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Abstract

This thesis discusses the connection between the nonlebavior of quantum me-
chanics and the communication complexity of distributeghpatations. The rstthree
chapters provide an introduction to quantum informaticeotly with an emphasis on
the description of entangled systems. The next chapteslabkow to measure the
complexity of distributed computations. This is expredsgthe ‘communication com-
plexity', de ned as the minimum amount of communicationu#ed for the evaluation
of a function —a communication necessary because the input strirgysd

are distributed over separated parties. In the theory aftgmacommunication, we try
to use the nonlocal effects of entangled quantum bits toaedommunication com-
plexity. In chapters 5, 6 and 7, such an improvement ovesidascommunication is
indeed established for various functions. However, it #ahown that entanglement
does not lead to a more ef cient calculation of the inner pradfunction. We thus
reach the conclusion that nonlocality sometimes—but neagé—allows a reduction
in communication complexity. This subtle relationshipvae¢n nonlocality and com-
munication vanishes when we consider “superstrong' catiogls. We demonstrate that
if a violation of the Clauser-Horne-Shimony-Holt ineqdnakvith the maximum factor
of is assumed, all decision problems have the same trivial &ty of a single bit.
The thesis concludes with an overview of the current statgs@antum communication
theory, and a discussion of the experimental feasabilith@kuggested protocols.
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Preface

This is the D.Phil. thesis of Wim van Dam. It contains the witrét | did as a graduate
student under the supervision of Artur Ekert at the Centr&)@antum Computation,
University of Oxford.

The main part of this thesis deals with the investigationwdmtum communication
protocols that have a smaller complexity than any possilalesical protocol: that is,
gquantum communication complexity. This advantage of quardver classical is made
possible by the nonlocal correlations, which can be estiabtl with entangled quantum
bits.

The rst four chapters of this thesis are of an introductoagure. In them, | give
a brief overview of, respectively, quantum informationagtum communication, non-
locality, and communication complexity theory. Chapterigeg an example of two
gquantum communication protocols that have a reduced cotitylghen compared to
classical procedures. The results of this chapter are idesicin

“Quantum entanglement and communication complexity”, arid Buhrman,
Richard Cleve, and Wim van Dam, Technical Report RS-97-4BénBRICS
Research Series, University of Aarhus; quant-ph archaggnt no. 9705033,

where the phrasing of the quantum protocol is due to the auattthis thesis.
The 6th chapter generalizes the above protocol to the ranfjisetting. It was
published earlier as a part of

“Multiparty quantum communication complexity”, by HarryuBrman, Wim
van Dam, Peter Hgyer, and Alain Tagphysical Review Avolume 60, No. 4,
pp. 2737-2741 (1999); quant-ph archive, report no. 9710054

The proof method of the classical lower bound is my main é¢buation to this article.
Together with Lucien Hardy, | published the paper that i<dbed in Chapter 7,

“Quantum communication using a nonlocal Zeno effect”, lemcHardy and
Wim van Dam Physical Review A/olume 59, No. 4, pages 2635-2640 (1999);
guant-ph archive, report no. 9805037.

It shows how the quantum Zeno effect of an entangled pair bftgican be used to
reduce the error in a one-bit communication protocol. Thévdgon of the minimal
classical error rate is by my hand.
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Chapter 8 shows that there are distributed functions thatad@llow a reduction
in complexity by the use of entanglement. The analysis oftéh@bit case is my
contribution to this part, with the corresponding publicat

“Quantum entanglement and the communication complexithefinner prod-
uct function”, by Richard Cleve, Wim van Dam, Michael Nigiseand Alain
Tapp,Proceedings of the 1st NASA International Conference omQ@uma Com-
puting and Quantum Communicatigns Lecture Notes in Computer Science,
No. 1509, (editor: Colin P. Williams), Springer-Verlag,ges 61-74 (1999);
guant-ph archive, report no. 9708019.

The last chapter before the Conclusion discusses the coasegs of superstrong
nonlocality for communication complexity. This work wilebpublished in the near
future as a single author article.
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Section 1.1

Chapter 1

Introducing Quantum
Information and
Communication

In this thesis we investigate the theory of quantum infofamaand communication.
The current interest in this eld is fueled by the discovehat the use of quantum
mechanical processes provides us with an advantage oveadhitional, classical ways
of manipulating information. In this chapter | will introda the notion of ‘quantum
information', and the standard notation as it will be usegtighout the rest of the
thesis.

Modeling Information

The term “bit' stands for “binary digit', which re ects thadt that it can be described
and implemented by a two-level system. Conventionall\séftevo levels are indicated
by the labels “zero” and “one”, or “ and “ ”. If we want to capture more than two
possibilities, more bits are needed: witlbits we have different labels.

The abstraction from two-level systems to the set ofsize takesusaway
from the physical details of the implementation of a pieceneimory in a computer,
and instead focuses on a more mathematical descriptiotiafiiation. This “physics
independent' approach to standard information theory legs kextremely successful
in the past decades: it enables a general understandingrgfutational and commu-
nicational processes that is applicable to all the diffevesys of implementing these
processes. It is for this reason that the Turing machine hafd®mputation gives an
accurate description of both the mechanical computer stgdéy Charles Babbage
and the latest Silicon based Pentium Il processors, degpgir obvious physical dif-
ferences. This does not mean that Turing's model ignorepltlgsical reality of build-
ing a computer, on the contrary. The observation that it el unphysical to assume
an in nite or unbounded precision in the components of a cotapis expressed by
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Section 1.2

1.2. QUANTUM INFORMATION

Turing's rule that per time-step only a xed, nite amount obmputational work can
be done.[63] The proper analysis of algorithms in the thedrgomputational com-
plexity relies critically on the exclusion of computationaodels that are not realistic.
Such models often give the wrong impression that certainpticated tasks are easy.
(A good example of this is the result that the factorizatibintegers can be done in
polynomial time if we assume that addition, multiplicatiand division of arbitrary
big numbers can be done in constant time. (See Chapter Exedcise 40 in [40] and
[60].) There is, however, also a danger with this axiomaitiraof the physical as-
sumptions in information theory: believing that the asstions are true. This is what
happened with the traditional view on information, forgotiwere the implicit clas-
sical assumptions that ignore the possibilities of quantueehanics. The realization
that quantum physics describes a world where informatidrabes differently than in
classical theory led to the blossoming of several elds—uan information, quan-
tum computing, quantum communication, et cetera. In thesithl will focus on the
differences in communication complexity between a cladsiod a quantum model of
communication. Before doing so, it is necessary to de netwiamean by quantum
information and communication.

Quantum Information

At the heart of quantum mechanical information theory lressuperposition principle.
Where a classical bit is either in the state “zero” or “onefjumntum bit is allowed to
be in a superposition of the two states. A qubit with the labisltherefore described
in Dirac's bra-ket notation by the linear combination:

“ ”

“zero” one

where for the complex valued amplitudes , the normalization restriction

applies. In this formalism, the state space of a single galuilt up by
the unit vectors in the two-dimensional Hilbert space. For qubits, there are
basis states and hence the corresponding superpositidinéaacombination of all
possible strings of bits:

Againitis required that the amplitudes obey the normalization condition
. (In Section 1.4 we will see the reason behind this stipoifa}i The state space of
qubits is the -fold tensor product of the state space of a single qubits Space is
identical with a single -dimensional Hilbert space:

For our purposes we will only use nite sets of quantum bits tisere is no need to
look at in nite-dimensional Hilbert spaces.
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Section 1.3

Section 1.4

1.3. TIME EVOLUTION OF QUANTUM BITS

Time Evolution of Quantum Bits

Quantum mechanics only allows transformations of statasdre linear and respect
the normalization restriction. When acting on asdimensional Hilbert space, these
are the complex valued rotation matrices that are norm presenrving unitary
matricesof U . Itis easy to show that this corresponds exactly to the requent that
the inverse of is the complex conjugate of the matrix. (The complex conjugate
is de ned by , Where  ‘row' “column' is used to denote the
different matrix entries.)

The effect of a unitary transformationon a state is exactly described by the cor-
responding rotation of the vector in the appropriate Hilbert space. For this reason,
“ " stands both for the quantum mechanical transformationelkas for the unitary
rotation:

It follows from the associativity of matrix multiplicatiothat the effect of two consec-
utive transformation and is the same as the single transformation . Just
as matrix multiplication does not commute, so does the astlarsequence of unitary
transformations matter: in general . We can restate this in a more intu-
itive way by saying that it makes a difference if we rst do and then , or the other
way around. (A convincing example is that of the two actioadd ve” and “multiply
by two”.)

Measurements
When measuring the state , the probability of observing the outcome
“ " equals . This explains the normalization restriction on the anuplés: the

different probabilities have to add up to one. But what dyasta “‘measurement' and
an “observation', and how do we describe this mathemagiedlhese are thorny issues
that this thesis will leave untouched. Here we will only givBarmal description of the
measurement process and a short explanation of why thislisssproblematic part of
quantum mechanics.

The possible outcomes™of correspond to a set of orthogonal vectors
of the measuring device. This device can be our own eye or $amaeof machine,
but the crucial point is that ‘measuringimplies “interacting with '. The effect on
of such a measurement is that the staibapsesaccording to the outcome™ of our
observation. This is described by the transformation:

(1.1)

The collapse as described above is a non-unitary transtanma his is typical when
we try to describe the behavior ofas it interacts with a system that lies outside of the
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1.5. LIMITATIONS OF DIRAC'S KET NOTATION

state. (We say that is an “open system'.) When we viewand the measurement de-
vice togetherduring the observation, the evolution becomes unitaryragaur current
example is then described by the transformation:

measurement device outcome

The problem with this last description is that it no longezapes the speci ¢ outcome
“ " that we seem to observe. It is here where the debate om#dasurement problem
starts and our discussion ends.

For the purposes of this thesis it is more convenient to useethminology of the
collapsing quantum state. We will therefore describe thecebf a measurement as in
Equation 1.1 for practical reasons. (This does not imply ltheally think that there is
such a collapse, but this issue are not the topic of this tesxthis thesis we are mainly
interested in the differences between the classical angubhatum mechanical theory
of information. These differences, expressed in probi#dslet cetera, are independent
of the viewpoint that one has on the measurement problem.)

We just described the traditional "Von Neumann measuremégre we observe
the state in the canonical basis spanned by the basis vecto@ther, more subtle,
measurement procedures are also possible by choosing andmer-complete basis.
We will postpone the description of these two options thenpaihen we discuss the
density matrix formalism, which is more suitable for the geat theory of interacting
quantum mechanical systems.

section 1.5  Limitations of Dirac's Ket Notation

The braket notation that we discussed above is tailor-madaé description of closed
quantum mechanical systems. By this we mean the evolutistatés that do not
interact with an exterior environment. When we also wantesider the behavior of
open systems, the ket-notation becomes less suitable wBsislready obvious in the
discussion of the measurement procedure where we had to@xpea set of unitary
operations with a probabilistic procedure that “collap#es quantum state to one of
the basis states. One cannot help but feel uncomfortablet étis sudden change of
rules: is it not possible to deal with open and closed quarsystems in the same way?
Luckily, we nd in the formalism of density matrices a posgianswer to this question.

section 1.6 Density Matrices

An -dimensional pure state can be expressed as a normalized vectorin the
Hilbert space . The complex conjugate  of this vector is the bra , which is
an element of the adjoint space . By taking the direct product between the ket
and the bra , we thus obtain an complex valued, Hermitian matrix: tleensity
matrix of
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1.6. DENSITY MATRICES

As an example, for the state , the density matrix is:

In the case of a single qubit with the ket description , this leads to the
matrix in the standard basis

From now on, the density matrix of the statavill be denoted by the same symbol
, and the fact that a matrix is a density matrix will be indézhby its square brackets.
The great advantage of this formalism is that it also allowesdescription of an
ensemblef pure quantum states. If we have such a statehich is a probabilistic
mixture of the pure states with probabilities , then the matrix is the weighted
linear combination of the corresponding pure states nestyic

with and

Every density matrix that can be written as such a convex auaibn of pure
states is a legal, or “allowed', state, where allowed me@igwed by the laws of
quantum physics”. It follows from linear algebra that théstriction coincides with
the requirement that the matrix is a Hermitian, positiveniske nite matrix with unit
trace.

The spectral decompositionf a proper density matrix is done in terms of its
eigenvalues and eigenvectors |, by the equality

1.2)

This shows that we can interprefis the mixture , Where the states are
pure and mutually orthogonal.

The above decomposition gives a convenient way of assigninixture to a given
density matrix. It is important to realize, however, thalemsity matrix corresponds to
a whole family of possmle mixtures. Take the two ensembles - and

— — , which have the same density matrix:

We shall see that this implies that these two mixtures aristindguishable from each
other; it is therefore more accurate and less confusing hsider them as equivalent
mixtures.
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Section 1.7

1.7. SEPARATED SYSTEMS

The density matrix of gubit in the standard basis is always of the form

with the probability between and and the “off-diagonal term'

If then is a pure state with —  (or if
); otherwise the qubit corresponds to a mixture.

Separated Systems

We need the technique of density matrices to be able to destive evolution of an
open system. By ‘open’' we mean that there is a possible otierebetween the quan-
tum mechanical state and its environment, where the infooman the latter is ignored
(traced out). We already saw how a (pure) qubit changed ipbabilistic mixture
after it interacted with a measurement device outside tié gustem.

This thesis analyses the possibilities of communicatidwben remote parties. An
individual party in this setting is therefore an open systenit interacts with the other
participants. Here we will show how we describe local actiand observations in such
an extended environment.

Let and denote two separated parties Alice and Bob, each with tkeeggmal
qubits and . Thejoint -qubit space of and is the tensor product of the
two subspaces , Which is a -level system. The question now is: if there
is a state that lives in this joint space , how does 's part of
look like? Or more speci cally, how do we calculate the local  density matrix

from the global state ? The answer is that this is done by “tracing
out' the environment (here's part) of the state. The state space for is spanned
by the -dimensional basis , which can be
decomposed as the product of the bases of the two subsystems,
. When we want to consider's part of , we have to
express this in the basis while ignoring 's state space . This is calculated by

Conversely, if we want to know the state ors side, we trace out 's part of the state
space, .

The above method is easily extended to the general case. jBort state
(where by itself can represent a multipartite system), the denmsigyrix on 's
side is calculated by performing a partial trace over a cetedasis for the state space
of f is such a basis, then this is thus done by the calculation

The experienced reader must have noticed by now that we usétiam for mixed
states in this thesis that is perhaps unconventional. If is a (pure) distributed state,
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Section 1.8

Section 1.9

1.8. VON NEUMANN ENTROPY OF MIXED STATES

then will refer to the (mixed) subsystem on's side. This means that we allow
the symbols , and even to refer to a mixed state. | realize that this is not in
accordance with most of the literature, but it gives us a nmaterral way of denoting
the different parts of a distributed system.

Von Neumann Entropy of Mixed States

The eigenvalues of a density matrix are always non-negative and sum up to one.
If we decompose a mixture into a linear combination of orthrea) pure states, then
the 's will correspond to the probabilities of the respectivgezivectors. (See Equa-
tion 1.2.) Although the eigenvectors of a density matrix ao¢ always unique, its
eigenvalues are. This allows us to unambiguously de ne\tbe Neumann entropy

of a state with spectral decomposition by

If we calculate the logarithm of a matrix with the Taylor exgéon:

- - , this can also be written as .
The Von Neumann entropy  re ects how “mixed' or random is, where pure states
have zero entropy.

Operations on Mixed States

A unitary transformation maps the state to the new pure state . The latter
reads as density matrix . In the language of density matrices, the corre-
sponding transformation is therefore calculated by “sandwiching' the matrixe-
tween and its conjugate :

If we have a mixed state, then acts linearly on the eigenvectors af The following
equation shows us that this calculation can be done withavihly to decompose,
and that our sandwich expression therefore also holds feedrstates:
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Section 1.10

1.10. OPERATOR SUM REPRESENTATION

It is clear that the positive eigenvalues of remain unchanged, and that only
rotates the eigenvectors to the new eigenstates

Unitary operations are an example of completely-positigge preserving maps:
every positive, semide nite matrix is mapped to (anoth@sifive, semide nite matrix,
and the trace of the matrix remains unaltered. Completéigits in combination with
the preservation of the trace, assures us that the resultrahaformation will be a
proper state if we started with a proper one.

Besides the unitary functions, there are other transfaomsthat are possible in
quantum mechanics. Just as mixed states are composed ctai@® so can a positive
map be a linear combination of matrix multiplications simito the ones we discussed
above. An example of such a non-unitary mapping is the magppincorresponding
to a measurement of a qubit in the standard basis . This function consists of two
“projectors' and that transform a qubit into a probabilistic
mixture of the states and . Explicitly:

We see that the eigenvalues of the new density matrix aed with the corre-
sponding eigenvectors and . In general, the eigenvalues ofwill change
under this transformation and hence there it is no unitagraton that can establish
the above mapping. In the next section we will give a formaicdiption of all trans-
formations, such as the above that are allowed by quantum physics.

Operator Sum Representation

The following requirements for an operatorare necessary and suf cient for to be
a proper quantum mechanical transformation:

1. The mapping can be written as a set of matrices  with which it maps a
state to the linear combination

2. The set of operators has to obey the identity restriction
(Note the change of order of and  in the multiplication.)

These two requirements exactly describe the sebaipletely-positive, trace preserv-
ing maps.Complete-positivity means that we require bottas well its trivial exten-
sions to higher dimensions to be positive. This is a stronger damrithan
positivity. An example of a positive but not completely-pive map is the partial
transpose , which is de ned by
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1.10. OPERATOR SUM REPRESENTATION

We have truly extended the set of unitary transformationlsmaeasurements by the
above “operator sum' formalism. An example of this is the piag that erases a qubit
and replaces it with the value zero. This non-unitary fuorcis the combination of two
operators

and has the same effect on every qubihamely

We previously argued that a measurement has a non-unit@st ein a state be-
cause we ignored its interaction with an outside systemnis@surement device). This
lesson holds for all allowed transformations:

Every completely-positive, trace preserving transfoiprat of a system
can be viewed as a part of unitary mapping on a bigger system
. That by itself appears to be non-unitary is due to the fact
that we ignore the space

It can be shown that for the extension of the system it is sahtto assume that the
dimension of the appended space is twice as large as that of , and that its initial
state is . Hence, for every allowed quantum mechanical transfoiomati that
acts on an -dimensional system, there exists a unitary matrix U such that

forall . Thisis, in more general terms, the difference that we entared between
the Equations 1.1 and 1.2. The non-unitary “collapse' aatet with an observation,
or any other kind of interaction, is again a unitary transfation when we incorporate
the measurement device into the description of the event.

The converse of the earlier statement also holds: every imgpipat can be writ-
ten as a traced-out, unitary transformation on a largerdtilbpace is a completely-
positive, trace preserving mapping. The reader is refetoetthe standard book by
Asher Peres[53] and the article by Benjamin Schumacheffs@ more extended and
rigorous treatment of this “operator sum representation'.
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1.11. AFEW ELEMENTARY OPERATIONS

section 1.11 A Few Elementary Operations

In quantum computing and communication we look at the pdgib of transforming
information as is allowed by the laws of quantum mechanics.udlally decompose
such quantum algorithms in a series of small elementangstegi consist of one and
two qubit operations. The following unitary gates are so camly used that we will
de ne them here in the introduction; we can therefore them them throughout the
rest of the thesis without having to specify them.

The Not gate: This is the same gate that we know of in classical computatitinthe
additional characteristic that it respects the superjpositf a qubit:

NoT

Phase Flip: The FLIP gate changes the phase of a qubit conditional on its value:

FLip

Phase Rotation: A more general phase rotation is provided by thenBE operation
which has a free variable that determines the angle of the phase change:

PHASE
(Note: LI PHASE )

Hadamard transform: This transformation maps the zero and one state to a super-
position of the two basis states:

— and —

The Hadamard is its own inverse ( ) and is often used in parallel on a
qubit register. Such a-fold application of translates the information of a
classical string into the phases of a full superpositionizenck again:

where is the inner product moduloof the bit vectors and .

Rotations: With the rotation with an angle , we mean the unitary one qubit trans-
formation:

Controlled-Flip: The controlled- ip is a two-qubit operation that appliesetkiip
gate to the target bit, if the control bit equals’; otherwise it leaves the target
unchanged:

CFLIP

for all
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Section 1.12

1.12. NO INFLUENCE-AT-A-DISTANCE

No In uence-at-a-Distance

We conclude this chapter by a brief look at the typical exangbh two qubit entangled
state. Let be the pure state — . As a density matrix, this
reads in the standard basis:

When “viewed' from either side as a subsystem, this pure gigqtials the maximally
mixed qubit:

The complete, entangled state is therefore fundamenté#figrent from the tensor
products of its subsystems: . In the next chapters we will see how
different these entangled states are from states that camitben as tensor products.
But before doing that, we will nish our introduction with eexplanation why entan-
glementcannotbe used for instantaneous information transfer.

Entanglement between Alice and Bob does not allow Bob ta@atly in uence
the state of Alice's system. Let be the joint state (and hence the system
Alice's side). Everything that Bob can do with his part , can be described with the
operator-sum representation. That this does not effeceslisystem can be expressed
by the following equations. In the most general setting, Shgtem is a mix-
ture of pure states , Where each state can be written as a bipartite superpositio

. This gives the following summation with probabilities
and amplitudes

From this expression we can now calculate the density mafriXlice's subsystem

with the partial trace over Bob's part. This shows us that is independent of
the local transformations that Bob may have applied to his pa. For, if we assume
that this action has the operator sum representation , then the
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1.12. NO INFLUENCE-AT-A-DISTANCE

‘new' state  on Alice's side equals

(The last step in the above derivation uses the fact that
in combination with the restriction that .) Clearly, the nal outcome

does not depend on the remote operationof Bob, and hence equals the original
state
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Chapter 2

Quantum Communication

The theory of quantum communication looks at the consegefar information
transfer if we allow the settings where we can send qubitsusmedentanglement. In
this chapter some of the possibilities and impossibilitéguantum communication
are explored. We pay special attention to the procedurdepdaeting quantum states
with classical signals. Also Holevo's bound on the amounhédrmation that can be
transfered with quantum signals is discussed.

section2.1  Entanglement

At the end of the previous chapter, we encountered a combimaf two entangled
qubits distributed over two partiesand : — . Itisimpossible
to write this pure state as a tensor product . Even if we allow a mixture of tensor
products, such a decomposition remains impossible. Wehsdyhe—

is anentangled stateMore explicitly, the de nition of entanglement is as follew

A bipartite system is separable if and only if it can be expressed as a
mixture of tensor products:

where is a probability distribution, and and are quantum states on
and 's side respectively.

A state that i10t separablés entangled.

The condition of entanglement is stronger than that of tiaatl correlations. Two
classical bits that are either or  (with a - distribution) can be written as
the unentangled mixture - . Asystemover and isuncorrelated
if it can be written as a single tensor product with again and (mixed) states on
and 's side. Itis the difference between the=' amplitudes of the entangled state

andthe ® ' probabilities of the classical correlation that plays adal role here.
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2.2. AN EXAMPLE: WERNER STATES

The question of how to decide, with an ef cient procedureettier a mixed state is
entangled or not is still unresolved.[36, 37, 54] Although aave a clear de nition of
what it means for a state to be separable, it is still not diearto search the continuous
space of possible decompositions with an algorithm that always gives a
reliable answer. This is not only due to the nite precisidrtlee algorithm, but, more
important, also to the fact that we do not know when we can stapsearch for an
unentangled decomposition.

Here we will limit ourselves to an example for the entanglatrad two qubits in
the presence of noise: the Werner states. After that, weérzantvith a description of
the protocols fosuperdense codingndteleportation,which highlight the usefulness
of entanglement for purposes of communication.

section2.2  An Example: Werner States

We will use the family of Werner states[66] to clarify thefdiience between classical

and quantum correlations. The state = — is entangled, whereas the
two random bits are  not even correlated. Hence, if we consider the one parameter
family —  for , we cover the whole spectrum from

uncorrelated bits (), to maximally entangled qubits (). The critical point for
to be an entangled state is -. We will prove this in two parts: the separability

of if -, and the entanglement of for every -.

De ne the following six qubit states: , . — .
and — . The reader is invited to check for him or herself that we
can decompose into a sum of zeta tensor-products:
hence is separable. From this it follows that forany -,  is a mixture of

two disentangled states: —_— .
The case when is bigger than- is analyzed with inseparability criterion of Asher
Peres[54]. This suf cient condition tells us that a bipserstate is not separable if

the “partially transposed' matrix has negative eigenvalues. The reason
for this is the following. If the matrix represents a valid state, then so does its trans-
pose . Hence, for every disentangled state ,

the partially transposed matrix will also correspond to a proper

state. If this is not the case—if the transposed matrix hgsitie eigenvalues—then
we can conclude that the original matrix cannot be writtea sasm of tensor products,
and hence that  is entangled. It is straightforward to verify that has negative
eigenvalues under the transformation if —. This concludes our proof that
the mixture —— isentangled if and only if . (Another proof
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Section 2.3

2.3. SUPERDENSE CODING

of the entanglement of can be given in terms of “distillable entanglement’. This is
done in [10], where it is shown how one can create near pegfgeingled states from
an unlimited supply of  pairs, under the assumption that -.)

Superdense Coding

The procedure of superdense coding shows us how we can fitangnbits of infor-
mation with only one qubit. This result was published by G&mBennett and Stephen
Wiesner in 1992[8], and was one of the rst examples of “egtament enhanced com-
munication’'.

Take two parties Alice and Bob (and ) that want to communicate with each
other. More speci cally, Alice wants to send two classicakhof information to Bob
with a minimum amount of effort. The setting is such that tive parties initially
share one entangled pair of qubits — , and that Alice is allowed
to use qubits for her signal, rather than classical bits. folewing single qubit pro-
tocol establishes the bit transmission. (The bits that Alice wants to send arelbe

. The NoT and H.Ip operations are unitary, one qubit transformations, de ned
by NoT and R.IP )

1. Depending on the and values, Alice performs the unitary operatioroiN
FLIP to herqubit of the entangled pair . (The qubit that is the result of
this transformation is indicated by .)

2. Next, Alice send her qubit to Bob.

3. Atthis stage, Bob, who now possesses both the qubiand  , measures this
entangled pair in the four-dimensional basis

Itturns out that the label of the outcome of this measurement tells Bob exactly
which bits and Alice wanted to convey, as he will always measure

The correctness of this protocol is best proven by a caseabg-analyses of all four
possibilities

1. If , then Alice did not change her qubit and hence the pair thiét Bo
possessed before the measurement was indeed —

2. If , then the [EIP action by Alice corresponded to the joint transforma-
tion FLIP on the pair , yielding the pure state=
3. Inasimilar way, does thedir on Alice's side (the case ) and the identity

on Bob's side give the entangled pair
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Section 2.4

2.4. TELEPORTATION

4. The combination of P and NoT on results in the state —

, which can be detected with reliability, corresponding to the right
answer

As the four states are mutually orthogonal, no confusion over the an#cis neces-
sary if we assume that Alice and Bob are capable of perfectpubation, transmission
and observation of their qubits.

Superdense coding shows us how one entangled pair and oit@bedimmunica-
tion can be used to transmit two classical bits of informratibhe obvious question is:
Can we improve this result by either increasing the numbditsftransmitted, or by
reducing the resources needed for this protocol? The arniswio, this is not possible.
In the next section, we will collect some of the evidence Fas answer by looking at
theteleportationprotocol.

Teleportation

How can we get a qubit across? If we have a perfect quantummehaetween two
parties, then we can simply send the quantum informatianfrao . But what if we
do not have have this possibility and there is only a claksitannel at our disposal?
The surprising answer is that the reliable transmissionudiitg is still possible if the
two parties share some entanglement between them. In 1983e€lBennett, Gilles
Brassard, Claude Crépau, Richard Jozsa, Asher Peres hiviloBiters showed how
one entangled pair of qubits and two bits of classical comination are suf cient to
transmit an unknown qubit between two parties.[9] (Noté thiaen the properties of
the qubitare known, a classical description of its parameters can bedoasted over
the classical channel and no entanglement is requireds) Arbtocol, which has been
coined “teleportation’, is in a sense the complement of sigese coding, which uses
one entangled pair and one qubit of communication to comueydlassical bits of
information. The procedure is as follows.
Let Alice have a qubit that she wants to convey to Bob. Both parties share the
standard entangled pair — . The parameters of the qubit are
, but are unknown to the parties. Hence a complete classésalip-
tion of the qubit is impossible to obtain. Instead, Alicelwet interact with her part
of the entangled pair by means of a measurement on the two qubits. The basis

of this measurement is equivalent to the one that we useckisuperdense coding

protocol:

After this, and are “collapsed' according to the outcome, and Bob's qubit
is no longer entangled with the system of Alice. Insteadnkis is correlated with
the initial qubit and the measurement outcomein the following way:
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2.5. INFORMATION VERSUS INFORMATION REPRESENTATION

outcome Alice's qubits | Bob's qubit

It is straightforward to verify that for every combination it holds that
NoT  Fuip (2.1)

After the measurement, Alice therefore broadcasts the tassical bits and to
Bob who then corrects his qubit according to Equation 2.1. This completes the
teleportation procedure as Bob has now obtained a qubit thi#thsame parameters
, while on Alice's side no trace of the original qubitis left. It is an

important aside that during the protocol no informationwhois obtained: all four
measurement outcomes are equally likely and independent of the amplitudeand

. We also do not “copy' the qubitas Alice loses all her information abougsee the
next section for an explanation of why this is important).

There seems to be a close connection between superdensg aaditeleportation:
both use the same measurement basis, transformationsgmadients. This similarity
can be used to prove that the two procedures are optimal @sgect to their resources.
But before establishing this result, we need to convince@ues of a some important
upper bounds on the transfer of information with quantumhmaaal means.

secton2.5  Information versus Information Representation

Thinking about qubits as states with complex valued pararaét sometimes mislead-
ing. The uncountably many differemtathematical expressions fora
qubit, suggest that a single qubit contains an in nite antafrinformation, which is
not the case. If we have a single copy of a qubthen only a small amount of informa-
tion about its amplitudes can be obtained via a measuremdtat. this, the quantum
state has changed according to the observed outcome and no mormatfon about
the original amplitudes and is accessible.

Furthermore, th@o-cloning theorentells us that it is also impossible to copy an
unknown quantum statein order to obtain the tensor product .[67] This prevents
us from creating a large set of identical, which would enable us to estimateand
with arbitrary accuracy.

It is often claimed that the above are typical features ot information, but
this is a misconception. To see this, it is instructive tdireahat the same theorems
also hold for classical, probabilistic information. It impossible to infer more than

one bit of information from the mixture , although for
every this probabilistic bit is different. Nor is it possible to reliably
clone the unknown state to . The conclusion should therefore be that in both

cases of probabilities and probability amplitudes, the asal complex values of the
statedescriptionare highly redundant when compared to the amount of acdessib
information in the state itself.
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Section 2.6

Section 2.7

2.6. HOLEVO'S BOUND AND AN APPENDIX TO IT

It is the combination of superpositions with the phenomeaoibimterferencethat
makes the crucial difference between classical and quamtformation. The possi-
bility of the superpositions— and— to evolve to the different
pure states and (after a Hadamard transform), somehow suggests that awquant
mechanical superposition is more “real' than the probstixilicombination of two bit
values. It seems as if for a qubit , both states are really present, whereas
in the probabilistic case, the mixture ‘in reality’ has already
decided which binary value it represents. But this does hmwais to confuse a quan-
tum mechanical superposition with its deterministic digitm as a density matrix on
a piece of paper. Such confusion leads too easily to an dirag#n of the inherent
complexity of a single quantum state.

Holevo's Bound and an Appendix to It

A more accurate analysis on the limitations of qubits toycatassical information is
provided by Alexander Holevo's theorem on quantum souB&sind an addendum to
this result by Michael Nielsen (see the original [24] andapeendix of thesis).

For the purpose of this thesis we will focus here on the latiat the reader is
encouraged to familiarize him or herself with Holevo's esis well as with a recent
generalization of this theorem by Ashwin Nayak[48].

Nielsen's result reads as follows. If Alice wants to transmbits of information
toBoband and start as unentangled systems, then this can only be donetvith
least (quantum) bits of communication between the two partiess Tan be further
speci ed as a lower bound on the amount of communication fAdice to Bob (being

qubits), and on the total amount of communication, . (where is
the number of qubits that Bob sends to Alice during the pradocThe bounds are in
accordance with what we already know to be possible with slgrese coding:

For the communication from Alice to Bob: -
For the total amount of communication:

We can reach Nielsen's bounds if we let Bob distribute (with - ) entan-
gled pairs by sending  qubits to Alice, who then uses  qubits for superdense
coding and qubits for traditional communication. For every alloweduea
of , this protocol indeed uses - (quantum) bits from Alice
to Bob, and qubits in total.

Optimality of Superdense Coding and Teleportation

A direct consequence of Nielsen's bound is that when Alicedse qubits to Bob,
she can only convey classical bits of information. This, in combination witheth
protocols for superdense coding and teleportation, give$dllowing useful limits:

1. If Alice and Bob share initial entanglement and Alice sendlassicalbits, then
only bits of information can be transmitted from Alice to Bob.
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2.7. OPTIMALITY OF SUPERDENSE CODING AND TELEPORTATION

2. Superdense coding cannot be used to transmit more thaolaasical bits per
qubit.

3. Itis impossible to teleport a qubit with less than two sleal bits of communi-
cation from Alice to Bob.

These three results are easily proven by the strong sityilaeitween superdense cod-
ing and teleportation. Respectively:

1. By running two such protocols in parallel, Alice would lBea(using superdense
coding) to replace her classical bits with qubits. Hence we would have a
protocol with that transmits more than bits of information from
Alice to Bob. This is impossible.

2. This is a speci c instance of Nielsen's result.

3. Assume that strictly less thanbits are necessary. For big enoughit should
then be possible to teleport gubits with classical bits. Hence, if we
would use the qubits as part of a superdense coding procedure, we would
transmit more than bits with  bits of classical information. This is not
possible by the rst result.

The preceding sections seems to suggest that the diffebeteeen quantum and
probabilistic bits is “a factor of two' and that teleportatiand superdense coding sum-
marize everything there is to know about (errorless) guardommunication. The fact
that there are many more pages to follow in this thesis itegthat this is not the case.
In the next chapter we will touch on a much discussed featuga@antum mechanics:
nonlocality. We will see that there is a fundamental differe between the classical
and the quantum theory of information after all, and thdiyigle nition that there is
no classical explanation of the “nonlocal’ correlatioret thre possible with entangled
qubits.
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Chapter 3

Nonlocality

In this chapter the issue of nonlocality is discussed. We labhow local hidden
variable theories put a limit on the correlations that thay describe. The predictions
of quantum mechanics violate these bounds, which tellsattie theory of quantum
physics does not have a local, probabilistic model. Spetiehtion is paid to the
so-called “loopholes’ of experiments that try to verify tienlocality of Nature.

section 3.1 Bell's Inequality

It was in 1964 that John Bell gave a new impulse to the disoanssih the foundations
of quantum mechanics with his celebrated inequality oflibcfp, 7] Ever since then,
other such inequalities have been derived, correspondipgrienents have been per-
formed, and heated debates are still being held about the iexglications of it all. It
is the opinion of this author that the most important thingitmerstand about Bell's
inequality is that does not try to say anything about the the@d quantum physics.
Instead, it puts a general bound on all possible classwedy Imodels for Nature. Af-
ter the derivation of this bound there are two kinds of (gas$iviolations that draw
our attention. The rst one is thenathematical facthat conventional quantum me-
chanics gives predictions that are not possible to deseritiea classical model. The
experimental veri cationof the violation of the inequalities is the second and most
important aspect of Bell's result. It is because of this dicimy between theory and
experiment that the nonlocality of Nature can be veriirdependentlyf the validity
of our current theory of quantum mechanics.

section3.2 Classical or Hidden Variables Models

Crucial to a proper understanding of quantum nonlocalithéde nition of what is
meant withclassical locality.In this thesis we adopt the (arguably conventional) inter-
pretation of the terms “local, realistic theory' and “hidderiable model', which both
refer to the same set of classical assumptions about a sy$teawoid any unnecessary
confusion, we will de ne these terms below.
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3.2. CLASSICAL OR HIDDEN VARIABLES MODELS

When measuring a physical system we observe certain outcomes with certain
probabilities. Without loss of generality we assume hegg the always have binary
outcomes “yes” () or “no” ( ). The probability of obtaining the answer “yes” when
performing the measurement on system is denoted by . Arange of
differentmeasurements, ,  onthe same system leads to a corresponding range
of probabilities . . We speak of aeterministic system
if for each measurement , the outcome is completely predetermined. In this case,

is always anelementof  ;and hence, with different measurement
settings ( ), there are  different deterministic systems.

A probabilistic system is a mixture of deterministic systems (indexed by ),
with the probability distribution : “ ". A measurement on such
a mixture  will therefore give the answer “yes” with probability

. (Note that for the distribution, it holds that and
.) Just as the outcomes for deterministic systems are
predetermined, so are the probabilities completely speci ed in advance by
the distribution . This is the “realistic' part of traditional theories: eyeharacteristic
that one can measure about a system is already describagd[sin that system
before the actual measurement.

Consider now a deterministic bipartite system that is distributed over Alice
(whose subsystem is labeled ) and Bob (with his ). Amodelfor ‘s behavior
is considered “local' if nothing outside the measuremettirgp and the state
can in uence the outcome of this speci c experiment. Thisame that even though

was once part of a larger system by itself contains all the information
about the way it will “react’ to the measurement . For two different measurements

and there are deterministic subsystems . The same applies for exper-
iments done by Bob on his part . From this it follows that we have possible

states if has to give a local and deterministic description
for the combinations of separated experiments , ,
and . Note that when we drop the locality requirement, each empmt
has four possible outcomes, leading to much more, , different deterministic
models.

A probabilistic bipartite system can again be describedrascaure of determin-
istic states: . In such a scenario the probabilities for a

measurement  are calculated by

and similarly for Bob's side by

The locality restriction does of course not forbid the existe of correlations be-
tween the two parts of . Itis very well possible to construct a distributiorsuch
that
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3.3. TWO-PARTY NONLOCALITY

If there is a local, realistic theory for a system, then thbawéor of this s
completely speci ed by its underlying distribution. Suchteeory is therefore also
called a "hidden variable model', where the variables ameustood to be de ning
function . Bell's inequality gives us a limit to what is possible wityssems that admit
such a classical description.

section3.3  Two-Party Nonlocality

| will present here the variant of Bell's inequality as it walsrased by John Clauser,
Michael Horne, Abner Shimony and Richard Holt in 1969: thesHinequality.[22]
The traditional labeling with spin directions is replaceittvan equivalent description
in bit values as this is how we will use the result later in thesis.

Consider two separated partiesand who both receive a subsystem and

. Each side chooses to perform one out of two experiments:or on Alice's

side, and or for Bob's part. This procedure is repeated many times such
that all four possible measurement settings can be examiifechre interested in the
correlated ( ) and anti-correlated ( ) outcomes for those four

possibilities. By using binary values in combination witledulo two arithmetic (with
), we can rewrite these (anti)-correlations as

if the outcomes  and are correlated,
if the outcomes  and are anti-correlated.

After a suf cient number of experimental runs, Alice and Bsitoould be able to esti-

mate the overall likelihood that the outcomes equals  for .
If the experimental settings are chosen at random on both sides, this correlation
equals

Assume now that the state  is a deterministic one, and hence that all occurring

probabilities are  or . Inspection of the possible systems shows that
the value will always be bounded by -. (Take, for example,
and , then
- -.) Allowing the system to be probabilistic (with
) does not change these bounds on as the expected value is a

weighted sum of the deterministic cases:

with . The conclusion is therefore that for every system that can be
described by a hidden variable modethe restriction “ -"holds.
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Section 3.4

3.4. THREE-PARTY NONLOCALITY

The theory of quantum mechanics surpasses the above baaielinEtead of
an entangled pair of qubits — . Let the measurements and
be the projection on the respective vector (for both sides):

— — and — —

It does not involve much mathematics to verify that for thetting, the expected cor-
relations have become:

leading to the combined sum - — . This shows that the
theory of quantum mechanics cannot be captured by a classatiel that uses local
hidden variables. A more detailed analysis of what the aefuegredients of the above
argument are will be done after the following inequality foore than two parties is
discussed.

Three-Party Nonlocality

The following nonlocality proof involves three parties aadenerally considered more
“convincing' than the results of the previous section. Itswatroduced by David
Mermin[45, 46] as a rephrasing of the original four-partaeple by Daniel Green-
berger, Michael Horne and Anton Zeilinger[30].
We will label the parties , and , and the systems they receive , and

respectively. As in the previous example, we allow the pgréints to use one
out of two measurement settings ( and ). This time we are interested in the
correlation term

which is again estimated with the outcomes of many diffeesipierimental runs.
The scenario where is a deterministic system bounds the possible value of
from above by-, as can easily be shown. Assume a local, deterministicrsyste
that obtains a correlation ratio strictly bigger thanFor this to be possible, has
to ful ll the rst three clauses of the expression, and hence has to obey:

By adding these three equalities we can now infer that
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3.5. LOCALITY LOOPHOLES

(We used here the fact that all probabilities are zero or orkthus
for any .) This conclusion contradicts the fourth clause of the
GHz-term, proving that for this system -
This bound immediately implies that all probabilistic, tiéh variable models for
's behavior have to obey the same bound:

- (3.1)

By using a three qubit entangled state we can go beyond thisdind, in fact, reach
the maximum possible value

Below we will see how the theory of quantum mechanics esthe$ this correlation
factor.

Distribute the three entangled qubits — over the par-
ties , and . All three positions use the same projectors for their tweside
experiments:

— and —

With this set-up, the four correlation values are indee@allal to one:

This adds up to the total value , Which violates the classical bound of
Equation 3.1.

What do nonlocality proofs tell us about the difference edwthe classical and
the quantum theory of information? We now know that it is stmes impossible to
mimic the joint behavior of entangled but spatially sepadaqubits with a classical
system in the same setting. This impossibility disappdasilet go of some of the
assumptions in the description of the experiment. In the sestion we will try to get
a better understanding of such “locality loopholes' aswhikgive us a clearer insight
into the subtleties of the above results.

secton35  Locality Loopholes

When is a classical system  able to simulate the predictions of quantum mechan-
ics? A partial answer is that this simulation is possible mwhés system has
knowledge about the setting on Bob's side, or vice versa. This knowledge can
be obtained in different ways, each leading to a potentigtmle for an experimental
veri cation of Nature's nonlocality:

No-signaling requirement: It should be impossible for  to broadcast any infor-
mation to Bob's side about the measurement settingthat it has encountered.
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3.5. LOCALITY LOOPHOLES

The no-signaling requirement is ful lled if both measuram®  and are
space-like separated events in space-time. Speciamigiatien tells us then that
no information can travel between the two acts of measurénidote that this
space-like separation is only a method to establish thegrmalng condition.
It would be equally valid if we were able to prohibit the tréarsof information
between and by other means.

Unpredictable measurement settings:The transfer of information between the two
parties is unnecessary if the measurement settings arenkioative systems
and fromthe start. Itis straightforward to reproduce the stas of quantum
mechanics if the four different experimental settings occur in a regular
pattern that can be predicted by the system before it separates into two
subsystems. The choice on both sides should therefore be at@endom and
independently of each other. (The independence can aga@sthblished by
making the two decisions at space-like separated events.)

Besides the aforementioned two restrictions, there igd,thiore practical, way for
a model to mask its classical foundations: the detectori@ficy loophole. In practice
it will almost never be the case that every signal can be teddry the measurement
apparatus. As an example, with current technology, thectleteof both the polariza-
tions of entangled photons succeeds with a success pritpabless than one percent.
In such situations it is possible to come up with a classicatleh where the photons
only ‘reveal' themselves at and if the setting of the devices is in accordance
with a scheme that was agreed upon beforeand parted. When one of the pho-
tons encounters an undesired setting, this particle thideshitself from the detector,
resulting in just one of the many unsuccessful polarizat@asurements. Such (ad-
mittedly contrived) “conspiracy theories' are able to gaecal explanation for all the
performed nonlocality experiments to date.[52]

The reader might wonder what the practical merits are ofetlae®demic objec-
tions to the acceptance of nonlocality as a feature of Natiter all, if our quantum
communication protocol works as desired, why contemplageins and outs of the
model that describes it? The surprising counter argumetitisocritique is that the
above conditions translate directly into the requiremémt@a quantum protocol that
truly outperforms the classical ways of processing infdiama This is the exciting
idea behind quantum communication as | will discuss it is thesis: to use Nature's
nonlocality to save on the amount of communication that isessary in certain set-
tings.

In the next chapters, we will see how the above argumentstabedoundations
of quantum mechanics can be transformed into procedureeetthace the complexity
of distributed calculations. But before we are able to ds,thiwill be necessary to
introduce a notion from computer science: communicationplexity.

page 33



Section 4.1

Section 4.2

Chapter 4

Communication Complexity

In this chapter we introduce the notionammunication complexityt is rst de ned

in the traditional, classical sense after which we expaia the quantum case. Also
the generalization to multiple parties is made. Speciahditin is paid to the notion
of probabilistic protocols and how they can be viewed as unéd of deterministic

communication procedures.

Introduction

Consider two remote parties Alice and Bob each in posseséidata that is unknown
to the other person. If Alice has a natural numbeand Bob has, how many bits does
Bob have to send to Alice such that she will be able to detegrifin is even or
odd? Clearly this can be done with a single bit of informatismlice (who knows )

is only interested in whether or not Bob'ds even or odd. But what if Alice wants to
decide if is prime? Intuitively one expects that in order to deterntirie decision
problem, Alice and Bob will have to exchange more informatioan the previous one
bit, and that this amount of communication will depend ondlzes and  of the
input strings. But how will it depend on the input size? Whathe most ef cient
protocol? And given this optimal solution, how do we provattthere does not exist
a better procedure? The theorya@immunication complexityies to answer questions
like these.

Two-Party Communication Complexity

The setting for communication problems where there are waperative parties who
want to compute a joint decision problem is as follows.

Alice and Bob are given two stringsand respectively, both of length. They
want to compute a Boolean functionon these two input strings, hence for a given
the function will be of the form . The communication
complexity of this function is the minimal amount of commeation between the two
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Section 4.3

Section 4.4

4.3. SOME OBSERVATIONS ABOUT COMMUNICATION COMPLEXITY

parties thatis necessary for Alice to calculate the binaiye . More precisely,
the complexity of the distributed taskis expressed by the relation between the input
size and the amount of communication necessary for the evatuafio for

the worst case input strings and . The following observations should clarify this
de nition.

Some Observations about Communication Complexity

The trivial example of the“  even or odd?” problem in the beginning of this chapter
is one of the simple cases where the communication complex@ionstant and hence
independent of the input size. The version where Alice toedetermine the primality
of has the obvious upper bound ofwhich holds forany ), because Bob can
always send all his bits to Alice who then nishes the computation “  prime?”
on her side. This underlines the fact that tteemputational dif cultyof determining
the function RRIME (or any other function ) does not play a role here.

Because of the worst case assumption, the following linea$oning is incorrect:
“The sum will be even (and hence composite) of the time. This can be
checked with a single bit of communication; therefore, therage communication
complexity of the RIME problem will be less or equal te.” Instead, we should
conclude that the complexity ofRPME is going to be determined by the values of
and for which their sum is not divisible by two.

The fact that Bob does not have to know the answer after thegubdoes not have
any signi cant consequences: it will only require one aitdiail bit of communication
for Alice to tell the nal answer to Bob.

Formal De nition of Deterministic Communication

A deterministic protocol fully determines for every possible input  which party
is going to communicate which bit at what stage of the prdtoéd the start of the
procedure, the parties are unaware of each others inpaieftine, who is going to
communicate the rst bit has to be “input independent’ (aedde pre-determined). If
we assume that this is Alice, then she has to act accordingatdécision sets and

in that she sends a “zero” to Bob if and only if herinput ~ , and a “one” if and
only if . Because we require the protocol to be unambiguous anddeeied
for every , it follows that is emptyandthat covers the whole set of
possible inputs for Alice. For the second bit, the situatieeomes more complicated
as we now have the two situations where the rst communichtedias zero or one.
We will make this distinction by putting the relevant histaf communication in the
upper indices of the decision sets. Hence, we could havedherigtion in the form
of the two couples and , which would tell us that depending on the
rst bit, Alice or Bob announces the second bit. More speallg, if the rst value
was zero, then Alice continues according to the setend . Otherwise, Bob uses
his decision sets and . Again, each couple of sets obeys the above-mentioned
restrictions for a deterministic protocol. In general, wédl sompletely specify what
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happens after Alice and Bob have communicated the string by either a
pair if Alice has to communicate the next bit, or if it is Bob's turn.
Notice that it is not possible to have a combination ofand  as this makes it
ambiguous who is going to communicate. At the end of the jpaitih is Alice who
has to determine the function value . Similarly, we can represent this with two
decision sets for , as long as we understand that this time the lower index ésribe
nal decision and is no longer part of the communication.

We can visualize a deterministic protocol as a decision Wwhere the nodes are
labeled by the strings that express the "communication so far' and the branches by
the respective decision sets, , et cetera. Figure 4.1 shows such a tree for a simple
three bit communication protocol, which we shall use forftiikowing example.

Imagine a two-party protocol where both Alice and Bob receive two bits (

) that is described by:

1. If Alice has , then she sends a “zero” to Bob, who then knows that the
protocol has ended.

2. Otherwise, Bob will receive the value™from Alice, telling him that he has to
communicate back both his input valuesand

3. After the communication has ended, Alice calculates titeame of the proto-
col: is the bit value . She is able to do this either because
, or on the basis of her knowledge of Bob's two input bitsand  (in
combination with her own input ).

A description such as the one above easily becomes unclelrfer protocols.
It is for this reason that we use the formalism of decisios.s&he three steps of the
above example are thus summarized by the pairs of sets:

1. Alice's sets and

2. Bob's rst bit with and ; his second bit:
and

3. And the nal conclusion of Alice by the table:
and

Notice that the ‘completeness requirement' for the union

sometimes leads to a redundancy in the sets as they covesiapes that do not apply
to them. (For example, the fact that is an element of , which only is
used when .) By the tree construction we also see that the strings of the
nal conclusion sets for Alice form a complete, self-deltmg code such that no is
the pre x of another string , and any suf ciently long bit string starts with one of the

words
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4.4. FORMAL DEFINITION OF DETERMINISTIC COMMUNICATION

SalCH

Figure 4.1: The decision tree of a simple deterministic communicatiarogol for

two parties. Alice starts by sending one bit to Bob. If thishiais value zero, then the
procedure has ended and Bob does not communicate anythiXligé Otherwise (the
right part of the tree), Bob has to send back two bits of infation before Alice is able
to determine the outcome of the procedure. Notice that tteetlsat Alice uses for this
conclusion are not shown here. (See the main text for a fulisked out example of

this tree.)
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4.5. PROBABILISTIC PROTOCOLS

The two important characteristics of decision trees anid fe¢s that we mentioned
earlier will be repeated here formall§ror a deterministic protocol that calculates a

function , the decision sets have to obey the following:
1. Every occurring node in the tree either contains a pair or
2. For every pair it holds that and

3. All the “leaves' (or end nodes) of the tree argpairs as these contain the con-
clusion of Alice after she has completed the communicatiith Bob.

The amount of communication before Alice's conclusion esponds exactly with
thelength ofthe string that labels the leaves . The worst case assumption tells us
that the communication complexity of a protocol is the lostgessible that appears
in a leaf. This is identical with the depth of the decisiorefreninus one. Our tree-
example for the calculation of the function therefore has complexity

, despite the fact that for the case , it only requires one bit of communication.

section 45  Probabilistic Protocols

We speak of a probabilistic solution if the parties use aquoltthat gives Alice the

correct answer with high probabilityfor all combinations . The minimum

correctness ratio (a protocol with probability of error) will in general in uence

the amount of communication that is necessary to obtain dnedence level. With
we obviously return to the deterministic case.

An important aspect of the de nition lies in the phrase “ficmmbinations :
which | will clarify here. Imagine a deterministic protocol that is successful for all
possible input combinations  except one. At rst glance this may seem a reliable
solution of the problem. But the worst-case assumptios ted| in fact, that with this
protocol , we should expect the valuesand for which the procedure fails. This
teaches us that if there is an input on which a deterministcgdure makes an error,
then this protocol has to be considered useless (the eequals ). For a successful
probabilistic approach, we need to add randomness as ong ofgredients.

The reason that our deterministic protocol failed was bsedis errors were also
deterministic and hence predictable by the worst-caselulision that speci cally
“aims' at the weak spots of proposed solutions. We counteriy randomizing the
errors ourselves in the sense that we try to “spread out'dahees for which we
are likely to make a mistake. Such an approach requires AlickBob to share some
random bits on the basis of which they execute their otherdeterministic protocol.
The following example should be instructive.

Assume that Alice and Bob try to calculate the distributeatfion

(where stands for the set of input values ). Imagine that for each

there exists an ef cient deterministic protocol that works correctly

except for the one combination . That is, every protocol can make a

mistake, but the protocols differ wherethey err. This allows and to adopt the
following strategy:
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4.5. PROBABILISTIC PROTOCOLS

1. Alice receives , Bob receives his

2. Both parties agre&t randomon a pair that determines which one of the
protocols they are going to execute.

3. Alice and Bob perform the deterministic protocol .

(Note that the random bits ( in total) are usedeforethe actual communica-
tion procedure.) Unlike the earlier non-randomized apphno¢his protocol is highly
successful, as we can easily see. Given any combination, Alice and Bob have
probability — that they ended up executing the awed protocol for this specic
input. We have the remaining probability of — that the two parties performed one
of the procedures that leads to the right answer . For reasonably large

, this will occur with high probability. As it is impossiblef the distribution of the
input values to “anticipate' the protocol that and are going to perform, it is
also impossible to force an error rate higher thanthéhat holds for this probabilistic
solution.

A few more words about the random bits that the parties userbeate give our

nal characterization of probabilistic communication psools. The randomization
that we saw in the last example wasared randomnessioth parties could agree on the
random numbers  without having to communicate this speci cation to eachesth
This is also called the “public coin model' of communicat@md can be viewed as
the situation where Alice and Bob share an unlimited amofiotassically correlated
states

A more restricted model of randomized communication is the where the parties
only have “private coins'. In this model, shared randomrezss only be achieved
after one party has communicated some of his or her coin agbé other participant.
Hence, in this “private coin' model we have to take into actdbe amount of shared
randomness that the parties have to send to each other feuticessful execution of
their randomized procedure. In this thesis, we will alwagsume the “public coin'
model for reasons that will be explained in Section 4.10.

Another issue is that of the moment of randomization in thequol. If we know
beforehand the outcomes of all the random coin ips that ad@itur during a protocol,
then we can again view the procedure as a deterministic omel b&cause there is
nothing during the protocol that can in uence the outcomeaabin ip, we might as
well observe all of them before we start with the procedurd\s long as we establish
our randomizatiorafter we received the and values, the input distribution cannot
“anticipate' any weaknesses speci ¢ for the outcomes otthe ips.

It is for the above reasons that we can assume, without logeradrality, that the
probabilistic protocol is executed according to the three steps previously shown:

1. The parties receive their respective inputs.
2. With the help of public coin ips, Alice and Bob agree on aad@m number

(according to some xed distribution).
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4.6. AN APPLICATION OF VON NEUMANN'S MIN-MAX THEOREM

3. The deterministic protocol is executed.

This can be summarized by the statement that the probabydistcedure is a mixture
of deterministic protocols, , and that on the input strings it
outputs the corresponding probabilistic blt

The quest for the optimal probabilistic protocol for a fuoot can be approached
in two ways:

Given a desired success rate , how many bits of communication are required?
Or alternatively:
What is the minimum error ratethat can be obtained with bits of communication?

Although both kinds of questions will be asked in the comihgputers, we will here
investigate problems of the second kind. The next sectidinstvbw us how we can
employ some standard techniques from game theory for olysisaf communication
complexity.

An Application of Von Neumann's Min-Max Theorem

Consider again the setting that we described before we etidedrevious section.
Alice and Bob want to calculate the distributed function
with only  bits of communication between them. Our task is to optimnizert

randomized protocol in that we want the highest possibleesg ratio for this
limited amount of communication . What do we do if every deterministic protocol
(with ) requires more than bits of communication?

As we now know, every probabilistic protocol can be expressed as a mixture
, Wwhere is the de ning probability distribution over the set afi the de-

terministic protocols . (Typically, we will have for many unreliable proto-
cols .) Oursecond relevant distribution is the functiothat de nes the probability
that Alice and Bob receive the input pair . Given the distributions

(de ning the protocol )and we calculate the error rate by

where is the “difference function' with if and other-
wise. The worst case assumption for the input distributeEmmmow be expressed as the
maximization of the error over all's:

But we, in the meantime, are looking for the protocolthatminimizesthe error, and
hence we are trying to reach the minimum of this maximum ewhbich is
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where is the problem in question, and all are deterministic protocols. This is the
situation from the viewpoint of Alice and Bob.

Nature, with her worst case behavior, on the other hand, fainike highest possi-
ble error for each protocol. This corresponds to an expression that is almost identical
to the previous one,

except for the changed order of the two optimizations.

This puts us in the situation where we have to analyze two icting strategies:
the minimization of by Alice and Bob, and the maximization of the same term by
Nature. It is therefore legitimate to ask if the whole seftia properly de ned; for
it is not inconceivable that the chain of arguments “Alicel 8ob use protocol ”,
“Nature reacts by using the worst possible distributidn“knowing this specic
the two parties change to a better”, “Nature counters with a new ”, et cetera,
has no well-de ned end. Luckily, Andrew Yao's usage of Vonudgann's Min-Max
theorem assures us that this is not the case, as there is gpoiatl for this
problem. (See the article [68] and the references [47, 49 B[for an introduction to
game theory.)

It turns out that the above setting is an example of a “zeno;swo player game'.
Letthe rst player be the duo Alice & Bob with their protocol, and the opposing one
Nature with her strategy. We can rephrase the con icting goals for the participants
by stating that Nature tries to maximize the errorwhereas Alice and Bob try to
maximize the negated term “”. This indeed makes it a zero sum game (for two
players), and hence Von Neumann's celebrated Min-Max #raapplies. This result
states that in the just-described setting there is alwaysed point (a solution
of the game), such that the correspondinghe uniquevalueof the game) solves the
equation

As this de nes asaddle pointboth parties know that any variation in their strategy
( for and ,and for Nature) is not going to do them any good because, for the
solution of the game, it holds that

For any alternative protocol , we obtain an error that cannot be smaller.

All other input distributions  give an error that cannot be bigger.

In short, and ,forall and
(Note that it is very well possible that several solutionsefor a game, but all of them
will share the same value) The above two characteristics in combination with the
decomposition of a probabilistic protocol as a mixture dkdinistic ones, also gives

us a technique to easily ‘recognize' the xed-point solotaf a setting. This will be
explained in the next section.
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4.7. PROVING PROBABILISTIC BOUNDS

Proving Probabilistic Bounds

We now know that for every probabilistic communicationiseft there is a solution in
the form of an ideal protocol , a worst case input distributionand the resulting error
rate . But how do we determine such a solution? As stated earlibisrthesis, we are
mainly interested in the setting where we try to minimize ¢her under a restriction
on the amount of communication. In this setting, a relevaababilistic protocol
will have to be a mixture of deterministic procedures that all obey this
limitation on the information transfer between Alice andBelence, if we can exhibit
a speci c input distribution and an error rate for which every allowedieterministic
protocol obeys

then we can immediately conclude that gmpbabilistic protocol  will obey this
bound as well. And becauseis the maximum of overall distributions , we
now also know that is a lower bound on the value In mathematical terms, this
reasoning can be summarized by

Conversely, if we can prove for the samehe existence of a protocol that obeys

for every input distribution and hence , then we can conclude that
. (The proof of this “ " is usually done by showing that for
every pair , the error probability of the protocol is limited by
)

The combination of the two bounds shows that indeed , and the solution
for this value is obtained by the distributionsand that we used in the proof. In
practice, it will almost always be the case that we simplyggsg a distribution for
which it is easy to verify that evergeterministicprotocol has an error rate of at least

. After that lower bound, we then continue by describing aptlistic protocol with

for every input pair . This is suf cient to prove

that is a solution of the communication game with value (It is typical for

the worst-case distribution that it will be zero for any couple for which the
protocol performs above average.)

Some readers might nd it unsatisfying that we just “stateind without giving
a method for deriving such solutions. Such a derivation ssjiile because the Min-
Max expression for is a linear equation, which can be solved in a straightfodweay.
But this is only possible if we are willing to deal with excegsamounts of data and
variables. In this thesis, we try to avoid such an approadh@dy gives a solution,
but not much insight and understanding. Instead, the rdadevited to honestly try
out all the possible deterministic protocols when this iggasted, and to see for him or
herself that the error rate is indeed the minimuas stated. This dirty "work by hand'
is likely to give some insight in both the kind of instances that are “problematic’
for Alice and Bob, and the set of optimal deterministic pomtis that are used in the
probabilistic mixture . (This, at least, was my personal experience when | obtained
the results.)
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Section 4.9

4.8. RELATIONS AND PROBLEMS WITH A PROMISE

Relations and Problems with a Promise

We can extend the setting of distributed decision problehtiseoform
to the broader notion aélations.Problems of this kind are described by a subset
, Where Alice's input is an element and Bob a . The
task for the two parties is to determine a value  such that with the
minimum amount of communication required. A function is katien for which every
combination and has a uniquely de ned such that .
and a decision problem is a function with . (Note that for a general relation
it is possible that there exist values ofand with no corresponding such that
. In this case, the input combination  isillegal as there is no correct
answer to the problem.)
In the next chapters, we will use relations to describe theatled promise prob-

lems. These are distributed functions for which we are only
interested in the protocol's behavior orsabset of the possible inputs . The
promise is therefore that Alice and Bob only receivend such that . The

standard way of describing such a promise problem is to egptas a relation
which is a conventional decision probleron the proper inputs, but a trivial relation
on the inputs that lie outside. Hence,

if and only if and or

which shows that, provided that the communication protded a well-de ned out-
come, every for the improper inputs will be a correct outcome with
. The protocol therefore has a  success rate on those in-

puts, and hence it follows from the worst-case assumptiahAlice and Bob do not
have to expect such trivial cases. This is equivalent to tiginal setting where the
distribution is only non-zero for proper values of , with the differ-
ence, however, that we still require the protocoto behave properly oall possible
input values.

Quantum Communication with Entanglement

It may come as a small surprise that we will not devote a sépatapter to the def-
inition of the model for quantum communication, but aftez fireceding section and
chapters this turns out to be unnecessary. In Section 4.5awehat the crucial in-
gredient for probabilistic communication protocols is taedomness that the parties
can share. This randomness can be described as a “publidgaiith the density
matrix:

Besides the supply of these shared random bits, everyttiagsadentical to the setting
of deterministic protocols.
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4.10. OTHER QUANTUM COMMUNICATION MODELS

In short, we could say that the same holds for the differeeteden quantum and
classical communication, with the exception that we replhe classical correlations
of the state with the nonlocal correlations of entangled qubits of therfo

In order to enable Alice and Bob to process their qubits, ve® dlave to ex-
pand their set of local transformations with the unitary rapiens; our main inter-
est however—the communication—is still done with claddiits. The four different
stages of a quantum communication protocol are thus:

1. Alice and Bob share a suf cient amount of public coins and entangled
qubits . They also agree on the protocolthat they are going to use.

2. The parties receive their input valuesind with probability , Where
is the worst case distribution for the protocol

3. The protocol is executed by and according to their inputs and .
4. Alice announces the (probabilistic) outcome

Obviously, we could replace the coin ips in step 2 by moreaggfied qubits as they
behave exactly like when measured in the standard basis. Nevertheless, we will
refrain from this, as it would advocate the usage of "quaresnurces' where it is not
necessary.

The amount of classical bits of communication during thedtiphase of the pro-
tocol does not only depend on the pair , but also on the randomized measure-
ment outcomes on the probabilistic states (classical ontyua) during the protocol.

It is customary to de ne the overall communication complgxif a protocol as the
highest possible amount of communicated bits between AliceBob, where the pos-
sibilities are over the inputinstance  andthe randomized variables during step 3.
(See Chapter 3 of [42] and references therein for a discussithis “worst-case versus
average-case' complexity of randomized protocols.) Gtamunication complexitf

a distributed function is the minimum complexity over all protocols that solve .

Typical for the approach to communication complexity instiiesis is that we
do not take into account the amount of correlated statestlieaparties need to use
to perform the protocol (the number of distributedtates required in the rst step).
In the next section we will brie y look at some alternative deds and discuss their
relation to our “entanglement model of quantum commuracatWith this discussion
| will also explain why the results in this thesis are not g@@in such "qubit models'.

Other Quantum Communication Models

Quantum communication is often understood as the trantfefaymation with qubits
instead of classical bits. This approach has indeed be@m thi the very rst re-
searchers of the eld (Andrew Yao[69] and Illan Kremer[41]Jhey considered the
“qubitmodel' where Alice and Bob are not allowed to sharargtement during step 2,
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4.11. MULTIPARTY COMMUNICATION COMPLEXITY

but where the communication is done by quantum bits. A thissbility is the natural
combination of the two models that deals with protocols whawth initial entangle-
ment and communication with qubits are allowed.

With the teleportation procedure that transfers one qubiteacost of two classical
bits and an entangled pair, the following reduction sho@@tident.

Any protocol that uses qubits of communication and entangled pairs
can be perfectly simulated by a qubit protocol that uses  qubits, or
an entanglement protocol with entangled pairs and classical bits
of communication.

From this it follows that the entanglement model will diffigith at most a factor of
two from the other models. What is not clear, however, is hmwimulate the entan-
glement model with the qubit model within a constant factdris is because we do not
know any bound on the amount of entanglement that might beinedyfor a qubit
communication protocol. If we could prove a theorem thatestaomething along the
lines of “any protocol that uses qubits of communication, can be implemented with
an a-priori entanglement of  -qubit pairs”, then it would be clear that with

qubits of communication in the qubit model, the same prooedould be executed.
Currently, such a theorem, or a counterexample to it, idatking. We are thus faced
with the distinct choice of analyzing quantum communiaatidth or without prior
entanglement. And in the entanglement case we have to malattitional decision
if we allow communication with quantum bits or or if we restrourself to classical
information transfer. In this thesis the latter option i®sén, and here | will brie y
explain why.

If we want to compare the complexity of classical and quanprotocols, then
we rst have to agree on the measure that we use for our cosgrarilt is only with
classical bits that we can express the complexity for botldet®in the same units.
Otherwise, it is very tempting to “explain' all of the diffarces between quantum and
classical communication with a reference to the uncouatabhtinuum of different
quantum bits compared to the two possibilities for a claddi. The entanglement
model makes it immediately clear that something more sudstlk interesting is go-
ing on. Another advantage of this entanglement based apipisdhat it allows us to
study the relationship between nonlocality and commuitinatomplexitywithout an
explicit reference to the theory of quantum physitisis will be done in Chapter 9 on
“Superstrong Correlations'. There is also the additiooatglication with qubit com-
munication if more than two parties are involved: the noaghg theorem[67] makes it
impossible to send an unknown qubit to more than one partyeatame time.

Multiparty Communication Complexity

Itis natural to generalize the two-party model to the sgttilere three or more partic-
ipants are involved. As we will use this “multiparty scepafor several of our results,
we discuss here the few choices that have to be made for susti@msion.

For parties with their respective inputs , we look at the
protocols that try to evaluate decision problems on Alice's
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4.12. ASSUMPTIONS THROUGHOUT THIS THESIS

side (who is labeled ). Almost all characteristics of the analysis for the twatpa
scenario translate directly to this setting. Itis abouttii#al “information sharing' and
the communication by the participants that we have to makeesadditional choices.
From now on we will always assume that

1. Initially, every party only knows its value .

2. A bitthat is sent by one party becomes known to all the sthethe cost of one
bit of communication.

Because of the second characteristic, this setting is aleok as the “broadcast model'.
(A well-known alternative for this is the “"number on the foead model' in which a
participant initially knows every value excepthis own input .)

Assumptions throughout this Thesis

We have now come to the end of the introductory chapters stitigisis. But before we
continue with the actual analysis of quantum communicatimmplexity, | will sum-
marize below the assumptions that are understood to hottiédiollowing chapters.

The communication complexity is measured in classical bits

The amount of initial entanglement or classical correlaids ignored in the
complexity analysis.

The nal stage of a proper protocol is reached when the rstypalice, knows
the function value (with high probability).

The complexity is determined by the worst case behavior df bte input dis-
tribution and the randomized measurement outcomes during the exeaiti
the protocol.

The protocols for “promise problems' have to be well de nediflegal inputs.

In the multiparty setting, the “broadcast model' is assumétbre initially each
party only knows his or her input value and where every communicated bit
becomes known to all parties.

Measurements are always done in the standard basis
The names of the rst three parties are Alice, Bob and Carol.

Despite this listing, we will reiterate our assumptions wités especially relevant for a
better understanding of our results. Before investigatiegdifferences between quan-
tum and classical communication complexity, we concludé wivery brief historical
overview.



4.13. HISTORY AND REFERENCES

section 4.13  History and References

Two-party communication complexity as described here wa®duced by Andrew
Yao in the in uential 1979 paper “Some complexity questioatated to distributive
computing’[68]. The recent book “Communication Complgkiby Eyal Kushilevitz
and Noam Nisan[42] gives a thorough and up-to-date overafahis eld of research.

Quantum communication complexity was rst mentioned byaiagYao in the ar-
ticle “Quantum Circuit Complexity”’[69], where he used commnication complexity
as a method to derive lower bounds for quantum computatidready in 1995, llan
Kremer, a student of Noam Nisan, wrote an entire Master'sishedoout quantum com-
munication complexity. Both Kremer and Yao use the qubit samication model
where the parties communicate with qubits rather than wéhsical bits. Neither au-
thors showed an improvement over the classical scenarahaRd Cleve was the rst
to establish such a separation (of one bit) in a three-patting in 1997. This result, in
the entanglement communication setting, was publisheetieg with Harry Buhrman
in the article “Substituting Quantum Entanglement for Cammimation”.[23]

Shortly after this unexpected observation, several oemrlts appeared. Most no-
table are the generalization of the original protocol ofw€léo the -party setting,
thereby obtaining an unbounded difference of  versus bits between classical
and quantum communication[19]; the proof that the quantomraunication com-
plexity of the INNER PRODUCT function cannot substantially be improved with the
use of entanglement[24]; and—most recently—the squaseand even exponential
separations in the two-party scenario[1, 17, 57].
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Chapter 5

Two Simple Quantum
Communication Protocols

This chapter describes two quantum protocols that have ancorication complexity
that is lower than is possible with classical means. Theltestere published in the
article “Quantum Entanglement and Communication Complékiy Harry Buhrman,
Richard Cleve and myself.[16] Although both protocols araightforward applica-
tions of the nonlocality arguments of Chapter 3, they do nekénportant step from
the correlated outcomes of a set of entangled qubits to agwbthat can be used to
perform reliable distributed computation.

Reducing Errors with Nonlocality

Consider the two-party function with input size

The table of this function looks like

where the columns are indexed by and the rows by

Alice wants to estimate the value with the highest possible correctness prob-
ability, under the restriction that only one bit of commuation is allowed. We will
show here that the classical bound on the success rate otan be improved to ap-
proximately if we allow Alice and Bob to use an entangled pair of qubitseTh
quantum protocol that establishes this probability is elpselated to Bell's inequality
and is implemented by the following procedure.
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1. Before Alice and Bob receive their input@and , they share the entangled qubit
pair —

2. Bob performs the rotation — on if he has ; otherwise, he applies
— to

3. After this rotation, Bob measures his entangled qubhéstandard basis, yield-
ing an outcome

4. The same procedure holds for Alice. First, if ,apply — ;if
thenapply — to . Then, measure the rotated qubit in the standard basis.
The bit that is the result of Alice's observation is labeled

5. The one bit of communication from Bob to Alice is the pabtt

6. Having received the bit from Bob, Alice now nishes the fwool by estimating
the value with the binary value

From the analysis of Bell's inequality in Section 3.3, we knibat the probability for
to equal is approximately , and hence that the correctness ratio of
the above protocol will be the same:

(Note that this success rate is independent of the dis&tbuaind values.)
Such a correctness ratio cannot be obtained by a classmaicot as we will see
now.

section5.2  Limitations of Classical Protocols

Section 4.5 taught us that a probabilistic protocol can be/ed as a mixture of deter-
ministic protocols. Hence, it is suf cient to prove a lowesdnd on the error for all
deterministic procedures in order to prove the same bounchfalomized protocols.
We will do this here for the uniform input distribution —

For a deterministic protocol, we can de ne the setthat contalns the values
for which Bob broadcasts the bit value™to Alice, and similarly the set for the
communicated value . (With and .) One of these
two sets will at least contain two strings and without losgeifierality we assume this
set to be . By inspecting the function table, we can conclude immedtijathat if
Alice receives a zero from Bob, she will make a mistake attleas of the time. (If,
for example, , then Alice can only guess’s value if she has )
Furthermore, if contains three strings, then at least one out of three amamuents
by Alice is wrong if she receives * from Bob. (As an example for

's most successful guess will be , which fails - of the time. The degenerate

case where does not convey any mformatlon to Alice who therefore wil/b
to make a blind guess with  probability of success.)

This shows that for the three possible partitions byand , the error probability
will be at least-:
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5.3. AN EXACT THREE-PARTY QUANTUM PROTOCOL

: In both cases and , Alice will make an error with
probability.

: The case occurs- of the time with error rate-, hence
the overall expected probability of erroris - -.

: Alice makes a mistake  of the time.

We have thus established the result that any deterministie, bit protocol will
have a success ratio of at mestfor the uniform distribution over and ). From our
previous result about probabilistic procedures (see &geti7), this implies that any
classical protocol is bounded by this value. Hence we caedddonclude that Alice
and Bob have an advantage of versus if they use a pair of entangled qubits.

An Exact Three-Party Quantum Protocol

The previous quantum protocol decreased the error pratyabyl the use of entan-
glement but still left us with a ~ awed' procedure. Here welivde ne a three-party
problem that has an errorless quantum protocol. This willhbgharp contrast to the
classical setting where Alice, Bob and Carol have an errobability of at least

The example of this section was the rst published quantummainication protocol
(see Cleveet al. in [23] and [16]), and was inspired by Mermin's clari catip#6] of
the nonlocality proof by Greenberger, Horne and Zeiling@}[

The three parties, and receive their input, and , with the
promise that the sum is an even number. The task for Alice is to decide after
two bits of communication whether or . As

with the nonlocality proof of Section 3.4,, and initially share the three qubit state

— . Next, depending on their input, each party performs a
phase rotation on his or her entangled qubit. Alice rotateswith PHASE — , Bob
applies BIASE — , and Carol acts with IPASE — on her . After these three
independent actions, the joint state has become

Phased PHASE — PHASE — PHASE —

and hence by the promise on the input values (ignoring nézatan from now on):
if
Phased it

Before measuring the bit values of, all parties rotate their individual qubits with a
Hadamard transform (the global transformation ), resulting in the nal state

: if
Final if

for the two cases. This shows that after the standard measutdyielding the out-
comes , and ), the decision problem is answered by the parity bit as this
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5.4. IMPOSSIBILITY OF A TWO BIT CLASSICAL PROTOCOL

willbe “ "if and “ " otherwise. It is therefore suf cient for Bob
and Carol to broadcast their outcomeand to Alice who then is able to announce
the nal answer with reliability.

Impossibility of a Two Bit Classical Protocol

Again we will use the approach where we analyze the erroofat# deterministic, two
bit protocols to obtain a bound for all possible probahgigtrocedures. (We assume
a uniform distribution over all input cases.) Although there is a promise on the
values , and , the inputs for two parties (ignoring the third) can be anyhef
combinations of . From this observation it follows that Alice
has to receive information from both Bob and Carol (and hemeebit from each) and
that the protocol has to specify beforehand ibr  broadcasts the rst bit. Without
loss of generality we assume that this will be Bob.

Theset () corresponds to the values ofor which Bob broadcasts a “zero”
(“one”) to Carol and Alice. Carol can make her procedure delpat on the bit that
she receives from Bob, and hence she will use the send  if , and the sets

and otherwise. After Carol announces her bito the other parties, Alice can
infer that the two input values of her partners obey .

The cases where or ( or ) imply immediately that there are
two values and togetherin () such that . Hence, for one of
those values the deterministic protocol will always makeistaike in its calculation
of . Under the uniform distribution this error will happen of
the time. The protocol where or suffers from the same de cit as
the above scenarios, and hence has an equivalent errorTiaieleaves us with the
case where the sets of Bob are of the form (with
and addition is modulo). The line of reasoning that we applied to the setslso
holds for the sets of Carol; hence, we can also assume that eveet is of this form

with . Therefore, for every combination ofand
the input values of Bob and Carol obey . Hence
there is a critical ambiguity for Alice between the cases and

. As we are dealing with deterministic protocols, one of
these cases will always be resolved incorrectly, thus agjging a error rate.

The upper bound of correctness was derived for all possible deterministic
protocols, and hence any probabilistic protocol will havelbey the same bound. This
concludes the proof that the “mod four” problem cannot beesblclassically with an
error rate of less than . The quantum protocol obtained a signi cant improvement
over this with its errorless protocol.

We can obtain a classical procedure without error if we alBm to communicate
one bit more, for he can then broadcast the exact valieeAlice and Carol. This, in
combination with the most signi cant bit of (that is: and ),
is suf cient for Alice to determine the outcome (using the promise o
the input values). The result of this section can therefts@lae restated as “The three-
party entanglement allowed Alice, Bob and Carol to save dne&flsommunication”.

The next chapter will generalize this three-party problera distributed function
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for parties. This will give us an unbounded difference in terrhsa@mmunication
complexity between the quantum and the classical settings.
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Section 6.1

Section 6.2

Chapter 6

Multiparty Quantum
Communication Complexity

The three-party problem of the previous chapter can be géped to a party dis-
tributed computation. In this chapter we will show how ttdads to a quantum proto-
col that gives a reliable answer after only  bits of communication, whereas in the
classical setting the parties would require of the order of  bits. This result was
published in the October 1999 issueRifysical Review Ainder the title “Multiparty
Quantum Communication Complexity”, with co-authors HaBuyhrman, Peter Hayer
and Alain Tapp.[19]

Multiparty Problem and Its Quantum Complexity

In the party scenario, every participant receives a real number , with
the joint promise that the total sum is a natural number. The task for Alice ()
is to determine whether this sum is an even or an odd numbercdltulation of the
function value

Odd?

Our rst result will be that if the parties share aqubit entangled state, this problem
can be solved with a protocol where each party communicatiysame bit to Alice.
This is shown by the following procedure which therefore &astal communication
complexity of bits.

The Quantum Protocol

Let the parties initially share the entangled state
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6.3. BOUNDS FOR PROMISE FUNCTIONS

where each party possesses the qubit. Depending on their input value, a phase
rotation FHASE is applied to this qubit . Just as for the three-party scenario,
this leads to essentially two different possibilities @gimg normalization)

Phased PHASE PHASE
if is even,
if is odd.

Hence, locally applying the Hadamard transform on adites results in a superposi-
tion of bit strings with an even (odd) Hamming weight, if thevemation equals
an even (odd) number. The continuation of the protocol shoaiv be obvious: every
party measures his or her qubit in the standard basis and (except Alice) broadcasts
the outcome to . She concludes by calculating the total parity of the
measurement outcomes, which directly gives the correat@nt the original ques-
tion: “Is even or odd?” A protocol with less than  bits of communication
is impossible as this implies the exclusion of one of theiparwhich cannot give an
errorless procedure.

The core of this chapter is the proof that in the classicaécas bits of
communication are required. This is far from trivial, as wié gee in the next sections:
a case-by-case analysis (as we did in the three-party case)longer possible.

Bounds for Promise Functions

In the introductory chapter, “Communication Complexitywie discussed how a deter-
ministic communication protocol corresponds to a tree wltlee leaves label the nal
decisions, and the depth of the tree equals the communmicatimplexity of the pro-
tocol. What follows is a general method for obtaining loweuhbds on deterministic
protocols that we will use in the next section for our “evensus odd” problem.

First we remind ourselves that a protocol has to be well dé far all inputs

, even if they do not obey the promise of the function .

This means that for every instance , the protocol has to follow one uniquely
determined path from the root to a “decision leaf'. Becauseti@e is binary, this
implies that with depth, the number of leaves is at most. Hence, if we have a
minimum of leaves, then this corresponds to a communication complekét least
“depth ” bits. This gives us a good reason to look at the number of
leaves that is required for a deterministic and exact paitoc

For different input combinations, a protocol can end up mshme decision leaf.
Assume now that we know of two such combinations and
that both lead to the same “path down the decision tree' tafa leFor a given protocol,
the direction that the protocol takes at a speci c branchoiglg determined by the
input of the then speaking party . Note now that by our assumption, these directions
are the same for both and . This means that we can combine thand values
and still take the same path down to In other words, every element of the Cartesian
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product set gives the same path down the tree. We will
therefore call the subset of inputs that lead to the same leafextangle,as they will
always be of the form , with for every .

If we want our deterministic protocol to be exact, then tremednts of a speci ¢
rectangle that are allowed by the promise must all have the same fumgtitue .
We can assume that every leaf contains at least one allowatifior it would otherwise
be possible to “trim down' the decision tree—by removing tracuous leaf—without
changing the effectiveness of the protocol. These two deriatics are summarized
by saying that the rectangles have torbenochromatic.

We thus have collected some facts about the leaves of adletise that we can use
in the following standard method for proving bounds on daterstic communication
protocols. (See also Section 1.2 in [42].)

Assume a (promise)-party decision problem where there is
a total of possible input states (both proper and improper in the cdggamise
problems).

1. Show that for the function the maximum volume for a monochromatic rectangle
is bounded by some limit

2. Realize that this bound tells us that there have to be at least rectangles-as-
leaves' in the decision tree.

3. Conclude that a deterministic protocol will therefore nestdeast
bits of communication if it wants to be errorless.

This is the approach that we will now apply to our “Odd?” fuoot

The Lower Bound for the Classical Protocol

Before we start our lower bound proof, we will rephrase arstriet the Odd?-problem
to the " nite and integer input' version that we already euantered in Section 5.3.
This is the situation where we are only interested in valdesup to bits and where
we (implicitly) multiply every number with such that every is viewed as an
element of . We therefore have the new promise that , for
which the parties try to determine whether

(“even”), or
(Hoddﬂ)?

It should be clear that the original Odd?-functiomideastas dif cult to solve as this
problem: as gets bigger the problem becomes harder and only the limitasg

corresponds to the continuous version with rather than —
. It turns out however, that for our current purposes the tdweaind
suf ces (in combination with ). We will now prove the lower bound

for this restricted problem.
Let be a -dimensional rectangle that corresponds to a leaf in thesidectree,
hence . With modulo  arithmetic, we de ne the sum of
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two sets as . We use this set addition
and the “sides' to de ne a sequence of sets by: and
for . Obviously, for every combination in the
rectangle , the corresponding value is an element of . The
requirement that is monochromatic tells us thatther or , but not

both. This puts a bound on the size of and hence on the volume of the rectangle
as we will see with the help of some group theory.
Assume without loss of generality thatis a zero-rectangle, and hence that
and one: . Now we are at the place where we have to use an
application 0ﬂ<nesers addition theorerh)r groups|39, 43], which states:

For every pair of subsets there exists a subgroup of
such that and
We apply this theorem to the cases where and (and hence
with ), which gives us groups that obey

This readily shows that for everythe only possible is the trivial subgroup

, for if is a bigger subgroup, then and would not
correspond to a monochromatic rectangle (remember that ). By the second part
of Kneser's theorem we therefore know that for all , which
sums up to
The exclusion of the element  for the set gives us , leading to

for the sides of the rectangle, and hence for its maximum volume

The last equation shows us an upper boumeh a monochromatic rectangle for an
exact -party solution to the Odd?-problem (with input size The decision tree of
this protocol has to cover a total of inputs and hence needs at least leaves. This
gives the tree a minimum depth of , by the assumptions

and

The method of the previous section now concludes our prafdiery classical
and exact party protocol for the Odd?-function requires at least

bits of communication.
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6.5. CONCLUSION

Conclusion

We just saw a difference between classical and quantum carcation of the order of
for parties. This assures us that the quantum protocol is maierf even if

we want to take into account the distribution of the entadgjabitsduring the initial

stage of the protocol. If the cost of transmittingubit equals classical bits, then the

quantum complexity still remains linear in For large enough (i.e. )

the resources that the classical procedure requires Buraate than the costs

in the quantum scenario.
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Section 7.2

Chapter 7

Quantum Whispers

Probabilities in quantum mechanics depend quadraticallhe amplitudes of a state.
This phenomenon lies at the heart of the so called "quantuno 2&ect’. In this
chapter, we will use this effect to establish a differenasveen classical and quantum
communication in the probabilistic model. We will show hawveterror probability of
the one-bit quantum protocol will always be lower than thahe classical approach.
This result is extended to the setting where each party, égaence of many parties,
is only allowed to communicate one bit to its neighbor (akiriite game of "Chinese
Whispering'). It is argued that for this multiparty problethere is no reliable classical
solution, whereas with entanglement it can be solved eaRilg results of this chapter
were published in the article “Quantum communication usimpnlocal Zeno effect”
by Lucien Hardy and myself.[34]

Introduction

In this chapter, we will employ the “quantum Zeno effect' tmstruct a new quantum
communication procedure. This effect relies on the quagnatther than linear, rela-
tion between the amplitudes and the probabilities of a quargtate. Several authors
have used this phenomenon to obtain proofs of nonlocaléyahe different from the
ones that we encountered in the previous chapters of thasstfib, 33, 62]

First, we will de ne a two-party problem Jump?  for which prior entanglement
enables us to signi cantly reduce the error over the cladsicenario. After that, a
multiparty version, “Quantum Whispers”, of the same prabls introduced. For this
task we exhibit a reliable quantum protocol and argue thétawit entanglement no
such solution exists.

The Two-Party Problem

The “jump or no jump?” question that we will discuss in thisapter is a typical
example of a promise problem. In the two-party setting Abeel Bob receive their
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“no jump" “jump”

Figure 7.1: Explanation of the communication problem. “No jump” meahatt
equals or is adjacent to it; “jump” refers to the situation where is opposite or
adjacent to that opposite position.

input and under the promise that

. The natural number is a free parameter of the problem but has to be thought of
as "big'. Alice is allowed to communicate one bit to Bob, whert has to try to answer
if the pair makes a jump of size or not:

Jump? no ju[np” .if '
jlump if
(The subtraction is performed modulo .) See Figure 7.1 for a clari cation of this
setting.
For both the classical and the quantum solution of this mmblt is inevitable that
Bob sometimes makes a mistake. It will be the difference érttinimum error rate
that separates quantum from classical communication.

Section 7.3  The Quantum Protocol

Alice and Bob start in the setting where they share an entdanglibit pair
— . Depending on their input values they will perform a rotatioto their

local qubits. Alice applies — toher ,and Bobrotates his with — . As
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a result of these two actions, the joint state is now of thefor

After the rotations, when both parties measure their quibthe standard basis, the
parity of the two outcomesand is strongly correlated with the difference between
and :

By the periodicity of the trigonometric functions, the ggri will give a reliable
indication of the “jump versus no jump” question. In the cadeere and do not
make a jump, we have

and hence

no jump between and —

no jump between and —

Conversely, in the case where there is a jump betweamd we have

and consequently

jump between and —

jump between and —

The above analysis suggests the protocol where Alice serdaéasurement out-
come to Bob, who then calculates the parity . By doing so, the error rate of
Bob's estimation will be bounded by the quadratic expressio

Next, we will show that anglassicalprotocol will have a error probability of the
order — .
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Figure 7.2:Given that Bob knows his, there are six possibilities for Alice's value
Here we have chosensuch that for some allowed values Alice will send “one”
(black) and for some other values “zero” (white).

section 7.4  Best Possible Classical Protocol

As in all of the previous proofs, we start by assuming thaté&lnd Bob use a deter-
ministic protocol. Furthermore, we use the uniform disttibn over the allowed input
values. This is where each combination

has equal probability—. (Alice's input ranges
from to )

Let ( ) be the setof values for which Alice communicates a “zero” (“one”)
to Bob. If one of the sets is empty, Alice does not convey any information to Bob,
who then has to make a blind guess on the “jump versus no jungstepn, leading to
an error rate of . Hence we will assume that both and  are not empty. This
implies that sometimes Bob will have a valuesuch that and
(The probability that this happens will be calculated be)dwigure 7.2 shows us how
Bob sometimes receives a “zero” from Alice (when ) in this scenario, and
sometimes a “one” ( ). We know that and , but for the other
four possible values it is still unspeci ed to which set they belong (hence we have
a total of different cases). We continue with our assumptions bynigtthe
three “jump” values , and be members of , and
for the the remaining “no jump” input: . What should Bob conclude if he
receives a “zero” from Alice? Figure 7.3 shows us that iout of cases, Alice's
value corresponds to a “jump”, whereas only the caseis a“nojump”. Hence,
Bob optimizes his answer by saying that there was indeed p hgtween and . By
the assumption of a uniform distribution over the valugthis means that Bob will be
incorrect of the time if he receives a “zero” from Alice in combinatiorithvthis
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Figure 7.3:A speci ¢ coloring of the four grey dots in Figure 7.2. For shexample,
the analysis in the text shows that Alice and Bob have an gmabbability of - when
trying to decide if and make a jump or not.

. If Bob receives a “one” from Alice, then he knows that either  or
and hence he can state that there was no jump without the friskaking a mlstake
The above shows that the total probability of error for thi&irsg of Figure 7.3 is- (the
case ). Itis straightforward to go through the otherpossible cases
of Figure 7.2, and to conclude that the minimum error prolitgltié indeed-.

For any nontrivial protocol with the scenario of Figure 7.2 will occur
for at least of the possible  values of . Accordingly, the minimum error-rate for
a deterministic protocol is bounded by

We can thus conclude that any classical, probabilisticgnace for deciding the jump/
no jump question will be incorrect at least of the times, which is obviously linear
in —.

The error rate of the quantum protocol is limited by

whereas for classical protocol it always holds that

We have thus proven that (for big enough the quantum protocol will always be
more reliable than any possible classical procedure. Iméhe section, we will try

to amplify the difference between the quantum and classiettings by looking at a
multiparty scenario.
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Section 7.6

7.5. MULTIPARTY COMMUNICATION PROBLEM

Multiparty Communication Problem

Imagine the above two-party problem as the rst step of a ipaity problem. In this
scenario we consider a concatenation of jump/no jump questior a line-up of
parties that are only allowed to communicate one bit to thext neighbor. This setting
is reminiscent of the game “Chinese Whispers”, where a ngegsasses through a row
of whispering people. Hence the name “Quantum Whispers”.

Formally the problem is de ned as follows. Take parties , each have
two input values except for the rst party who only receives an, and the last
person with his . The promise on the input is the same that we used for the

jump versus no jump problem:

for all (note that and are uncorrelated). After having received their
respective inputs, each party is allowed to communicate one bit to his or her
neighbor . After these bits of communication, the rightmost participant
has to decide whether there was an even or an odd number o jampng the
pairs .

We are interested in the error rate in the case wheris of the same order as
(that is, with . The quantum solution to the quantum whispers
problem will be a straightforward application of the tworjygprocedure for each cou-
ple . For big enough , this will give us a reliable quantum protocol. We

then continue by arguing that in the classical setting sueHiable protocol does not
exist. But it should be stressed that a formal proof of thasnalis still lacking.

The Quantum Whispers Protocol

Before receiving their input values, each pair shares an entangled state
— . (This notation as to distinguish the qubit that is en-

tangled with the system of from  that is correlated with the qubit of
)
he rst two parties start by performing the same rotatioos,their respective
qubits and , as was described in the section on the two-party setting.
The standard measurement on both sides yields the clagsisal and  (of
which  will be sentto by the rst party). From earlier investigations, we know

that the parity indicates with  —— certainty whether or not there is a jump
between and

These rotations and measurements are done by all couples on
their qubits  and (the rotations depending on the respective input values

and ). The estimations of the jump/no jump answers are the clalsparity bits

, and hence the question “is there an even or odd number of§@hgan be
estimated by the total parity . Therefore, after has senther to
her neighbor, continues by communicating the bit to the third person
in line. This procedure of sending the parity of the receisi#énd the two outcomes
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7.7. ERROR OF THE QUANTUM WHISPERS PROTOCOL

and to is repeated until  is reached. The bit that this rightmost party
receives from corresponds to the previously mentioned sum
minus his own outcome . Hence, by taking the parity of the received bit and
he will effectively estimate the odd/even jumps questions b repetitions of the
two-party protocol. This allows an easy analysis of the eigeterror, as we will see
below.

Error of the Quantum Whispers Protocol

In the description of the quantum whispers approach to sglthe odd/even jumps

problem, it was mentioned how it is equivalent with applications of the two-

party solution. We know that the error rate of this procedsrieounded from above

by ——. Hence, the probability of success of the multiparty protocol is

the sum of the probabilities corresponding to an even nurabaristakes among the
guesses. The lower bound on this probability is calculated b

For some constant — and a large enough , this can be approximated by only
considering the case; it hence has a success probability of at least

This shows that the party version of the quantum whispers protocol has a
maximum error rate of the order — . In the case of large , this yields a reliable
quantum protocol.

Possible Classical Whispers

Here we will argue that there does not exist a reliable atasprotocol for the even/odd

jumps problem (again for large and — ).
We start by noting that the “jump” versus “no jump” problenirislependent for
each pair because there is no correlation betweeand . The parity of

the number of jumps relies critically on allthe ~ answers to the two-party problem
which are independent of each other. This strongly sugtfests is necessary to solve
the jump/no jump problem for all pairs . Because we only allow a single bit
of communication between the parties and , this will always induce an error-
rate of at least— per pair. (See the result of Section 7.4.) With the number of pairs
, the probability of an odd number of such errors (leadingrio a
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incorrect estimation of the parity) is bounded from below by

- —— (assuming big )

Under the assumptions of , the error probability is effectively . This
tells us that the answer of is as successful as the outcome of a random coin toss.
The above argument for the unreliability of classical peols is not water-tight,
as we have not formally excluded every possible protocothSuproof turned out to

be more dif cult than expected (as is often the case for lob@und proofs[29]). This
dif culty is due to the great number of potential -bit protocols that the parties
can use. Consequently, although we have proven that thests exreliable quantum
protocol, we cannot be certain that there is no classical procedure that is redjabl
however unlikely this may be.
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Chapter 8

Lower Bounds for Quantum
Communication

In the previous chapters, we have only seen examples whteggement reduced the
complexity of communication protocols. Here we give ourt l@ver bound for quan-
tum communication. We will show that for the inner produabiplem, entanglement
does not signi cantly improve the performance over the sileed case. The quantum
and classical scenario are nevertheless not equivaleigtdifference is indicated by a
small reduction of error in the case of the inner product problem with only one
bit of communication between the parties. See [24] for thegimal article by Richard
Cleve, Alain Tapp, Michael Nielsen and myself.

Introduction

How can we prove lower bounds for quantum communication? i@isly, some of
the methods we use for classical communication fail; otis¥where would be no
difference between the two. Hence, we have to look for “imsjtilities in quantum
mechanics' and try to apply them in the setting of distributemputation. The prob-
lem is that, at the moment, we do not have many examples of thakare impossible
in a nonlocal world. Instead, our path to understandingregitament is paved with un-
expected phenomena that do not exist in classical infoomakieory. One of the few
‘no-go's' in quantum communication is Holevo's bound, whiells us that quantum
bits are not any better than classical ones for transfemifogmation between parties.
This bound, in combination with a result by Michael Nielssed Appendix A), will
indeed be one of the cornerstones for this chapter's lowento
The crucial step in the proof that will follow is to go from tipeoblem that only

focuses on the single bit of the function to the transfer of the whole bit string

. This is done by considering anthat is familiar both in communication complexity
and in quantum computation: the inner product function.
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8.2. THE INNER PRODUCT PROBLEM

The Inner Product Problem

For two parties and with input strings and , the inner
product function is de ned by

This function is well studied as a classical communicatitobfem. (See [20, 64]
and Section 3.5 in [42].) It is easy to see that for a detestimprotocol, bits
of communication are required. This intractability of does not disappear in the

probabilistic scenario. If Alice and Bob want to know with a maximum error
of , then —— bits of communication are still necessary. Hence for a
xed error rate, the communication complexity is . Below we will see that

both for the deterministic and probabilistic cases, theasibn does not much improve
if the two parties are allowed to use prior entanglement. t Thathe inner product
function is also hard in the setting of quantum communicatio

In quantum computation, the function is inextricably linked with the Hadamard
transform. This was already mentioned in the section on umaimformation, but we
will brie y repeat it here. The one qubit Hadamard transformis de ned by

— and —

which also shows that is its own inverse:

When we apply a Hadamard to each individual bit of the string , we
obtain a superposition of all possiblebit strings where the information aboutis
stored in the phases as the inner product betwesmd the different 's:

— (8.1)
This suggests the following protocol to extracbits of information with
the help of the inner product function . We start with the uniform superposition
of all strings and an empty output register:
Calculating the function values in superposition then yields

We now apply a conditional phase ip (QF) on the output register,
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Section 8.3

Section 8.4

8.3. INFORMAL SKETCH OF PROOF

after which we inverse the rst computation of the functicswe, thereby giving the
nal state

Equation 8.1 shows us that this last state gives us all thiés of the string .

We thus see how the quantum calculation of the inner produc Superposition
of strings results in a protocol where we obtaitbits of information. We will use
this phenomenon in combination with the known quantum Atigins on information
transfer to prove our lower bounds on the quantum commuaitabmplexity of the

function.

Informal Sketch of Proof

Before we write down the formal proof of the quantum lower hds, we will rst give
an overview of the ideas that lie behind it. Assume that Afind Bob can compute the
inner product value of their  bit strings with classical bits of communica-
tion. Instead of classical inputs, let Alice use the supsitpm of all possible strings
while Bob xes his . The two parties then continue by executing the protocol “in
quantum parallel' that now usesquantum bits of communication. Having nished
this procedure, Alice now has a superposition of stringmtangled with the func-
tion values . As we saw in the previous section, this information canlp&s
converted into a description of Bob'shits . Hence Alice has—with qubits
of communication—obtained bits of information. The bounds on quantum informa-
tion transfer tell us that this is only possible if —, which is tight by the method of
Superdense coding (see Section 2.3).

For the probabilistic bound, we use the same argument byigayi the

function valuesapproximating into a descriptiorstrongly correlatedvith
only possible if is of the order of .

Our main concern for the formal proof will be the conversidriree protocol for
classical inputs into its quantum superposition variartis Feduction provides a new
method of analysis that can also be used for other, futureddeunds in quantum
communication. The formal justi cation of it will be givemithe next section.

Quantum Parallelizing Communication Protocols

Let Alice and Bob share some initial entanglement before they receive their inputs
and . During the execution of the communication protocol, the parties will most
likely need some additional “working space' to perform thprapriate computations,
after which Alice writes down the outcome . Without loss of generality, we
assume these ancillas to be initially set to zero, and hdreg/hole system starts in

the state

begin
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After the protocolis nished and Alice knows the outcome  , both working regis-
ters have probably changed depending on the initial val@esl (as has the entangled
state ); we therefore write:

semi- nal garbage

Alice can now ip the phase of her state depending on the autco . After that,
we can perform the whole protocol in “reverse', thereby reimpthe garbage and the
outcome as well as restoring the initial entanglemenbut maintaining the function
depended phase . This gives us the clean, nal state

nal

We thus see that anyqubit communication protocol can be transformed in a claan,
garbage-producing, unitary procedure that requiregjubits of communication. By
doing so, we enable the application of the protocol in supsitipn for different values
of , by which we mean the following.

Assume that instead of one stringAlice has a uniform superposition input strings:

— begin —

For this situation, Alice and Bob can perform the same cleatopol described above.
The communication of this "quantum parallelized procedisreone with the same
number of qubits as in the original schema. Hence, the endtiissa  qubit com-
munication protocol with the nal state:

— nal — begin

where the information about the function values is now stored in the phases
on Alice's side. This also shows why we required the initisdtpcol to be clean: it
enabled us to create a superposition of strings without suffering from
any entanglement with Bob's part.

Section85 Bounds on Exact Inner Product Protocols

In the previous section, we saw how we can clean up a comntigrigaocedure while
only doubling its complexity. We use this result in combiaatwith the assumption
that we have an errorless procedure for the calculation of

, which requires qubits of communication between Alice and Bob. This gives
usa qubitprotocol that establishes the evolution (ignorirgplorkspaces and Bob's
part as they remain unchanged for clean procedures)

for all possible
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Section 8.6

8.6. BOUNDS ON PROBABILISTIC INNER PRODUCT PROTOCOLS

If we apply the same qubit procedure to the initial state where theegister
is the uniform superposition, then the phases of Alice'sl simte will contain all the
information about :

From this it is straightforward for Alice to recover the bits by using the
Hadamard transform of Equation 8.1 on her qubits. The endtrissthus that Bob
has communicated bits of information to Alice. This puts a lower bound on théuwea
of , as we will see now.

Because of the inverse part of the above clean protocolilgxaof the  commu-
nicated qubits go from Bob to Alice. Hence, by the result proin the appendix, has
to be bigger than— . Translating this back to our original (dirty) procedures thhave
proven that any errorless, quantum protocol needs at leasjubits of communication
for the evaluation of the inner product function . This
result is also tight as Bob can use superdense coding to $endbits of information
to Alice.

We will postpone the analysis of protocols with classicas loif communication,
and return to it after we have looked at the quantum boundgrfdyabilistic protocols.

Bounds on Probabilistic Inner Product Protocols

Assume that Alice and Bob have a dirtyqubit communication protocol that com-
putes the function correctly with probability of at least . We will again look at
what effect the clean protocol CFLIP  has on the superposition

begin

More speci cally, we will put a lower bound on the delity beeen the probabilistic
outcome and that of the ideal protocol of the previous sactibis will enable us to
calculate the probability that Alice obtains the bit stringfter the  bits of commu-
nication.

We can always assume that for evergind , the effect of can be written as

begin garbage
garbage
with the real valued limited by . By setting begin ,

we can rewrite the situation after the QF as

with the “erroneous part' garbage . Be-
cause

begin
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8.7. COMMUNICATION WITH CLASSICAL BITS

it follows for the inverse that

begin begin
where begin is orthogonal tobegin . Hence, the nal state of the pro-
tocol CFLIP  equals
begin begin (8.2)

This gives us a lower bound on the inner product between tad @itcome nal

and theresult, CFLIP begin , of our probabilistic procedure of

nal CFLIP begin
For different values , the inner product betweemal and the state of

Equation 8.2 is always zero, and hence we can also apply thesddwver bound to the
superposition of states:

— nal CFLIP begin

This concludes our proof that Alice's probability of obsienythe string after apply-
ing the -fold Hadamard at the end of the protocol will be at least . By Fano's
inequality[25], this means that the mutual informationviextn Bob's and Alice's
measurement outcome is at least bits. By the same reasoning as was
used in the errorless protocol, this is only possible if thant of communication

is equal to or bigger than -. For a xed error rate, this translates as

Communication with Classical Bits

The above analysis dealt with the scenario whe@nd were allowed to communi-
cate with quantum bits. This is a different setting from tbathe previous chapters,
where only classical communication was allowed. Here wktrihslate the bounds of
the preceding section to that of our standard model. Esdéatithis reduction are the
protocols of teleportation and superdense coding, whieé gitight relation between
quantum and classical information transfer.
Assume that and have an errorless protocol for the computation of
that uses bits of classical communication. Imagine now

that each party has two-bit strings ( and for Alice, and for Bob) and that they

perform their protocol on both and in parallel. This yields a procedure
where the communication is always done in pairs of bits atet afhich Alice knows
both and , and hence that .

In other words, we have a -bit communication protocol for the computation of
that allows superdense coding on the pairs of bits
that are exchanged. Applying this coding method gives agatoe with quantum
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Section 8.9

8.8. INNER PRODUCT PROBLEM FOR TWO BITS

bits of communication that calculates the inner producirfput size . By the results

of the previous section, we can now conclude that , which is obviously tight.
For the probabilistic setting, we assume-it protocol with error-rate. By the

same reduction of the above paragraph, this yieldgabit protocol with a probability

of error bounded from above by for strings . Again
by the earlier results in this chapter, this gives us a lowara on the number of
communicated bits according to -, which for the limit

implies

Inner Product Problem for Two Bits

The above results on the limitations of quantum commurooadeem to suggest that
entanglement does not hedp all for the distributed calculation of the inner product
function. This pessimism is not entirely justi ed as we wske in the remainder of
the chapter. We will consider the function for input strings of size two, where we
allow only one bit of communication from Bob to Alice. Thetktwho then has to
guess the value as reliably as possible. With classical communication,
this success rate is bounded from above by , whereas in the quantum case the
probability for to give the right answer can be almost .

The Classical Case for Two Bits

The function that we consider here is de ned by

which has the following table

IP

It is clear that if Alice has , she will never make a mistake when inferring
that . This tells us—as we assume a worst case distribution ower th
inputs—that we have to focus on the errors that can occur when . Hence, we
start our analysis with the assumption that the valuesid occur according to the
probability distribution with

if ,

— otherwise. (8.3)

It is also obvious that for this distribution, Alice has to receive some information
from Bob if she wants a probability of success greater thaalia(equaling a random
guess). We will therefore look at the deterministic proteco, where Bob starts by
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8.9. THE CLASSICAL CASE FOR TWO BITS

sending the bit value if his is element of some set ,
and otherwise the value if . (With and

, see the introduction in Section 4.4.) After this, Alice hagyuess
the value of on the basis of her string and the received bit. By simply
going through all the options for and  (essentially ), in combination with the
rational choose for Alice (in the light of the assumed digttion ), we can see that
the following four protocols each have the lowest possiblergprobability of out of

The two sets are and . Alice's answer will
simply equal this bit .

If and then 's guess is calculated by dr

The nal answer is T in combination with Bob's sets and
When Bob uses the sets and , Alice answers
“ "if her and “ " otherwise.

Moreover, if we look at the values and for which the above protocols make a
mistake (which happens only when ), then we see that the error probability is

equally distributed over the pairs with
Protocol the combinations that answers incorrectly
, and
, and
, and
, and

This suggests a probabilistic protocol that uses two putmio ips to choose
randomly between . The following procedure is indeed the best that Al-
ice and Bob can do in the classical case after having receheid inputs

1: Randomization Alice and Bob determine at random which one of the four deter-
ministic protocols or they are going to use.

2: Bob's communication Depending on his input and the chosen protocol , Bob
sends a “zero” or a “one” to Alice. (See the above list of pcotaescription for
the speci cations).

3: Alice's answer If Alice has she concludes “ ", otherwise, she
acts in accordance with the protocol that was chosen at the rst stage.

This communication protocol makes no mistake if and by its randomization
errs with in all the other cases. Therefore, a) there exists no ingitiloliition

that causes a higher error rate tharand b) the distribution as de ned in Equa-
tion 8.3 reaches the  bound and is hence an example of a worst case situation. In
other words, is the highest possible correctness ratio in the classattihg. The
next section shows that this can be improved if we allow Ahcel Bob to use prior
entanglement.
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Section 8.11

8.10. THE QUANTUM IMPROVEMENT

The Quantum Improvement

Here we will show that there is a one bit quantum protocol that has a correctness
rate of , which improves the classical bound by almost four percent.
The two parties have prior entanglement by the standard pair —

. Depending on his input, Bob rst applies an operation to his . After
this, a measurement is performed on the rotated qubit,iyiglal classical bit that is
sent to the other party. If the receiver, Alice, has , she knows with certainty that

without having to interact with Bob. If this is not the case (), she

performs a unitary transformation toher  and measures the qubitin the standard
basis with outcome. Alice's "guess' for will now be the parity bit

With the following rotations for and , this protocol will have a correctness
probability of- — for the worst case . (If , the correctness
rate is .) Hence, the quantum protocol is more reliable than anysitdakproce-
dure for this particular problem. The and rotations that establish this separation
are (with - - - )

and

(In case the reader is wondering about the ratio behind toi®pol, the entries of the
above matrices were obtained with the help of a computerrpmgdhat performed a
numerical search for the optimal solution of the inner pidaroblem. The corre-
sponding analytical expressions were inferred and verbgdhe author of the com-
puter program.)

Communication Complexity versus Quantum Mechan-
IS
We have reached the stage where we are convinced that quargahanicsometimes

allows a signi cant reduction in communication complexibyt also sometimes does
not. “The in uence that quantum physics has on the theoryistfithuted computation
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8.11. COMMUNICATION COMPLEXITY VERSUS QUANTUM MECHANICS

is signi cant but subtle”, should be the tantalizing corgibn for computer scientists.
But, to paraphrase Dr Johnson[12], “If physics kicks corepatience, should physics
not be kicked back?” That is, what can we learn about nonilycahd quantum me-

chanics from the theory of communication complexity?

The next chapter—which will be the last one before the Caicluof this thesis—
tries to initiate such a “back-action'. It will be shown thhe limits of nonlocality
coincide with the limits of distributed computing and thath of them can be viewed
as a re nement of the “no-signaling theorem'.
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Chapter 9

Superstrong Correlations versus
Communication Complexity

How close is the relation between nonlocality and commuigpavith prior entangle-
ment? What are the implications of the no-signaling thedi@rthe nonlocal behavior
of physics and communication complexity? In this chapterwill touch on these and
related questions. We do this by imagining a toy-theory @hieecHsH inequality for
locality is maximally violated (stronger than is possibieguantum mechanics) while
still respecting the axiom of no-signaling. It will be showfat in such a scenario,
the communication complexity of a distributed decisiontjemn becomes a vacuous
concept: it will always be one bit. This approach is inspibgdhe work of Popescu
and Rohrlich who, in a series of articles, asked the questibihy is Nature not more
nonlocal than she is?”

section9.1  Nonlocality Revisited

The Clauser, Horne, Shimony and Halt{sH) inequality for classical theories gives
a bound on the strength of correlations between two segheadgeriments.[22] We
described this nonlocality argument earlier in this thesiswe will here directly state
it in the form as we will use it in the rest of this chapter.

Imagine two separated partiesand , each of which can perform one out of two
experiments on a particle that they receive from a commoncsouThere are there-
fore four experimental set-ups that can apply to the combaystem:

and . The two possible outcomes of the measure—

ments on each side are labeled &and “ ”, and we will call the -particle system
We repeat the experiment many t|mes such that we have anate@stimation of all
the possible correlations between the different measurtevaad their outcomes. As
it is understood that for each trial we will always use the eatate-preparation of

, we drop the conditional part when expressing the protagsliFor example, the
probability that both Alice and Bob measure a “one” when theg the measurement
settings and is denoted by
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Section 9.2

9.2. THE QUESTION OF POPESCU AND ROHRLICH

The main result of Bell[6] andHSH s thatfor any local, hidden variable theory
about andthe measurements and , the following inequality most hold:

(9.1)

We know by now that quantum mechanics violates this bouni wit

for the entangled pair of qubits — , thereby proving that the the-
ory of quantum mechanics cannot be phrased as a local thElig;. however, is only
of limited interest. More important is that thus far all exipgents have con rmed the
violation of thecHsH inequality (as predicted by quantum physics).[3, 27, 65FTh
the more relevant side of the matter as it is not inconce@/Mtdt in the future we will
replace the theory of quantum mechanics by a more accuraterar general model of
Nature. But no matter its exact formulation, this succegdodel will have to agree
with the experimental results that we have already obtaiAed asthe empirical data
by itself rules out a local explanation, any proper futuredidate theory will have to
be nonlocal as well. The study of "nonlocality-as-such'idtpfor the above reasons,
extend to all theories that violate the bound of Equation @ather than only investi-
gating the version of nonlocality that we encounter in staddjuantum mechanics. In
this chapter, we will indeed study nonlocal correlatioret thre not possible with our
current theory of quantum physics.

The Question of Popescu and Rohrlich

In a series of articles, Sandu Popescu and Daniel Rohrlicthesjuestion why Nature
seems to allow a violation of theHsH inequality with a correlation term of -,
but not with more.[55, 56, 58] (See, for example, the artipjeBoris Cirel'son for a
proof that " isindeed the limit.[21]) They rhetorically ask themsetv&Sould the
requirement of relativistic causality restrict the viadex to [ “]instead of ?”[56]
Such a result would be great step towards a better undenstpofiNature for “If so,
then nonlocality and causality would together determirgegbantum violation of the
CHSHinequality, and we would be closer to a proof that they detteerall of quantum
mechanics.” Unfortunately, this turns out not to be the calee authors prove this
by constructing a toy-theory where the nonlocality Inegyé.1 is surpassed by a
correlation value of . The non-zero probabilities of this super-nonlocal theary
simply

- f ,

9.2)
- otherwise.

This leads indeed to the maximum violation
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9.3. DISTRIBUTED DECISION PROBLEMS AS INNER PRODUCTS

while the randomization of the outcomes still prevents élic Bob from transferring
information to the other party without the use of convengl@ommunication.

So, if causality is still respected with the correlations=ofuation 9.2, why does
Nature not allow it? Are there any (obvious) rst principlésat forbid a violation
stronger than that of quantum mechanics? Or, to put it mamdtically and to the
point,what is so bad about stronger-than-quantum-mechanicswatity? Here | will
try to provide a partial answer to this question by pointing the far-reaching conse-
quences of the toy-model by Popescu and Rohrlich for digthcomputing. It will be
shown that the maximum violation of tleHsHinequality leads to a model of Nature
where the notion of communication complexity is vacuoukdactision problems can
be solved deterministically with only one bit of communioat

First, we will nd a general way of expressing all possiblstdibuted functions in a
standard format that coincides with the inner product protiior two parties. Then we
will see how, with superstrong correlations, theproblem (and hence all problems)
can be solved with the minimal amount of one bit of commumiceirom Bob to Alice.
The concluding section of this chapter is used for a disounssf both this result and
the prospects for continuing this line of investigation.

Distributed Decision Problems as Inner Products

Any function can be expressed as a multi-variable
polynomial with modulo two arithmetic (where ). This is most easily
seen by the fact that elementary Boolean operationahile, OR, NOT or “equivalence'
can be calculated with addition and multiplication over

AND OR

NOT

Just as any Boolean function can be constructed from those
primitives, so can also be constructed from the elementary  operations “ ”
and “”. The -bit equivalence relation &iv, for example, thus becomes

EqQuiv AND

Furthermore, as long asand are of nite length, we can rewrite such polynomi-
als

as a nite summation of products , Wwhere and are polynomials
in the input strings and respectively. Moreover, we can restrict thefunctions to
the products of the form , with one of the characteristic vectors
. In total, there are therefore different polynomials that we have
to consider, and hence the indei the summation is bounded by . This
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gives us a way of representing the functioas an inner product problem of input size
(9.3)

(9.4)

For the -bit EQuIV function, for example, this is shown by

EqQuiv
with the polynomials on each side:
We can view this as an inner product problem because all thakies will

be known on Alice's side without any communication from they party. The same
holds for the bits described by the polynomial®n Bob's side. Hence, if and are
able to compute the functionforinputsizes of with the one bit of communication,
then they also are able to calculateydecision problem

with a single bit of information exchange. We will see in thexhsection that this
indeed possible with a maximum violation of theisH inequality.

section 9.4  Inner Product and Nonlocality

Assume a model of Nature where the probabilities of Equéli@rare applicable, and
hence where the correlation

holds for all . In such a world, Alice and Bob (with their bitsand ) can
perform two separated measurements on their super-cededtates which yield the
outcomes and that obey . From this, it follows that in the case of the
inner product function , Alice and Bob can perform measurements on an equal
number of super-correlated particles in order to obtaintheut any communication—
a collection of bit values and , with again for every . By the
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9.5. TRIVIAL SUPERSTRONG COMMUNICATION COMPLEXITY

commutativity of addition (modulo two), this allows the regping of the bits to the
two separated sides of the communication protocol:

Because Bob can construct and add his/alues without requiring any information
from Alice, he can therefore compute the value by himself and

broadcast this single bit to Alice. She, on her part, cretites values and nishes
the protocol with the errorless conclusion

Trivial Superstrong Communication Complexity

We just saw how the function has a communication complexity of one bit for every
nite input size in the setting of superstrong correlatiortdence, we can apply the
reduction of Section 9.3 to reach the result that any disteitd decision problem

can be exactly computed with a single bit of communicatiocgudion 9.3 tells us that
we can rewrite the function to

As Bob can compute all the values by himself, he and Alice can also remotely and
independently create the and values such that for all

. After the appropriate regrouping of the sum, the previausagion then
becomes

It should now be clear that Bob can compute the bit by himself
and then communicate it to Alice who, just as for the function, concludes with

This nishes the proof that with the help of the superstrongelations of Equa-
tion 9.2, any distributed function can be decided on Aliside without error after only
one bit of communication from Bob. It is true that the amouriesources (the super-
correlated states) grows exponentially with the input sizeut this does not effect
the conclusion that the communication complexity—afteritiputs are distributed—
is minimal. We will nish this chapter with a short discussi@about the implications
of the above result.
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9.6. DISCUSSION

Discussion

We can now rephrase our original question as, “What is so tiaditure about super-
ef cient distributed computing?” It is not clear if there ésconvincing answer to this
guestion, as it does not seem to con ict with any physicalitian. But trivial com-
munication complexitydoesdisprove the existence of an intrinsic “complexity' for
distributed tasks. Even if we need an exponential amountiof guperstrong en-
tanglement (as is indeed the case in the derivation of Seétis), the solution of all
possible distributed functions with a single bit of comnuation surely does contra-
dict our experiences in computer science. Much as in corbfityatheory, there is
a hierarchy of different “classes' of communication protée/4] Such hierarchies are
at the core of theoretical computer science, and theirape#'—as happened here by
assuming superstrong correlations—goes against theiamwaf most researchers in
the eld of complexity theory.

Future investigations along the lines of this chapter caaitmed at obtaining other
implications of stronger-than-quantum-mechanics cati@hs. What happens, for ex-
ample, if we assume a violation of tteHsH inequality with a factor less than the
four we used here, say with-? This is still stronger than allowed by the the nonlo-
cality of quantum mechanics, but the consequences for conuation complexity are
less clear in this scenario. Also, the possible implicaifor computationaklasses
deserve further research. One can thus investigate howxiberce of superstrong
correlations would enhance the power of, say, logarithrejati circuits. Could it be
the case that this class NC contains all of P? And even beyond that, what can be
computed in polynomial time under the assumptions of thaptér? The conjecture
that superstrong nonlocality would imply NPP , is certainly a tempting thought.
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Chapter 10

Conclusion

In this last, chapter | will describe some of the work on comination complexity
done by other authors. This review is concluded with an vetfor future research.
Finally, the possibilities of experiments that implemen¢®f the protocols will be dis-
cussed. We derive some threshold values for the realidtingef noisy entanglement
and faulty detectors. These criteria for a proper quantumraonication protocol refer
directly to some of the loopholes that exist for the experitakbveri cation of Nature's
nonlocality.

Other Work on Quantum Communication

Soon after the rst publication of a separation between quiarand classical commu-
nication complexity[23], other, more spectacular, resulere obtained. Besides the
ones described in this thesis, the following results shbelchentioned.

In 1997, Harry Buhrman, Richard Cleve and Avi Wigderson oiad an almost
guadratic separation for the well-known two-party disfo@ss problem in the random-
ized setting.[17] In the same article, they also showed groeential difference be-
tween quantum and classical communication for a detertiinomise problem that
is based the on Deutsch-Jozsa algorithm.[26] The functiothi quadratic separation
tells if two sets are disjoint or not. Hence,

DISJOINT NoT

where and are the characteristic vectors for the setsand . The
authors recognized that this function is a distributed edse database search for an
index such that . Hence, by applying Lov Grover's search algorithm[14,
31, 32] while sending the index register of size  backandforth  ~ times, Alice
and Bob can solve this problem with bits of communication. As it was
already known that a probabilistic solution of thesDOINT function requires

bits of communication[38] in the classical setting, thisabtished a near quadratic
separation.
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10.2. OPEN PROBLEMS AND FUTURE RESEARCH

The exponential difference is possible for the determimipromise problem where
the function DDJ ("distributed Deutsch-Jozsa') is de ngd b

if the string is "balanced’,
if the string is “constant’,
where is the bitwiseEXCLUSIVE OR of the bits

and the promise on and is that this string is either balanced or constant. For the
quantum solution of this problem, Bob starts by preparirg state of qubits
— , Which is then teleported to the other party (requiring  bits of
communication). Alice, on her side, changes this receitaie $0 the nal superposi-
tion — , which enables her to decide without error if  is balanced
or not. The proof that of the order of bits of communication are necessary without
gquantum resources is rather involved and can be found irrigmal article. The expo-
nential separation by Andris Ambainis, Leonard Schulmampan Ta-Shma, Umesh
Vazirani and Avi Wigderson improves the previous resultiattit holds for the more
realistic probabilistic setting.[1] It should be mentich&owever, that the distributed
“sampling' problem of this article lies outside the startde@mmunication model: it is
a not a decision problem, but a multi-valued function indtea

The strongest separation that we currently have was establiby Ran Raz in
1999.[57] The problem that is analyzed in this article ismied follows. Alice receives
a unit vector and two mutually orthogonal subspaces, . The input
of Bob consists of a rotation . The question that Alice has to answer now
is: “Is an element (within some error margin) of or of  ?” The input for
both parties consists of real variables. In the approximating variant, each vaeabl
is described by bits, which leads to a total input size of . The
restriction on the inputs is the promise that will lie in either or , butnotin
both. Using teleportation, it is reasonably straightfamhi@ design a quantum protocol
with complexity for this problem. The signi cance of Raz's work lies in the

~ lower bound he obtains for the probabilistic, classicakcpdures.

Open Problems and Future Research

An important open problem in the theory of quantum commuidcais the poten-
tial difference between the qubit and the entanglement nmfideommunication ¢f.
Section 4.10). We know that every qubit of communication lsarsimulated with an
entangled pair and two classical bits of communication vt about the inverse of
this simulation? Is it always the case thabits of communication in combination with
a potentially unbounded amount of entanglement can be cl/mto a protocol that
uses qubits of communication but no prior entanglement? If thedsts such a
conversion, then the qubit model and the entanglement nawdelffectively the same.
But if this is not the case, then we have to conclude that tleatyum complexity of a
distributed function consists of two distinct componenfsthe amount of prior entan-
glement, and 2) the number of communicated bits, where thiecan be much larger
than the second.
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10.3. THRESHOLDS FOR EXPERIMENTAL IMPLEMENTATIONS

We already mentioned the almost quadratic reduction in dexitg for the Dis-
JOINT function. This result is especially interesting as thisdiion plays a role in
communication complexity comparable to thet8&FIABILITY problem for computa-
tional tasks. In [4], it was shown by Babei al. that it is a complete problem for the
communication class co-NP Hence, the natural and open question of whether there
exists an guantum protocol for the 3JOINT problem is equivalent to asking
“NP BQP 7?7, where we already know that NP BPP .

This brings us to the most prominent open problem in in thd: €&oes there exist
an exponential separation between probabilistic cladsioa quantum communication
for a function without a promiseVe know by the work of Bealgt al. that in the
black-box model of computation there can only be a polynbdifference between
classical and quantum computers.[5] One wonders if thistaddds for communication
problems, and if so, if the “lower bounds by polynomials' hwats of this publication
also translates to our setting. Recently, Harry BuhrmarRowhld de Wolf have made
a signi cant rst step in this direction[18]. Yet it is stilunknown how far nonlocality
will take us from traditional communication.

Thresholds for Experimental Implementations

Our last discussion in this thesis will be about the expenitalefeasibility of simple

gquantum communication protocols. Various experimentsiilte have already con-
rmed the nonlocal predictions of quantum mechanics.[3, @] More recent ideas
like superdense coding or teleportation have also founid weey into the laboratory.

(See [11, 13, 28, 44] for some examples.) It is thereforerahta wonder if it is pos-

sible with current technology to implement the protocolgto$ thesis, and what the
criteria are for a “successful experiment'.

In communication complexity theory, we compare procedorethe basis of the
amount of information that the parties have to exchangelt@sodistributed task. This
has the fortunate consequence that we are not concernetheigiossibility of 'some
kind of hidden signaling betweenand ', and hence with the criterion of space-like-
separation for the measurements and . It is perfectly in order for Alice and
Bob, to have received the prior entanglement and the datagdilme before the actual
execution of the protocol. The only resource that counth@dontext of this thesis
is the number of (quantum) bits that the parties have to conicate. Hence, we can
safely disregard the potential "hidden' communicatiomisen the entangled quantum
states. Not because it cannot occur, but because it doesuot. ¢

The detector ef ciency, on the other harthesplay an important role. It increases
the complexity of the quantum protocol if Alice sometimes kainform Bob that her
photon detection failed and that the experiment has to beateg. Assume, for exam-
ple, that the error-rate of the detector is so high, thatetlesists a classical model for
the experiment that gives the same predictions (see [53f@xplanation of this pos-
sibility). Then, by the same token, there also exists a abkprocedure that achieves
the same correctness ratio as the quantum protocol. Hemeexistence of such a
“detector loophole' indicates that the quantum mechameigaeriment does not give an
improvement of over the classical lower bound. In the negtisas, we derive some
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10.4. THRESHOLDS FOR A ONE BIT PROTOCOL

thresholds for the error-rate of the detectors and the rafitlee entangled states, that
truly separate quantum communication from its classicatipat.

Section 10.4  Thresholds for a One Bit Protocol

Consider the two-party protocol that uses one bit of comiation and an entangled
pair — . (See, for example, the protocols of Chapter 5 or Sec-
tion 8.8.) Let  be the success rate of the quantum procedure under perfetitioas,
which is higher than the classical bound We will answer two questions for this set-
ting: “What is the amount of noise that we can allow fdg?” and “What ef ciency is
required for the detection or measurement of the qubits?”

section 105  Noisy Entangled States

Let be the probability that Alice and Bob have a randomubit state rather
than the desired entangled pair The density matrix  of this mixture reads in the
computational basis as

The expected probability of success,, for the quantum procedure with this noisy
state is —— (under the worst-case assumption that the quantum protagtiol
the completely noisy state corresponds to a coin ip, andckedmas an error rate of

). By the equation , this gives the threshold on the quality of the state
of

As an aside, it is interesting to combine théhreshold with the observation in Sec-
tion2.2thatfor - the state is disentangled. If this is the case, then the quantum
protocol can always be simulated by a classical procedung tise decomposition in
tensor-products of the state . Hence we have also a bound on how muchand

can differ: .

Chapter 5 gave the example of a function for which - -  and -.
These values give us the criterion — for the purity of the state . This
is de nitely feasible for entangled photons, for whichrates close to  are already
possible.

Section 10.6  Inexact Measurement Devices

An apparatus that tries to implement a measurement can thavkinds of errors: it
gives a random answer, or it gives no answer at all. (The ddgerof the second

page 85



Section 10.7

10.7. CONCLUSION

is that the party then at least knows that something went gvjoihe probability of
an incorrect answer can be rephrased as a perfect meastr@mamoisy state, the
case which we analyzed in the previous section. A faulty mnessent that produces
a random outcome with probability is equivalent to a perfect measurement on
the noisy state . If we combine such an imperfect measurement device withi/no
states , we get a total eta factor of

Now we will focus on the second scenario, where there is agiitity that
a party is not able to read out the (otherwise perfect) measemnt outcome. This gives
the probability that the protocol is executed without any problems, that
one of the parties does not measure an outcome, and the irgain thatboth

parties do not obtain a measurement result. When a detemtionoccurs, Alice and
Bob can adopt the strategy that they try to execute the bestlge classical procedure
as an alternative. This back-up plan will have a correctpesbability of  in the
case that both sides have such an error (the probability ). If only one party has
a problem with his or her measurement, then the protocolasiitespond again to a
blind guess. The overall success of this approach is theslea¢d by

leading to the lower bound for the “visibility' of the qubits

For the earlier - - and -, this gives the threshold of bigger than
B . For photon detections, the detector ef ciency threshsiby far the

most problematic as state-of-the-art experiments aidistited by a of the order of
to

Conclusion

In this thesis we saw how one can translate the nonlocal phena of quantum physics
into communication protocols that are more ef cient thaasslical procedures. These
results highlight the differences between classical arehtpm information in way
similar to that of quantum computation.

The implementation of a quantum protocol that is truly mafreient than any
classical procedure is problematic because of the detawbciency of our current
measurement devices. But, as for the detector loopholedidionality experiments, it
is not inconceivable that in the near future a suf cientljiable measurement device
can be employed to overcome this barrier.

It is debatable if quantum communication will ever reachgtadus of a ‘commer-
cial application'. But even if it does not, its ideas willlstemain a powerful tool to
underline, explain and investigate the differences betvegeaniverse that is governed
by classical laws and the one that we are living in.
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Section A.1

Appendix A

Appendix to Holevo's Bound

"Holevo's bound®puts a limit on the amount of classical information that carrans-
mitted with quantum signals. One consequence of this cafetdresult is the observa-
tion that a -dimensional closed quantum system can carry no more irgtomthan a
classical system of the same dimension: bits. More precisely, Holevo's theorem
establishes an upper bound on the mutual information between the source
Bob and the receiver Alice according to . (See [25, 61] for the notion
of "'mutual information'.) This bound is calculated as follows.

By , we indicate a source that transmits its codewordsvith
probability . The “average' codeword for such ais thus expressed by
With this , thechi quantity of a source is de ned by

where denotes the Von Neumann entropy of a quantum mechanicaliraixt

Before we extend this result, we will rst take a closer lodklae above theorem
and try to understanathythe information transfer is bounded by the difference betwe
the two terms and

Information Transfer with Quantum States

Bob can send information if he is able to change the state @ieAh such a way
that she on her side can detect this change. The bigger tigesgtace of the change
is, the more information can be transfered by it. This is gegat by the positive
term “ " in Holevo's bound, which expresses the randomness
that Bob can cause on Alice's side. Here we already see tkainfbrmation

transfer is fundamentally bounded by the dimension of tretesy (because

Dim ), independently of the number of messageshat Bob uses. This phe-
nomenon is most clearly at work when we allow the whole cantin of one-qubit
states . Such a source gives an uncountable in nite set of
possible signals that Alice can receive, yet she will not bke @& infer more than

page 87



A.2. HOLEVO'S BOUND VERSUS SUPERDENSE CODING

one bit of information per received signal from it. This isedio the small distin-
guishability between most of the messages: on paper it may seat and
— — are very different, but the physical reality is that they

are very similar. In every possible situation (allowed byauwm mechanics), will
behave almost the same aslt is therefore very hard for Alice to discover which one
of the states she has received. All this is captured by thdl emi@mopy of the equal
mixture - - .

The second, negative, term in Holevo's bound tells us tratdhdomness  has
to be related to the probabilities for the different messages, and not the individual
entropies . It is not suf cient for Bob to cause a big random effect on titeer
party's side. For if he wants to convey a messagthere also has to be a strong,
detectable correlation between thand its carrier . Such a correlation is indicated
if the randomness of disappears when we know the indethat Bob has used. But if
the signals by themselveare very randomi,e. their entropies are high, then
this will decreasehe effectiveness of the source . This justi es the
subtraction of the sum

secton A2  Holevo's Bound versus Superdense Coding

Is superdense coding not a violation of Holevo's bound? Aeenat using one qubit to
transmit two bits of information? No, we are not. It is truatBob only sends a single
qubit to Alice but this signal is part of a bigger four-dim@msal ( -qubit) system that
cancarry the two bits of information. This is again an examplesvehwe have to pay
attention to the fact that entangled qubits should be viexgea single system.

But is it then also possible to come up with a protocol wheeeghrties initially
share entangled pairs, where after the transmission of one quiriértan two bits of
information has been communicated? The following extanefoHolevo's bound by
Michael Nielsen tells us that this is not possible and thaesdense coding is indeed
the best we can do.

sectionA.3  Holevo's Bound in the Presence of Entanglement

How much can the mutual information of Alice increase if she receives one
gubit from Bob? Let (with the average state ) be the
situation before the communication of the quhjtand (with

) the situation afterwards. This is the joint system of and , hence we

can use both the subadditivity rule and the Araki-Lieb iragy[2], which tell us that

for quantum systems and . In our case

is Alice's initial state and is the single qubit (with ), implying
the bound

(A.1)

(A.2)
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where the square brackets indicate the application of thadditivity/Araki-Lieb re-
sult.

Besides the above scenario, other activities during a gganbmmunication pro-
tocol are: 1) unitary operations on Alice or Bob's side and®) communication of
guantum information from Alice to Bob. The entropyof a quantum system is in-
variant under unitary transformations, and it also knovat thacing out a qubit (which
is what effectively happens on Alice's side when she sendshét tp Bob) cannot in-
crease the value of. We have thus reached the conclusion that the mutual infisma
on Alice's side, , can only increase if she receives a qubit from the other
party, and that this increase per qubit is bounded from abgvebits. This bound is
obtained if and share initial entanglement and use the superdense coditarpt
from Bob to Alice to send information.

Furthermore we can also analyze the scenario where thegddinot share initial
entanglement. This can be rephrased as the situation wHiere starts with a xed
pure state and hence with . Thisterm bounds the mutual information
from above by and can only increase with one bit when Alice
or Bob sends a qubit to the other party. Therefore, in thisngethe total amount
of communication has to be at leastbits if Alice wants to obtain bits of mutual
information from Bob. This result will be clari ed for two ahdard protocols.

Classical communication from Bob to Alice: Alice starts with a zero register and
every time Bob sends her a classical bit of information, thifactor increases
with one bit as and remains zero. After bits of
communication, this establishes

Superdense coding from Bob to Alice:First, Alice distributes- entangled pairs be-
tween her and Bob (we assume that even). This requires qubits of com-
munication from to and yields the intermediate situation on her side with

— and hence . After that, Bob uses the entangled
pairs for superdense coding, thereby reaching the boundjoétion A.2 and
communicating bits to Alice.

The main implication of this is that even if Alice is alloweslgend out an unlimited
amount of qubits (to create entanglement between her ared p#nties, for example),
it will still be necessary for to send — qubits back to to convey bits of in-
formation to her. This immediately puts a limit on the useéds of entanglement for
information transmission: the factorreduction of superdense coding is the highest
possible.

This result is an expansion of Holevo's bound, as it encatesla more general
setting where two-way communication is allowed betweesnd instead of the one
way communication of the earlier theorem.
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