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ABSTRACT

We revisit a classical load balancing problem in the modern
context of decentralized systems and self-interested clients.
In particular, there is a set of clients, each of whom must
choose a server from a permissible set. Each client selfishly
wants to minimize its own latency (job completion time).
A server’s latency is inversely proportional to its speed, but
it grows linearly with (or, more generally, as the pth power
of) the number of clients matched to it. This interaction
is naturally modeled as an atomic congestion game, which
we call selfish load balancing. We analyze the Nash equi-
libria of this game and prove nearly tight bounds on the
price of anarchy (worst-case ratio between a Nash solution
and the social optimum). In particular, for linear latency
functions, we show that if the server speeds are relatively
bounded and the number of clients is large compared to the
number of servers, then every Nash assignment approaches
social optimum. Without any assumptions on the number of
clients, servers, and server speeds, the price of anarchy is at
most 2.5. If all servers have the same speed, then the price
of anarchy further improves to 1+ 2/v/3 ~ 2.15. We also
exhibit a lower bound of 2.01. Our proof techniques can also
be adapted for the coordinated load balancing problem un-
der L2 norm, where it slightly improves the best previously
known upper bound on the competitive ratio of a simple
greedy scheme.
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1. INTRODUCTION

Consider a set U of n selfish clients, each of whom must
choose a server from a set V', in the absence of a coordinating
authority. There is a bipartite graph G between U and V'
and a server j is permissible for client ¢ only if (i,7) is an
edge in G. Each client selfishly wants to minimize its latency
(job completion time), and rationally prefers a fast server
to a slower one. Servers can have different speeds, and a
server’s latency is inversely proportional to its speed, but it
is an increasing function of the server load (the number of
clients served by it).

Each client independently trying to minimize its latency is
essentially engaged in a game with other selfish clients. We
call this the selfish load balancing game. Unlike traditional
load balancing, however, the clients are not interested in op-
timizing the social welfare (e.g., total system-wide latency).
Instead, each client has its own private objective. The sta-
ble outcomes of these interactions are the Nash Equilibria—
outcomes in which no single client can improve its latency
by switching unilaterally. Centralized optimal solutions, in
general, are not stable—one or more clients may improve
their latency by switching, while worsening the latency for
others. On the other hand, the cost of Nash equilibrium
solutions can be much worse than that of centralized out-
comes, and Papadimitriou [11] has coined the term “price
of anarchy” to denote the worst-case ratio between a Nash
outcome and the social optimum. In this paper, we give
nearly tight bounds for the price of anarchy in the selfish
load balancing game.

Nash equilibrium is a compelling solution concept for de-
centralized systems with self-interested players. Unfortu-
nately, the concept is descriptive, not prescriptive: it does
not suggest algorithms for computing an equilibrium and
computing Nash equilibria remains a topic of current re-
search. We, therefore, also investigate the following obvious
greedy strategy: clients arrive in the system online in an ar-
bitrary order; upon arrival, each client selects a permissible
server with the least current latency, and this selection is
irrevocable. The greedy is a myopic strategy—each client
makes the best choice available to it at the moment, al-
though future choices by other clients may make it regret
that selection. While greedy does not generally lead to Nash
solutions, it does have the advantage of computational sim-



plicity. Thus, a natural question to ask is: how bad is the
greedy assignment in the worst case?

The greedy strategy has been analyzed before in the con-
text of centralized Lo norm load balancing [3]—the goal
there is to assign clients so as to minimize the L norm of
the server loads. Because the total latency of all the clients
is intimately related to the squared sum of the server loads,
our techniques also lead to improved bounds for the com-
petitive ratio of the greedy scheme of [3]. Interestingly, the
Nash solutions are strictly better, suggesting the following
conclusion: despite lack of central coordination, selfish play-
ers find solutions that are better than greedy, which assumes
centralized control but non-selfish players.

1.1 Modd and Results

An instance of the load balancing game is modeled as a
bipartite graph G between a set U of n clients and a set V' of
m servers. A client 7 can be assigned to server j only if (¢, 7)
is an edge in G. An outcome of the game is an assignment
where each client is assigned to one of its permissible servers.
Suppose server j has speed o; and is matched to ¢; clients,
then we assume that the response time, or latency, to each
client 7 connected to this server is A; = f(¢;)/c0;, where f()
is an increasing function of the load ¢;. (In general, there
are two distinct contributors to a client’s latency: the server
load, and the network congestion. In this paper, we focus on
the latency at the server, and treat the network latency to
be a constant. Because the network topology as well as the
IP route change continuously, the network latency is both
unpredictable and difficult to model. One can incorporate a
simplified network latency in our model by folding it in the
server speed—then a server with a fast connection to the
network can be distinguished from a similar server with a
slow link. A more accurate modeling of the combined server
and network latency seems challenging and is left for future
work.)

The cost of an assignment M is the total latency of all
the clients:

cost(M Z/\Z—Zéf( )

Jj=1 97

Under the linear model, the latency of server j is simply
Lj/oj. More generally, we consider latency functions of the
form €§_1/0j7 for any p > 1. In that case, the cost of the
matching is cost(M) = 377, £%/0;, which corresponds to
the pth power of the weighted L, norm of the server loads.

A Nash equilibrium assignment is one in which no client
can improve its latency by unilaterally switching to another
server. Let Muash be a Nash solution, and let Moyt be the
(coordinated) social optimum. The price of anarchy is the
worst-case bound on the ratio between the costs of Mpash
and Mopt.

Our first result concerns the price of anarchy with linear
latency functions. We show that if the server speeds are
relatively bounded and the number of clients is large com-
pared to the number of servers, then every Nash assignment
approaches social optimum. Without any assumptions on
the number of clients, servers, and server speeds, the price
of anarchy is at most 2.5. If all servers have the same speed,
then we can improve the upper bound to (142/+/3) = 2.15.
We also give a lower bound construction showing that the

price of anarchy can be at least 2.01, even with equal speed
servers and linear latency.

We next consider higher order monomial latency func-
tions. In this case, we measure the L, norm of the server
loads, and show that the price of anarchy is (p/logp)(1 +
o(1)).

We then apply our technique to reanalyze a simple but
centralized greedy scheme for load balancing. The best re-
sult known for this problem is due to Awerbuch et al. [3],
who show that the greedy achieves the competitive ratio
(1+\/§)2 ~ 5.83 for the squared Lo norm of the server loads.
We show that if the servers have arbitrary speeds, then the
competitive ratio of the greedy is at most 17/3 ~ 5.67; more
significantly, if all the servers have the same speed, then we
can improve the competitive ratio to 2 +5 ~ 4.24.

1.2 Motivation and Related Work

Our load balancing game is inspired by the emerging class
of Internet-centric applications like the peer to peer (P2P)
networks, but it has broader implications for any wuncoor-
dinated distributed system. In a P2P system, for instance,
data are often replicated to enable a high level of availabil-
ity and fault tolerance. Thus, users typically have choice of
many hosts from whom to download their data; each user
wants to minimize its own latency (time to download); and
there is no central authority to dictate a user’s choice.

The load balancing game belongs to the general class of
congestion games introduced by Rosenthal [13] in game the-
ory. In these games, a set of players compete for a set of
resources, and the cost of each resource depends only on the
number of players using it. A key game-theoretic property
of these games is that they always have at least one pure
strategy Nash equilibrium. Thus, in our work, we focus on
pure strategy Nash equilibria.

In computer science, perhaps the best known congestion
game is the network routing, studied by Koutsoupias and
Papadimitriou (8], Czumaj and Vécking [6], Roughgarden [15],
and Roughgarden and Tardos [16], among others. The
routing problem studied in [8, 6] is similar to our load bal-
ancing problem, but there are two differences. First, Kout-
soupias and Papadimitriou [8] are concerned with the maz-
imum latency over parallel links, whereas we are concerned
with the total latency. Second, in their model, the user-link
bipartite graph is complete, while we allow partial graphs—
each user shall be matched to only a permissible server.

Roughgarden and Tardos [16] generalize the selfish routing
to arbitrary networks and consider the total flow latency,
but their model differs from our load balancing game in two
important ways. First, Roughgarden and Tardos treat flows
as non-atomic, meaning that a user’s task (flow) can be split
arbitrarily (across multiple paths). By contrast, in atomic
games, one user is wholly assigned to a single server. (For
the non-atomic version of the selfish load balancing, we can
show the price of anarchy is one; that is, Nash is always
optimal.) Second, in selfish routing, each user is assumed to
put only a negligible traffic load on a network link. We do not
require such an assumption—a user can own an arbitrarily
large fraction of a host.

While the lack of coordination and selfish agents are rela-
tively new concerns, the problem of assigning clients (jobs)
to servers (machines) dates back to the earliest days of dis-
tributed computing or scheduling, and there is an enormous



literature on it. A small sample of these results includes the
following: [7, 12, 14] investigate the online assignment of
unit length jobs under the Lo norm; [1, 9] consider offline
assignments of unit length jobs; [2, 4, 5] consider greedy
assignment of weighted jobs under the L, norm, where the
client-server graph is complete bipartite; [10] considers dy-
namic load balancing under the L, norm. The work most
relevant to us is the L2 norm load balancing with an arbi-
trary client-server graph [3]. Because the total latency of
the clients is related to the squared L2 norm of the server
loads, the setting of Awerbuch et al. [3] can be viewed as
the coordinated or centralized version of our problem.

1.3 Organization

Our paper is organized as following. In Section 2, we es-
tablish two key results (Nash Condition and Nash Inequal-
ity), which are central to our analysis. In Section 3, we
prove upper bounds on the price of anarchy with linear la-
tency functions, and also show a lower bound construction.
In Section 4, we extend our analysis to the latency functions
under the L, norm. In Section 5, we present our improved
analysis of the greedy assignment scheme. Finally, we offer
some conclusions and open problems in Section 6.

2. PRELIMINARIES

Our primary model is the linear latency model: if a server
has load ¢ and speed o then each of its £ clients experiences
latency A = ¢/o. If server j has load ¢; and speed o; in an
assignment M, then the assignment has cost » 7", 0 /o;,
which is the weighted sum of the squares of server loads.
We will consider higher order monomial latency functions
in Section 4.

An assignment is a Nash equilibrium if no single client
can improve its latency by unilaterally switching to another
(permissible) server. Given an instance of the client-server
problem, let M. denote an assignment realizing the social
optimum, and let My,sn denote a Nash assignment. For
server j, let O; and N; denote the set of clients assigned to
j in Mopt and Mnpash, respectively. We use the shorthand
notation o; = |O;| and n; = |Nj;| for the cardinalities of
these sets. The following lemma notes a simple but crucial
condition imposed by a Nash equilibrium.

LEMMA 2.1 (Nasu CONDITION). Given an optimal as-
signment Mopy and a Nash assignment Mpash, the following
inequality holds for any two servers j, k, where 0,01 are the
speeds of these servers:

noc el N nO0, 20, (1)

oj Ok

PrROOF. If k = j or N; N O = @, then the argument is
trivially true, so assume that k # 7 and N; N Oy # 0. Pick
an arbitrary client ¢ € N; N Ok. This client has latency
n;/o; in the Nash assignment Myasn. The server k is also
permissible for i because ¢ € Ok. By switching to k, the
client i can achieve latency (nx + 1)/o). By the equilibrium
property, this latency is the same or worse than its latency
in Mpasn. Thus, nj/aj < (’I”Lk + 1)/Uk~ O

This simple Nash Condition leads to the following impor-
tant inequality, which is the main basis for our upper bound

analysis. (Later, we will prove a similar inequality for the
greedy assignments.)

LEMMA 2.2 (NASH INEQUALITY). Given an optimal as-
signment Mopy and a Nash assignment Mnyash, the following
inequality holds:

m 2
>
0j

m
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PROOF. Since the sets Ok, k = 1,2,...,m, partition the
set of clients, we have that n; = |[N;| = >°}" | |[N; N Oy|, for
every j. Similarly, we have o = |Ox| = 37", |[N; N Ok,
for every k. Using these equalities, we can rewrite the total
cost of a Nash assignment as follows:
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In this chain of inequalities, we used the fact (n;/o;)|N; N
O] < ((nk+1)/0k)|N;jNOy| for all 4, k. This is trivially true
if [IN;NOy| = 0; otherwise, it follows from Inequality (1). [

Finally we present a technical lemma which will be used
later. The proof uses standard Langarian multiplier method
and is omitted in this extended abstract.

LEMMA 2.3. Letn,m be positive integers and o; > 0,0; >

0 for j = 1,...,m be arbitrary values with } 7", 0; = n.
Then the following inequality holds:

T

j=1 0,
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3. BOUNDSONTHE PRICE OF ANARCHY

In this section, we prove upper and lower bounds on the
price of anarchy. We prove three different upper bounds.
The first upper bound (Theorem 3.1) is in terms of n (num-
ber of clients), m (number of servers), and the server speeds.
This bound is the sharpest in the limit when m/n — 0 and
the ratio between the maximum and the minimum server
speed is bounded. For instance, if all servers have equal
speed and m/n approaches 0, then Theorem 3.1 says that
every Nash approaches the social optimum. For arbitrary
values of m,n and server speeds, our second bound (Theo-
rem 3.2) is the best. It shows that the price of anarchy is at
most 2.5 for any choice of n, m and server speeds. Finally,
if all servers have the same speed, then Theorem 3.3 shows
that the price of anarchy is at most (1 4+ 2/v/3) ~ 2.15. We
also gives a lower bound construction showing that the price
of anarchy is at least 2.01, even with equal speed servers.
(This lower bound dashed our original hope that the true
price of anarchy was 2.)



THEOREM 3.1. With linear latency functions, the price of
anarchy is 1 + o(1) given that n > m and server speeds are
relatively bounded. Formally, the following is true:

cost(Mpasn) 1+ m+ .,/ Z]’:l o] Zj:l o5
cost(Mopt)  — n

O'J m
max —.
1<j,k<m O n

IN

1+(1+

PROOF. By using Nash inequality (2) and the fact that
njo; < (n} + 03)/2, we get

m 2 m m 2 2
nj nJ j 1 (nj+oj _
DLy Sy (e
j=1 7 j=1 j=1 7
m 2 m
n; —1—20]
- YLy A
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cost(M, a o2 = o2’
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By Lemma 2.3, we get the desired result immediately. [

Next, we give an upper bound of 2.5 independent of n, m
and server speeds.

THEOREM 3.2. With linear latency functions and arbi-
trary values of n,m and server speeds, the price of anarchy
s cost(Mnash)/cost(Mopt) < 2.5.

PROOF. Suppose that Moy = {O; | 1 < j < m} is an
optimal assignment and Mpash = {N; | 1 < j < m}isa
Nash assignment. Fix an index j, it is straightforward to
verify the following equality:

1 3, 1 30,
ojn; = gn?JrZo?fg <nj777) .

The Nash Inequality (2) together with the above inequal-
ity implies the following:

m ’I’L_? < injoj+og
Jj=1 gj Jj=1 gj
s 1 2 3 2 1 30
=3 2 (g de e -5 (n-22))
Jj=1
m 2 m
n; 1 /95 3 1 3 2
2 < e _Z 2
= gy j;gj (803 + 50i 2("7 207) )

Thus, in order to show

m 2 m 2
I« 2 e
—~ g; — 2 Z j ’
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it suffices to prove that
9 2 3 1 3 2 5 2

3% t30 =5 = 505)" < 505,
The preceding inequality is equivalent to the following

simplified form

V1<j<m.

It holds trivially if either o; = 0 or o; > 2. Because o; is an
integer, thus the only remaining case is o; = 1, and in this
case the above inequality is equivalent to 1/4 < (n; —3/2)2.
Because n; is an integer, thus this holds, and the whole proof
is complete. [l

3.1 AnImproved Upper Bound for Equal
Speed Servers

In this section, we show a further improvement in the
upper bound when all servers have the same speed. The
upper bound in this case turns out to be 1 + 2/\/§ ~ 2.15,
which is getting quite close to the lower bound of 2.01, shown
in the next subsection. Without loss of generality, we assume
that all servers have the unit speed. Thus, cost(Mnash) =
> n? and cost(Mopt) = > 0.

THEOREM 3.3. If all servers have equal speed and the la-

tency function is linear, then the price of anarchy is at most
cost(Mnasn)/ cost(Mopt) < 2/V/3+1 = 2.15.

PROOF. In order to prove the upper bound cost(Mpash) <
(2/v/341) cost(Mopt), it is enough to prove the following:

2
COSt(Mnash) S (% - 1> COSt(Mnash) +

(% + 1) cost(Mopt).  (3)

By Lemma 2.2 together with o0; = 1 and }>;0; = n, we
obtain that cost(Mnasn) < n+3 "2, njo;. To prove Eq. (3),
it is thus sufficient to show that

— [n+ n;0o
\/— ( Z J J)
= 2
2((—“)0%(%*1)”?)’
and it is equivalent to

n < ;((1+—> ?4—(1—?)%?—%‘”]’)
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Let z; = \/§2+10j — Y31y, then (4) is equivalent to the
following;:

Jj=1
lej \/32—1_12017\/52_12@ =n. (5
i=

We prove Eq. (5) by induction on m, which is also the
number of pairs (0j,n;). The base case, m = 1 is trivially
true as 1 = n and n? > n because n is an integer. It is also
easy to verify for the case where m = 2 and there are two
pairs (a,0) and (0,a). Now assume that m > 1 and Eq. (5)
holds for any m’ < m.



If there is no j such that o; = 0, then n = Z;n:l 0j > m,
and thus

s ™ ory)? 2
Zmz > 7(2]71 1) =2 >

m m

Similarly the above inequality holds if there is no j such that
nj = 0. Now suppose that there is one pair (0j,n;) = (a,0)
and another pair (ox,n;) = (0,b). Without loss of general-
ity, we assume that a > b > 1. If a = b, then we break the
original problem into two subproblems, where the smaller
one contains only two pairs (a,0) and (0,a). The larger sub-
problem has m — 2 pairs. By induction, the inequality holds
for both subproblems. If a > b, then Z;n:l m? decreases if
we break (a,0) into two pairs (a — b,0) and (b,0). Now we
remove two pairs (b,0) and (0,b) to get a subproblem with
m — 1 pairs. So that by induction Eq. (5) holds. This also
completes the whole proof. [

The proof of Theorem 3.3 uses solely the Nash Inequal-
ity (2) and 377", 0; = 327, n; = n. With these constraints
alone, the bound of Theorem 3.3 is the best possible. The
following set of tuples (oj,n;), for j = 1,2,...,m, attains
this bound (however, the values n; do not correspond to a
Nash solution): Let n =a+b+k and m =a+ b+ 1 and
consider a pairs of (1,0), k pairs of (1,1), and one pair of
(b,a+b). Set k = (a — 1)(a + b), then n = a(a + b) and
> n; = >-;05n; +n. Now

Ym0 k4 (a+b)? 20> +3ab+b>—a—b
Y,00 atk+b> a?+ab+b2—b
Let b/a approximate (v/3 — 1)/2. As a goes to infinity,
the above ratio approaches 1 4+ 2/+/3.

3.2 A Lower Bound

We now describe a construction showing that the worst-
case price of anarchy is at least 2.01; Our lower bound holds
even if all servers have equal speed.

THEOREM 3.4. In the worst case, the following lower
bound holds for the price of anarchy:

cost(Mnash)
cost(Mopt )

PrOOF. For every k € N, k > 2, we describe a bipartite
graph G = (U, V) along with an optimal assignment Mopt
and a Nash assignment Mpagn.

Both V and U are partitioned into k + 1 groups V =
VouViu...UVyand U = UpgUU U...UUg. The permissible
set of every w € U; is V; U Viyq for ¢ = 0,1,...,k — 1,
and Vi for ¢ = k. We set the cardinalities of the server
and client groups such that the following two conditions are
satisfied: (i) Every server in V;, 7 =0,1,...,k, has the same
load in Myash and in Mops, which we denote by n; and o;,
respectively. In particular, n; = ¢ and o; > 1 is a slowly-
increasing sequence. (ii) Every job in U;, i =0,1,...,k— 1,
is assigned to a client of V; in Mo, but to a client of Vi1
in Mnash. It is easy to see that Mype is optimal and Mpash
is a Nash assignment under the two conditions.

Once we have fixed the value of 0;’s, we can calculate
the cardinalities of V;, U; with the following procedure: Let

> 2.01.

[Vi| = x, |Ux| = - ox; For i = k—1,...,1,0, let |U;| be
ng|Vi| — |Uk| if ¢ = k—1 and niq1|Viq1] otherwise; and let
|Vil] = |Ui|/oi. The value of z will be the minimum value
such that all the cardinalities are integers.! For k =7, z = 4,
00 =...=03=1<04=... =07 =2, we have a total of
4919 servers, cost(Mnash) = 10606 and cost(Mopt) = 5276.
The price of anarchy is 2 + 27/2638 > 2.01. If k goes to
infinity, the price of anarchy slightly increases but it does
not significantly exceed 2.01. [

Figure: Our construction for kK = 3: an optimal assignment

(above), a worst case Nash assignment (below). Complete

bipartite sub-graphs of G between groups are indicated by
dashed lines.

4. PRICE OF ANARCHY IN Lp NORM

In this section, we consider higher order monomial latency
functions, and use L, norm to measure the cost of an assign-
ment. For any constant p > 1, we assume that a server with
load £ and speed o has latency £#~!/o. Thus, each of the £;
clients matched with server j incurs latency A; = £ 1o,
The L, norm measure of the total latency is (37, \)YP =
Oy é?/aj)l/p. The case p = 1 is the extreme case where
a server’s latency is independent of its load—in such a case,
all Nash equilibria are optimal. Thus, the interesting cases
are only when p > 1. Our main result in this subsection
shows that the price of anarchy with this latency measure
is (p/logp)(1 + o(1)). (By comparison, the greedy scheme
of Awerbuch et al. [3], discussed in the next section, has
competitive ratio 1.77p(140(1)) for greedy.)

THEOREM 4.1. With the L, norm latency measure and
arbitrary server speeds, the price of anarchy is bounded by
cost(Mnasn) / cost(Mopt) < (p/logp)(1+o(1)).

PROOF. Let Myash be a Nash assignment and Mpe be
an optimal assignment, then cost(Mnasn) = (3_; nf/aj)l/p

and cost(Mopt) = (3_; O?/O’j)l/p. Suppose that there exists

'For the simple case where o; = 1 for all i’s, then z = 1, and
it is easy to verify that cost(Mops) = n, and cost(Mnasn) =
2n — 1. This relatively simple construction gives a lower
bound of 2—1/n, which is slightly less than 2.



a constant cp, for fixed p > 1, such that cost(Mnasn) <
¢p cost(Mopt ), or equivalently,
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In the above chain of inequalities, we used the fact that
(n?™1/03)IN; NOk| < ((ni +1)P"" Jok)|N; N Oy | for all j, k.
This is trivial if N; N Ok = B; otherwise, the derivation is
similar to Nash Condltlon (1). Due to Eq (7), in order for
Eq (6) to hold, it is sufficient to prove the following:

m P m

py o +a1317—10j S(p—l)zn Za_f

j=1 j=1
In fact, we prove the following much stronger inequality:
p(n; +1)""o; < (p—1)nf + (cp)"0f, V1<j<m. (8)

If o; = 0, Eq. (8) is trivially true. Thus we assume that
0; > 1. We rewrite Eq. (8) as the following;:

p(2+ i) ~p-1) ("—) <)

Let f(z) = p(z + )P — (p — DaP,z € [0,00). Be-
cause 1/0; < 1, thus the left side of Eq. (9) is bounded
by f(n;/o;). It is easy to see that f(x) is bounded above.
Let the maximum value of f(z) be f(zo) where zo > 0, and
set (cp)? = f(zo). Because zo is an extreme point, thus
f'(z0) = 0, which means that

p(p—1)(xo +1)P 7 = (p— Dp(x0)’" =0,

i.e., (.To + 1)p—2 = (xo)p_l. (10)
It is easy to derive from Eq. (10) the following bound on

zo: o = h5(1+0(1)). Now we can bound the value of ¢,
as follows:
& = (plwo+ 1" = (p—1)(20)") "
= (plzo + 1)(z0)" " — (p— 1)(z0)") "
1 1/p D 1/p
— o (st D) --D) = (1+2)
< 1+pYP a0 = (1 +0(1)).

log p
This completes the proof of Theorem 4.1. [l

5. ANALYSIS OF GREEDY

The cost of an assignment is related to the squared sum
of the server loads. An elegant result of Awerbuch et al. [3]
shows that a simple online greedy scheme achieves compet-
itive ratio (1 + v/2)? ~ 5.83 for this measure of centralized
load balancing. The greedy assigns each client to a per-
missible server so as to minimize the increase in the total
objective. Specifically, a client is assigned to server j that

(£;+1)? +1) 2 24541
minimizes the quantity ———— ;L =

The greedy scheme does not, in general lead to equilib-
rium assignments. However, it does have a computational
advantage—it is easy to implement. While the greedy pol-
icy above is designed for optimizing the social welfare, it
is also a natural selfish strategy. Each client is essentially
choosing the best possible server at the time it makes its
selection. When all servers have equal speed, each client is
simply choosing the server with minimum load. With arbi-
trary speeds, the greedy asks each client to choose the server

5' a true selfish strategy for the client

. e £;+0
j that minimizes J+

would minimize é— This minor change in the priority has

a minuscule effect on our bounds.

In this section, we reanalyze the greedy scheme and present
improved bounds on its competitive ratio. The basis for our
analysis is the following Greedy Inequality:

LEMMA 5.1 (GREEDY INEQUALITY). If servers have
arbitrary speeds and the latency function is linear, then the
following holds for an optimal assignment Mopt and any
greedy assignment Mgreeay, where o5 = |0y|,9; = |G;|, and
Oj; (resp. Gj) is the set of clients assigned to server j in
Mopt (resp. Mgreedy ):

m 2 m
g; 29505 + 05
= < S el 11
4 ¢ 5 o
= j=1
PROOF. Suppose the clients arrive in the order 1,2, ..., n.
Let X; = (zi1,...,Zim) denote the assignment vector for

the client ¢ in Mgreedy, and let Y; = (yi1,...,yim) denote
the assignment vector for ¢ in Mopt, where x;;,y:; € {0, 1}
and Z;nzl Tij = Z;nzl Yij = 1. We use Li = ((1‘1,. .. 7€im)
to denote the load vector after the first ¢ clients have been
assigned, for ¢ = 0,...,n. Notice that Lo = (0,...,0) and
L, =(g1,...,9m). Because, at each step, greedy minimizes
the total increase in the latency, we have

4 1,+y mle
Z bic1, iJ 72 Uj]

j=1

m m 2
Yooy
J j

j=1 j=1
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;‘NJ

IA

2 |

i yz] + 2?#] i— l,J

Summing up these increments for ¢ from 1 to n, we get

= g_]2 < yzg +2ylj i—1,5
_ Yij ym+2£z 15)

IN

Zzyu +293 Z 293+1

j=11i=1 Jj=1



In the above chain of inequalities, we used the fact that
li—1,; < gjforalli,jand ), yi; = o; for all j. The proof is
complete. [

With the Greedy Inequality, we can prove the following
theorem.

THEOREM 5.2. With linear latency functions, the ratio of
a greedy solution to the optimal solution is at most 4 4+ o(1)
assuming that n > m and the server speeds are relatively
bounded. Formally, we have the following:

cost( Mgreedy )
cost(Mopy) — — n

4+(1+ max ﬂ) ﬂ.

1<5,k<m O}, n

IN

PRrROOF. By using the Greedy Inequality (11) and the fact
that 2g;0; < (1/2)g; + 207, we get

m 2 U
g] 29]0] + 05 1
o< E— o 2
Z L < Z - Z e + Oj + 0j
j=1 Jj=1 N
m 2 m 2
gj 0]' +20.7
= <Y
=9 j=1 J
2
m 9 ™2
COSt(t]X]\gjeedil) — j=1 O‘; < 4+ 2 Lﬁé
cos o m o0 o
pt Z]’:l a_—‘; Z;nzl o'j‘

By Lemma 2.3, we get the desired result immediately. [

For arbitrary values of n, m and arbitrary server speeds,
our second theorem gives an upper bound of 17/3 ~ 5.67,
which is a slight improvement over the (v2 + 1)® = 5.83
bound proved in [3].

THEOREM 5.3. If servers have arbitrary speeds and the
latency function is linear, then the following bound holds:
cost(Mgreedy )/ cost(Mopt) < 17/3. Formally, we have

m 2 m 2
Z& o N9
o 3 peciiel]

PROOF. It is easy to verify the following equality:

2 5 2 50, \°
2gj0; = 3932' + 50? 3 (gj - 7]> .

From Lemma 5.1, we know that

mo g2 " 2¢:0: + 0
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In order to prove 3 7", g:/o; < (17/3) > 07 /oj, it is
sufficient to show that

25 5 2 50;\° 17
0 T30~ 3(97_7]> < 3

The above inequality can be simplified to the following;:

9 (10 _ N (5,
403 9 0j ) > \9; 20J'

This inequality is obviously true if o; = 0 or o; > 2.
Because o; is an integer, thus for the only remaining case,
0; = 1, the inequality simplifies to 1/4 < (g; — 5/2)%.
This holds because g; is an integer, and the whole proof is
complete. [

5.1 An Improved Bound for Equal Speed
Servers

If all servers have the same speeds then we can further
improve the upper bound for the greedy. First, theorem 5.2
implies that cost(Mgreedy)/cost(Mopt) < 4 + 2m/n. Thus,
the competitive ratio of the greedy approaches 4 as m/n —
0; in practice, this is not a bad assumption since the number
of clients often far exceeds the number of servers. A more
complicated analysis gives an upper bound of 2+ /5 ~ 4.24
for arbitrary m, n.

THEOREM 5.4. If all servers have the same speed and the
latency function is linear, then the ratio
cost(Mgreedy )/ cost(Mopt) s at most 2 + V5.

PROOF. In order to prove the inequality cost(Mgreedy) <
(2 + v/5)cost(Mopt), it is enough to prove the following:

V541
2
V5 —1

<
- 2
Lemma 5.1, together with the fact o; = 1 and Z]. 0j =,

cost(Mgreedy )

cost(Mgreedy ) + (2 + V/5)cost(Mopt ). (12)

implies that cost(Mgreeay) < n + 2377, 0jg;. To prove
Eq. (12), it suffices to show the following:
\/_+1 ( +QZo]gj>
i(2+\/_oj \/_2_195-),
and it is equ1valen¥ to
n < i <3+\/5 2 372\/5 gj2_72ojgj)

1

J

_ i(erl j\/521gj)2.

Let x; = ‘/g'HOj — ‘/52_1

i, then Eq. (13) is equivalent to

the following:

m
n < Zx?, with

m m m
j=1 j=1 j=1

We prove Eq. (13) by induction on m. The inductive proof
is similar to the proof of Eq. (5) in Theorem 3.3 and we omit
the details. Because Eq. (13) holds, thus the whole proof is
complete. [




5.2 Somelower bounds

The bound of Theorem 5.4 is the best possible using only
the Greedy Inequality. Consider the following example:
There are a pairs of (1,0), k pairs of (1,1) and one pair of

(bya+b). Let k= (a—b—1)(a+b)/2, then 377", g =
23707, 0595 +n withn =a+b+k. Now

S, g;

Z;'n:l 0?

Let b/a approximate (v/5 — 1)/2. As a goes to infinity,
the above ratio approaches 2 + v/5.

The following theorem establishes that the cost of greedy
is strictly more than 3 times the optimal in the worst case.

_ k+(at+b)

~3a® +b% +4ab— (a+b)
a+b2+k '

a?+b+a—-0>

THEOREM 5.5. cost(Mgreedy )/ cost(Mopt) > 3+ 1—12 ~ 3.08
in the worst-case, even with equal speed servers and linear
latency functions.

PRrOOF. Consider the bipartite graph G = (U, V) with
n = |U| = 66 and m = |V| = 64. The edge set is defined as
E = {(us,v;) | 7 > min{s, 64}}.

The cost of an optimal assignment, which assigns job i
to server min{i, 64}, is cost(Mopt) = 63 +9 = 72. One
worst-case greedy assignment maps each client 1,2,...,64
to a permissible server minimizing the increase in L2 norm,
it breaks ties by choosing the server with higher index. Its
cost amounts to cost(Mgreedy) = 16+8-2%4+4-32+2-42 1.
52 4 1-9? = 222. Thus, the ratio cost(Mgreedy )/cost(Mopt)
=3+1/12 =~ 3.08 > 3. O

6. CLOSING REMARKS

The users of a decentralized systems like the Internet
are sometimes best modeled as selfish and strategic play-
ers, who want to optimize their own private utility. Our
selfish load balancing game models one such fundamental
situation, where a set of clients must each choose a server.
We showed that the worst-case Nash solution of this game
is within a small constant factor of the social optimum.

The sum of the clients’ latency is related to the squared
sum of the server loads. In that respect, our problem can
also be viewed as the uncoordinated version of the classical
L norm load balancing [3]. We reanalyzed the simple online
greedy scheme and gave improved bounds on its competitive
ratio.

The uncoordinated greedy scheme can also be viewed as a
myopic strategy for the clients: they choose the best server
available when they arrive and are not allowed to switch af-
terwards. By contrast, a Nash solution requires that clients
reach a stable point, where no client has an incentive to
switch. Our analysis shows that, despite lack of central co-
ordination, selfish players find solutions that are better than
greedy, which assumes centralized control but non-selfish
players.

Interestingly, the Nash and the greedy can be viewed as
two extremes of a server switching cost model—in greedy,
the cost to switch is infinite; in Nash, it is zero. An intrigu-
ing open question is to investigate the tradeoffs of a finite
switching cost. Another open question relates to the effect
of server speeds. Our upper bounds are better for equal
speed servers, but we know of no lower bound construction
that gives a worse solution for arbitrary speeds than equal

speeds. Do arbitrary speeds help or hurt the price of anar-
chy? Finally, there remains a small gap between our upper
and lower bounds for the equal speed servers, and it would
be interesting to determine where the truth lies.
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