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Question 1 (Analyzing Small Circuits) Consider the fol-
lowing small circuits. Describe their behavior by analyzing
their effect on classical basis states {0,1}n. Next, calculate
the (unitary) 2n×2n matrices of these circuits. Compare your
these answers for consistency.
(a)

H • H

X H �������� H

(1)

(b)

•

H �������� H

(2)

Question 2 (Designing Small Circuits)
(a) Construct a two qubit SWAP gate defined by |a,b〉 7→ |b,a〉
for all a,b ∈ {0,1}, using only CNOT gates and Hadamard
gates.
(b) Create the Controlled-Phase Rotation

C-Rz(θ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiθ

 (3)

for a given θ, using only CNOTs and single qubit Phase Ro-
tations Rz(α) = (1 0

0 eiα ). You are allowed to use several gates
Rz(α) with diferent angles α.

Question 3 (Controlled NOTs) Obviously one can imple-
ment a NOT gate (on a ∈ {0,1}) with a CNOT gate using the
following circuit

|1〉 • |1〉
|a〉 �������� NOT |a〉

(4)

On the other hand, it is impossible to implement a CNOT gate,
using only NOT gates.
(a) Is it possible to implement a CCNOT gate using only
CNOT gates?
(b) Is it possible to implement a CCCNOT using only CCNOT
gates?

Try to prove the impossibility, or give an example of the
implementation.

Question 4 (Unitarity) Let T be a linear transformation on
CN such that T |ψ〉= T |φ〉= |0, . . . ,0〉 with |ψ〉 6= |φ〉. Prove
that T is not norm-preserving.
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