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Introduction

\I'm not happy with all the analyses that go with just the classica | theory, because
nature isn't classical, dammit"

This brusque statement was made by Richard Feynman in his keyno te speech "Sim-
ulating Physics with Computers' in 1981 and heralded the new “eld o f Quantum
Computation.  He stressed the fact that computers whose behaviour depend on quan -
tum mechanical phenomena are perhaps more powerful than ordina ry, “classical' com-
puters. This has proven to be true and has raised a growing interes t among both
physicists and computer scientists in the theory of Quantum Computin g.

In 1994 Peter Shor showed the existence of an algorithm for a quantum computer
that can factor any number within polynomial time. This is a remark able result
because it is generally believed that on a classical computer this problem takes up
an exponential amount of time, which is the reason that the dixculty of factoring
is used in most modern cryptography protocols. More recently, L ov Grover demon-
strated that a quantum computer can nd an }gnt_ry in an unsorted list of s ize N with
a time-complexity proportional to only N . It is not known how to do this for any
computer as-we-know-it-today.

We will apply the paradigm-shift from classical to quantum computa tion to the model
of Cellular Automata. Cellular Automata are commonly used to describe discrete
systems with a parallel and uniform time-evolution. “Conway's Ga me of Life' is a
well-know example of such an automaton on a two dimensional gri d. Just as Turing-
machines are appropriate when considering sequential computa tion, cellular automata
provide us with a theoretical abstraction of massive parallel com putation. Cellular
automata are also used in physics, biology and other areas to desc ribe systems such
as °uids, gases and -sequences.

After investigating some of the typical characteristics of this mode I, it will be
shown that there exists a  Universal Quantum Cellular Automaton that can simulate
any other automaton with only linear slowdown. This result may be of use for the
actual construction of a quantum computer because several authors have suggested
that it may be easier to construct a Quantum Cellular Automaton than a Quantum

Turing-machine.



Chapter 1

Quantum Physics

We shortly describe some concepts and laws of quantum mechanics . We will re-
strict ourselves to the fundamentals which are necessary and suzci ent to understand
guantum computation.

1.1 The Two-Slit Experiment

As a start we will look at Young's two-slit experiment which shows us the basic properties of quan-
tum physics (Figure 1.1). After describing this well-known experiment in words, the bracket no-
tation will be introduced. The mathematical background of this notational to ol will be explained.
We refer to the standard introductory books for a more thorough and detailed eplanation of
guantum physics [10, 14, 24].

The set-up of the two-slit experiment is as follows. A sourceS sends a photon through a wall
with two-slits A and B on a projection screenP. The probability of a photon arriving at position
x on this screen will depend on the value ok. When we repeat this experiment for a large number
of photons this probability-distribution on P will produce an interference pattern which can be
explained by the wave-like properties of light.

The problem is that this interference also occurs when the source emits photons at such aw
rate that only one photon at the time travels from S to P. This means that a photon can interfere
with itself. To understand this phenomenon we have to look more precise to what is hgpening.

For every photon that arrives at x there are two possibilities for its history: it either went
through slit A or slit B (from the source S). After the photon has been observed atx it is
impossible to determine if it usedA or B to pass the wall. We therefore say that the two routes
\from S, through A, to x" and \from S, through B, to x" are indistinguishable This is a necessary
feature of the experiment becausevhen we dotrack down the way the photon goes, the interference
pattern vanishes. (This can be done by setting up two detectors at the two slits.) In short: a
photon that goes through speci cally one slit cannot interfere with itself.

1.2 The Bra-ket notation

We now know that the interference depends on the set of possible paths a photon can travéiom
S to x. This can be described by thebra-ket notation. This is the conventional way of describing
guantum mechanical events and was introduced by Paul Dirac [17]. The mathematidabasis of
this formalism will be explained in the next section.

When it is possible to go from a con guration X to con guration Y we can describe this with
a non-zeroprobability amplitude hY jXi. This amplitude is a complex number with a norm - 1.
The hYj part of this expression is called abra, the jXi part is a ket. The whole term is therefore
called abra-ket Inside this bracket are descriptions (note: not mathematical expressions). A
bracket should be read from right to left to understand its meaning. If it is not possible to go
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projection screen
wall
M X
S L
B
- 5 interference pattern

Figure 1.1: Young's two-slit experiment. The sourceS transmits photons through a wall with
two slits (A and B) on a projection screenP. The arrival of a single photon at the screen
P is described as the superposition of the two possible trajectories alloweby the two slits.
Because the probability amplitude of arriving at position x via A di®ers (in general) from the
amplitude of arriving via B, an interference pattern will appear. If a measurement is performed
in order to determine through which slit the photon has traveled, the interference pattern at P
will disappear. This is because the two trajectories are now made distinguishablwhich destroys
the initial superposition of the photon. In reality distance between the slits A and B has to be
much smaller to get a noticeable interference pattern.

from X to Y the amplitude hyjXi will be 0. We say that X and Y are mutual orthogonal when
hy jXi =0.

By multiplying the amplitude hzZjYi with the amplitude hYjXi, we get the amplitude of going
from situation X to Z, thus: hiZjXi = hZjYihYjXi.

A probability amplitude tells us the probability jhYjXij? of measuringY given the initial
con guration X . The amplitude hYjXi cannot be measured directly.

Because the labelsX and Y describe situations they can sometimes be decomposed into
more speci ¢ descriptions which are mutual exclusive. If we take the example for hich jXi =
jX1 or X»,i then the amplitude of going from state jX i to state hYj can also be decomposed. If
the parts jX1i and jX,i are indistinguishable we canadd the amplitudes such that:

RYiXi = hYjXiorXpi = Wi Xqi+jX2ig = K jXai + hYjXoi

When the parts are distinguishable we cannot add the amplitudes. The same reasoning ge for
the bra, for example: hYjXi = hY; or Y,jXi = hY;jXi + hYyjXi.
Let us now restate the two-slit experiment with the use of this notation.

1.1 The amplitude of an emitted photon to reach position x at the screen is described
by:

harrives at x j emitted from Si ~ h xjSi

As we have seen this trajectory can be divided into two indistinguishable routes §oing through
slit A" and \going through B", therefore:

hxjSi = hxj from A ih through A jSi + hxj from B ih through B jSi
h xjAihAjSi + xjBihBjSi
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The probability of a photon to reach x from S is thus calculated by:
ixjSij? = jhxjAihAjSi + jBihBjSij?

This shows how the amplitudeshxjAihAjSi and lxjBihBjSi can interact and thereby increase or
decrease the valughxjSij?. If the A and B-part have the same phase, the probability is amplied.
Take for example the values: hxjAihAjSi = IxjBihBjSi = 1=2. The probability of a photon to
reachx via A or B individually equals j1=2j = 1=4. But the total probability is j1=2 + 1=2j* = 1.

The two parts “cancel' each other out if they have opposite phases. To see this we have
changehxjBihBjSi into j 1=2 such that jhxjSij“ = 0. This phase-dependent behavior explains
the interference pattern in our experiment. The phase of a photon to go from a slitto a position
x on the screen depends on the distance between the slit and Because the distance#\ j x and
B i x are di®erent for everyx, the two amplitudes hxjAi and hxjBi sum up di®erently for every
position X.

When we make the A and B parts distinguishable (for example by using a photon-detector
at the slits) this expression changes. Because we cannot add the amplituddsjAihAjSi and
hxjBihBjSi anymore, the probability of measuring a photon at x now equals:

jhxjSij? jharrives at x through A jSij? + jharrives at x through B jSij?

ihxjAihAjSij2 + jhxjBihBjSij?

We simply have to add the two probabilities.
The di®erence between the two calculations lies in the fact that amplitudes are complex-vaéd
numbers but probabilities are always in the domain[0; 1] 2 R. 3

1.3 The Mathematics of Quantum Physics

We will now make the bracket notation more precise and meaningful in a mathematal sense.
This can be done by de ning a complex valued vector space such that th@i and j¢i expressions
are vectors with an inner product h¢j¢i For our purposes it will be suxcient to use the following
two de nitions of a Hilbertian space and a state space.

1.1 (Hilbertian space) For every set of basis statesB3, the Hilbertian space ™ ,(B)
is the complex-valued linear space on the domaiB with a bounded norm. In other words, for
every

X
X = ®, ¢»

»2B

with ®, 2 C, the vector X is an element of »(B) if and only if (®" is the complex conjugate of
®2C)

X
®®, < 1

»2B

This space is equipped with aninner product h¢¢i: ",(B)£ "»(B) ! Candanorm k¢k: "»(B) ! R
de ned by:
* 0 10 1.
X X
X Yi = @ @A @ T A

»2B »2B »2B

X

®,
> »

and kX k = P hX; X i for every X;Y 2 ",(B). By denition all the vectors in B are mutually
orthogonal and have norm1.
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Note that we do not claim that this is the formal de nition of a Hilbert space The above described
“2(® spaceis only an example of a Hilbert-space. It can be shown that the inner product and
norm have the properties:

hX;®Y + Zi=®hX;Yi+ hX;Yi kXk, O

;Y i=hy;Xi" kXk=0if and only if X =0
;X i, 0 KXk + kYK .k X + YK
WX:X i =0 if and only if X =0 k®Xk = j® kX k

for every ®;” 2 C and X;Y;Z 2 ,(B). Which are exactly the properties we want them to have.
The complex-values in combination with the notation of the inner product already forecasts
the next de nition which formalizes the bra-ket notation.

1.2 (State space) Given a set of basis statesB, the state spaceHg equals the
Hilbertian space “»(B) restricted to the vectors with norm 1. The bracket notation enables us to
describe vectors byhXj and jYi 2 H g. If we restrict the inner product on ",(B) to the domain
Hg, we de ne with this notation:

RXjYi ~ hhX[:jYii

The Hilbertian space ",(B) is a complex, linear space spanned by the basis s&. Every vector

is in “(B) is therefore a linear combination of basis state2 B. Because the state spacéig is

a subset of (B), every state jXi 2 H g is also described by a linear combination of basis states.
A state does not determine its basis set. It is therefore possible to have two di®erent basis sets
A 6 B with Hg = Hp.

1.4 The Superposition of Basis States

The possible con gurations of a physical system are described by the state spadég which is
spanned by a set of basis state®. The number of basis states (which equals the dimension of
Hg) can be in nite and even uncountable (like the arriving of a photon on a positionx 2 R in our
example). From now on we will only look at "nite dimensional state spaces. A bais state » 2 B
will be denoted by j»i to preserve the bracket notation.

As a consequence of this, every statpX i can be described by a linear combination on the basis
StatesB:

X
Xi = ®,j»i

»2B

with ®2 C. It is said that X is in a superposition of basis stateB.
BecauseB is an orthogonal basis set with all vectors norm 1 we have for every; A2 B:
1/21 if A
Ao mTA=»
Ml = 5 itAs »

By multiplying the linear combination of X on the left with a basis state hAj we therefore get:

X
PAIXi = ®,Mj» = @x
»2B

for every A 2 B. This shows us how the inner product in the Hilbertian space’,(B) relates to the
probability amplitudes in quantum mechanics and vice versa. By de nition is holds that
X
Xi o= j»i h»jXi
»2 B



1.5. EVOLUTION OF QUANTUM MECHANICAL SYSTEMS 13

for every state jX i in the state spaceHg . The probability of measuring a state jX i in the basis
state » equalsjh» X ij 2 By the "norm 1' constraint on the state spaceHg we see that the overall
probability of measuring a con guration X in a basis state is 1:

X

jmiXij2 = 1

»2B
for every jXi 2 H g. This is the normalization restriction which will play an eminent role in this
thesis. Only states and transformations which respect this restriction are snsible from a physical
point of view. We say that a state space and its transformations have tde proper or well-formed.
This normalization condition for Hg is a restriction on the Hilbertian space “,(B). The classical
state spaceB is a subset ofHg where every amplitude has the value 0 or 1. We therefore can
write:

B ( Hs ( "2(B)

1.5 Evolution of Quantum Mechanical Systems

If we want to be more precise about the (time)-evolution a system undergoes, whave to use
transformations which describe this evolution in the state space. The transformations are con-
ventionally called operators or time operators. If under the in°uence of a operator U a systems
evolves from statejX i to a state jYi, we denote this by:

UiXi = jYi or hyjujXi = 1 or Xiof o ou o Y

If we want this operator to obey the laws of quantum mechanicsJ has to be both linear and norm
preserving. It has to respect the normalization condition and the superposition principle of the

state spaceHg . We therefore can write
0 1
X X
UXi = U@ @j»A = ®, CUj»i
»2 B »2 B

for every jXi 2 H g. BecauseU is a linear transformation it can be described by a matrix My .
If we want this matrix to be norm preserving it has to be a unitary matrix. In order to de ne
unitarity we “rst have to de ne the hermitian conjugate of a matrix.

1.3 (Hermitian conjugate) The hermitian conjugate of a matrix M is the matrix
MY with [MY]; © [M]; for every indexi andj.

This enables us to de ne:

1.4 (Unitary matrix) A unitary matrix M is a complex valued matrix such that
the hermitian conjugate MY is the inverse ofM and vice versa. Therefore:

MeMY = MYeM = |

A unitary transformation is thus de ned by a unitary matrix. From now on we will make no
distinction between a function U and the corresponding matrix U.

1.5 (Unitary transformation) A transformation U : Hg ! H g of the state
spaceHg is unitary if and only if it corresponds to a unitary matrix U 2 C9%d with d the
dimension ofHg .

Because every unitary matrix U has an inverseUY it de nes a bijective or reversibletransformation.
The classical unitary transformations are a subset of the unitary transformations and are described
by the unitary matrices U with [U]; 2 f 0; 1g for everyi;j . See the appendix for the de nition of
a unitary transformation on a in nite dimensional state space.
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1.6 Expanding the State Space

Consider two state spaceHy and Hy spanned byV = fvy;:::;vogand W = fwy;::: ;wng. If
we join these spaces we get an expanded space which will is expressed ast#resor product - of
Hy and Hy . This gives us a new state spacél; with dimension nm:

Hz = Hyegw)y = Hv-Hw

This space is spanned by the basis vectorg; = v; - w;. In the bracket notation this is usually
denoted as:

jVii-j Wji = jVi;Wji = jZij i
foreveryv; 2 V,w; 2 W andz; 2 Z. The tensor product - is a linear function which determines
all the vectors of H; by:

X X
If iXi = ® jvii and iYi = jjw i
i=1 j=1
Xm
then Xi-j Yi = ®_iji;Wji
ij =1
In vector notation this can be visualized as: 0 1
® 1
0 1 —
®jYi 2
®jYi § ;
iXi-j Yi = = - ga2cm
2 % : ® 1
®njYi :
® m

If the states jX i andjYi are known states, we will denote the joint statejXi-j Yi also byjX;Yi.
This is called a product state. (BecauseX and Y are just labels this is not a mathematical rule,
just a notational custom.) The set of product states of a state spaceHy -H w = Hz is a proper
subset of Hz. The states which are not product states are calledentangled statesbecause there
is correlation between theV -part and the W -part of the vector.

If a state spaceH; can be decomposed into two (or more) spacebly and Hy such that
Hz = Hy -H w, we refer to Hz as a product space. Noww and W de ne the “subspaces' or
“subsystems' ofHz. We will encounter these subsystems later on, when we are discussing the
notion of entanglement.

If P is an operator onHy, and Q is an operator onHyy , then their combined behavior in Hz
is also a tensor product:

PiXi- QjYi = (P- Q)jX;Yi
BecauseP and Q are matrices, the tensor productP - Q can be calculated by:

1
pP1uQ prQ ¢¢¢ p1Q
P21Q p22Q ¢CC¢ P Q § )

Cnm £nm

P-Q =

Pr1Q Pn2Q €¢C¢ pnn Q

The most important properties of the tensor product are (assuming that the dimensons of P; Q; R
and S are compatible):

If 1 2Cthen (*P)- Q=P - (\Q)=*(P- Q) P- (Q- R)=(P- Q- R
(P+Q)- R=P- R+Q- R (P- Q(R- S)=(PR- QS)
P- (Q+R)=P- Q+P- R (P- QY=(P- Q)
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Tensor products for matrices are also called \direct products” or \Kronecker products" [25, 33, 47].
The tensor product should not be confused with the Cartesian product £ ". A tensor product of
two spacesH and Hg is induced by the Cartesian product of the two basis setsA and B.

1.6.1 Notational Customs

The following notational customs will be used in this paper. When necessary, a beff explanation
will be given.

repeated tensor products By P (with n 2 N*) we meanP - P -¢¢¢-P (n times) and by
denition PO =1 2 C. Because a tensor product does not commute, we have to de ne
explicitly:

0] iUil
P = Pi = Pp- Pi-¢¢C-P,
i2Z, i=0

for r 2 N*, and becauseP!! = 1 also:

01
Pi = 1 2C

i=r
state space If we use the basis seB, the corresponding state space will be denoted by g .

basis set/states The setB is will be treated as a subset ofHg. The basis states inB will also
be namedcanonical states.

ket notation  For every basis state» 2 B we will write j»i when » is used in the context of state
spaceHg .

long ket notation  Becausejxi-j yi implies that the x and y part are not entangled, it is
erroneous to statejx;yi " j xi-j yi. In general {if entanglement is involved{ we have to
describe the state by one large ket. To avoid cumbersome expressions, thelfaling notation
is introduced:

— E
Xa;iii i Xpl = —[Xi]ibza = Xapl

1.7 The E®ects of Measurement

A quantum mechanical system is fully described by its state vector. This statehowever, cannot
be measured directly. That is, we cannot observe the amplitudes of the di®erent base vecto
Only some speci ¢ information of this state can be observed. Thesebservablesare characterized
in the following way.

Consider a state spaceH; with a state j2i 2 H z. An observable corresponds to a set of
subspaceHw, ; Hw,;::: ;Hw, B H z with:

2 foreveryi;j,ifi & j then Hw, ?H w,
P ~ ~
2 for every statej2i2H z: j2i= ikzl ®jAii  with jAi2H w, for everyi

An observation along these subspaces will give us a resujt' which corresponds to a single subspace
Hw, . This obeys the following rules:

2 The probability of measuring j equalsj® j2.

2 If j is measured, the statecollapsesaccording to j2 i A jAji (the new state vector is
normalized again)
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Because of the second rule all the information about the amplitude®is lost. This shows that mea-
suring a quantum-mechanical system is in general an irreversible process because thparposition
is disturbed (hence the \A " symbol).

1.2 Take a two spin systemH; with Z = fi"™i ;j"# ;j#"i ;j##g with a state j2 i in
the superposition: j2 i = j™i + 2j"# + Zj#"i . A measurement on the st spin dividesHz into
the two subspacesH, and Hy,, with W, = fj"™i ;j"#ig and W, = fj#"i ;j##ig. The W, space
corresponds to measuring \up" andW, with measuring\down".

Along these subspaces, the state vector is described by:

Pg* s o, Pg 2
Rio= 2 gt e iy = Pk Al

with jA;i 2 H w, and jAsi 2 H w,- As a result, the outcome of the measurement has two possibil-
ities:

1. “rst spin is \up" with probability  2; the new state vector becomesj? 9 = %p 5™ +2j"#ig
2. “rst spin is \down" with probability g; the new state vector becomesj2 G = j##i
3

This example shows that if a statejXi2 H o -H g has entanglement between the two subsystems,
an observation on the A-part will also in°uence the B-part of the state.

Our rst lemma tells us how to calculate the amplitudes of a subsystemHq in an expanded
state spaceH gn .

1.1 Given an expanded state spacéign whose states are described byxy;:::;Xpi 2
Hqn. For every X 2 Hgn, the probability amplitude to have jYi2 H g on the x; position of the
state jXi equals:
X
hx, = YjXi = X1 = Y;Xon = ZjXi
z2Qni 1

Proof. Let Q°be a basis set withHg = Hqo and Y 2 Q% BecauseQis an orthogonal set, we
have for everyq2 Q%

7 1 if Y

= Vix. = - -d = mq=

hx, = Yjxg=q;::0 = 0 if q6 Y
The state spaceH oz gni : €quals the state spacéHgn and therefore (by summation over the new
basis setQ°£ Q"i 1):

X X
hxy = YjXi = X1 = YjX1= Q;Xun = Zihxy = q;Xon = ZjXi
QZQOZZQM 1
= h(l = Y;Xppn = ZJXI
z2Qnit



Chapter 2

Quantum Computing

In this chapter we will describe the basics of quantum computation. This is done by
de ning quantum bits, quantum registers and quantum gates. The mode | of quantum
Turing-machines will also be mentioned.

2.1 Quantum Memory

2.1.1 Quantum Bits and Quantum Registers

Consider a two-state systemB for which we have labeled the basis states \0" and \1". The state
setHg is therefore be described by the con gurations

Xi = ®)j0i + ®jli

for every ®;®, 2 C with j®j?+ j®,j° = 1. Such a statejX i will be called a quantum-bit or qubit.
Because the canonical stateg0i and j1i will have their natural meaning, this systems is usually
indicated by H.14.

If we expand this state space to that of a system whose basis set is described b9; 19" we
get the de nition of a n-qubit system. The possible con gurations of such aguantum register are
covered by the expressions

X
Xi = ®,j»i
»2f 0;1g"

which obey the normalization restriction. The state space of ann-qubit system equals the tensor
product of n separate qubit systems:

Hiong = r'fo;lg'Hfo;J{gZ"tM'Hfo;l? = Hity

n times

Qubits and quantum registers are used to describe the memory of quantum computers. Theanon-
ical con gurations of an n-qubit system are the “classical con gurations'f 0;1g". The canonical
con gurations are a basis set for the systemtHg.1gn .

2.1.2 Entanglement

When the amplitudes of ann-qubit con guration de ne a correlation between the individual qubits,
we say that the qubits are entangled. This correlation can e®ect the outcome of measurements
performed on the system in a way that can not be understood in a classical sense.

17
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2.1 Take the following con guration of a two-qubit system:
j2i = %pifj 0;0i + j1; lig

When we measure the value of the “rst qubit, the wave function will collapse to oneof the two
possible states:

j2oi =j0;0i  or j2qi=j11i

This means that the value of the second bit is determined by the outcome of our measurement
on the st bit: there is a correlation between the bits. This is not always the case. If the initial
two-qubit system is a tensor product of two individual qubits, then a measurement on the rst bit
does not a®ect the second bit. For example:

ioo= %fj 0;0i + jO;1i +j1,0i + j1;1ig = %fj 010 + jliig-fi O + jlyig
An observation on the rst bit changes the system into one of the con gurations:
j2 ol = jOui- %pifj Ooi + jloig or j2qi = jlyi- %pifj 0,1 + j1pig
which does not a®ect the second bit. 3

The notion of entanglement is important because it illustrates the in°uence of a neasurement
on the system and is typical for quantum-mechanical systems. It also enables thecourrence of
interference in a quantum computer which de nes the fundamental di®erence between probabilistic
and quantum computing.

Entanglement can not always be seen by the probability of measuring certain basistates. As
a counterexample: the two qubits in the following state are entangled:

j2i= %fj 0;0i + jO;1i + j1;0ijj 1;1ig

although there is no “correlation' to be found when measuring the bits.

2.2 Quantum Gates

We will now look at gates which operate on qubits: quantum gates. In the previous chapter we
discussed unitary transformations operating on a state space. A quantum gatés a system that
performs such a proper transformation on a register of qubits. Every propr quantum gate that
operates on an-qubit system is therefore described by a unitary matrixM 2 C%9d (with d = 2"
the dimension of the state spaceH.140 ). An example of a gate that operates on one qubit is the
not -gate.

2.2 The not -gate is described by the unitary matrix which operates on the two
dimensional state spaceH; .14 with

" L ! 0i and " 0 ! 1i
o ! 1
The matrix Mpo; therefore equals
. M 0 1 1
not — 1 0
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The “traditional' behavior not (0) =1 and not (1) =0 is shown by the matrix multiplications:

Moot jOi = u01ﬂ¢u1'ﬂ Mol j1i
not J - 1 0 0 - 1 - J
and
Mot jli = u01ﬂ¢uo‘ﬂ _ Mt joi
not J - 1 0 1 - 0 - J
In general we have for this gate:
H T _ T p_ 1
- ... _ 01 ® _ ® _ .. -
Mnot f®j0i + ®jlig = 5 ¢ & - @ ®jOi + ®pjli
with ®y;®, 2 C and j@j° + j®j° = 1. 3

The last equation in this example shows that a quantum gate has to respect the msible super-
position of a quantum register. This enables us to de ne gates whose behavior is jmessible with
classical gates. An example of such a true quantum gate is the following:

2.3 De ne a one-qubit gate Q by:

0 = }“ 1ii 1+i T
T2 140 1ji
When applying this gate to the canonical statesjOi and jli, we get: (| = % i '5 i’ = %)

Qjoi = ,j0i + ,%j1i and Qjli = ,°j0i + ,jli
In both cases the result is a perfect ™ fty- fty' mixture of jOi andjli (there is only a phase di®erence
betweenQjOi and Qjli). If we apply the Q-gate a second time on this result we get:
QfQjOig = j1i and QfQjlig = jOi
which is the not -function again. This is atrmed by the matrix of Q?:

Q2_“01ﬂ
- 10

We therefore say that Q is the \square root of not ". Although the input and output of Q2
“classical' it is not possible to have a classical gat&® with the same behavior. This is proven by:
det(Q)? = det(not ) = j 1 and thus det(Q) 2 fi; j ig which is impossible for a classical gate. 3

The reversible gates with classical behavior are a proper subset of all pob# quantum gates.
Non-reversible gates are not proper because the corresponding matrix has to be anvertible
matrix (M ¢MY =1).

2.2.1 Proper Quantum Gates

It is not always obvious if a gate is well-formed or not. We therefore wil use the following “rule of
thumb' to certify that a gate with a certain requested behavioris proper.

2.1 (Requested behavior)  The requested behavioof a gateM is described by a
“nite list of input and output values h(x1;y1);:::; (Xk;Yk)i such that M (x;) = y; for everyi.

This de nition is used in the next lemma about proper quantum gates.
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2.1 If the requested behavior of a gateM : Hgn ! H gn is described by a list
h(x1;y1)s 05 (Xks Yi)i

with x; ? x; andy; ? y; for everyi 6 j, then there exists a proper quantum gate withM (x;) = ;

foreveryl. i- k.

Proof. Let the set of basis states be denoted b8" = f»;:::g. Becausexy;::: ;Xx are mutually

orthonormal, there exists a unitary transformation P : Hgn ! H gn with P(») = Xx;, for every

1. i- k. For the same reason there also exists a unitaryR such that R(») = y;. If we de ne

M = R ¢PY, M will also be unitary, with for every 1 - i - ki M (Xj) = R(PY(x;)) = R(») = ;.
2

2.3 Quantum Gate Circuits

An acyclic circuit of quantum gates is called aquantum (gate) circuit or quantum gate array.
The general behavior of a quantum circuit can be calculated with the matrix formdism in a
straightforward way.

Consider two gatesA and B that operate on two disjoint subsystems ofn and m bits:

The combination of A and B de nes a transformation on the state spaceH¢g.1gn - H to.19n =
Hto,1g7+m described by the tensor productA - B

(A' B):Hfo;lgn+m || H fo;lgn-*m
with
(A- B)X;Yi 7§ AjXi- BjYi

forevery X 2f0;1g" and Y 2f0;1g™.

When two layers of gates act as a sequence on amqubit system, the general transformation is
calculated by the product of the two de ning matrices. This rule was already used in the exaple
of the square root of not gate. To summarize:

1. When two gates are sequential, multiply the matrices
2. When two gates are parallel, take the tensor product of the matrices.

See Figure 2.1 for an example of a small quantum circuit. The characteristics fathe quantum
circuit model were rst investigated in articles by David Deutsch [16] and Andrew Chi-Chih Yao
[60].

2.3.1 A Universal Quantum Gate

Because quantum arrays de ne unitary transformations on qubit systems, it is naural to ask
\What kind of quantum gates do we need to implement an arbitrary unitary transfo rmation?"
For classical non-reversible computation we know that it is sutcient to haveand, or and not -
gates. The quantum case is a more dixcult problem to solve.

It is impossible to construct every unitary transformation exactly with a "nite set of basic gates
because the number of possible transformations is uncountable. We therefore hate approximate
the transformation within a bounded error. This means that given a transformation U and an
arbitrary small number " > 0 we can make a circuitU® which simulates U within the allowed
error ", that is kU j U% - ". If there exists a quantum gate by which we can construct any
transformation within a bounded error, we will call this gate a universal gate.
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layer with gates:A,B,C

layer with gates:D,E

Figure 2.1: A small quantum gate circuit with two layers and ve gates. The action of the st
layer is described by the tensor productA - B - C. The second layer equals:D - E. The
transformation de ned by this circuit is therefore described by: (D - E) ¢(A- B - C).

It was proven by David Deutsch that there exists a universal gate that operats on three bits
[16]. After that, Adriano Barenco[3] and David DiVincenzo[18] showed the exisénce of a two bit
gate which is universal in is computational power. For a detailed expose oftis subject the reader
is best referred to the famous “article by nine authors' by Adriano Barencoet al. The quantum
circuit model has proven to be the most convenient model to study quantum computing.

2.4 Quantum Turing Machines

The quantum Turing machine provides us with an alternative model for quantum computing.
There is strong relationship between the characteristics of suclytm s and reversible Turing ma-
chines [5, 15]. The following de nition has its origin by Ethan Bernstein and Umesh Vazirani

[6].

2.2 (Quantum Turing machine) A Quantum Turing Machine M is de ned by
the tuple HK; §;+, with § a nite alphabet set (including a blank symbol &), K a nite internal
state setand+:K £ § £fA ;lgf£ K £ §! C the Tnite state control .

The set of basis states is described by the state§ i = jk;h;Ai2 “,(K £ N£ Q%) = S, wherek
indicates the internal state of the gtm ; h de nes the head-position on the one-way in nite tape
and A describes the tape-content (with only a “nite number of non-blank symbols). The gldal
transition function M : S!S now obeys (for everyk; h; A; g; h% k® and A9:

K%hi LAgn 1£ € Apsr =jMjkihi Al = Hk;Ap A 5 g;K)
% h+1;Agn; 1 £ QE Apsr MK AL = (K Ap! oK)
k% h% A9Mjk:h;Ai = 0 otherwise

(Note that by each computational step the head must move.) By superposition on the set of
basis states,M describes a transformation on the Hilbertian spaceS. If M describes aunitary
transformation, the gtm M is said to bewell formed or proper.

2.1 We will use the following notational conventions: (Xi;jYi2 S and M a well
formed gtm ):

2 Instead of jk; h; Ai we may also writejk; Ag;::: ; An; 13 An; Ansy it
2 By jXift m jYi wemean:MjXi = jYi

2 |If there exists at 2 N with M'jXi = jYi we denote this byjXi {° v jYi
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2 The internal state is often described by a function-valuep:::q. For example, with pstartq
and phaltq we mean the starting and halting state 2 K of the qtm . This is done without
further speci cation.

2.4.1 Well Formed S

Becauseqtm s will not play an important role in this paper, we will only summarize t he main
characteristics of quantum Turing machines. First of all we have to take a abser look at the well
formedness issue. To handle this restriction on thén nite dimensional Hilbertian spaceS, Ethan
Bernstein and Umesh Vazirani translated it into the following three constraints.

2.2 A quantum Turing machine i]?:,well l‘ormed~ if and only if the "nite state control *
obeys the following local conditions (where ..z jk; h; Ai describes the summation on the basis
states of S):

1. For every basis stateX , the transformation M is norm preserving:
X % 2
jhk; h; AiM jXij© = 1
k;h;A

2. If X and Y are di®erent basis states with identical head positions, therM (X) and M (Y)
are orthogonal:
X - -
hY jM jk; h; Aihk; h; AjMjXi = 0
k;h;A

3. For every basis stateX with head position h the "A ' and ! '-part are mutual orthogonal:
X - ~
hk;h+1;AMjXihXjMjk;hi LAi = 0
kA

Proof. See the original paper [6]. 2

A gtm with a deterministic head position always satis es the third constraint. We will use this
in the following lemma which shows us that any nite dimensional unitary transformation can be
simulated by a quantum Turing machine.

2.3 For every unitary transformation M on H¢g.14n there exists a well formedgtm T
such that for every jAi 2 H ;o.14» We have:

jpstartq; i-j Ai " 1 jphaltg;0i- MjAi

Proof. We will restrict the de nition to the values A 2 f 0;1g" (by superposition this will impose
the desired transformation on the whole state spacé .14 ). Because there is only a nite number
(2") of possibilities, we will use an exhaustive look-up table. First we wil read the value from left
to right (thereby simultaneously erasing the tape contents). After this part, the gtm “splits' into
the desired amplitudes and writes the various basis states on the tape. After a sail “shu2e' (the
head is not allowed to stay stationary), the machine halts. With m,z = h»M jAi this is formally
described by the sequence:

jpstartq; 0i-j Aij 1 jpAcg;li-j O;Aqn; 1
First we replacethe n bits of the input string A to a corresponding state of theqtm :::

1% rjpAg;ni-j 0;:::;0i
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after which the output value is calculated by a "nite look-up table. This produces a superpsition
on the internal state of the gtm with amplitudes m.
X .
o m,ajpA;»q;n i 1i-j 0;:::;0i
»2f 0;1g"

By moving the head backwards, this output string is written on the tape of the Turing machine.
X ~ . . .
T MLAJPA; 2o 20N 2i-] 0510050y 1
»2f 0;1g"

By doing so, the superposition of the machineT is transported to a superposition on the tape,
X ~ . . .
T M,AJPA; »0; 0i -] 0;»1:n; 1l
»2f 0;1g"

Finally, the gtm is returns to one basis state "halting: :: ' which shu2es the head one last time.
X
T jphalting ::: g;1li- m,zj»i
»2f 0;1g"
i 1 jphaltg;0i- MjAi

With lemma 2.2 and the unitarity of M we can verify the well formedness of thiggtm . Because
M is norm preserving, them values will also be proper (requirement 1). Thep:::g-function will
be de'ned in such a way that A 6 A°implies jpAqi ? j pA%ji. The transformation M is angle
preserving, and thereforeM jAi ? M jA% which certies the second restriction. Because thisgtm
has deterministic head position, the third requirement is trivial. 2

It was shown by Ethan Bernstein and Umesh Vazirani[6] that there exists a Uniersal gtm that
can simulate any other gtm with only polynomial slowdown. The equivalence of the quantum
circuit model and gtm -model was proven by Andrew Chi-Chih Yao[60].

2.5 Algorithms for Quantum Computers

What are quantum computers good for? When we want to simulate a quantum mechamial system
a quantum computer could be very useful. On a classical computer we would have to compute
the evolution for every basis state after which the "nal result is obtained by a simmation of the
calculated amplitudes for each basis state. For am dimensional state space this calculation has a
time complexity proportional to n. Because the dimension of the state space grows exponentially
in the size of the system, this is a time consuming procedure. With a quantum computer His
problem of large state spaces is solved by allowing the quantum computer to entem equally sized
superposition. By doing this we do not have to do the calculation for every basistate because
the computer does this in parallel. This ‘quantum parallelism' is also the mainidea behind the
algorithms that have been constructed to solve traditional computational problems in a faster way
than is possible (or known to be possible) on a classical computer.

2.4 Assume a functionf ; f0;1g" ! f 0;1g and a quantum algorithm M with
Mj»;0i = j»;f(»)i

for every » 2 f0;1g". If we provide this algorithm with an equally distributed superposition
of input states, we can calculate the superposition of outputs with the same tine and space
complexity by:

1

X o X o
M @ 2! n‘2j»;OiA = 2i n‘2j>>;f(>>)i
»2f 0;1g" »2f 0;1g"



24 CHAPTER 2. QUANTUM COMPUTING

A measurement on this superposition gives us one of the basis statgs; f (»)i with a probability of
2i " Because we cannot control the probabilities of a measurement it would be misleady to say
that we really "know' all the possible outcomes of a function. In general it is inpossible to force
the superposition into a basis state withf (») = 1. In order to take advantage of this superposition
we have to use the interference phenomenon on the amplitudes of the basis states [7, 3B, 51].
If this is possible and how to do this depends on the functiorf we have calculated. 3

In 1994 Peter Shor showed how a quantum computer could be used to factor numbers withnty
polynomial time complexity [49, 50]. Not only does this algorithm decide ifa number is prime or
not but it will also give the prime factors of a composite number. It is geneally believed but not
known that on a classical computer this problem requires an exponential amount ofitne to solve.
Moreover, because of this intractability, factorization is commonly used n modern encryption
schemes such aRSA.

Another result was achieved more recently by Lov Grover [26, 9]. He proved thaffor any
function f : Z, I'f 0;1g it possible to H’]d a number i with f (i) = 1 (if such a number exists)
with a time complexity proportional to = n. This quantum searching algorithm does not assume
any knowledge about the functionf . Although this is not an exponential speed-up it is likely that
every deterministic or probabilistic algorithm will have a time complexity proportional to n for
this task.
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Classical Cellular Automata

In this section we will give a brief description of cellular autom ata and its character-
istics. Special attention will be paid to the subclass of reversibl e cellular automata
which play an important role in the the theory of quantum cellular a utomata.

3.1 Cellular Automata

The model of cellular automata (ca) is used to describe the behavior ofdiscrete systemswith
a uniform and parallel space/time behavior. Given a spaceS and a local state setQ, a ca will
describe a functionFs : QS | QS which de nes the time-evolution of an initial con guration
X 2 QS. Consequently, the con guration at time t 2 N is described by the expressiorF ! (X).

Before giving a formal de nition we will rst look at a typical example of a one-dimensional
cellular automaton to make ourselves familiar with some important daracteristics.

3.1 Consider a one-dimensional, two-stateca F such that the successorX® of a
con guration X 2 f 0;1g? is determined by a local functionf according to:

Fz%) |
5 !
= F; X
o 22
= f(Xi; 15 Xi; Xi+1)
i27

XO

This local function f : Q%! Q is de ned by a nite table:

f(0;0,0) = 0 f(0;01) = 1
f(0;,0)0 = 0 f(0;,1) = 1
f(1;,01) = O f(1,00) = 1
f(3;,1) = 0 f(1;,0 = 1

which implements the addition-modulo-two-rule: f (X; 1;Xo;X1) = X; 1 © X3.

If we unfold the time parameter t of the global function F} as an additional space-dimension,
we get a(1 + 1) -dimensional structure which shows us the space/time behavioZ £ N! Q of the
ca on an initial con guration X:

£ o
(i;t) 70 Fi(X) i

Figure 3.1 shows us the result of this transformation. With the convention that time is going
downwards each time-step can be identi ed as a layer in such a structure.

25
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cell values at time t

neighborhood scheme

local functions

cell values at time t+1

neighborhood scheme

local functions

Figure 3.1: A part of the automaton in Example 3.1. The local statesX; at time t are the
input values for the local functions f which determine the next con guration at time t +1. The
mapping between thecell-valuesand the local functions is described by theneighborhood scheme
of the automaton.

To continue this example we take the “single seed' initial con guration: X = ¢ ¢@0100¢ ¢ &nd
look at the time/space evolution of this ca. A calculation by hand shows that this will produce
the triangle of Pascal modulo 2:

= ¢¢¢0 00000 1 0O0O0GO0 O 0¢e¢e
F(X)= ¢¢¢0 0 0001 0 1 00 O0 O O¢¢¢
F2(X)= ¢¢¢0 0 0 0 10 0O 0100 O 0¢¢¢
F3(X)= ¢¢¢0 0 0 1 0 1 0O 1 0 1 0 O 0¢¢¢
F4X)= ¢¢¢0 0 1 0 00 O 00O 1 0 0¢¢e¢
F5(X)= ¢¢¢0 1 0 1 0 0 O 0 0 1 0 1 0¢¢¢
F6(X)= ¢¢¢1 0 0 0 1 0 0O 0 1 0 0 O 1¢¢¢
¢ee ¢ee

When computed on a larger scale (Figure 3.2) this reveals a fractal structure ab known as
“Sierpenski's triangle’ [59]. 3

3.2 Characteristics of Cellular Automata

The above example mentioned some terms and characteristics of cellular autorteawhich we will
now make more explicit.

discrete space: The spaceS which determines the dimension and the size of the con gurations
is discrete. In this thesis we will concentrate on the one-dimensional casé = Z (two-way
in nite) and S = Zy (periodic boundaries with sizek).

“nite state set:  The state setQ is always nite and typical Q = f0;1g which de nes a binary
ca.

cell/cell-value:  Each space-positioni 2 S identi es a cell which contains a cell-valueX; 2 Q.

con guration: A con guration X is the concatenation of all cell-values on the spac& at time
t, and therefore an element ofQS.
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Figure 3.2: The space/time behavior of the one-dimensional cellular automaton irExample 3.1
on an initial con guration with only one cell non-zero. The cell-values 1 are colored kdck, the
zero-values white; time is going downwards. This self-similar structure is ao known as the
Sierpenski-triangle and has a Hausdor®{Besicovitch or fractal dimension of (3)=log(2) ¥4 1:59.

local function:  The time evolution of the di®erent cells is described by a local functiorf . Like
the space of aca, the time-parameter is also considered discrete.

neighborhood scheme: The outcome of the local function at positioni only depends on a nite
set of cell-values in the vicinity of i. This set is de ned by the neighborhood schemeéN of
the ca.

global function:  Given a spaceS (compatible with the neighborhood scheme), the local function
f imposes a global functionFs on the set of con gurations. This global function determines
the space/time behavior of the cellular automaton on an initial con guration.

The most stringent and typical characteristic of the ca-model is the restriction that the local
function does not depend on the timet or the placei: a cellular automaton has homogeneous
space/time behavior. It is for this reason that ca are sometimes referred to ashift-dynamical or
translation invariant systems.

3.3 Formal de nition of Cellular Automata

After this informal introduction to one dimensional cellular automata, we are now ready for a
formal de nition of this model.

3.1 (One dimensional CA) A one-dimensional, classical cellular automatons
de ned by the tuple hQ;N;f i with Q the Tnite state set, N the neighborhood scheme and the
local function. The schemeN = fNy;:::;Njy;gis a nite set of Z-values with Ny <N, < ¢ ¢ &
Nij.

For every appropriate spaceS this de nition gives us a global function Fs : Q5! QS according
to:
A !
o)
Fs Xi
i2s
f (XN Xieng i Xien,y )
i2s

Fs(X)
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To simplify the above notation we introduce the following short hands for the terms appearing in
the local function.

3.1 If N =(Ng;:::;Njnj) is a neighborhood scheme it will be understood that:
(Xisn) -~ iXi+N1;Xi+N2;::: XNy
and
(Xab) ~ (Xa;Xasr;111;Xp)

This leads us to the the brief and elementary expression:
A !
(0] (0]
F Xi = f (Xi+ N )
i2S i2S

Notice that a ca F = hQ; N;f i does not determine the spaces it is supposed to act on.

3.2 The ca of Example 3.1 is described by the tupleF = hf0; 1g; (j 1;0;1);fi with
f(xy;2)= x©z. 3

Because the de nition of a neighborhood schemé& does not determine the spaceS it acts on,
we can apply the sameca F = hQ;N;f i on di®erent structures compatible with the setZ.. Our
main interest goes to the simple one-dimensional cases and Zy which results in the functions
Fz:Q%! Q%andFy:QK! QX with k2 N*.

If the neighborhood N does not allow any interaction between the cell-values, theea will have
trivial behavior. Typically this is the case if jNj = 1. On the other hand it can been shown that
every ca F can be rede ned as aca with N = f0; 1g without loss of generality. This will be
proven in Lemma 6.5.

3.3.1 The Cellular Automata Model

Cellular automata were rst used as such by John von Neumann [12, 46]. He sh@ad the possibility
of a universal two dimensionalca. Although not hard to prove, we will only refer the standard
literature for a proof that one-dimensional ca can simulate Turing machines and are therefore
computational universal. Because of their simple and homogeneous and parallel structar cellular
automata are frequently used to model physical systems such as gases, liquids cetera. This,
in combination with its use as a mathematical abstraction of parallel computtion, makes it a
unique combination of physics and theoretical computer science. The last decade there has been
a growing interest in theory of cellular automata by computer scientists and physicists because of
the possibility to simulate large ca with the use of modern computer technology. The articles by
Stephen Wolfram [58, 59], Tommaso To®oli [53, 23], Norman Margolu$#], and Howard Gutowitz
[27] are a good starting point to investigate this modern use of cellulaautomata.

3.4 Reversible Cellular Automata

Given a global function F : Q%! Q?, we say that the ca F is global reversibleif and only if every
con guration Y 2 Q% hasone predecessorX such that: F(X) = Y. A simple reversible cellular
automaton (rca ) is described by: k =2, N = f0; 1g and the local function f with: f (Xo;X1) = Xo
for every xo;x1 2 Q. This rca is just the identity ca with F(X) = X for every X 2 Q. By
this example we see that it is possible to have aca with a non-reversible local function (which
is always the case withk , 2). More complexrca are also possible but appear to be very rare
among the set of plain cellular automata.

The characteristics of reversible cellular automata are extensively described ia review article
by Tommaso To®oli and Norman Margolus [27, 52]. For a long time it vas unknown if there exists
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a reversible cellular automata capable of embedding a general purpose computer. In 19F6wever,
Tommaso To®oli proved that any d-dimensional cellular automaton could be simulated by ad+1-
dimensional reversible cellular automaton [52]. By the existence of a universal dring machine
embedded in a 1-dimensional cellular automaton, this proves that there exists a 2-dimensnal
reversible cellular automaton which is capable of doing the same. After that Moita and Harao
proved the existence of a one dimensionatca which is universal in its computational power
[19, 44, 45]. They did this by de ning a special subclass o€a which are reversible by de nition:
partitioned cellular automata. This type of ca will also be discussed in this thesis.

The "modern approach' to cellular automata with the use of computer simulations sems to
suggest that the old articles on this subject are outdated. Especially for the mdel of reversible
automata this not the case. The theory of cellular automata as a computational malel is a
mathematical theory. To avoid “re-inventing the wheel' one should also pay attention to the more
abstract articles by Sera no Amorosoet al. [2], Gustav Hedlund [28], and Daniel Richardson [48].



Chapter 4

Quantum Cellular Automata

In this section we will de ne the model of one dimensional quantum c ellular automata.
This model is a straightforward extension of the classical model th at exists for one
dimensional

4.1 The Size of the State Space

Before we describe the various models a note must be made on the size of thea we are con-
sidering. If we take a two way in nite automaton, the number of basis states wil be in nite and
even uncountable. Because we want to describe the general behavior by a transformati matrix
this is highly impractical. We solve this problem by restricting ourselves to Tnite, (sizek) circular
boundedautomata (also calledperiodic gca ). This means that the set of basis states corresponds
with the "nite set of functions: Zy ! Q instead of the uncountable set of functionsZ ! Q (Q is
the set of states for each cell).

This is somewhat di®erent with the common approach to this problem. Most authorsso far
(John Watrous [57] and Christoph DAirr, Houng L& Thanh and Miklos Santha [D, 21, 29]) de ne
their qca with a quiescent (non-active) state. Only con gurations with a "nite number of non-
quiescent cells are then taken into account. From now on we will only look at one-ainensional
structures.

4.2 Quantum Cellular Automata

With quantum cellular automata ( gca) we refer to the general description of a one dimensional
guantum cellular automaton. It is a natural extension of the classical de nition.

4.1 (One dimensional Quantum cellular automaton) A gca F is de ned by
the tuple: hQ;N;f i, where:
2 Q describes the nite set of states
2 N %2 Z de nes the nite neighborhood schemwith N = fNg;::: ;NjyjgandNo < ¢ ¢ & N jy;
2 f is the local function f : QN I'H o

In this last de nition we see the quantum-mechanical aspect of the automaton. For egry k 2 N*
this F gives us a transformationFy : >(QX) ! ‘(2)(Qk) describled by

X
Fr(X) = F@ @ ¢piA
»2 QK

®, CFyj»i
»2 QK

30
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‘ cells of QCA attime T

||
ﬁ ﬁ cells of QCA at time T+1
ﬁ Lﬂ cells of QCA at time T+2

Figure 4.1: A typical one dimensional quantum cellular automaton with neighbahood scheme
N = fi 1;0;1g. Notice the identical structure when compared to theca in Figure 3.1.

for every X 2 *5(QX) with ®, 2 C. The valuesFj» are de ned as a tensor product of the local
values» of the basis state» computed by f :

- . O
Feppl - = FOTeNgs i eny))
j27y
0 k
= fGyen) 2 (HQ)
j22Zy

Note that the addition \ j + N"is in Z, and notin Z and also that the range ofF (QX) is a subset of
the proper non-entangled states. The relation between the basis states, the proper neentangled
states, the proper states and all possible states in the Hilbertian spacesidescribed by:

Q“ ( (Ho)* ( Hoe ( "2(Q9

Figure 4.1 is a picture of aqca with neighborhood schemeN = fj 1;0; 1g.

4.2.1 Normalized

The neighborhood setN de nes the possible interaction between the cell values at at each com-
putational step. Automata with large neighborhood sets allow more “inernal communication'
than gca with small “neighborhood sets'. Before proving that a neighborhood schemef f0; 1g is
suzxcient to implement any possible gca, we will “rst have to give the following de nitions.

4.2 (Contiguous neighborhood scheme) A qca is contiguousif its neighbor-
hood scheme is described by a closed interval af: N = fNg;No+1;:::;Njn;0.

4.3 (Normalized neighborhood scheme) A gca is normalized if its neighbor-
hood scheme is a contiguous witiNy = 0, therefore: N = f0;1;::: ;jNji 1g.

4.4 (Shift) A shift transformation S on Hq« is a transformation, de ned by:

0 1 0 1
X X X 0]
S(X ) = S @ ®>j»i A = ®» ¢SJ))| = ®» ¢@ »J +1 A
»2 QK »2 QK »2 QK j2zk
for every X 2 H g«.
We will often write SjXo;:::;Xk; 11 = jX1;:::;Xk; 1;Xol to describe the behavior of the shift-

transformation. By S we mean the transformation S, d-times repeated. A negatived indicates
the use of the inverse translationSi *.
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4.5 (Shift equivalence of states) Two con gurations X andY 2 H o« are shift-
equivalentif there exists ad 2 Z such that: X = T9(Y).

Because we allow negative shifts this is an equivalence relation.

4.6 (Shift equivalence of automata) Two gca F and F° (both with state-set
Q) are shift-equivalent if there exists ad 2 Z such that for every X 2 H o« we have: F¢(X) =
SY4(FA(X)). A shorthand for this relation is F = SY+F%or F ~ F°.

Note that the value d does not depend on the inputX or even the sizek of the structure. With
these de nitions we can describe the following lemma.

4.1 For every qca F there a exists a normalizedgca F°which is shift-equivalent with

F.
Proof. (by construction) Given the qca F = hQ;N;f i we de ne F°with the tuple Q% N%f§ in
the following way: an equal state set,Q°= Q, a neighborhood scheméN®= f0;1;::: 'Njnji Nig

and the local function: f%: QN° IH o with:
fUXos X130 X g 1) = F(Xoi Xngi N Xngi Nps 105 X e 1)
for every X 2 QN° With this construction we have F = SN1 +F° 2

This FCis called thenormalized versionof F. If FO= SY+F we have for everyt 2 N: Ft = Sts+F¢
(this is becauseF +S = S+F for every qca F).

4.2.2 \Well-formed

We start the discussion of well-formedgca with a counter example.

4.1 Take aqca de ned by hf0;1g;f0; 1g;f i, with f de ned by:
a

. p-©
f(0;0) = jQj f(0;1)= 1" 2 j0i + jli

f(1,0) = % 2j0ijj lig f(1;2) = jai
This gives us the following evolution from the initial state j0;0;1i 2 H gs:

j0;0;Li f(0;0)- f(0;1)- f(1;0
002 1 TO:0,TOD- TGO, y

= jOig- %pﬁfj O + jliig - 5 26 0i, ij 1oig
= %ij;O;Oiij 0;0;1i +j0;1;0i jj 0;1;1ig
LR %ijO; 0;0i + j0;0;2ij 3j0;1;0i +2j0;1; i +j1;0;0i§ 2j1;1;0i + j1;1; lig
This last vector is not proper: its norm equals P 22=4 ¥, 1:17. Because this contradicts the laws

of quantum mechanics it is said that this qca is not well-formed: the transformation F3 is not
unitary. 3

This shows that our de nition of gca allows automata which are not proper. What we mean by
well-formed qca is de ned as follows.

4.7 (Well-formed ) A gca F is well-formed if and only if for every k 2 N*
the correspondingFy is a unitary transformation.
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This means that F, applied to the basis statesQ¥ has to be both norm and angle preserving in
the Hilbertian space *»(QX). Because the range of (Q¥) consists of proper non-entangled states,
it holds for every A and A2 QX that Fyj» and FjAi can be written as a tensor product:
R o] R o]
FjAi = X;j and FgjA = Vi
122, 122k

with Xi;¥i 2 Hg. The inner-product of these two vectors can therefore be calculated by the
multiplication of the inner products of the individual cell-values;

* +
] = Nas O O Y H
hE A FjAil = Xi yi = i, yii
iZZk iZZk izzk

For every x; 2 H o we know that hx;; x;i = 1. This means that for every gca the F by de nition

preserves the norm of the basis states:
* +
~ . o] (0] Y
H:iji ) ijAii = Xi; Xi = hXi;Xii = 1
12Zy 122Zy i122Zy

If we want Fy to be angle-preserving we must have for every 6 A2 QX (and therefore hpi; Ai = 0)
* +
" . O O Y _
e (A); Fe (A = Xi; Vi = hxi;yii = 0
2z i2Z 122

This means that there must exist ai 2 Zy for which hx;;yji = 0. The following lemma is easy to
prove.

4.2 For every qca F, if FOis the normalized gca with F = S9(F9 (as described in
lemma 4.1) the well-formedness of equals the well-formedness oF °.
Proof. S is a norm and angle-preserving transformation onH . 2

4.3 Proving Well-formedness

In this chapter we will show that the well-formedness restriction can be translaed into a local
constraint. This enables us to formulate an algorithm that decides if a givengca is well-formed
or not.

4.8 (General function of a ) Givenagca F = hQ;N;f i we de ne the gen-
eral function Fz : Q%! (Hgq)? by:
o z
Fz(X) = f(Xi+n) 2 (Hg)
i2z

for every X 2 Q?.

This function describes only the "rst time step of agca on the two-way in nite basis states. Using
a well-formedness de nition for Fz we can investigate the unitarity of the periodic functions Fy
for all values of k.

4.9 (Well-formed general function) The function F; is well-formedif and only
if for every X 6 Y 2 Q7 there exists ani 2 Z such that:

hEz(X)iiFz(Y)ii = 0
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We will now prove the equivalence of both de nitions of well-formedness foqca .

4.3 A qca F is well-formed if and only if its corresponding general functionF; is well-
formed.
Proof. (If) If F = hQ;N;f i is not well-formed then there exists ak such that Fy is not angle-
preserving. This means that there exists aA and A 2 QX with A ? A and FyjAi 6? FjAi. If we
de ne the two-way in nite states X;Y 2 Q7 by:
O o .
X = A and Y = A
i2z i2z

it follows that for every i 2 Z we have:

Fz(X)i = (FkjAi) and Fz(Y)i = (FyjA)

i mod k imod k

BecauseX 6 Y and Fz(X); 6?Fz(Y) for every i 2 Z, X and Y violate the well-formedness
de nition of F5.

(Only if)  Without loss of generality we assumeF to be normalized. If Fz is not well-formed then
there exist two basis statesX;Y 2 Q% with Xy 6 Y; and

HEZz(X)i;Fz(Y)ii & 0O

for every i 2 Z. In Appendix B it is shown that with the states X and Y we can construct a
k - 2jQjaNi + jNj and two periodic states X %Y%2 QK with j X% ?j Y4 and FjX G 6?2 FjYG.
This proves that the qca F is not well-formed. 2

In the above lemma, the proof is more important the conclusion: with little extra e®ort, we can
deduce the followinglocal constraint for well-formed gca. This lemma will be the backbone of
this thesis.

4.4 For every well-formed gca F = hQ; N;f i there exist two valuesp;q2 Z with:
j QPN NI Ny p g < QPN Ny 2N+
such that for every X;Y 2 Q% with X, 6 Yo we have:

Y]
hFz(X)i;Fz(Y)ii = 0
i=p
Proof. Because Lemma 4.3 is 'if and only if', it follows (see Appendix B) that for evey
normalized, well-formedqca F = hQ;f0;:::;jNji 1g;fi there exists ap , jj szij and a
g < jQj*N! + jNj, such that for every X;Y 2 Q% (with Xo 6 Yo), we have:

hFz(X)i;Fz(Y)ii = 0
i=p

The constructions in Lemma 4.1 and Lemma 4.2 generalizes this to the desired result. 2
One of the important consequences of this lemma can now be proven directly.

4.5 The well-formedness property of agca F = hQ;N;f i is decidable.
Proof. If F is not well-formed, there exists ak 2 N* such that the "nite dimensional transfor-
mation Fy is not unitary. Becausek is bounded by

k - ZijZ(NiNii N1+1)

this is decidable in "nite time. 2
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The importance of of this bounded restriction lies in the fact that it does not depend m the
local function f of a qca. For classical reversibleca the range [p; g is also known as theinverse
neighborhoodof a ca. Previous work by Jarkko Kari [31] suggests that the bound in Lemma 4.4
can be made smaller.

If the domain of a well-formed qca is a proper state-space, the range will also be a proper
state-space. In that case we can writéF, : Hgox ' H  o«. If we want to respect the physical laws,
only a fraction of the possiblegca may be considered meaningful. This resembles the situation
with classical ca where reversibility is a strong restriction on the automata [2, 48] From now on
it will be understood that by gca we mean well-formedqca .

4.3.1 A de nition of Balancedness

Recently, Christoph DAirr et al. [21] raised the question about a de nition of “balancedness' in the
case of quantumca. Here we give a generalization of the classical de nition used by Amoroso and
Patt [2] (which di®ers from the one used by Maruoka and Kimura [38]).

4.10 (Balanced ) Agca F = hQ;f;N i will be called balancedif and only if

jhg; f()ij® = jQiNit
x2QN

for everyq2 Hq,

The following lemma shows the validity of this de nition.

4.6 Every well-formed gca F = hQ;f;N i is balanced.
Proof. If we take k = Njyji Ni+1, the summation of f (x) is “encapsulated' in the summation
on the set of basis statesQk:

oo X
jha;fij? = JQINITK T jhg;(FiX i)ij?

x2 QN X 2Qk

With Lemma 1.1 we can derive the equality:

0 1

o X e X X o
jQiMi jha; (FiXi)ii? = jQi™i« @ ihg- Y;(FiiXi)ij A
X 2Qk X 2 QK cy)szil 1

_— X X
= joiMi @ jhg- Y;(FujXi)ij®A
Y2Qki1 X 2Qk

BecauseF is a unitary transformation such that Hg, (ox) = Hgx with - Y a vector with norm
1in Hgx we reach:

0 1
jQitI X @  jhg- yi(Rgxi)ij*A = otk 1 = jQitit
y2Qki 1 x2Qk y2Qki 1
which proves the lemma. 2

This lemma tells us that a gca can only be well-formed if the output values of the local functionf
are uniformly distributed on the state spaceHq. This is not a sucient restriction for properness,
there exist balancedqca which are not well-formed (see Example 4.1).
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4.4 Quiescent Quantum Cellular Automata

In order to relate this thesis to some earlier results aboutgca , we will give a short description of
gca with quiescent states:Quiescentqca .

4.11 (Quiescent ) Aqgca F isaqca de ned by the tuple hQ; o ; N;f i, with
a quiescent statea 2 Q, such that f (aN) = jai.

This de nition is used to overcome the problems of describing the behavior of ajca in an un-
countable in nite state space Hyz. The only con gurations that are allowed for a gqca are
those with only a "nite number of non-quiescent states. Because the left and right td of such a
con guration (¢ ¢go xgx; ¢ ¢y or ¢ ¢Xwill remain quiescent under the action of agca, only a
countable subset of basis states will be necessary to describe the evolution of tegstem. The set
of basis states of these nite con gurations is denoted byQ".
For every gqca F the time operator on the superposition of nite con gurations Fs : "2(Q") !

"2(Q") is de ned by

0 1
X
Fa(X) = Fo@  @j»iA
»2 Q"
= ®, CFyj»i
»2 Q"
for every X 2 “5(Q"). The function Fgj»i on the basis statesQ” is determined by:
X
Fajpi = fOren) (2 72(Q%)
j2z

The well-formedness issue of the functiorF, is subtle and has some potential pitfalls. Here is a
“rst attempt of de nition.

4.12 (Well-formed ) Given aqgca F = hQ;a;N;fi, the function F is
well-formed if and only if for every X;Y 2 Q°: the norm of F;jXi equalsl and X ? Y implies
FojXi? FajYi.

Because the domain of the local functiorf is a subset ofHg the norm of F.(X) will always be 1.
The following example will show that there exist well-formed qqgca which are not unitary.

4.2 Take the qqca F = hfo;2g;a;f0; 1g;f i, with:
f(r;e)=f(2;2)=jmi and f(=;2)=f(2;0)=j4

The function F; is well-formed but not injective and therefore not unitary. This is shown by the
equation F5(X) = j:::me 2 oo :::i which can not be satis ed for X 2 H g-. 3

This example indicates that we have to restrict de nition 4.12 to the injective gqca .

4.13 (Unitary ) Givenaqgca F = hQ;a;N;f i, the function F; is unitary
if and only if the function F. is well-formed and for everyY 2 QF there exists aX 2 H o= with
Fn(x) = JY| .

Becauseqqgca are a subset ofgca as de ned in De nition 4.1 we can relate the above de nition
of unitary qqca to that of well-formed gca.

47 Ifaggca F = hQ;r;N;fi is well-formed as described in De nition 4.7 then the
Fs is a unitary function.
Proof. (by contradiction) If the function F; is not unitary there are two possibilities:
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1. there existX ? Y 2 Q" with FgjXi6?FqjYi
2. there exists anX 2 Q" with no predecessor in the domainH g-.

BecauseX;Y have a left and right tail which is quiescent, it is possible to takek 2 N* suzciently
large, such that the same possibility holds forFy. This shows that Fy is not unitary and therefore
provesF not to be well-formed. 2

The converse of this lemma would be: \If agqca has a unitary Fg, then the qca F is well-formed."
The following example shows that this is not the case.

4.3 Take the qqca F = hfo;0;1g;=;f0;1g;fi, with f de ned by:
f(n;n):jmi f(n;x):jni
f(x;m) = jxi f(x;y) = jx ©yi

for every x;y 2 f 0;1g. Although the function F5 is unitary, the qca F = hfo;0;1g;N;fi is not
well-formed. This is shown by F,j0; 0i = F»j1;1i = jO;0i. 3

We can summarize the above lemma'’s and examples in the following hierarchyith F a qqca :

Fy is unitary for every k 2 N*

5) 7))
E, is well-formed i | Fo is unitary | 6= | Fa is well-formed

It is still unknown how to de ne well-formedness for non-quiescent stateqca on a two-way in nite
structure with an uncountable dimensional state spaceH oz.

4.5 Partitioned Quantum Cellular Automata

The results of the previous sections showed how to decide if gca is proper or not. What we
still do not know is how to construct proper gca with non-trivial behavior. This situation is
no di®erent with the problem of non-trivial reversible classicalca. A solution to this problem is
(partly) given by partitioned ca [19, 44, 45]. Partitioned ca are constructed in such a way that
the well-formedness of the automaton is implied by their de nition. John Watrous applied this
method to construct a gca which can simulate a quantum Turing machines [57].

4.14 (Partitioned ) A partitioned quantum cellular automaton ( pgca) is
de ned by a tuple hQ_ ; Qc; Qr;gi, with Q_, Qc and Qr nite state sets and g: Ho, £0c£0x !
Ho, £0c£0x @ unitary transformation.

A pgca de nes a special type ofqgca F = hQ; fi 1;0;1g;fi with Q = Q| £ Qc £ Q. This product
state set re°ects the idea to decompose the cell-values into three disjoint parts LeftCenter and
Right. Each state x 2 Q is therefore identi ed by three sub-states:x = x' £ x¢ £ x". This is used
to translate the unitary function g into the local function f : Q3!'H ¢ by:

f(X; 1:X0:X1) = O(X1 £ X§E X! q)

for every x; 1;Xo; X1 2 Q. Becauseg is a unitary transformation, the gca F will have a local
behavior which is also unitary. From this it follows that F will be a well-formed qca. See Figure
4.2 for an example of such ggca. With the use of pgca we can de neqca in a straightforward

way without having to worry about the well-formedness constraint. This has proven to be a fruitful

concept in the theory of reversibleca and proper qca. It assures us that the model ofqca is a
non-trivial way of describing parallel quantum computation.

4.8 There exists a propergca which can simulate a Universal quantum Turing machine
with polynomial time complexity.
Proof.  See the original paper by John Watrous [57] which combines the earlier results orer
versible ca and quantum Turing Machines. 2
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’ — ‘ ’ L ‘ ’ L ‘ ’ L ‘ partitioned cells at time T
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local functions
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’ L ‘ ’ L ‘ ’ L ‘ ’ L ‘ partitioned cells at time T+1
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Lo ‘ partitioned cells at time T+2

Figure 4.2: A partitioned quantum cellular automaton. The local function corresponds to a unitary
transformation on the three sub-parts of a cell-value. The well-formedness of the &l function
gives us a global behavior of a well-formedjca .



Chapter 5

Quantum Gate Cellular Automata

The de nition of the quantum gate cellular automata ( ) is strongly related to
the notion of quantum gate arrays. By replacing the local function of a by a
proper quantum gate we get a which is proper by de nition. This resembles the
construction of partitioned . Because of its central role in this thesis an extensive
description will be given.

5.1 Description of

A quantum gate cellular automaton (qgca ) is a parallel and uniform circuit with identical quan-
tum gates. See Figure 5.1 for an example of such a structure.

To avoid the problems of in nite sized systems, we will only considerggca with a circular
boundedstructure. The number of input/output values will be called the fan of the gates. For a
proper quantum gate the fan-in has to equal to the fan-out, so no confusion is podsie with this
terminology. If we have k gates with fan n the number of cell-values will benk. For clarity we
usetwo indices to indicate an individual cell on the structure Z, . Every basis state» of such a
system can be described by the tensor product of the individual cell values:

pl= xg- xg-¢ee-xgit- x§-¢CE-x3-CCC- X1
which equals
A !
O 0o 0
pi = XJ! = Xj
2z 2z, j22Z

with x} 2 Qforeveryi2z,andj 2 Z.

Because the gates are in a parallel position, the behavior of a layer of gatés described by
a unitary matrix U which is the k-fold tensor product of the individual gates M. Therefore
U= mMIK,

The neighborhood schemelescribes the “wiring' between the gates. Each gate has the same
neighborhood scheme which does not depend on the sikeof the circuit.

5.1 (Neighborhoog scheme) A neighborhopd schemé for gates with fan n 2
N* is de'ned by a tuple m;%;A. Both 3%:Z,! Z,and A:Z,! Z are functions, with 3%a
bijection on Z,.

39
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cell values

neighborhood-schemeP

layer of quantum gates

cell values

neighborhood-schemeP

layer of quantum gates

Figure 5.1: A part of a quantum gate cellular automaton. All the gates M are identical. The
neighborhood schemeP de nes the wiring between the gates. Becausé/! is proper gate, the
global transformation function of this system will also be proper. We therefore know that this
structure resembles a well-formedyca .

A neighborhood schemeP permutes the values of a basis state 2 Q"¢ in the following way.

0 A 1 1
o O - ®
Pj»i = P@ »JI A
j2Zy i2Z, |
o o -, FE
_ — i)
- 7+ AG)
i2Zc  i2Za

This shows that P corresponds to a functionZ,, ! Zn and also that the description of P does
not depend on the involved set of stated). Because¥is a bijection, P will also be a bijection for
every k 2 N*. This is necessary because we war® to be a proper transformation. If P acts on
a superposition, the behavior of P will respect this superposition;

1

0
X X
PiXi = P@ @A = ®,Pj»i
»2 Qnk »2 Qnk

for every jXi2 H gn .

5.1 The neighborhood scheme as shown in Figure 5.1 is described g = 3;%4; A

with:
¥0) = 2 Aoy = 1
¥1) = 1 and A1) = O
w2) = 0 AR) = 1

3

The reader is encouraged to check the above example, to get a better insight in the usearfalism.
Note that the neighborhood scheme actdefore the layer of gates is applied.
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5.1.1 Formal De nition of

We are now ready to give a formal de nition of aqgca .

5.2 (Quantum gate cellular automata) A ggca F is dened by hQ;n;M;P i
with Q a nite state set, n 2 N*, M :Hgn ' H oo a proper quantum gate with fann and P a
neighborhood schemdn; 3;; A.

As with gca this de nition does not specify the sizek of the array. A layer of aggca corresponds
to the sequential combination of a neighborhood schem® and a row of gatesM k1. One layer
can be identi ed by one time step of theqgca . The global behavior of agqgca F = hQ;n;M;P i
of sizek is denoted by Fx and obeys:

0 1
X
Fr(X) = MKzp@ ®j»i A
»2 Qnk
= @M Kl £ Pj»i

»2 Qnk

for every X 2 H gn . The e®ect on the basis states is de ned by:

0 A 11
O o
MK +Pj» = MK+p@ »
j2Z¢  i2Zn
A 11
O o .
— k Y{i)
= M[]@_ _ P Ad) A
AJZZk i2Zn !
¢ o .
_ (i)
- M 7+ AG)
i22Zk i2Zn

The function of a sequence of layers F will be described by F,.

5.2 Preliminaries

Before continuing with the general theory of quantum gate arrays, we will ake a closer look at a
particular neighborhood scheme which plays an important role: the Shift neiglhhorhood scheme.

5.2.1 The Shift Neighborhood Scheme

In this thesis we will concentrate on the Shift neighborhood schemes, which simply "'moves' all
the values one cell leftwards (see Figure 5.2 for an example). With the fan-value this gives us
the tuple hn;i +1;1,, 1(i)i with: \'i + 1" an addition in Z, and 1. the function with 1 .(x) = 1 if

x = ¢ and 1;(x) = 0 otherwise.

5.2 Because of their size, it is not practical to actually write out the transformation-
matrices. As an example of the matrixS for the simple two state system with kn = 3 the equation
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—————————— - kn cell values at time T
Shift-neighborhood-scheme

k gates circular bounded

- kn cell values at time T+1
J// Shift-neighborhood-scheme

k gates circular bounded
RESRNES

Figure 5.2: The shift neighborhood scheme. The neighborhood schent describes a leftwards
translation on the cell values.

Sj0;1;1i = j1;1;0i looks like:

0 10 1 0 1
10000000 0j000i 0j000i
000O010O0TO0 Ojooui Ojooui
01000000 0 Ojo10i Ojo10i

o 000O0O0T1O00 Ljor1i _ Oio11i o

Sj0;1;1i = 0010000 OE cé 0;100i = O;IOOE = j1,L0i
000O0O0OT1O0 Oj101i Oj101i
00010000 Oi110i L1101
000O0O0O0TO O 1 Oj111i Oj111i

3

From now on when usingS in the context of ggca , we will mean the shift neighborhood scheme.
The inverse of S (a shift rightwards) is denoted by Si *

5.2.2 Two state

The following lemma shows us how to simulate aggca with an arbitrary state set Q by a gqgca
which uses qubits.

5.1 Every qgca F = hQ;n;M;P i can be simulated by a two stateqgca
G = hfo;1g;n®M%PY

with an equal number of computational steps.
Proof.  (by construction) First expand the set Q to a set R 1 Q such that jRj = 2: with
, = dog,jQje. Now we can use a bijectionA: R ! f 0;1g- which, induced to the n cells of each
gate, gives us a bijection © R" I f 0;1g" . With this © we de ne the new quantum gate M ° on
Hto.1gn. by: for every x 2 R" by:
1

© Y(M(x)) if x2Q"

MAO(x)) = o 1(x) otherwise

for every x 2 R". The new neighborhood schemé®= m_;%%A% is obtained by splitting each
‘wire' into , parts:

B

Wi, +t)= i) and  AXi, +1t)= A®)
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foreveryi 2 Z, andt2 Z .

This qgca G = hf0;1g;n;M % ;%% Adi simulates the original qgca according to the
bijection A. If an illegal state is encoded k 2 Q") the M %gate behaves like the identity. This
shows that M %is a proper transformation. 2

5.2.3 Combining neighborhood schemes

Here we will show how to express a neighborhood scheni® + P which is a combination of two
initial schemesP and R. Given the two neighborhood scheme® = m;¥%;A andR = m; &;"i, we
can de ne the action of P by:
0 A 11 A ! A !
0] (0] O 0] A o] (0]
_ ~ i) _ _
P@ xp A= X+ AG) = Yi
i2Z¢ i2Zn i2z¢ 2z, i2Z¢ i2Zn

If we use they expressions to describe the e®ect &4 we get:

0 A 11 A !
@) @) O 0] .
i — &)
R@ yy A= Yi+t (i)
i2zc 2z, i2zc 2z,
o : R () B
The combination of R and P therefore obeys (using the equatiory; = X; +A(i))'
0 A 1 A !
@) O o] 0] A
A - ZCONS
R+P @ Xj Xja (i A&i)
i2Z¢ i2Zn i2z¢ 2z,
This shows us that we can write:
R+xP = m&i);" ()izhn3%i);Al)i = M %x&i); (i)+ Az &x)i

With regard to the shift neighborhood scheme we have'S = ;i +1; 1, 1(i)i and

S"+P = M Lxhm¥i) AN = Q)1+ AG)i = PxS

5.3 Every describes a

If we look at the gures 4.2 and 5.1 we see a great resemblance. We already know thptica are
a special kind of gca. We will now prove the same holds forggca .

5.2 Every proper qgca F = hQ;n;M;P i de nes awell-formedgcaqgca F = hQ";N;fi.
Proof. The correspondence between the values of thggca and those of theqca is expressed
by:

Xjp = xP-¢ee-xMit
for every x; 2 Q". The neighborhood schemeP = m;%; A gives us the neighborhood set of
according to: N = fA(i) ji 2 Z,g. The local function f : (Q”)N I'H @on now obeys:
A !

o

3,

f(xn) = M Xad)
i2Zn
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By this construction, for every k 2 N* it holds that:

0 A 11 0 A 11
O o O o
G @ x A = mKep @ xi A
i2zc  i2Zn 0 jﬁz\zk i2Zn 1
O O ‘
_ k (i)
- mk@ XDy A
. j2Z¢ i2Z, ,
o) o) L
_ i)
- M i+Adi)
j(Z)Zk i2Z,
= f(Xj+n)
1224 1
0
= Fk@ XJ'A
j22z

2

As with pgca the well-formedness of aggca hQ;n;M;P i is certi ed by the well-formedness of
the gate and the neighborhood scheme.



Chapter 6

: , and are
Equivalent

In this chapter will prove the equivalence of all three models for q uantum cellular
automata. By “equivalence' we mean that every can be simulated by a ,
every by a , every by a etc. All these simulations have at
most linear slowdown. Our main problem is to prove that every pr oper can be
simulated by a

6.1 A De nition of Equivalence

Suppose we have twagca F and G. If we say that G simulates F, we mean that there are two
“simple transformations' € and 2 ; such that ©, +G:! +2 ; equalsF'. The G: -expression indicates
a simulation with only linear (proportional to , ) slowdown. The transformations must be “simple'
because we waniG to do the actual calculation. Or in the words of Marvin Minsky[43]:

( ::: ) for if one is permitted an arbitrary partial-recursive computation to do t he
encoding (::: ), then one could use as the code the result of the Turing-machine
computation itself, and this would surely be considered a cheat!

With this warning in mind we pose the following (inductive) de nition:

6.1 (Simple transformation) Let P; Q; R be state sets anda;b; c;d2 N*. Sim-
ple transformations depending ont 2 Z, are constructed by the following three procedures:

1. If A: P21 QP is a total function, then ©(t) : P22 1 Q" dened by:
A !
o ]
O(t) Xj = A s 220 X+ 1 1)]im <im + my 1)
i2Z i2Z
is a simple transformation.

2. If ©(t) is a simple transformation, then the transformations S +©(t), Si ! +©(t), S' +©(t)
and Si ' +©(t) are also simple (with S the shift translation).

3. IfO(t): P32 1 Q" and?( t): Q%! RY% are simple transformations, then the combination
£(t): P22 1 RbPd described by£(t) =2( t) +©O(t) is also a simple transformation.

A simple transformation ©(t) : P22 I Qb denes for everyk 2 N* the simple transformation
Ok (t) : Hpwa 'H ow which obeys the superposition principle of the state space.
Now we can formulate the de nition for simulation of quantum cellular automata.

45
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6.2 (Simulating ) Agca G= hP;N%gi cansimulatesaqca F = hQ;N;f i,
if there exists a tuple h; ©;2 i with ©(t) : Q22! PP and?( t): PP | Q3% simple transforma-
tions and , 2 N such that for every t;k 2 N* and X 2 H g« we have:

Faa(X) = ©xa(t) £Gip £2 o (1)(X)
Or in other words:
Fla = Oka(t) (Gin)' +2 ()
If no misunderstanding is possible we can shorten this toF! =©; +G:! 2,

When F can be simulated byG, we will write \ fFg 1 f Gg". This relation is certied by h; ©;2 i,
this tuple will also be called the encoding of F into G.
With this de nition we can de ne the notion of equivalence for quantum cellular automata.

6.3 (Equivalent ) Two qca F and G will be called equivalentif and only if
F can simulate G and G can simulate F.

Consequently we will denote this by \fFg'f Gg". For every qca F, G and H we now have:
1. fFgtf Fg
2. IffFgif GgandfGgif Hg,thenfFgif Hg
3. IffFg*f GgandfGgf Fg,thenfFg'f Gg

If we take the “identity-encoding' hi; I;1 i, we see that 1 holds, whereas 3 holds by de nition. The
second rule needs more explanation.

If fFg1f Ggiscertied by h; ©;2i andfGg 1 f Hg by h; ¢ ;zi, we have (in shorthand):
F!=0;+G! +2, and Gl =¢ ; +tHJ +o; and therefore:

Ft = ©ti¢)t iHl’t iu’t iat

By dening ¥; =©;*¢ ; and " =& ; 2, we see by De nition 6.1 that ¥ and " are simple
transformations. This shows that ht;; ¥;" i certies the fFg!f Hg-relation.

Because the relations ¥ "and \' " are de ned on sets of gca we can extend their domain in
the following way:

6.4 (Simulating sets of ) If A and B are sets of quantum cellular automata,
we say that B can simulate A if and only if for every F 2 A there exists aG 2 B which simulates
F. This will be denoted by \A1B *".

6.5 (Equivalent sets of ) If A and B are sets of quantum cellular automata,
we that A and B are equivalent if and only if both A1 B and B* A holds. This equivalence is
denoted byA'B .

With this de nition we have for every set of quantum cellular automata A;B and C.
1. ATA
2. 1fA'B andB!C,then A1C
3.IfA*B andB*A ,then A'B
4. A'A
5. IfA'B ,thenB'A

6

.IfA'B and\B'C ", then A'C
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These rules show that! is a partial ordering and ' is a equivalence relation. A few concluding
remarks about the above de nitions:

2 A'B does not necessarilymean that for every F 2 A there exists aG 2 B, with F and G
equivalent.

2 The constant \, " indicates the linear slowdown of the simulation.
2 If AuB then automatically A*B .
2 If F is shift equivalent with G then F and G are also equivalent.

2 An interesting question is whether the ! -relation is total or not. Does for everyqca F and
G it holds that fFgif GgorfGgtf Fg?

6.2 Some Preliminary Results

The strategy of this chapter is to reduce the di®erent sets ofjca, pgca and qgca to each other
in a step-by-step way. Let us rst summarize the relations we already know. We beig by using
the fact that qgca and pgca are subsets ofgca .

6.1 pqca ! gca.
Proof. Partitioned qca are just a special type ofqca, therefore pgca p gca. 2

6.2 qgca * gca.
Proof. Lemma 5.2 provesqgca | gca. 2

To reduce the class ofgca we use the following lemma.

6.3 The subset of normalizedqca is equivalent with the general set of qca.
Proof. Normalized gca are a subset ofgqca . Lemma 4.1 proves that everygca is shift-equivalent
with a normalized qca, thus gqca ' (ca normalized - 2

Now we will prove a new result which will simplify our reasoning about simulding gca consider-
ably.

6.4 The set of qca with neighborhood set N = f0;1g is equivalent with the set of
normalized qca .
Proof. (by construction) For every normalized qca F de ned by hQ;f0;:::;jNji 1g;fi there
exists aqca G with neighborhood set Ng = f0; 1g which simulates F with no slowdown. In
order to get a neighborhood size 2 we expand the set of statesG is described by the tuple
hQ"i 1;£0; 1g; gi. The local function g: (QINIi 1)2 1 H o 1 in this de nition obeys

i ¢
g XN ) XiNgeiNg 2 = FXaing) - F(Xognge) ) -CCC-F (XN 12N 2)

with x; 2 Q and therefore Xa:(a+ jnji 2 2 QNI L.
The encoding ofF into G is established by the simple transformations:

ar QN QNI with 3 Xgjnj 1) = X2 -C¢C-Xjnj 1
©: (@M1 (QyNIit with  ©(X1-¢¢C-Xjnj 1) = Xujnji 1
The tuple hl;©;2 i now certies fFg1f Ggwith Ng = f0; 1g. 2

A simple extension of this lemma will be the last of our preliminary results.

6.5 The set of qca with neighborhood N = fO0; 1g is equivalent with the set of qca.
Proof. Combine the results: qca ' qca nomaiized @Nd 4CA normalized = dCAN=f0:1g 2
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6.3 Shift Neighborhood Scheme is Universal

In this section we will prove that every neighborhood scheme can be simulated usy the shift-
schemeS. It will be understood that k is the number of gates,n is the fan of the gates,P and R
are neighborhood schemes antl1;M,;::: are proper quantum gates.

6.3.1 Periodic

A periodic ggca is a non-homogeneousgigca . It is build by a periodic pattern of di®erent gates
and neighborhood schemes.

6.6 (Periodic ) A periodic qgca F of ! layers is de'ned by a tuple
F o= hQ;m4Mog;iii;Mi, 1;Poii: Pry g

with M; proper quantum gates andP; proper neighborhood schemes fob - i< . The unitary
operator of the ‘rst 1 layers of this gca is de ned by:

(Notice the order of the index i and the fact that Fy is de ned as the operator ofseveral layers.)

6.1 With the 3-periodic qgca F = hQ;n; 3;Ag;A1; Az; Po; P1; Pai; the behavior of
the ‘rst 3j layers is described by:
3 -
i i
F. o= A ep, eald ep, eald opy
3

A periodic qgca with * layers will be call a®-periodic qgca . An l-periodic qgca is again a
regular ggca . This de nition is a side-step from the regular classesgca, pqca, and qgca to
allow a more °exible way of de ning quantum cellular automata. After that it wil | be proven that
every periodicqgca corresponds to aqgca .

6.3.2 Simulating Neighborhood Schemes

By allowing di®erent layers in aggca we can construct a periodicqgca that mimics the behavior
of a neighborhood scheme. This is shown in the following lemma.

6.6 For every qgca F = hQ;n;M;P i there exists a periodicqgca G de ned by
G = hmmyLMo;:ii; My 1;S;:::;Si

which is shift equivalent with F.
Proof. See Appendix C for a proof by construction of this lemma. 2

Figure 6.1 shows us an example of such a simulation by a periodiggca .

6.2 The gqgca F = hQ;3;M;P i with a neighborhood schemeP = I3;%; A and
¥0)=2 Ao)y= i1
1) =1 Al)=1
¥%2)=0 A2)=0
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original neighborhood scheme

d 1 pg ] D

simulation by permutation gates

(———"1 ( )

ag——

Figure 6.1: Simulation of the neighborhood schemé in Example 6.2. The two additional layers
of the periodic qgca G consist of permutation gates which mimic the wiring of the original
neighborhood scheme. The last permutation gate is combined with the gaté/ of the qgca F.
Because the periodioggca only uses the Shift scheme this simulation will will be equivalent with
initial ggca F up to a S® translation for every layer of F.

can be simulated by a3-periodic qgca
G = M;33Mo;M1;M2;S;S;Si:
The gates of this automaton are described by:
Mojx;y; zi = jxy; zi Mijx;y;zi = jz;Xyi M2jx;y;zi = Mjx;z;yi

for every x;y;z 2 Q. See Figure 6.1 for an illustration of this simulation by G. Notice how the
last permutation gate and the M gate are combined to one gateéM . 3

6.3.3 Simulating Periodic

The use of periodicqgca will only be temporary because we can simulate any periodiggca by
a regular gqgca .

6.7 For every periodicqgca F = hQ;n; M o;:::;M:; 1;S;:::;Si there exists aggca
G=m;n+¢ ;M%Si with ¢ = dog(* )=log(jQj)e which can simulate F .
Proof. Let p:::q be an injective function: Z: ! Q¢. Dene M?: Hgnse ''H gnswe for every
j 2 Z: by:

M Gxo;::: PXni 2P0 Xnj 1l = MjjXosiiiXn1i-] pl +1di
We will use the simple transformations: 2: Q" ! Q"** and ©:Q"** I Q" with

4 Xo;:it Xni 1) = (XoriiiiXn;1)- (pOQ)
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and
©Xoi it iXn 15X 100ix% ) = (XojiiiiXn 1)
Now h =1, ©;2i certies the fFg1f Gg relation according to:

Ok(n+e) *Gk(nsey 2k = Fin

An example will show us how this procedure can be applied to a small periodiggca .

6.3 If a 2-periodic qgca F = hf0;1g;3;2;Mg;M1;S;Si has the following behavior
for the circuit size k = 2:

M2 ¢s oM 2 esjxd; x3: x2; x9; x1; x2i
= mHA ¢SQ:M(gzljxé;x%;x?;x%;x%;xgi

= mHA ¢SIM0jxé;x§;x$i- Mojxi; x2; xJi
= MPes ygydiiytiyhyai®

= MPiEvgyvEivigi

= Majysi¥g;y2i- Majyiiygiyei

= 272522 2

= (2)

Fa(X)

Then, with
3 x3ixgix3) = (x3:xgix3; pOd)  and  ©(xG; x5; x5; X ) = (X8; x5 X3)

the tuple h =2;©;2 i certi es the simulation of F by G = hf0; 1g;4;M % Si as is illustrated by:
3 ,

2
@t M¥¢s " xa(X) © 5 +M % ¢s ¢M 9 ¢Sjx3; x2: x2; pog; x2; x1; x2; p0g

= ©g M o5 oM Pjx§; x5 poc; x9; x1; x3; pOc; X
= ©gzmd@ ¢S|M‘ﬁxé;x§;p0q;x2i- M 9x7; x2; pOg; x3i
= ©gtM®@ ¢SiMojx%;x§;x‘1’i-j plgi- Mojxi;x3;x3i-j plqi¢
= ©5=M % esjyS;yd v8: pic; yds vii y2: plai
= 05 +MPjyd:y2 g y?;yhiy2 plg; yoi
= ©5xMY%yg:y8iplayi- M%yi;yEiplg; ygi
= ©g*Mijyg;yg;yii- pOdi- Majyi;yiiyei-j pod
= ©gj23;2}; 2%, p00; 22; 2}, 22; pOq
= jziziz5i a2
= (2)
3

With the use of above lemmas we can now state the following theorem about theimulation of
periodic qgca .

6.1 Every periodic qgca F = hQ;n;%; M ¢;::: ;M1 1;Po;::: Py 10 can be simu-
lated by a regular ggca G = hQ;n%M % Si with only linear slowdown. This can be abridged by
the statement: gqgca periodic © ggca s.
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Proof. If apply the proof of lemma 6.6 for every neighborhood schem®; we have a periodic
ggca which only uses the shift neighborhood scheme. With lemma 6.7 we can construct a refgr
ggca G which has the same behavior and uses the shift neighborhood scheme. 2

This is a strong equivalence relation within the class ofqgca . We are now able to de ne our
ggca in terms of periodic qgca because we know that eventually we can change those into a
regular qgca again.

6.4 Every can be simulated by a

Using the above results we will prove that every well-formedqca can be simulated by aqgca
with only linear slowdown.

6.8 Every proper gqca F can be simulated by a periodicqgca G.
Proof. We already know by Lemma 6.5 that we can restrict this proof to the gca with neigh-
borhood setN = fO0; 1g, we therefore assumd= = hQ; f0; 1g;fi.
Lemma 4.4 shows us that thereexisa- 0- b2 Z and afunc:[ion g:R!I Q with R %2 Haei an
which calculates the local inverse of. This function obeys: » ? Aif g(») 6 g(A) forevery »; A2 R.
The function g is called the local inverse because withx; 2 Q and jy;i = f (Xj; Xj+1 ) the function

IYaiYast 000y 1XosYor Vet Yel A g (YaiVasiiiiiiVi 1:YoiYoiYaiiil Yol

de nes a proper transformation which respects the inner product. This proves the well-fomedness
of the transformation

JYariiioVi tiXoYorYasiiayel 1 fo JYariiiiYoisYoiYiiiii; Yol
’ J Ya;iii;yiai-f ®0;00 + " j1;Lig-j ya;iii; Yol

for every x; 2 Q; and f (Xi; Xj+1 ) = Jyji with f(Xo;X1) = jyol = ®0i + jli.
We de ne the following A; B and C gatesand their ‘requested behavior' (see Lemma 2.1) with
Xj 2Q;y; =f(xj;Xj+1) 2Hg andr = bj a+1. The A-gate calculates ther j 1 values ofy on

the left-side:

0 1 0 1
1 02

0
A@  jx;;xiA = @ jxpiyiA-j X 1 X i
j=0 j=0

The B-gate calculates the remaining value ofy:
00 1 1
0?2 o
B@@ jx;;yiA -j Xoj 1% 1i-] XeiyiA = iy
j=1 i=1
We use theC-gates to replace thex values by the newy values. EachC gate replaces one value.

The well-formedness of this transformation is atrmed by the existence of the inerse functiong.
ForeveryO- t- rj landz 2fx;;yigandjy;; oi = ®0i + jli:
1 0

00 11
ticpi 1 tgil
c, @@ ij;yjiA -] Xt aiVtj al- @ jzj;yiiAA
_— j=tj a+l
b 1 0 1
t]@i 1 [Ui 1
= @ ij;y]'iA'j Yii as Yt al- @ jzi;yJiA
j:[ j:ti a+l
0 1 0 1
t]@i 1 tUi 1
iz;y A -f €0;01 + Tj1;lig- @ iz 1y iA

j=t j=ti a+l
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By the indices of the x and y values in the above de nition it follows that:

0 1
13 . o
cldes? ¢s213 ¢ ¢s2 ¢A ¢S°@  jxj;xiA
t=0 jzzkr
0
13 ) ’ o)
= Ct[]¢32 @ jXr12+j;yri2+iiA
t=0 jzzkr
o . .
= 1Yoyl
jzozkr - .
= JE X Xien )5 F (X5 X )i
jzzkr

By Lemma 2.1 and the existence of the functiong we know that A, B and C are all proper gates
(note that all C-gates are identical). The proper ¢ + 2)-periodic qgca

G = hQ;2rnr +2;A;B;C,; 1;:::;Cp; S% 82,521 2,82 ; S?

therefore simulates theqca F. This is certi ed by the encoding h1;©: Q% ! Q";2: Q" ! Qi
with 3 Xo; 115 Xr; 1) = (Xo; Xo; X13 X125 250 5 Xrg 13X 1) and © =2 1 1, 2

We use this lemma to proof that the class ofgca can be simulated by the the class ofggca .

6.2 Every well-formed qca F can be simulated by aggca G.

Proof. A well-formed qca F can be simulated by a periodicqgca (see the above lemma) and
every such periodicqgca can be simulated by aggca G (Theorem 6.1). We therefore know that
there exists aqgca G with fFg1f Gg. 2

6.5 and are Equivalent
Because everypgca is a qca (which can be simulated by aqgca ), we only have to prove that

every qgca can be converted into apqca with the same behavior. Again we will restrict ourselves
to the shift-scheme which covers all possiblegca .

6.9 Every proper qgca F can be simulated by apgca G.
Proof. The qgca F is de ned by hQ;n;M;Si. We construct a pgca G described by

G = mM°=Q £ Q¢ £ QR;3fi 101y gi
with QY = Q, Q2 = Q"i 1 and Q% = fnillg. The simple transformations are 2 : Q" ! Q°
and © : Q%! Q", with ( Xg;:::;Xn; 1) = Xo £ Xz:n; 1 £ nilland © =2 i 1. The local function
g:(Q%3!'H qo obeys:
gxy;z) = gz EYycEXR) = M(yc £z )Enll  2Hgeoni e nilg

with x;y;z 2 Q% BecauseM is a proper gate,g® will be a unitary transformation. G is therefore a
proper pqca , which simulates the original ggca with no slowdown. This is certied by hl;©;2 i,



6.6. CONCLUSION 53

as is shown by ¢ =1 and k 2 N*):

0 A !1
o] o o _ ¢
O £y £2 j @ xj A = ©£G XPE X E£CCE AT E nill
i2z¢  i2Za i2z¢
; ' ¢
= © IM(le;:::;xj“'1;xj0+1)£ nill
j22Zx
= M (x5 Xt Exdyg)
j22Z¢ 0 A |1
(0] o
= MKg¢s @ xj A
22 i22Zs

Becauseqgca ' qgca s we may conclude:qgca ' pgca 2

6.6 Conclusion

6.3 gca ' pgca ' qgca.
Proof. A summary of the results of this chapter gives us:

1. gca ' ggca periodic (Lemma 6.8)

2. ggca periodic * dgca s (Theorem 6.1)

3. qgcas ! pgca (Lemma 6.9)

4. pgca ! gqca andqggca ! gqca (Lemma 6.1 and Lemma 6.2)

2

The theory of quantum gates and quantum networks assumesQ = f0;1g. For this reason we
state the following additional lemma:

6.10 Every well-formedqca F = hQ;r;N;f i can be simulated by aggca G = hf0; 1g; n; M; Si.
Proof. For every gca F there exists aggca F%= hQ;n%M%Si with fFg*f F%. F%can be
simulated by a ggca F%= hf0;1g;n°°M % Pi (lemma 5.1). By theorem 6.1 there exists aggca
G = hf0;1g;n;M; Si with fF°§ 1 f Gg. Therefore: fFg*f Gg. 2

This last lemma enables us to use the known results on quantum gates [4, 16, 180]6when
analyzing gca , without loss of generality. By doing this, the next section shows us the existence
of a universal gca and answers a question about simulatinggca on Quantum Turing Machines
[21].

The above theorems and lemmas also hold when restricted to classicaa. Theorem 6.3
therefore proves (in the case of 1aa) the conjecture made by To®oli and Margolus [55] about
the structural invertibility of (classical) reversible ca. An independent proof of this conjecture
has been made by Kari [32], which also holds for 2d-CA.



Chapter 7

A Universal Quantum Cellular
Automaton

In this last chapter we will prove that there exists a which can simulate any
other with only a linear time slowdown. This will therefore be called a
Universal quantum cellular automaton.

7.1 Simulating with S

With the results of the previous chapter, we are now able to solve a well-known pblem: \Is it
always possible to simulate agca on a quantum Turing machine?" The answer will be atrmative.

7.1 For every well formed ggca F = hf0;1g;n; M; Si there exists a well formedqgtm

T = h§;K;+i which simulates F. The simulation of the function F/} will have O(k) space com-
plexity and O(kt ) time complexity.
Proof. Let the alphabet set § equal f0; 1, @ g. Given the unitary transformation M on Hg .40,
we rst de ne two gtm s: Ts and Ty .

The Ts simulates the shift neighborhood scheme of thegca , it is de ned by:

jpstartq; o xQ;x3; s xpl fimseeei 7 ¢, jphalta; e xg; X3 xRl 1xgia ¢ ¢ ¢

The time/space complexity of this well formed gtm will be O(k). The description of Ts does not
depend onk (we want T to be valid for any k).

The secondgtm , Ty , has to simulate the unitary transformation M kI which corresponds to a
concatenation ofk transformations M. Its behavior is described by the following sequence which

will be explained afterwards.
jpstarta; o5 yg;yg: it yel ;e ¢€¢i 1T 1, jpstartgimi- Mjyei-j y9iii;e ;¢ edi
i 1, ipstartg;ei- Mijygi- Mjyqi-] ﬁ;:::;o;ﬂ:d:ﬂ:i

Tv jpstartg@i- Mjyoi€ ¢ ¢ -Mjyy; 1i-] ;¢ CCi
Tw jphaltgai- Mjyogi¢ ¢ ¢ -Mjyy; 1i-] 2 ¢ CCi

This gtm applies M to the rst n bits of the input string after which the head moves n places
to the right. This process is repeated until the @ -symbol is read. Now the head returns to the
leftmost @ -symbol and the gtm halts. BecauseM is a unitary transformation such a well formed
Tw exists (Lemma 2.3) Again the gtm is independent of k and has time/space complexity of
O(k).
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This shows that Ty *Ts simulates one layer of theqgca F. By repeating this algorithm
t times we simulate the global function F} of the qca F. Because the time complexity will be
O(kt), whereas the space complexity remain®©(k), the simulation has linear slowdown. 2

With the use of the above lemma we can prove that every well formedjca can ezciently be
simulated by a well formed gtm , a question raised by Daniel Simon [51], John Watrous[57], and
Christoph DArr et al. [20, 21].

7.1 Every well formed qca F can ezxciently be simulated by a well formed gtm T.
Proof. For every qca F there exists aqgca G = hf0; 1g;n; M; Si which simulates F with linear
slowdown (Lemma 6.10). Therefore, by Lemma 7.1, there exists a well formedtm T which
simulates F{ with space-complexity O(k) and time-complexity O(kt). 2

7.2 A Universal Quantum Cellular Automaton

By now we have proven that agtm can simulate aqca and vice versa. We also know that there
exists a universalgtm . This leads us to the conclusion that there exists agca that can simulate
any other well-formed qca . Still this is not the end of our investigations. The disadvantage of
the above described construction is that we do not use the parallel computational pwer of aqca
when it has to simulate another parallelgca. This is obviously not an etcient way of simulating.
Here it will be shown that it is indeed possible to construct agca which can mimic the behavior
of any other qca in parallel.

Our approach will be to use the known results about quantum circuits and universal giantum
gates to construct aqgca that we can “program’ with the input to simulate other possible qgca .
Because there are uncountable manyygca we have to be satis ed with a simulation within a
bounded error. This resembles the situation with the universal quantum gate. We wi use this
universal two bit gate U to approximate the M gate of aqgca hf0;1g;n;M;Si. The resulting
circuit after this transformation will be periodic both in the space and ti me direction. The universal
gca U will be a gca which can be programmed to simulate any such circuit.

7.2.1 Periodic Universal Gate Arrays

Our aim is to simulate a qgca G = hf0; 1g; n; M; Si. For the simulation of the quantum gate M
we will a universal two bit gate U. A circuit that only consists of U gates will be called aU gate
array. The “rst transformational step will be to replace every M gate with a U gate array which
approximates the initial gate M. Because of the symmetrical structure ofggca , the resulting U
gate array will be periodic in both space and time dimensions. Such a circuit Vll there be called
a periodic U gate array. See Figure 7.1 for an example. In order to translate the “wiring' of this
array, another model will be introduced.

7.2.2 Simulating the Wiring

We proceed by de ning two gatesl and X that will mimic the wiring of a periodic U gate array.

The gate | corresponds with the two-qubit identity gate whereas X describes a cross-over:
lix;yi = jx;yi and  Xjx;yi = jy;xi

for every x;y 2 f 0;1g. By combining the |, X and U gates in a wall-like, periodic structure, we
can mimic any periodic U gate array. An of example such anperiodic IXU array of this is shown
in Figure 7.2. To describe these structures we use the following de nition.

7.1 (periodic IXU array) A periodic IXU array F is de'ned by hm;n; Al ;Bj‘i
with Af;BJ 2f1;X;U gforeveryj 2 Zy, andi 2 Z,.
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C_ ) u gate L% wire

Figure 7.1: Part of a periodic U gate array which simulates aqgca . Each box contains aU gate
array that simulates a gate of theqgca . The part shown here contains two layers of three original
gates. The periodic pattern of the resulting U gate array is apparent.

G:DI gate [X] X gate @ U gate

Figure 7.2: Example of a periodicl XU array. The indicated areas correspond to the boxes of the
periodic U gate array of Figure 7.1. This “gure shows the simulation of one layer othree gates
of the original qgca .
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A periodic IXU array is build by identical boxes of IXU arrays. The number m indicates the
horizontal size (in terms of gates) of this box whereasn de nes the number of double layersin
each box. Each double layer consists of ail\ layer and a B layer. The function Fonk describes
the behavior of a rowZy of k boxes which acts on Pk bits and and uses 2 time steps (measured
in individual layers). This function is de ned by:

2 0 1 0 13
Y o} _ o
Fork = 45y ¢@ B! A ¢S ¢@ i A5

jmodm j modm
i=nj 1 j2Zmk j2Zmk

7.1 The periodic IXU array of Figure 7.2 is de nhed by h2; 2, Al; B/i with

>

>

>
I
X C — C

o

Oor oo 0O
I

— X c X
vs)

PR PR RO RO
It

o3}
O
1
w >

Without going into full detail we can state the following lemma.

7.2 For every qgca F = hf0;1g;n;M;Si there exists a periodicIXU array G =
m;m;A]i ;Bjii (with gecd(m;n) = 1) which simulates F. This simulation is within an arbitrary
small error.

Proof. Use the above described transformation fronggca to periodic U gate arrays to periodic
IXU arrays. The gcd(m;n) = 1 constraint is satis ed by adding a su+cient number of identity-
layers which only consist ofl -gates, thereby increasing the value ofi until the desired number is
reached. 2
This lemma tells us that for every k 2 N* the function Gomk Wwill simulate Fi. If " indicates the
allowed error for simulating one M gate, the simulation of F¢y will have an error of k”. Because
" can be made arbitrary small, k" can be made arbitrary smallfor a "xed value of k. The linear
slowdown is expressed by the “vertical size' of each block which equalg 2If the simulation of the
M gate requires some additional work bits for theU gate array, the space complexity will grow
with a factor proportional to k. The reason for the gcdfn; n) = 1 constraint will become evident
in the proof in Appendix D.

If we express the cell values of the periodi¢XU array at time t by jXt;Y6:::: i Xk 15 Yim; 1
the general behavior of thelXU array is calibrated by the equations:

Amoam Xy = Xy (7.1)
Bl ey Xt = g (72)

foreveryi 2 Nandj 2 Zyy, . We will use this “calibration' to prove that the universal automaton
U embeds the same behavior.

7.2.3 The Universal Quantum Cellular Automaton

The universal quantum cellular automaton U is described by the following de nition (an explana-
tion of its semantics will be given below):

7.2 (U automaton) The U automaton is aqgca hQ;n;M; P i with:

state set Q= f0;1;/; =;plg;pXqgpUggandn =4



58 CHAPTER 7. A UNIVERSAL QUANTUM CELLULAR AUTOMATON

quantum gate M :Hgs ! H o4 that obeys:

Mje;a;pAgai = jo;o;pAqg; Qi Mje;x; pAg;ai = jo;X; pAg; Qi
Mja ;e pAgXi = jX; o pAQ; i Mja;a;pAg/i = j/; o;pAqg;ai
Mix;a;pAgi/i = jl;x; pAg; D Mija;x; pAgyi = jx°8;pAg;y1

for every x;y 2 f 0;1g and for every A 2f1; X;U g:
Apyi = jx%y9
neighborhood-scheme P = m;%;A dened by

¥0) = 3 1) =1 Y2) =2 ¥%3)=0
AOy= i1 A1) =0 A@2)=0 AB3)=1

If we supply this automaton with the appropriate input, it will simulate a per iodic IXU array.
This is shown in the following analysis.
For every N; K 2 N* the input:
&l £ ooy, A
—nxgl/gn;ygul/ﬂlu :ag 1/%!: ;/nl/gcz; oo %uoizi' !
- J2Z¢
with %2 f pl g;pX g;pUgg and x;y 2 f 0; 1g, will evolve after two layers of the automaton Upnk
to the con guration:

_h

_ £ [ A
—on Vgo;/yjll/%n; fote 1/};‘]0

ol N 1
Xy 0¥ o 127
K

nZNi 2
i=2

with | 9jx%;y%i = jx};xli (the gate | is determined by ¥4 = p} 9q). At this point the x-values
will travel step-by-step to the left, while the y-values have moved one place to the right and are
now stationary (this is established by the \/"-symbol).

The next important situation occurs after £( N) layers when the x and y values "meet again'
at the ¥4 gates, which are then to be simulated. This will result in the con guration:

OoN 1i

T £ .
—_\2 . 1~ - 2 2 -
yJul/gu,uu Yao /x5, Y40, oo 1/%:1 o

J2Zk

with | 3jy3ix3. 0= jy5ix3,, 0 and ¥4 = p} ja.

By now the y-values go left in order to collide at the%4 gates with the x-variables. This process
will be repeated in the obvious way.

A careful examination of the behavior of U;yk on this input reveals that the overall time
evolution is calibrated by the equations:

| 2imod2N i 20 Ly 21 — iy 20+l L ,2i+1
I J+b22T“cmodKJXJ+iry.]+iI = IXyeiaYisi! (7.3)
| 2i+1lmod2 N 2041 L 21+ — 02142 (212
! Loya+l 4 = ‘ i 7.4
! J+b%cmodKlyJ+' 13+l i+ Yavin (7.4)

foreveryi 2 N, J 2 Zx , and 4= p! &
By using the calibrations 7.1, 7.2, 7.3, and 7.4, we can prove the followg lemma.

7.3 Every periodic IXU array F = hm;n;A};B/i with gcd(m;n) =1 can be simulated
by the ggca U. The time-complexity of the simulation is linear and does not depend on the size
k of the periodic IXU array Fomk .

Proof. If a ‘'mapping' between the four calibrations is possible, it follows that the two automata
have the same evolution. Because gcd{;n) = 1, there exists a positive integer ® such that
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®nmodm = 1. With N = ®randK = km every Fo« can be simulated byU,yk . This is shown

by the existence of a mapping which satis es (assuming = j j i):
imodn _ | 2imod2N gimodn _ 2i+1mod2 N
jmodm T 1 j; i+b2-cmodK fmodm 1 it p2t cmod K

foreveryi 2 Nandj 2 Z. See Appendix D for the existence proof of such a mapping. Becaug
does not depend ork, the time-complexity is bounded by £(Ni) = £( i) for the simulation of 2i
layers of F. 2

With this lemma we have reached the nal conclusion of this thesis.

7.2 There exists a proper universal quantum cellular automatonU which can simulate
any well-formed qca F with a bounded error. The extra costs of the simulation of F{ has time-
complexity £(t) and space-complexity£( k).

Proof. This follows from the results of Lemma 6.10, Lemma 7.2 and Lemma 7.3. 2

7.3 Conclusions

We have de ned a class of well-formed quantum cellular automata which are one-dimensial and
circular bounded. It has been shown that every propergca resembles a periodic quantum gate
array. This assures us that theglobal unitarity of a gca can be reduced to thelocal unitarity
of the gates of aggca . There exists aqca U which can simulate any such array (by using a
universal two-qubit gate U). The time-complexity of this simulation does not depend on the size
k of the initial gca. This proves that U is a universal quantum cellular automaton.

The existence of aclassicaluniversal cellular automata was shown by JAirgen Albertet al. [1]
and Bruno Martin [37]. Both constructions did applied to irreversible ca. Because the classical
reversible cellular automata (rca ) are a subset ofqca, we know that every rca can be simulated
by the non-classical U automaton. If we want a universal rca , we have to adapt De nition
7.2 in such a way that it uses a universalthree-bit gate (the To®oli-gate for example). This
is because there does not exist a classical two-bit gate that is universal in its computational
power[3, 4, 16, 18]. The author is unknown of an earlier construction of suchraautomaton.

Theorem 7.2 shows that the model ofgca is a useful model of parallel quantum computing
on its own. Because of their uniform structure, cellular automata are particular useful to bridge
the gap between physics and computational theory. From this intermediate standpot there are
at least two directions possible, each with its own merits. By going fromqca to physics one
obtains a powerful model to describe quantum mechanical systems. Recent work by D&l Meyer
[39, 40, 41, 42] goes along this pathway.

The other direction is to try to actually construct a controllable qca. Several authors have
suggested thatgca -like systems are more likely to be build than quantum Turing machines oriened
structures [8, 34, 35, 36]. If such a construction would indeed be possible ihé future, we would
have equipped ourselves with a new remarkable tool. A tool whose computational qaver we are
just beginning to unravel [11, 22, 56].



Appendix A

Unitary Transformations

Because of their central role in quantum computing, we will summarize the properies of unitary
transformations [13, 25, 33, 47]. A linear transformationF is determined by its state setS and
the corresponding transformational matrix Mg 2 CS£S. We will only look at countable state sets.

A.1 A transformation F on S is unitary if and only if its corresponding matrix Mg
obeys:MIMg = MM/ =1g, with 1g the identity on the set S.

A.1 Finite dimensional Transformations

If Mg is Tnite dimensional (e.g. S is nite) M{Mg = 1g always implies MEM{ = 15. We
therefore can simplify the above de nition.

A.2 A nite dimensional transformation F on S is unitary if and only if its corre-
sponding matrix Mg obeys: M ,Z Mg = 1s, with 1g the identity on the set S.

A.2 In nite dimensional Transformations

If we take the the in nite transformation F(i)= i +1 on S = N we obtain the following “inverse
FY:N* I N,with FY(i+1) = i for everyi 2 N. We therefore have:FY+F = | butnot F +FY = |
(F £FY(0) is not de ned). In matrix notation this is illustrated by:

0 1 0 1
01o¢¢¢ oo ¢ced 1 0 0 ¢¢¢
, 0 0 1 0 0 ¢¢ 01 0 ¢¢
Mg ¢Me = 0 00 10 ¢¢ = 0 0 1 ¢¢
but:
0 1 1 0 1
ooo¢¢¢ 0 1 0 ¢c¢¢ 0 0 0 ¢¢¢
, 100 0 0 1 ¢¢ 01 0 ¢¢
Mg ¢M: = 010 0 0 0 ¢¢ = 0 0 1 ¢¢

A closer look at F reveals that F could not be unitary becauseF is not surjective. This is a
necessary and suzxcient restriction for innite transformations with M ,¥ Mg = 1s to be unitary:

A.3 An in nite dimensional transformation F on S is unitary if and only if its

corresponding matrix Mg obeys: M%’MF = 1s (with 1s the identity on the set S) and F is
surjective.
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A.3 Exponential Expressions

A.4 Let H be a square matrix, bye we meanl + H + %HZ + ¢ ¢ ¢Therefore for
everyt 2 C:

X o1
exp(t ¢H) = i ¢t} ¢H K
k=0

Al

T L
0 - i sin(t) cos()

A.5 A matrix A is called hermitian if and only if AY = A.
Finite unitary and hermitian matrix correspond to each other in the followi ng way.
1. For every hermitian matrix H, exp(iH ) is a unitary matrix.

2. For every unitary matrix U, there exists a hermitian matrix H such that: U = exp(iH ) (in
general thisH is not unique).

For this reason the analogy of hermitian matrices to real numbers and unitarymatrices to the
complex numbers with norm one is made (except for commutativity of multiplication).



Appendix B

Proving Well-Formedness

In this appendix we will prove that if the general function Fz of a normalized qca is not well-
formed, there exists aK 2 N* such that Fy is not unitary. This result is used in Lemma 4.3.

B.1 Let F = hQ;N;fi a normalized gca . If there exist two values X 6 Y 2 Q% such
that

hEz(X)i Fz(Y)ii & O

for every i 2 Z, then there exists ak 2 N* with Fy not unitary.
Proof. We usex; andy; 2 Hq de ned by

A ! A !
@] @] o 0]
Fz(X) = Fz Xi = X and Fz(Y)= F; Y, =y

i2Z2 i2Z2 i2z2 i2z2
with X;;Y; 2 Q and X 6 Yg such that
foreveryi2Z: hxi;yi&0 (B.1)

We will now prove that, given these X and Y, we are able to construct ak 2 N* and aX %Y %2 Qk,
with X °? YO%and FyjX % 62FjY9.

De ne r = jNj the size of the normalized neighborhoodN = f0;1;::: ;r i 1g. Take a;b;cand
d (with a<b - 0- c<d), such that:

Xa:(a+ri 1)~ Xb:(b+ri 1) Ya1:(a+r1 1)~ Yb:(b+ri 1)
Xeerri 1) = Xdi(d+rj 1) Ye(erri 1) = Ydi(d+ri 1)

Because there are “onlyjQj?" di®erent combinations of Kizi+ri 13 Yigi+ri 1], this is always pos-
sible fora, jj Qj% andd-j Qj*. With these values we de ne:

XL = Xayn 1) Xr = Xeyqdi 1)
YL = Yaui 1) YR = Yeqdi 1)
This can be visualized by:
23— { 2z 3|
CCEC Xa-CCC-Xp1 -Xp-¢CC-Xp-CCC- Xc-CCC-X4,1 -XgCCC

¢cce |Ya_¢¢{g_Ybi} -Yp-¢C¢C-Yp-CCC- |YC'¢¢{%'Ydi} -YgtC¢

Y|_ YR

X
Y

Now we distinguish the following three possibilities:
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1. X_ 6 Y_: Take X°= X, Y%= Y_ both elements of QX with k = bj a (thus X°? Y9. For
O- i- rj 1we have:
XI9+i = Xi0: Xa+i = Xptj

and therefore:

O O
F(X9 = f XPhi
j22Z¢ AlZZr |
@) O
= f Xa+j+i
22k 22,

( FZ(X ))a;(bi 1)
and for the same reasons alsoE (Y9 = ( FZ(Y))a:(bi 1 This leads us to:

D E W1
H:k(XO)YFK(YO)I = (FZ(X ))a;(bi 1) ;(FZ(Y))a;(bi 1) = h>(|,y||

i=a

By (B.1) we now know that F, (X9 62F, (Y9, which shows that Fy is not a unitary trans-
formation (with k -j Qj®").

2. Xgr 6 Yg: With X%= Xy, Y%= Yg and k = dj c, the same reasoning as withX, 6 Y_
holds (againk -j Qj*").

3. Xy = YL and Xr = Ygr: First we will prove Xga(peri1) = Ya(ber; 1. We already know:
Xa:(bi 1) = Ya:(bi 1)- With induction (given O - i - i 1 and Xa:(b+ii 1) = Ya:(b+ii 1))
it follows that Xp+i = Xa+i = Yari = Yp+i holds. Likewise we can prove:Xc g+ r; 1) =
Yea+ri 1. Now take X° = Xpeir; 1y and YO = Yyer; 1y 2 QF, with k = c+rj b
Becauseb- 0- c+rj 1andXgy 6 Yo, we haveX?? YO Below we will use: (because
Xb:(b+ri 1) ~ Yb:(b+ri 1) and Xc:(c+ri 1) — Y(::(c+rj 1)):

forevery 0« i+ rj 1: X i = Xeri = Yeui = Y@ ps

and also for everyr - i - 2rj 2:

0 — 0 — 0 — X — . — 0o _ 0 _ 0
xci b+i — Xk+ij r = Xii r— Xb+li r = Yb+li r = Yi r = Yk+ii r = Yci bt i

To summarize: X2 p, i = Y2 . if0 - i- 2rj 2. This gives us:
A !
0] 0] 0
FK(XO) = f Xj+i
R ¢ 110 A |1
cdil O bt 0O
= @ f X% A- @ f X2 A
j=0 i2Z; j=ci b i22,
0 A 110 A 11
o1 o (S 0] 0
= @ f Xj+i A- @ f Y%
j=b i2Z, j=ci b i22,

If we combine this with:

F(YY) = @ f Y. A-@ f Y5 A
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the inner-product of F (X 9 and Fy (Y9 equals:

« 0 A 110 A 11y
01 O o1l O
Fe(X9;Fe(Y)i = @ f Xjei A @ f Yi.i A
i=b 2z i=b_ i2z,
D E
= (FzXD e 1 (Fz(Y Db 1
6{1
= i yii

i=b
Again, (B.1) shows us that Fy (X 9 62F¢ (Y9, which shows that Fy is not a unitary trans-
formation (with k - 2jQj% + r).

All possibilities are covered by 1, 2 and 3. This proves that there exists & - 2ij2r + r, for which
Fy is not unitary: the qca F is not well-formed as de ned in (4.7). 2



Appendix C

Simulating Neighborhood Schemes

In this appendix we give the proof of Lemma 6.6 about the simulation of arbitary neighborhood
schemes by periodiaggca which only use the Shift neighborhood scheme.

C.1 Forevery gqgca F = hQ;n;M;P i there exists a periodicqgca G de ned by
G = mMmYLMo;:ii ;M 1;S;:::;Si

which is shift equivalent with F.
Proof.  Given the neighborhood schemé® = ;% A, we will use the labels:

2 ©=fA()ji2 Zng

2 r =max(®) i min(©)

2 A= fHt)jt2 Z, and A(t) =min(©) + ig foreveryO- i- r
2 m(P) = P{=0i¢j&ij

(Therefore if m(P) = 0 we have Ay = Z, and m(P) = 1 implies jAgj = nj 1 andjA;j = 1.)
For every neighborhood schemé® = m; %; A and value c 2 Z,, we de ne the following standard
procedure:

Construct an alternative neighborhood schemeR = ; &;'i by

&iy= i) and ()= AG)i L(i)
Next, we de ne two 'permutation gates' |: Z,! Z, and¥%:Z,! Z, by:
<njl ifi=c
Wy = c ifi=nj 1
T otherwise

and ¥{i)=1( ii 1) (such that ¥}( i)+1)= i for everyi 2 Z,). We now have for everyk 2 N*:

P+ g 2144 £ R, n; I 1);0i £ hn;i +1; 10, 1(i)iz hn; Y40); 00 £ hn; &G);" (i)i

= ;i i);0ixhn;i +1;1,,; 1(1)i£hn; &E%0);" +Yi)i

= My i);0ixhn &40 +1); 1, 1(I)+ ' £%0 +1)i

= &Y D) +1) 1y a2 (1) + " 2VG( )+ D)

= m;i); AxDi

= Py
This shows that the 1 + 1-periodic qgca G°= hQ;n;* +1;%;My£] ;:::;M:; 1;R;S;:::;Si is
identical with the * -periodic qgca G = hQ;n;%;M ¢;::: ;M. 1;P;S;:::;Si, and thus G = G°
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We will use this procedure to “transform’ theqgca F into the desired periodicqgca . For every
! -periodic ggca G = hQ;n;%; M o;::: ;M1 1;P;S; 111 Si, we distinguish the following (mutual
exclusive) possibilities:

1. f0g = Ay and n = 1: The neighborhood schemeP = m;¥%;A has ¥0) = 0 and A(0) = t
(with t 2 Z). We therefore haveS +Sti 1 = P, for every k 2 N*. This proves the ! -periodic
ggca G°= hQ;n;LM ¢;:::;M:, 1;S;:::;Si to be shift-equivalent with the initial ggca
G; in other words G°” G.

2. f0g= Ay and n > 1: Take c such that ¥{c) = max(®) and apply the procedure. The new
neighborhood schemeR hasm(R) = m(P); 1.

3.f0g ( Ay: Take c with ¥c) 6 0 and A(c) = min(® and apply the procedure to get
the neighborhood schemeR. Now we have AR = f&c)g = f¥c)g + fOg combined with
m(R)= m(P)+ nj 1.

4. f0og* Ay and m(P) > 1: Take c such that ¥{c) = max( A,) and apply the procedure. For
the neighborhood schemeR we havem(R) = m(P) i 1 and (again)fOg* Ag.

5.f0g * Ap and m(P) = 1: This implies: Ay = f1;:::;nj 1g; A, = fOg, © = ft;t +1g;
Ac) = t+1; %c) =0, with t 2 Z and ¢ 2 Z, (therefore A(i) = t + 1.(i)). Dene the
permutation-gate |( i) = i) i 1. It now holds for every k 2 N*:

| xS £50

hn; 1 0);0i£hn;i +1; 1, 1(i)i £ hn;i;ti
= (i) + 151, 1(C 1))i £ hn;iti
= M, ¥i); 1c(1) + ti
= Pk
This shows that if we de ne a? -periodic gqgca
G = m;nm4LM ¢! ;My;::: iM1, 15S;::0; S
we have nally reached the shift-equivalenceG = G°.

If we start with the initial ggca F and apply the above transformation recursively, we will always
reach (after a nite amount of steps) possibility 5. This means that we have castructed the
desired? -periodic qgca G, with F~ G. 2



Appendix D

Mapping the Calibrations

We will prove the existence of a mapping as used in Lemma 7.3.

D.1 For everym;n 2 N* with gcd(m;n) = 1, there exists an® 2 N* and a mapping| §
of A and B¢ which respects the equations (withN = ®n and K = km)

imodn _ | 2imod2N
jmodm T 1 jj i+b2lcmodK

foreveryi;k 2 Nandj 2 Z.

Proof. In order to ensure a correct mapping
if:
N giomod 2N
ji i+t =— modK
then:
i modn
j modm

foreveryi;p 2 Nandj;q 2 Z.
By K km and de ning ® such that N
restated to:

1

Ggiagi (i p+ 2

2®n
The rst condition leads to p= i + ,®n (with
(i a+,(®nj

Therefore the the restrictions (i j p)modn ’
ip2Nandj;q2Z.

imodn _ 2i+1mod2 N
jmodm 1 . i+ p2* cmod K

i+1
2N
between theA values and }, we have to prove that

2p mod 2N
2p

2N

(o]

ai p+ mod K

p modn
gmodm

= ®n ~ 1 modm, the initial conditions can be
o Zgi i p)mod 2®n 0

. 2p

i Sen mod km 0

, 2 Z). As a result the second condition becomes:

1) mod km 0

Oand (j j g modm ~ 0 are satis ed for every

The same reasoning holds if we want to prove the existence of a consistent mappingtween

the B values and |.

2
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Appendix E

Sources of Information

The writing of this thesis has bene ted greatly from the information which is nowadays available on
the internet. The pace of the recent developments in quantum computing is unthinkable withat
the existence of archives such aguant-ph or qcomp What follows is a personal selection of the
sites and home-pageswhich | found particular useful.

http://xxx.lanl.gov/archives/quant-ph
The e-print archive of the Los Alamos National Laboratory has shown to ke the center of
publications regarding quantum computation.

http://babbage.sissa.it/quant-ph/
The European mirror-site of quant-ph .

http://feynman.stanford.edu/qgcomp/
The Quantum Computation Archive at the Stanford University provides a large but well-
selected database of articles solely about quantum computation.

http://eve.physics.ox.ac.uk/QChome.html
The home-page of the Quantum Information Group at the University of Oxford. Wit h on-
line elementary introductions about quantum cryptography, cryptoanalysis, computation
and communication by Artur Ekert and David Deutsch.

http://vesta.physics.ucla.edu/~smolin/index.html
The colorful Quantum Information Page of John Smolin at University of California, Los An-
geles.

http://www.cwi.nl/~berthiau/
Andr§ Berthiaume's home-page with his introduction in quantum computation [7].

http://www.iro.umontreal.ca/labs/theorique/index_en .html
The Laboratory for Theoretical & Quantum Computing at the Universit§ de Mont rgal. Gilles
Brassard's extensiveBibliography of Quantum Cryptography can be found at the English
home-page of Claude Cr§peau.

http://www.research.ibm.com/quantuminfo/
The research group atIBM with an on-line article about quantum teleportation.

http://www.physik.uni-ulm.de/~sam/home.html
Starting point of the tutorial on quantum computation by Samuel Braunstein.

http://publish.aps.org/PRA/prahome.html
Site of Physical Review A the journal where the "eld of quantum computation has found
its niche.
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http://alife.santafe.edu/alife/topics/cas/ca-fag/ca -fag.html
Frequently Asked Questions about cellular automata; edited by Howard Gutowitz. Keeps
also track of the ongoing discussions in the newsgroupomp.theory.cell-automata

http://cs.ua.edu/graduate/lusth/qca/
The Quantum Coupled Architecture Home Page which deals with a number of subjects
closely related toqca .

http://aerodec.anu.edu.au/~qgc/index.htmi
The Quantum Computing home page of the Australian National University, including a list
of paper reviews.

http://altavista.digital.com/
\If all else fails, try consulting Alta Vista." Current statistics (Summer 1996):
2 \cellular automata": 5037 documents matching the query
2 \quantum computation": 990 documents matching the query
2 \quantum cellular automata™: 40 documents matching the query
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