing a collection of smaller
subdivisions, each of which ultimately contains only j-rods, for j ≥ 1. A similar round robin
scheme is also used by Murali [11] in his construction of BSPs for fat axis-aligned rectangles in R

3 .
Interestingly, while Murali also achieves an O(n4/3) size BSP, that complexity is suboptimal for his
problem. In our case, the round robin algorithm produces an optimal BSP.

The partition tree T created by Algorithm 3-BSP is not a BSP—the cells output by the algorithm
may contain multiple boxes. These terminal regions, however, do not contain any vertices of the
subdivision. We can refine each such box into a proper BSP with only a constant factor increase in
complexity, and append the tree associated with this refinement to each leaf of T . Therefore, the key
to efficiency is bounding the total complexity of all the regions produced by the slicing procedure.

Suppose we have a container box R and its subdivision S = {B1, B2, . . . , Bn} into n boxes, so
that there are m vertices in the interior of R; clearly, m ≤ 8n. Our partitioning scheme cuts the
subdivision using planes normal to each of the three axes in turn, cycling through the three possible
orientations in a round robin fashion. In the following pseudo-code description of our algorithm, we
use the term median xj plane of a point set to denote the plane normal to the xj-axis and passing
through the median xj coordinate of the point set.

Algorithm 3-BSP

• Input is the box subdivision S = {B1, B2, . . . , Bn} of a container box R.
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• Initialize i = 0, and C0 = {R}.
• While there is a container box C ∈ Ci with a subdivision vertex in its interior, do

1. For each container box C ∈ Ci with at least one vertex of the subdivision in its interior,
split C by the median xp plane of the vertices in the interior of C, where p = 1+(i mod 3).

2. Apply all possible free cuts.
3. Let Ci+1 be the set of all container boxes resulting from these cuts, and set i := i + 1.

• Return Ci.

Using an argument similar to one of Paterson and Yao [15] and Murali [11], we derive an upper
bound on the total number of box fragments generated by our algorithm by considering how many
times the edges of the original subdivision S are cut.

Lemma 3.1. Consider the partition tree T generated by Algorithm 3-BSP. At depth i in T , there
are O(n2i/3) fragments of the original edges of S.

Proof. Each edge is parallel to one of the three directions x1, x2, and x3. It can be cut only by
planes orthogonal to its direction. Since our splitting planes cycle through the three directions, an
edge can be cut at every third level of T . Thus, the number of fragments of a given original edge at
most doubles at every third level. Since the number of edges in the subdivision at the root of T is
O(n), the total number of edge fragments at depth i is O(n2i/3).

Lemma 3.2. Suppose S is a 3-dimensional box subdivision with n boxes, and m = O(n) vertices
lie in the interior of the container box. Then the partition created by Algorithm 3-BSP produces
O(nm1/3) = O(n4/3) fragments of the input boxes.

Proof. We analyze the algorithm in rounds of three consecutive steps: round j corresponds to the
steps i = 3j, 3j + 1, 3j + 2. In one round, cuts are made in all three directions, and a box of a
subproblem can be split into at most eight pieces.

We observe that if a box is split in a subproblem, then at least one edge of the box must be
interior to the container box for this subproblem. This is because only a 3-rod or a 2-rod can have
all its edges on the boundary of the container box (Lemma 2.2), but no 3-rods are ever split and
all 2-rods are eliminated in step 2 by free cuts. Lemma 3.1 implies that O(n2j) box fragments can
be further partitioned at round j. Since there is no vertex in the interior of any container cell after
dlog me steps, the algorithm terminates in

⌈
1
3 log m

⌉
rounds. The number of box fragments produced

is

O


n ·

∑
j≤d 1

3
log me

2j


 = O

(
n · 2(log m)/3

)
= O

(
nm1/3

)
= O

(
n4/3

)
.

All that remains now is to show that the terminal cells output by Algorithm 3-BSP can be refined
into linear size BSPs. The interior of each of these terminal cells is empty of subdivision vertices,
and by Lemma 2.2, every box restricted to these containers is a k-rod, k ≥ 1. We first establish a
useful technical lemma for the case where all subdivision boxes are 1-rods.

Lemma 3.3. If all boxes in a 3-dimensional subdivision are 1-rods, then taken together the 1-rods
have at most two distinct orientations.
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Proof. Suppose to the contrary that A, B, and C are three 1-rods with three distinct orientations.
Let `A, `B, and `C be lines running down the centers of A, B, and C, respectively, parallel to
their rods’ orientations. These are three axis-parallel skew lines. Let PAB be the axis-aligned plane
containing `A and intersecting `B (see Figure 3). Define PBC and PCA similarly. Note that PAB

does not intersect `C because it is parallel to it. The point PAB ∩ `B lies in the interior of B—PAB

lies between the planes supporting the two opposite faces of the container box that `B pierces. Now
PAB ∩ PBC is a line parallel to `A that intersects `B. It follows that PAB ∩ PBC is disjoint from A
and intersects B. Similar claims hold for PBC ∩ PCA and PCA ∩ PAB .

PAB ∩ PBC ∩ PCA

`A

`C

`B

PAB

Figure 3: 1-rods with three different orientations imply the existence of an interior vertex.

Let p be the point PAB ∩ PBC ∩ PCA. Point p is disjoint from A ∪ B ∪ C, and p also lies in the
interior of the container box, since it is connected by three axis-parallel lines to the points PAB ∩ `B ,
PBC ∩ `C , and PCA ∩ `A, all of which lie in the interior of the container box. Now we claim that the
box containing p cannot be a 1-rod in this subdivision: for each of the axis-parallel directions there
is a line (e.g., PAB ∩PBC) that intersects one of A, B, and C, and hence the box containing p cannot
touch any pair of opposite faces of the container box. This completes the proof.

Lemma 3.4. Consider a set of boxes S = {B1, B2, . . . , Bn} that forms a subdivision of a 3-
dimensional container box R. If none of the vertices of any box Bi is in the interior of R, then
there is a BSP of size at most 2n − 1 for S.

Proof. We proceed by induction on n. The base case, n = 1, is trivial. Now suppose that Lemma 3.4
holds for every n′, 1 ≤ n′ < n. If no 0-face of any box B lies in the interior of R, then every box is a
rod by Lemma 2.2. A 3-rod completely fills the container, thus n = 1 and no BSP cuts are needed.
If there is a 2-rod, then there is a free cut by Lemma 2.1: We split R into two subdivisions along the
free cut such that each has fewer than n boxes, and induction completes the proof. We may assume,
therefore, that all boxes are 1-rods. By Lemma 3.3, all rods in the subdivision have at most two
different orientations. We handle the two cases below separately.

If the rods in the subdivision have two different orientations, we show that there is a free cut, and
the proof then follows by induction, since each subproblem produced by the free cut is strictly smaller
than n. Suppose, without loss of generality, that the orientation of every rod is either {x1} or {x2}.
Observe that all the 1-rods properly intersecting a hyperplane H orthogonal to x3 must have the
same orientation, or else two rods with different orientations would intersect on H. (This observation
is equivalent to applying Lemma 4.1 to the 2-dimensional subdivision on H.) Now consider a point p
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on the common boundary of two 1-rods of different orientations, and let H be a hyperplane passing
through p and orthogonal to x3. Any (closed) box of S intersecting H lies on one side of H because
there are 1-rods of different orientations on the two sides of H. Every box intersecting H has a face
along H, and therefore H is a free cut.

Figure 4: 1-rods with two different orientations imply the existence of a free cut.

If all the 1-rods in the container have the same orientation, then we project them onto the
plane orthogonal to their orientation. This gives a two-dimensional subdivision, which has a two-
dimensional BSP of size at most 2n − 1 by a result of Berman, DasGupta, and Muthukrishnan [5].
Extending each linear cut of the two-dimensional BSP into a planar cut parallel to the rod orientation,
we obtain a BSP for SA of size at most 2n − 1.

Thus, combining Lemmas 3.2 and 3.4, we get the main result of this section.

Theorem 3.5. A 3-dimensional box subdivision with n boxes and m interior vertices has a BSP of
size O(nm1/3) = O(n4/3). We can construct such a BSP in time O(min(nm1/3,K log n)), where K
is the size of the final BSP.

The implementation that achieves the O(min(nm1/3,K log n)) construction time is quite simple.
We maintain all the extents of all the boxes in all containers. It is easy to determine from the extents
which boxes are split into two, where the median planes lie, and which faces are free cuts. If we sort
the extents initially in all dimensions, we can find medians trivially in linear time, and can create
sorted extent lists for the child containers in the same time. We spend O(n log n) time for the initial
sorting and O(K) time for each of the O(log n) steps. Because K ≥ n, this gives a running time of
O(K log n).

The same implementation also has a running time of O(nm1/3)—without a logarithmic factor.
By Lemma 3.1, the number of box fragments at step i is O(n2i/3). The time for step i is therefore
O(n2i/3) as well. Because the time per step increases geometrically, the last step dominates the
running time, giving a bound of O(nm1/3).

The size upper bound of O(n4/3) in Theorem 3.5 is tight in the worst case: In Section 6, we
exhibit a 3-dimensional subdivision requiring a BSP of size Ω(n4/3).

4 The Structure of Rods in R
d

In order to extend our 3-dimensional BSP algorithm to higher dimensions, we need two key ingre-
dients: (1) a suitable stopping rule for our round robin algorithm, that is, one that does not result
in too much fragmentation, and (2) a linear-size BSP construction for the cells obtained when the
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round robin phase ends. In three dimensions, the correct stopping rule was the elimination of interior
vertices. In d dimensions, we show that the elimination of interior (d − 3)-dimensional faces is a
good stopping rule. The analysis of the total fragmentation caused by this stopping rule as well
as the construction of BSPs in terminal cells requires a better understanding of higher-dimensional
geometry. In this section, we establish two key facts about the d-dimensional subdivisions that are
central to our analysis.

Lemma 4.1. Consider two boxes B1, B2 that are rods for their container box R in d-space. Let
D1,D2 ⊂ {1, 2, . . . , d} be the sets of dimensions in which B1 and B2, respectively, are pass-through.
If D1 ∪ D2 = {1, 2, . . . , d}, then B1 and B2 have intersecting interiors.

Proof. Let `i be the extent of dimension xi common to B1 and B2. Since in each dimension, at least
one of the rods is pass-through, `i is non-empty for every i. Thus a full-dimensional box defined by
the cross-product `1 × · · · × `d lies in the common interior of B1 and B2.

This lemma implies that, for any two boxes Bi, Bj in a subdivision, there is at least one direction
in which neither is a rod. With this basic property, we next classify the set system of all possible
orientations of (d− 2)-rods in a box subdivision. The (d− 2)-rods are the rods especially important
to us because our ultimate goal is to consider subdivisions without any interior (d− 3)-faces. Recall
that a set system is a pair (X,F), where X is a ground set, and F is a family of subsets of X. We
consider the set system (D,F), where D = {1, 2, . . . , d}, and |F | = d − 2 for all F ∈ F . We are
interested in the following two configurations:

• Cycle Configuration: F is a cycle configuration if F has at least 3 sets and there is some
x ∈ D that is not an element of any set of F .

• Star Configuration: F is a star configuration if F has at most three sets and they all share
a common (d − 3) element subset of D.

Lemma 4.2. Consider a set system (D,F), with D = {1, 2, . . . , d} and |F | = d−2 for every F ∈ F .
If every two sets F1, F2 ∈ F have F1 ∪ F2 6= D, then F is either a star or a cycle configuration.

Proof. Consider the set system G = (D,E), E = {D \ F : F ∈ F}. Every e ∈ E has two elements,
and so G is a graph with vertex set D and edge set E. The condition that F1 ∪ F2 6= D for any
F1, F2 ∈ F is equivalent to saying that any two distinct edges of E are adjacent. F is a cycle
configuration if and only if G is a star graph (all edges are incident to a common vertex) with at
least three edges. F is a star configuration if and only if G is a subgraph of a triangle.

To prove that F is either a cycle or a star configuration, it suffices to show that every graph with
pairwise adjacent edges is either a triangle or a star graph. Elementary graph theory completes the
proof: If |E| < 3 then G is trivially a star graph, so let us assume that |E| ≥ 3. If there is a triangle
in G, then |E| = 3 and E forms a triangle because any fourth edge would be non-adjacent to at
least one edge of the triangle. Now assume that G is triangle-free and consider two adjacent edges,
e1 = {a, b} and e2 = {a, c}, b 6= c. Since any e3 ∈ E \ {e1, e2} is adjacent to both e1 and e2, but
e3 6= {b, c}, e3 must be incident to a. So every edge is incident to a, and G is a star graph.

This lemma turns out to be a critical technical piece in constructing linear size BSPs in higher
dimensions whenever the subdivision is free of (d− 3)-dimensional faces. A 4-dimensional version of
our star-cycle property was observed by Dumitrescu, Mitchell, and Sharir [8].
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5 An Upper Bound in R
d

We begin by showing that if a d-dimensional subdivision is free of all interior (d − 3)-faces, then it
admits a linear size BSP. This fact ensures that if we use the stopping rule “recurse until no interior
(d− 3)-dimensional faces remain,” the second phase of the algorithm incurs only a linear additional
fragmentation.

Lemma 5.1. Consider a set of boxes S = {B1, B2, . . . , Bn} that forms a subdivision of a d-
dimensional container box R. If none of the (d− 3)-faces of any box Bi is in the interior of R, then
there is a BSP of size at most 2n − 1 for S.

Proof. Our proof is by induction on n. The base case is n = 1, for which there is nothing to prove.
If any of the boxes of S is a (d − 1)-rod, then we can make a free cut along a facet of this box by
Lemma 2.1; each of the subproblems on either side of the cut contains strictly fewer than n boxes,
so our lemma follows by induction. Lemma 2.2 tells us that all boxes of S are (d − 2)-rods. By
Lemmas 4.1 and 4.2, the orientations of these (d−2)-rods form either a star or a cycle configuration.
We handle these two cases separately.

First, suppose that the orientations of the rods form a cycle configuration. Without loss of
generality, let us assume that none of the (d− 2)-rods is pass-through in direction xd. We will show
that there is a free cut orthogonal to the xd-axis, and the rest of the proof then follows by induction.
We observe that all the (d−2)-rods properly intersecting a hyperplane H orthogonal to xd must have
the same orientation; otherwise Lemma 4.1 is violated for the (d− 1)-dimensional subdivision on H.
Now consider a point p on the common boundary of two (d − 2)-rods of different orientations, and
let H be a hyperplane passing through p and orthogonal to xd. Any (closed) box of S intersecting
H lies on one side of H because there are (d − 2)-rods of different orientations on the two sides of
H. Every box intersecting H has a facet along H, and therefore H is a free cut.

Next, suppose that the orientations of the rods form a star configuration. Without loss of gener-
ality, assume that all boxes are pass-through in d−3 dimensions x4, x5, . . . , xd. We project the boxes
of S onto the subspace spanned by the remaining three axes, using the map π : (x1, x2, . . . , xd) →
(x1, x2, x3). Any BSP for the projection corresponds to a BSP of equal size for S, since the pre-image
of a plane h in the projection is a hyperplane H in R

d , and H cuts only those (d − 2)-rods that are
the pre-images of the 3-dimensional boxes cut by h. Observe that the subdivision π(S) does not
have any interior vertices (interior in R

3 ), because an interior vertex v corresponds to an interior
(d − 3)-face in S, namely, π−1(v). By Lemma 3.4, there is a BSP of size at most 2n − 1 for the
projected subdivision, which when lifted to Rd gives a BSP of the same size for S.

We are now ready to describe our BSP algorithm for d-dimensional subdivisions. In three di-
mensions, our round robin cuts were made along planes that evenly partition the set of interior
vertices. In d dimensions, we choose hyperplanes that “evenly split” the interior (d− 3)-dimensional
faces. Unfortunately, these median hyperplanes can also introduce new (d − 3)-dimensional faces
by splitting some old ones. For instance, in 4-space, a cutting hyperplane can split many 1-faces
(line segments). Our fragmentation lemma (Lemma 5.2) below will bound the total number of box
fragments created in the round robin phase. We need to introduce a bit of notation first to discuss
the objects used in the algorithm.

Given a d-dimensional box B, let fk(B) denote the set of k-faces of B, where 0 ≤ k ≤ d. We
use the notation fk(S) to refer to the (multi) set of k-faces in all the boxes of S = {B1, B2, . . . , Bn};
that is, fk(S) contains multiple copies of a face if that face is incident to multiple boxes. Finally,
given a container box R, we use the notation fk(R,S) to denote the (fragments of) interior k-faces
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of fk(S) (faces that intersect the interior of R). In our d-dimensional BSP scheme, the elements of
the set fd−3(R,S) will play the rôle that vertices played in Algorithm 3-BSP.

Algorithm d-BSP

• Input is a d-dimensional box subdivision S = {B1, B2, . . . , Bn} of a container box R.
• Initialize j = 0, and C0 = {R}.
• While there is a container box C ∈ Cj with non-empty fd−3(C,S), do

1. For each container box C ∈ Cj with non-empty fd−3(C,S), do
(a) Set D1 = {C} and let V be the multiset of vertices of all faces in fd−3(C,S).
(b) For i = 1 to d, do

i. Split every D ∈ Di by the median xi hyperplane of the multiset V ∩ D.
ii. Apply all possible free cuts.
iii. Let Di+1 be the set of all container boxes resulting from these cuts.
iv. Remove from V all vertices on the splitting planes used in the first two steps.

2. Let Cj+1 be the set of all container boxes resulting from these cuts, and set j := j + 1.

• Return Cj.

Algorithm d-BSP constructs a partition tree T whose leaves correspond to regions that do not
contain any fragment of a (d−3)-face of the subdivision S. By Lemma 5.1, each of these regions can
be refined into a BSP of size linear in the number of box fragments contained in it. Thus, it suffices
to bound the total complexity of all the box fragments produced by Algorithm d-BSP.

Lemma 5.2. Given a d-dimensional box subdivision with n boxes, Algorithm d-BSP produces O(n
d+1
3 )

box fragments.

Proof. Let us define m = |fd−3(R,S)|. We call a round of the algorithm the work done between
increments of j. First we show that Algorithm d-BSP terminates in d(log m)/3e rounds, and then
we bound the number of box fragments produced in d(log m)/3e rounds.

During a round, every (d − 3)-face F of a subproblem (C,S) can be cut into at most 2d−3

fragments—it is cut at most once for each of the (d − 3) directions orthogonal to F . We focus on
the fragments of F that are not contained in any splitting hyperplane of the round. We argue that
at least one vertex of every fragment of F is a vertex of F that does not lie on any of the splitting
hyperplanes of the round. A fragment is itself a (d− 3)-face, and so it is the cross product of 3 fixed
coordinates and d − 3 nontrivial intervals. Each nontrivial interval contains at least one of the two
endpoints of the corresponding original interval of F (because there is at most one cut orthogonal to
the interval’s direction). The cross product of the 3 fixed coordinates and the d− 3 original interval
endpoints is a vertex of F but does not lie on any splitting hyperplane of the round.

The container box C is divided into sub-boxes during the round, each containing at most 2d−3 ·
|fd−3(C,S)|/2d = |fd−3(C,S)|/8 vertices of V . As noted, each face fragment produced by the round
is incident to a vertex from V , and so |fd−3(C ′, S)| ≤ |fd−3(C,S)|/8 for each sub-container C ′

produced. By induction, the number of interior (d − 3)-faces at the beginning of round j is at most
m/8j . Therefore, after dlog8 me = d(log m)/3e rounds, no (d − 3)-face intersects the interior of any
subproblem’s container box, and the algorithm terminates.

Now consider a (d − 2)-dimensional face of a box B. During a round of the algorithm, it can be
cut recursively in d − 2 steps. Thus, the total number of fragments of (d − 2)-faces of fd−2(R,S) at
round j is O(n2(d−2)j).
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Finally, in each round j when a box fragment B in some subproblem is split, the container box
for the subproblem must have a fragment of a (d− 2)-face of B in its interior. This is because only a
d-rod or a (d− 1)-rod can have all its (d− 2)-faces on the boundary of the container by Lemma 2.2.
But a d-rod is never split and step 1(b)ii eliminates all (d − 1)-rods. This implies that O(n2(d−2)j)
box fragments can be further split in round j. The algorithm terminates in d(log m)/3e rounds, and
so the number of box fragments produced by the algorithm is

O

(
n ·

∑
j≤dlog m/3e

2(d−2)j

)
= O

(
n · 2(d−2)(log m)/3

)
= O

(
nm(d−2)/3

)
= O

(
n(d+1)/3

)
.

Since m is at most 23
(
d
3

) · n, our bound in terms of both n and d is O(dd−2 · n(d+1)/3).
Finally, this result, combined with Lemma 5.1 and standard implementation techniques similar

to those used for Algorithm 3-BSP, yields our main theorem.

Theorem 5.3. A box subdivision of n boxes in d-space, d ≥ 2, has a BSP of size O(n
d+1
3 ). The BSP

can be constructed in time O(min(n
d+1
3 ,K log n)), where K is the size of the BSP.

A simple but practical corollary of this theorem is the following: Any collection of n disjoint
boxes in d-space whose complement space can be tiled with m additional boxes admits a BSP of size
O((n + m)

d+1
3 ).

If we perform Algorithm d-BSP with (d−2)-faces instead of (d−3)-faces (i.e., replacing fd−3(C,S)
by fd−2(C,S) everywhere in the algorithm description), then we obtain a BSP for general non-
overlapping boxes in d-space: in the resulting partition, no (d − 2)-face of any input box intersects
the interior of any container box, so every such container can be refined to a proper BSP by free cuts.
Repeating Lemma 5.2 using (d− 2)-faces instead of (d− 3)-faces implies that the modified algorithm
terminates in d(log m)/2e rounds, where m = |fd−2(R,S)| ≤ 22

(
d
2

) · n. By analogous computation,
the total number of box fragments is O

(
n · 2(d−2)(log m)/2

)
= O

(
nm(d−2)/2

)
= O

(
nd/2

)
. This is the

best currently known upper bound on the size of a BSP for n non-overlapping general boxes in R
d .

We can summarize this argument in the following theorem.

Theorem 5.4. Every set of n non-overlapping boxes in d-space, d ≥ 2, has a BSP of size O(nd/2).

One interpretation of our results suggests that for a set S of general axis-aligned boxes in R
d , a

round-robin BSP for their (d − 2)-dimensional faces is also a BSP for S; while for a d-dimensional
box subdivision S, a round-robin BSP for only the (d − 3)-dimensional faces gives a BSP for the
input S.

6 Lower Bounds

Paterson and Yao gave a configuration of 3n (non-space-filling) axis-aligned rods such that any BSP
for the configuration cuts the rods into Ω(n3/2) subcells [15]. (According to Eppstein [9], “Paterson
and Yao credit this application of the shape to a personal communication by W. P. Thurston, but the
shape itself has been seen before e.g. in Alan Holden’s book Shapes, Space, and Symmetry (Columbia
Univ. Press 1971), p. 161.”) We describe a variant of the Paterson-Yao construction in some detail,
because it is the basis of our lower bound for box subdivisions.

The rods of the Paterson-Yao construction belong to three families, each parallel to one of the
coordinate axes, and form an interlocking grid. See Figure 5. Without loss of generality, assume
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that n = `2 for some integer `. The x-, y-, and z-parallel families consist of boxes indexed by
1 ≤ i, j, k ≤ `:

R1 = {r1(j, k) = [0, 2`] × [2j, 2j + 1] × [2k, 2k + 1] : j, k = 0, 1, . . . , ` − 1},
R2 = {r2(i, k) = [2i, 2i + 1] × [0, 2`] × [2k + 1, 2k + 2] : i, k = 0, 1, . . . , ` − 1},
R3 = {r3(i, j) = [2i + 1, 2i + 2] × [2j + 1, 2j + 2] × [0, 2`] : i, j = 0, 1, . . . , ` − 1}.

Figure 5: The Paterson-Yao lower bound construction, with the rods slightly separated and length-
ened to make them easier to see.

It is straightforward to observe that the rods in each family are disjoint. Furthermore, rods in
different families are disjoint, because for each pair of families there is one of the three dimensions
(x, y, or z) in which the two families lie in disjoint ranges: for one family, any rod’s coordinates
lie in the range [2A, 2A + 1], for some integer A; for the other family, any rod’s coordinates lie in
[2B+1, 2B+2], for integral B. Note also that each grid point (2i+1, 2j+1, 2k+1), for 1 ≤ i, j, k ≤ `,
is incident to one rod from each of the three families.

For every i, j, k = 0, 1, . . . , ` − 1, consider the box

[2i, 2i + 2] × [2j, 2j + 2] × [2k, 2k + 2].

We call these boxes junctions. The junctions are interior-disjoint boxes, and each must be cut by a
BSP plane passing through its center, since the BSP must separate the three rods in the neighborhood
of the center (2i+1, 2j+1, 2k+1). The first plane that passes through the junction must cut at least
one of the three rods incident to the center. Since all the junctions are disjoint, the total number of
rod cuts is at least `3 = n3/2.

The Paterson-Yao construction is opaque, in the sense that every axis-parallel line passing through
the container cube

[0, 2`] × [0, 2`] × [0, 2`]

intersects the closure of at least one rod. However, the configuration of rods is not a subdivision:
the rods do not fill space. This is easy to prove by observing that the total volume of the container
cube is 8`3, and the total volume of each rod inside is 2`. There are 3`2 rods, for a total rod volume
inside the container cube of 6`3, which is less than 8`3. The empty space is distributed in 2`3 unit
cubes. In particular, for each junction for i, j, k, the unit cubes

[2i, 2i + 1] × [2j + 1, 2j + 2] × [2k, 2k + 1]

and
[2i + 1, 2i + 2] × [2j, 2j + 1] × [2k + 1, 2k + 2]

are empty. See Figure 6.
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empty

(behind)

Figure 6: A unit cube centered on a grid point in the Paterson-Yao construction.

6.1 Lower Bound Construction for 3D Subdivisions

Converting the Paterson-Yao configuration into a subdivision requires adding Θ(`3) new cells—two
unit cubes for each junction. Thus the Ω(`3) lower bound on the BSP complexity becomes trivial—it
is linear in the input size. However, with a little more work, we can extend the construction to give
a nontrivial lower bound.

Theorem 6.1. There is a three-dimensional subdivision of space into n axis-aligned boxes such that
any axis-aligned BSP for the subdivision cuts the boxes into Ω(n4/3) subcells.

Proof. We begin with a Paterson-Yao construction consisting of 3`2 rods, and then extend it to a
subdivision of the container cube [0, 2`]3 by adding the 2`3 unit cubes needed to fill in the empty
space between the rods. We then subdivide each rod longitudinally into ` parallel sub-rods.

As in the original Paterson-Yao argument, each of the `3 junctions must be cut by at least one
BSP plane, since the BSP must separate the cells incident to (2i + 1, 2j + 1, 2k + 1). The first plane
that cuts a junction must completely cross one of the original rods, and hence it cuts at least `
sub-rods. The total number of rod cuts is at least `3 × ` = `4. The total number of cells in our
subdivision is n = 3`2 × ` + 2`3 = 5`3, and hence the number of subcells produced by the BSP is
Ω(n4/3).

6.2 Constructions for Multidimensional Subdivisions

Our multidimensional construction is similar to in spirit to the previous construction. This construc-
tion is recursive—we use the lower bound construction in (d− 1)-space to build the subdivision in d
dimensions. We begin with an informal description, then formally describe the construction in four
dimensions. The construction in d dimensions is a straightforward extension of this construction.

We partition the container box in a grid-like fashion into disjoint regions that we call junctions,
and give a lower bound for the BSP complexity for the fragments of objects within each region. Then
we bound the complexity of a BSP for all objects by the sum of complexities over all the regions.

We have d − 1 families of congruent (d − 2)-rods whose orientations form a cycle configuration,
and a family of 1-rods whose orientation is the complement of the orientations of the (d − 2)-rods.
The rods ensure our complexity bound in each region. (Intuitively, it is efficient to use rods of larger
orientations, because a k-rod of the container box is a k-rod in each junction it intersects.) On the
other hand, rods of such orientations cannot fill the container box, and therefore we need to add a
number of filler boxes to obtain a box subdivision.

In order to balance the number of rods and the number of filler boxes, we allocate the rods
in bundles, so that the union of a bundle of rods is again a rod with the same orientation. The
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(d− 2)-rods in a bundle are all congruent; the Rd−1 -projection of a bundle of 1-rods, however, is the
worst-case box subdivision we obtain in R

d−1 .

Theorem 6.2. There is a four-dimensional box subdivision with n boxes such that the size of any
axis-aligned BSP is Ω(n13/9).

Proof. First, we describe an auxiliary construction of Θ(`9/2) boxes such that all vertices of the boxes
lie on a 2`× 2`× 2`× 3`3/2 grid. The rods of the auxiliary subdivision correspond to the bundles of
rods in the final subdivision.

We have `3 long 1-rods that are pass-through in x4:

R1 = {r1(i, j, k) = [2i, 2i + 1] × [2j, 2j + 1] × [2k, 2k + 1] × [0, 3`3/2] : i, j, k = 0, . . . , ` − 1}.

We also have three families of boxes, each containing `5/2 2-rods with orientations {x1, x2}, {x1, x3},
and {x2, x3}, respectively:

R1,2 = {r1,2(k, t) = [0, 2`] × [0, 2`] × [2k + 1, 2k + 2] × [3t, 3t + 1] : k = 0, 1, . . . , ` − 1; t = 0, . . . , `3/2 − 1},

R1,3 = {r1,3(j, t) = [0, 2`] × [2j + 1, 2j + 2] × [0, 2`] × [3t + 1, 3t + 2] : j = 0, . . . , ` − 1; t = 0, . . . , `3/2 − 1},
R2,3 = {r2,3(i, t) = [2i + 1, 2i + 2] × [0, 2`] × [0, 2`] × [3t + 2, 3t + 3] : i = 0, . . . , ` − 1; t = 0, . . . , `3/2 − 1}.

Figure 7: Three different 3-dimensional slices of the subdivision along three hyperplanes orthogonal
to x4.

Figure 7 illustrates the intersection of our auxiliary construction with three (3-dimensional) hy-
perplanes orthogonal to x4. The intersection of the 1-rods in R1 with every hyperplane consists of
`3 unit cubes in a grid. The 2-rods of three distinct orientations appear in three different slices. In
each slice, congruent 2-rods fill ` slots between the grid of unit cubes.

Since all the rods have pairwise disjoint interiors, we can obtain an orthogonal subdivision of
the container box R = [0, 2`] × [0, 2`] × [0, 2`] × [0, 3`3/2] by filling up the space between the rods
with 9`9/2 unit cubes. This completes the description of our auxiliary construction of Θ(`9/2) boxes.
We obtain a subdivision S of n = Θ(`9/2) boxes in the following way: partition each 2-rod into `2

congruent 2-rods with the same orientation, and replace each 1-rod by `3/2 pairwise disjoint 1-rods
whose projection to the (x2, x3, x4) hyperplane is the worst-case construction for a subdivision in R3 .

Consider the `9/2 boxes Π(i, j, k, t) = [2i, 2i + 2] × [2j, 2j + 2] × [2k, 2k + 2] × [3t, 3t + 3], where
i, j, k = 0, 1, . . . , ` − 1 and t = 0, 1, . . . , `3/2 − 1. These are the junction regions. Note that the
junctions have pairwise disjoint interiors. We show that any axis-aligned BSP for S dissects the rods
of S such that pieces of rods have at least `2 vertices in the interior of every junction. This implies
that the total number of pieces is Ω(`9/2 · `2) = Ω(`13/2) = Ω(n13/9).
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First suppose that each of the `3/2 1-rods in r1(i, j, k) ∈ R1 is cut by some hyperplane x4 = c,
for c ∈ (3t, 3t + 3). (Not all 1-rods might be cut by the same hyperplane, though.) Consider an
intersection of the bundle of 1-rods with a hyperplane x4 = c0 such that each 1-rod has a vertex in the
interior of Π(i, j, k, t) below x4 = c0. A BSP for S, restricted to the intersection of the bundle with
x4 = c0, must be a BSP for the 3-dimensional subdivision to which the bundle projects. Hence the
intersection BSP must have Ω((`3/2)4/3) = Ω(`2) vertices, by the previous lower bound. Each vertex
corresponds to a vertex in the interior of Π(i, j, k, t)—in fact, it is connected to its corresponding
vertex by an edge of the BSP parallel to the x4-axis.

Otherwise let r be a rod in R1(i, j, k) that is not cut by any hyperplane x4 = c, for c ∈ (3t, 3t+3).
Let e be a segment in the interior of r such that e is pass-through in x4 within Π(i, j, k, t) and does
not lie on any hyperplane of the BSP. Since e is not cut by the BSP, one subproblem contains e all
through the partitioning procedure. Notice that the container box for e cannot be separated from all
the other original boxes by hyperplanes orthogonal to only one axis. Let H1 and H2 be hyperplanes
orthogonal to, say, x1 and x2 on the boundary of the final container box of e. The 2-face F = H1∩H2

is pass-through in x3 and x4 and lies in the interior of Π(i, j, k, t). Therefore F has a common vertex
with all `2 2-rods in r1,2(k, t) in the interior of Π(i, j, k, t).

Generalizing this recursive construction, we obtain a recursive formula for the exponent of the
lower bound β(d) we can reach for a box subdivision in R

d .

Theorem 6.3. There is a d-dimensional box subdivision S with n boxes such that the size of any
axis-aligned BSP for S is Ω(nβ(d)), where β(3) = 4/3, β(4) = 13/9, and β(d) converges to (1+

√
5)/2

as d → ∞.

Proof. In Rd , our auxiliary construction consists of `d−1 1-rods that are pass-through in xd, and d−1
families of `1+α(d) (d−2)-rods such that each slice xd = c intersects ` (d−2)-rods and there are `α(d)

levels in the xd extent (α(d) is a parameter to be specified later). We need Θ(`(d−1)+α(d)) unit cubes
to convert this configuration into a subdivision.

We balance the number of filler unit cubes and rods by replacing each auxiliary (d − 2)-rod by
a bundle of `d−2 congruent (d − 2)-rods and each auxiliary 1-rod by a bundle of `α(d) 1-rods. We
arrange the 1-rods in each bundle such that their (d − 1)-dimensional projection gives the R

d−1

subdivision for which any BSP has size Ω((`α(d))β(d−1)).
We define `(d−1)+α(d) junctions, arranged in a grid. Each junction contains either Ω(`d−2) vertices

on fragments of (d − 2)-rods or Ω((`α(d))β(d−1)) vertices on fragments of 1-rods. To achieve our
bound, we set α(d) = (d − 2)/β(d − 1), implying that any BSP for our subdivision has at least
`(d−1)+α(d) · `d−2 = `2d−3+α(d) vertices. That gives a lower bound of

Ω
(

n
2d−3+α(d)
d−1+α(d)

)
= Ω

(
n

2d−3+(d−2)/β(d−1)
d−1+(d−2)/β(d−1)

)
.

The exponent in this bound is

β(d) =
2d − 3 + (d − 2)/β(d − 1)
d − 1 + (d − 2)/β(d − 1)

= 1 +
d − 2

d − 1 + (d − 2)/β(d − 1)
.

The first values of this sequence are β(4) = 13/9 = 1.444, β(5) = 118/79 = 1.494, β(6) = 689/453 =
1.521, and β(7) = 9844/6399 = 1.538. The sequence converges to limd→∞ β(d) = (1+

√
5)/2 = 1.618.

Note that the d-dimensional lower bound subsumes the lower bound for three dimensions. If
d = 3, then β(d − 1) = β(2) = 1, and α(3) = (3 − 2)/β(2) = 1. The lower bound we obtain is

Ω
(

n
2·3−3+α(3)
3−1+α(3)

)
= Ω(n4/3),
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matching Theorem 6.1.

7 Concluding Remarks

Binary space partitions are a popular space-decomposition method in computational geometry, com-
puter graphics, and other fields dealing with geometric shapes. However, their worst-case complexity
remains poorly understood in dimensions three and higher. Even for the BSP of n orthogonal boxes
in d dimensions, the best upper bound known is O(nd/2), while no lower bound better than Ω(n2) is
known.

In an attempt to understand the complexity of higher-dimensional BSPs, we considered a natural
special case: orthogonal subdivisions. We showed that every d-dimensional subdivision with n boxes
admits a BSP of size O(n

d+1
3 ). We also exhibited subdivisions in d dimensions for which every axis-

aligned BSP must have size Ω(nβ(d)), where β(d) converges to (1 +
√

5)/2 as d → ∞. Our result
shows that if the objects do not fracture the complement space too badly, then their BSP size can
be significantly smaller than the current worst-case bounds indicate.

Clearly, the most interesting open problem suggested by this paper is to close the gap between
the upper and lower bounds. The absence of super-quadratic lower bounds is intriguing. Can it
really be the case that in any dimension d, a set of n boxes (forming a subdivision, or not) admits a
quadratic size BSP? If not, then what is the true complexity of the BSP of n d-dimensional boxes?
Is this bound necessarily worse than that for n boxes forming a subdivision in higher dimensions?
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[18] Cs. D. Tóth, A note on binary plane partitions, Discrete Comput. Geom. 30 (2003), 3–16.
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