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We will prove the existence of a universal quantum cellular automaton. Such qca are defined as
the quantum-mechanical pendant of classical one-dimensional cellular automata. As is the case with
quantum Turing machines, the well-formedness restriction plays an important role. It will be shown
that every proper qca obeys a local constraint which is comparable with the ‘inverse neighborhood’
of classical reversible cellular automata. This allows us to describe every qca as a periodic quantum
gate array, which can be simulated (with a bounded error) by a universal automaton U . The time
complexity of this simulation does not depend on the size of the qca to be simulated.

1 Introduction

Over the past few years there has been a growing in-
terest in the theory of quantum computation. This
was aroused in the 80’s by Benioff[5], Deutsch[9, 10]
and Feynman[15, 16] who replaced the implicit classi-
cal assumptions of computational models by the laws
of quantum physics. By doing so, computer scientists
and physicists enter the joint field of quantum Turing
machines[7, 9, 22], quantum gates[3, 4, 11], quantum
networks[4, 8, 10, 22], etc.

This article applies the ‘quantum paradigm shift’ to
the computational model of cellular automata, which will
lead us to a definition of one-dimensional quantum ca.
These automata have been described before in a similar
way by Watrous[21] and Dürr et al.[13, 14]. Along with
this definition we have to take a closer look at the well-
formedness restriction which tells us that only a fraction
of the possible qca has a valid physical meaning. (This
is the main interest of the two articles by Dürr et al.) Co-
herent quantum mechanical processes are only possible in
combination with a unitary and therefore reversible time
operator. For this reason the ‘classical results’ on invert-
ible computation have a great significance to the theory
of quantum computation[6]. The qca-model makes no
exception to this ‘rule of thumb’.

Watrous uses the earlier results on reversible, one-
dimensional ca which are computational universal[19, 20]
to create a qca that can simulate quantum Turing ma-
chines. By this result it is affirmed that quantum cellular
automata are ‘computational universal’, although other
related questions remain unanswered. A problem men-
tioned by both Dürr and Watrous, concerns the simula-
tion of qca by quantum Turing machines. In this article
we will show that every proper qca can be simulated by
a periodic quantum gate array (Theorem 2) with only lin-
ear slowdown (both space and time complexity). Because
quantum circuits and quantum tms are equivalent[22],
this result solves the above problem positively.

In combination with the construction of a universal
qtm [7] and the article by Watrous, this also shows that
there exists a well-formed qca that can simulate any other
well-formed qca. Still, this will not be considered a uni-
versal qca because the time complexity of the simulation
depends on the size of the qca to be simulated. In other
words: the parallel computations of the qca are repeated
in a sequential manner. With an ‘intrinsically’ universal
ca [18] the simulation coincides with the parallel structure
of the ca-model. The construction of such ‘self-referring’
universal automata has been shown possible in the clas-
sical case by Albert and Culik[1], and Martin[18]. In this
paper we will do the same for the quantum mechanical
model. This is done by constructing a qca U that can
mimic the behavior of any periodic quantum gate array.

2 Preliminaries

2.1 State spaces

The state space of a quantum mechanical system is em-
bedded in a complex valued vector space CQ, with Q the
set of canonical or ‘classical’ configurations. Every state
x ∈ CQ corresponds to a linear combination of those basis
states and can therefore be described by:

x =
∑

ξ∈Q

αξ |ξ〉

with αξ ∈ C and |ξ〉 a representation of the basis state as
a member of CQ for every ξ ∈ Q. The complex values αξ

are called the probability amplitudes of x.
If Q is a finite set then CQ can be viewed as a finite di-

mensional Hilbert space with its associated inner product
〈·, ·〉 : CQ × CQ → C. Given two vectors x and y ∈ CQ

with amplitudes αξ and βξ, this inner product is defined
by:

〈x, y〉 =
∑

ξ∈Q

αξ · β
∗
ξ
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If 〈x, y〉 = 0, the vectors x and y are orthogonal: x ⊥ y.

Another attribute of CQ is the norm of a vector ‖ · ‖ :
CQ → R, which is defined by:

‖x‖ =
√

〈x, x〉

for every x ∈ CQ. A vector which represents a valid
quantum mechanical state has norm 1. This is called the
normalization condition on the amplitudes of x. If we
apply this restriction to all the vectors of CQ we get the
proper state space:

HQ = {x | x ∈ CQ and ‖x‖ = 1}

If the norm of a vector does not equal 1, then it is called
not proper or not well-formed. From now on, only finite
dimensional state spaces are considered.

2.2 Well-formed transformations

Every linear transformation U of the space CQ is iden-
tified with a complex valued matrix U ∈ C|Q|×|Q|. A
well-formed transformation is function U which respects
the normalization condition for every x ∈ HQ. This is
only the case if it corresponds to a matrix with the prop-
erty U · U† = U† · U = I, with I the identity matrix In
other words: U has to be a unitary matrix. Conversely,
every unitary matrix describes a proper transformation.
Such finite dimensional transformations are both norm
and angle preserving (and therefore bijective).

2.3 Notational conventions

In this paper we will use the well-known bracket notation
supplemented with the following conventions:

repeated tensor products: Because the tensor prod-
uct does not commute, we define explicitly:

⊗

i∈Zr

|Xi〉 = |X0〉 ⊗ |X1〉 ⊗ · · · ⊗ |Xr−1〉

in combination with:

⊗

i∈Zr

|Xi〉 = |X0,X1, . . . ,Xr−1〉

If and only if a vector can be expressed as a tensor
product, we can ‘access’ the initial factors by:

[

⊗

i∈Zr

|Xi〉

]

a:b

= |Xa〉 ⊗ · · · ⊗ |Xb〉

(Note: if |Y 〉 is not a tensor product, the expression
[|Y 〉]t is meaningless.)

ket abbreviation: By |x〉 with x ∈ Qn a canonical state,
we refer to the corresponding state vector as an ele-
ment of HQn . Long ket expressions are abbreviated
to:

|x0, x1, . . . , xn〉 = |[xi]
n
i=0〉

time evolution: For every time operator F , by

|X〉
∗

−→F |Y 〉

it is meant that there exists a t ∈ N such that
F t |X〉 = |Y 〉 (if t = 1 the “∗” will be omitted).

3 Quantum CA

In this article we will only deal with one-dimensional cel-
lular automata. The characteristic component of such
automata is the local function which determines the time
evolution of the configurations. If we replace the classical
local function of conventional ca by its quantum mechan-
ical equivalent, we have a definition of quantum cellular
automata.

Definition 1 (QCA) A quantum cellular automaton F

is defined by the tuple 〈Q, r,N, f〉, where Q is the finite
set of states and N ⊂ Z defines the neighborhood-scheme.
The neighborhood-size is indicated by r ∈ N

+, such that
the neighborhood-set equals N = {n1, n2, . . . , nr}. The
local function is defined by f : Qr → HQ.

In order to avoid the pitfalls of uncountable infinite di-
mensional transformations, we will only define the behav-
ior on circular bounded configurations.

For every k ∈ N
+ the qca F defines a global function

Fk on the set CQk . By superposition we have for every
X ∈ CQk :

Fk(X) = Fk





∑

ξ∈Qk

αξ · |ξ〉



 =
∑

ξ∈Qk

αξ · Fk |ξ〉

with αξ ∈ C and
∑

ξ the summation on the set of basis
states. The global function on the set of canonical states
is determined by the the local function and is expressed
by (note that the addition “j + n” is in Zk):

Fk |ξ〉 =
⊗

j∈Zk

f(ξj+n1
, ξj+n2

, . . . , ξj+nr
)

This shows that Fk |ξ〉 is a tensor product and therefore:

〈Fk |X〉 , Fk |Y 〉〉 =
∏

i∈Zk

〈[Fk |X〉]i, [Fk |Y 〉]i〉

for every X,Y ∈ Qk. This is an important property
if we want to decide if Fk |X〉 and Fk |Y 〉 are mutu-
ally orthogonal, because this amounts to the question:
〈Fk(X), Fk(Y )〉 = 0?
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3.1 Well-formed QCA

If we want our qca to make sense in a physical way, we
have to investigate the ‘well-formedness issue’. The laws
of physics teach us that the global functions described
above, have to be both norm and angle preserving. This
is equivalent with the constraint on the functions Fk to
be unitary.

Definition 2 (well-formed QCA) A qca F is well-
formed if and only if for every k ∈ N

+ the corresponding
Fk is a unitary transformation.

Because there is an infinite number of k to be considered
this leads us to the question whether well-formedness is a
decidable property or not. This is answered affirmatively
by the following theorem which will be the backbone of
this paper.

Theorem 1 For every well-formed qca F = 〈Q, r,N, f〉
there exist p, q ∈ Z such that for every k ∈ N

+ and X,Y ∈
Qk with X0 6= Y0 it holds that

q
∏

i=p

〈[Fk |X〉]i, [Fk |Y 〉]i〉 = 0

where the values p and q are bounded by

−|Q|
2R

− n1 ≤ p ≤ q ≤ |Q|
2R

− n1 − 1

with R = nr − n1 + 1.
Proof See the Appendix A.1.

This local constraint on well-formed qca resembles the
so called ‘inverse neighborhood’ of classical reversible ca

[2, 17]. As a direct result, this theorem provides us with
an algorithm which determines the well-formedness of a
given qca.

Lemma 1 The well-formedness property of a qca F is
decidable.
Proof The proof in Appendix A.1 shows that if F

is not well-formed there exists a k ≤ 2|Q|2R (with R =
nr−n1+1) such that the finite dimensional transformation
Fk is not unitary. Conversely, if such a k exists then F is
not well-formed. This is decidable in finite time.

The above definition of well-formedness is not equivalent
with the one used by Watrous and Dürr. This is because
we have used circular bounded structures instead of fi-
nite configurations. Secondly, Definition 2 also holds for
qca with no quiescent state, which are not considered
by the former authors. It can been shown that our well-
formedness constraint is stronger than the one used by
Watrous and Dürr. To summarize:

1. Every well-formed qca with a quiescent state is also
proper according to Dürr et al.

2. Not every unitary qca as described by Dürr et al.[14]
is well-formed by our definition.

Obviously this discrepancy asks for further investigation,
although it may seem more alarming than it actual is: the
same differences also hold for classical injective ca [12].

3.2 QCA simulating QCA

What do we mean if make the statement: “qca F =
〈Q, r,N, f〉 simulates qca G = 〈P, s,M, g〉 with only lin-
ear slowdown”?

Without giving a formal definition in this article, this
will mean that there exist two ‘simple’ injective transfor-
mations:

Φk : Qak → P bk

Ψk : P ck → Qdk

with a, b, c, d, λ ∈ N
+ such that for every k, t ∈ N

+:

Φdk ◦ F t
adk ≡ Gλt

bdk ◦ Ψbk

with “≡” denoting a shift, or translation-equivalence. The
λ-parameter indicates the time complexity of the simula-
tion, which does not depend on the size k. Conversely,
the time parameter t does not influence the amount (bdk)
of space required by G. Because both λ (time) and bd

(space) are constants, it is said that the simulation has
linear slowdown.

This prescription is perhaps better illustrated by the
following lemma.

Lemma 2 Every qca F = 〈Q, r,N, f〉 can be simulated
by a qca G = 〈Q∆, 2, {0, 1}, g〉 and ∆ = nr − n1.

Proof First we will transform the qca F to the con-
tinuous qca

F ′ = 〈Q, d = nr − n1 + 1, {n1, . . . , nr}, f
′〉

with the same behavior. This is done by defining the local
function:

f ′(qn1
, qn1+1, . . . , qnr

) = f(qn1
, qn2

, . . . , qnr
)

for every qn ∈ Q. The qca F ′ is shift-equivalent with the
qca G′ = 〈Q, d, {0, . . . , d−1}, f ′〉 which will be simulated
by G and its local function:

g(q1:∆, q(∆+1):2∆) =
∣

∣[f ′(q1+i, . . . , qd+i)]i∈Z∆

〉

for every q1:∆ and q(∆+1):2∆ ∈ Q∆. This completes the
proof of the simulation of F by G.
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4 Quantum-gate CA

The well-formedness restriction on qca resembles the re-
versibility constraint for classical ca. In general well-
formed qca with non-trivial behavior are rare and hard to
find. In order to by-pass this problem, a sub-class of qca

is defined: quantum gate cellular automata. This is an
extension of the partitioned quantum cellular automata,
which were introduced by John Watrous.

If we replace the local functions f : Qr → HQ by proper
quantum gates M : HQn → HQn , the well-formedness
property holds by definition. A visualization of this idea is
given in Fig. 1. Each cell is divided into n-subparts which
correspond to the fan-in and fan-out of the quantum gate
M .

quantum gate
with 3 subparts

Figure 1: Example of a qgca with fan n = 3.

The ‘communication’ between the different gates is de-
fined by a neighborhood-scheme P = 〈n, σ, φ〉. With this
definition the subpart i of a cell j receives its information
from the subpart σ(i) of the cell j + φ(i). Formally:

Definition 3 (neighborhood-scheme) A
neighborhood-scheme is defined by the tuple
P = 〈n, σ, φ〉, with σ : Zn → Zn and φ : Zn → Z.
The function σ is bijective.

The neighborhood-scheme of Fig. 1 is therefore described
by:

σ(0) = 2 φ(0) = −1
σ(1) = 1 and φ(1) = 0
σ(2) = 0 φ(2) = 1

We are now ssufficiently equipped for the definition of
quantum gate cellular automata:

Definition 4 (QGCA) A qgca F is defined by the
tuple 〈Q,n,M,P 〉, with Q a state-set, M a proper
quantum-gate with fan n which operates on HQn and the
neighborhood-scheme P = 〈n, σ, φ〉.

If xi
j denotes the i-th subpart of cell xj , the behavior Fk

of such a qgca is described by:

Fk(X) = M [k] · P





⊗

j∈Zk

(

⊗

i∈Zn

xi
j

)





=
⊗

j∈Zk

M

(

⊗

i∈Zn

x
σ(i)
j+φ(i)

)

for every k ∈ N
+. The following lemma shows us that

every qgca can be identified with a well-formed qca.

Lemma 3 Every qgca G = 〈Q,n,M,P 〉 is equivalent
with a well-formed qca F = 〈Qn, r,N, f〉.
Proof The ‘mapping’ of the values between G and F

is done by: xj = x0
j ⊗ · · · ⊗ xn−1

j . The neighborhood-
scheme P = 〈n, σ, φ〉 gives us the neighborhood-set of F

according to: N = {φ(i) | i ∈ Zn} and consequently
r = |N |. The definition of F is completed with the local
function f : (Qn)

r
→ HQn which obeys

f(xn0
, . . . , xnr−1

) = M

(

⊗

i∈Zn

x
σ(i)
φ(i)

)

for every x ∈ (Qn)r. By this construction it holds for
every k ∈ N

+ that:

Gk





⊗

j∈Zk

(

⊗

i∈Zn

xi
j

)



 =
⊗

j∈Zk

(

M

(

⊗

i∈Zn

x
σ(i)
j+φ(i)

))

=
⊗

j∈Zk

f(xj+n0
, . . . , xj+nr−1

)

= Fk





⊗

j∈Zk

xj





The Shift neighborhood-scheme plays an important part
in the following sections and will always be denoted by S.
Its behavior is defined for every k, n ∈ N

+ by:

S
∣

∣x0
0, x

1
0, . . . , xn−1

k−1

〉

=
∣

∣x1
0, . . . , xn−1

k−1 , x0
0

〉

The neighborhood-schemes S2, S−1 et cetera are defined
in a similar way..

4.1 Periodic-QGCA

If we replace the identical layers of a qgca by a periodic
pattern of layers, we get a more flexible model which will
be called periodic-qgca.

Definition 5 (periodic-QGCA) A periodic-qgca F is
defined by the tuple

〈Q,n, µ,M0, . . . ,Mµ−1, P0, . . . , Pµ−1〉

with Mi proper quantum gates and Pi proper
neighborhood- schemes for every 0 ≤ i < µ ∈ N

+.
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The unitary operator of the first µ layers of this automa-
ton is described by:

Fk =

0
∏

i=µ−1

(

M
[k]
i · Pi

)

(Notice the order of the index i and the fact that Fk is
defined as the operator of several layers.)

Lemma 4 Every periodic qgca G can be simulated
by a periodic qgca 〈{0, 1}, n, λ,M0, . . . ,Mλ−1, S, . . . , S〉
which only uses the Shift neighborhood-scheme. The ‘ex-
tra costs’ of this simulation are linear both in space and
time complexity.
Proof After converting the periodic-qgca G to a
periodic-qgca with state set {0, 1}, we will have to simu-
late the various neighborhood-schemes. This can be done
by ‘inserting’ layers that will have the same behavior (ex-
cept for a horizontal shift). An explicit proof of this
lemma is omitted in this extended abstract.

We are now able to return to the class of plain qgca by
applying the following lemma.

Lemma 5 Every periodic-qgca

F = 〈{0, 1}, n, λ,M0, . . . ,Mλ−1, S, . . . , S〉

can be simulated by a qgca G = 〈{0, 1}, n + ∆,M ′, S〉
with ∆ = dlog2 (λ)e.
Proof The additional ∆ bits are used by the M ′ gates
to calculate the index i of the different Mi gates. With
φ : Zλ → {0, 1}∆ an injective function, the behavior of
M ′ is described by:

M ′ |x0, . . . , xn−2, φ(t), xn−1〉

= Mt |x0, . . . , xn−1〉 ⊗ |φ(t + 1)〉

for every t ∈ Zλ and xi ∈ {0, 1}.
As a result, if the behavior of Fk is characterized by

Fk

∣

∣

∣

[

X0
j , . . . ,Xn−1

j

]

j∈Zk

〉

=
∣

∣

∣

[

Y 0
j , . . . , Y n−1

j

]

j∈Zk

〉

with Xi
j ∈ {0, 1}, then also:

Gλ
k

∣

∣

∣

[

X0
j , . . . ,Xn−1

j , φ(0)
]

j∈Zk

〉

=
∣

∣

∣

[

Y 0
j , . . . , Y n−1

j , φ(0)
]

j∈Zk

〉

which certifies the simulation of F by G.

The ‘value’ of periodic-qgca is shown by the following
lemma which uses the local constraint of well-formed qca

in combination with the more flexible characteristics (in
comparison with plain qgca) of periodic-qgca.

Lemma 6 Every well-formed qca F can be simulated
by a periodic-qgca G.
Proof This proof will be restricted to the qca F =
〈Q, 2, {0, 1}, f〉 (see Lemma 2). The behavior of the qca

F is therefore described by the equalities

Xi ∈ Q and Yi = f(Xi,Xi+1)

for every i. By Theorem 1 there exists an ‘inverse neigh-
borhood’ of F bounded by p ≤ 0 < q. These values
determine the fan 2r of the three gates involved, with
r = q − p + 1. The first two we will use are described by:

A
∣

∣

∣[xj , xj ]j∈Zr

〉

=
∣

∣

∣[xj , yj ]j∈Zr−1
;xr−1, xr−1

〉

and B
∣

∣

∣[xj , yj ]j∈Zr−2
;xr−2, xr−2, xr−1, yr−1

〉

=
∣

∣

∣
[xj , yj ]j∈Zr

〉

for every xi ∈ Q and yi = f(xi, xi+1). Because no in-
formation (regarding the x-values) is lost, these gates are
reversible and therefore proper.

The behavior of the C-gate is more complex and defined
by:

C
∣

∣

∣[zj , yj ]j∈Z
−p

;x−p, y−p; [zj , yj ]
r−1
j=−p+1

〉

=
∣

∣

∣
[zj , yj ]j∈Z

−p
; y−p, y−p; [zj , yj ]

r−1
j=−p+1

〉

for every xi ∈ Q, yi = f(xi, xi+1) and zj ∈ {xj , yj}. The
proper reversibility of this gate is assured by the values
of p and q in combination with Theorem 1. Note that we
do not ‘clone’ the y qubit. If |y〉 = α |0〉+ β |1〉, the |y, y〉
expression stands for: |y, y〉 = α |0, 0〉 + β |1, 1〉.

We are now ready to define the periodic-qgca G by the
tuple (with I the ‘identity neighborhood-scheme’):

〈Q, 2r, r + 2, A,B,C, . . . , C, I, S2, S2(r−2), S2, . . . , S2〉

For every k ∈ N
+, the function Fkr will be simulated

by G2kr. This is confirmed by the evolution of the G2kr

operator, which starts with the initial configuration:
∣

∣

∣[Xj ,Xj ]j∈Zkr

〉

First the two A and B layers calculate the Y values, with-
out removing the old information . . .

−→
S

2(r−3)
k

·B[k]·S2
k
·A[k]·Ik

∣

∣

∣
[Xr−2+j , Yr−2+j ]j∈Zkr

〉

after which the sequence (size r) of C layers replaces every
X by the new Y values:

∗
−→C[k]·S2

k

∣

∣

∣[Yj , Yj ]j∈Zkr

〉

This completes the simulation of Fkr.
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With the preceding lemmas we can reduce the qca-model
to the theory of qgca.

Theorem 2 Every well-formed qca can be simulated by
a qgca 〈{0, 1}, n,M, S〉 with linear slowdown (time and
space-complexity).
Proof Combine the results of Lemma 6, Lemma 4 and
Lemma 5.

Because the qgca G in the above proof uses a binary state
set, we have made a connection between qca and quan-
tum gate arrays. This is analogous to the result which
states that every proper quantum Turing machine can be
simulated by quantum gate arrays and vice-versa[22]. We
therefore can answer the following question posed by Dürr
et al. and Watrous (although we have to keep in mind the
discrepancy mentioned in §3.1).

Lemma 7 Every well-formed qca F can be simulated
by a quantum Turing machine T .
Proof Construct a qtm T which simulates the corre-
sponding qgca G (see Theorem 2) of the initial qca F .

By the existence of a qca which simulates a universal qtm

[21], this lemma shows us that there is a qca which is able
of simulating any other well-formed qca. Nevertheless
this will not be considered a universal qca because the
time complexity of the simulation depends on the size k of
the qca to be simulated. If we want a genuine universal
automaton, we have to pay justice to the parallel structure
of cellular automata.

In the next section it will be shown that this possible
by using some well-known theorems about quantum-gate
arrays.

5 A universal QCA

5.1 Universal gates

In a sequence of articles[3, 4, 10, 11] it has been shown
that there exists a universal two bit quantum gate U . By
‘universal’ is meant that any finite-dimensional unitary
operator M can be simulated (with a bounded error ε)
by an array which uses a finite number of U -gates and no
other. This ‘not perfect’-simulation is inevitable because
there is an uncountable number of possible unitary trans-
formations. The bounded error method assures us that
-although perfection is not possible- for any ε > 0 we can
design a unitary transformation M ′ with ‖M − M ′‖ ≤ ε.

The same considerations hold for a potential universal
quantum cellular automaton. Because every qca can be
simulated by a qgca with state set {0, 1}, it suffices to
construct a qca U which can simulate every qgca with
a bounded error. It will be of no surprise that this simu-
lation makes extensive use of the universal gate U .

U-gate

wire

Figure 2: Part of a U -gate array which simulates a qgca.

5.2 Periodic U -gate arrays

For every qgca G with gate M , there exists a U -gate ar-
ray which approximates the behavior of G with a bounded
error. Because of the isomorphic structure of qgca, this
U -gate array will also be periodic in both dimensions,
therefore the term periodic U -gate arrays will be used.
Fig. 2 shows us a possible simulation of the qgca of Fig. 1
(note the additional work bit in the gate-array). In order
to translate the ’wiring’ of this array, another model will
be introduced.

5.3 Uniform U -gate arrays

We proceed by defining two gates I and X that will mimic
the wiring of a gate-array. The gate I corresponds with
the two-qubit identity gate, whereas X describes a cross-
over:

I |x, y〉 = |x, y〉 and X |x, y〉 = |y, x〉

for every x, y ∈ {0, 1}. By combining the I, X and U -
gates in a wall-like, periodic structure, we can mimic any
periodic U -gate array. An example of this is shown in
Fig. 3.

To describe these structures we use the following defi-
nition:

Definition 6 (uniform U-gate array) A uniform U -
gate array F is defined by the tuple 〈m,n,Ai

j , B
i
j〉 with

Ai
j , B

i
j ∈ {I,X,U} for every j ∈ Zm and i ∈ Zn.

For every k ∈ N
+ the transformation F2mk (after 2n lay-

ers) is described by the function

0
∏

i=n−1



S† ·





⊗

j∈Zmk

Bi
jmodm



 · S ·





⊗

j∈Zmk

Ai
jmodm









Without going into full detail we can safely state the fol-
lowing lemma
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I-gate

X-gate

U-gate

Figure 3: Example of a uniform U -gate array. The indicated
area mimics the U -gate array of Fig. 2.

Lemma 8 For every qgca G = 〈{0, 1}, n,M, S〉 there
exists a uniform U -gate array G = 〈n,m,Ai

j , B
i
j〉 (with

gcd(m,n) = 1) which simulates G. This simulation is
within an arbitrary small error.
Proof Use the above described transformation from
qgca to periodic U -gate arrays to uniform U -gate ar-
rays. The gcd(m,n) = 1 constraint is satisfied by adding
a sufficient number of identity-layers which only consist of
I-gates, thereby increasing the value of n until the desired
number is reached.

If we express the cell values of the uniform U -gate array
at time t by

∣

∣xt
0, y

t
0, . . . , xt

km−1, y
t
km−1

〉

, the behavior of
the U -gate array is expressed by the equations:

Aimodn
jmodm

∣

∣x2i
j , y2i

j

〉

=
∣

∣x2i+1
j , y2i+1

j

〉

Bimodn
jmodm

∣

∣y2i+1
j , x2i+1

j+1

〉

=
∣

∣y2i+2
j , x2i+2

j+1

〉 (1)

for every i ∈ N and j ∈ Zkm. We will use this ‘calibration’
to prove that the universal automaton U embeds the same
behavior.

5.4 The U automaton

The universal quantum cellular automaton U is described
by the following definition (an explanation of its semantics
will be given below):

Definition 7 (U automaton) The U automaton is a
qgca 〈Q,n,M,P 〉 with:

state set Q = {0, 1,C, , pIq, pXq, pUq} and n = 4

quantum gate M : HQ4 → HQ4 that obeys:

M | , , pAq, 〉 = | , , pAq, 〉
M | , x, pAq, 〉 = | , x, pAq, 〉
M | , , pAq, x〉 = |x, , pAq, 〉
M | , , pAq,C〉 = |C, , pAq, 〉
M |x, , pAq,C〉 = |C, x, pAq, 〉
M | , x, pAq, y〉 = |x′, , pAq, y′〉

for every x, y ∈ {0, 1}, A ∈ {I,X,U} and

A |x, y〉 = |x′, y′〉

neighborhood-scheme P = 〈n, σ, φ〉 defined by

σ(0) = 3 φ(0) = −1
σ(1) = 1 φ(1) = 0
σ(2) = 2 φ(2) = 0
σ(3) = 0 φ(3) = 1

(End of definition.)

If we supply this automaton with the appropriate input,
it will simulate a uniform U -gate array. More specifically:

For every N,K ∈ N
+ the input:

∣

∣

∣

∣

[

x0
Jπ0

J , y0
J π1

J , π2
J ,C π3

J ,
[

πi
J

]2N−1

i=4

]

J∈ZK

〉

with π ∈ {pIq, pXq, pUq} and x, y ∈ {0, 1}, will evolve
after two layers of U2NK to the configuration:

∣

∣

∣

∣

[

π0
J ,C y1

Jπ1
J ,

[

πi
J

]2N−2

i=2
, x1

J+1 π2N−1
J

]

J∈ZK

〉

with Π0
J

∣

∣x0
J , y0

J

〉

=
∣

∣x1
J , x1

J

〉

(the gate Π is determined by
π0

J = pΠ0
Jq). At this point the x-values will travel step-by-

step to the left, while the y-values have moved one place
to the right and are now stationary (this is established by
the “C”-symbol).

The next important situation occurs (after Θ(N) lay-
ers) when the x and y values ‘meet again’ at the π1

J gates,
which are then to be simulated. This will result in the
configuration:

∣

∣

∣

∣

[

y2
J π0

J , π1
J ,C x2

J+1π
2
J ,

[

πi
J

]2N−1

i=2

]

J∈ZK

〉

with Π1
J

∣

∣y1
J , x1

J+1

〉

=
∣

∣y2
J , x2

J+1

〉

and π1
J = pΠ1

Jq.

By now the y-values go left in order to collide at the π2
J

gates with the x-variables. This process will be repeated
in the obvious way.

A careful examination of the behavior of U2NK on this
input reveals that the overall time evolution is calibrated
by the equations:

Π2imod2N
J+b 2i

2N
cmodK

∣

∣x2i
J+i, y

2i
J+i

〉

=
∣

∣x2i+1
J+i , y2i+1

J+i

〉

Π2i+1mod2N

J+b 2i+1
2N

cmodK

∣

∣y2i+1
J+i , x2i+1

J+i+1

〉

=
∣

∣y2i+2
J+i , y2i+2

J+i+1

〉

(2)

for every i ∈ N, J ∈ ZK , and π·
· = pΠ·

·q.

By using the calibrations (1) and (2) we can prove the
following lemma.
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Lemma 9 Every uniform U -gate array F =
〈m,n,Ai

j , B
i
j〉 with gcd(m,n) = 1 can be simulated

by the qgca U . The time complexity of the simulation
is linear and does not depend on the size k of the U -gate
array F2mk.

Proof If a ‘mapping’ between the two calibrations is
possible, it follows that the two automata have the same
evolution. Because gcd(m,n) = 1, there exists a positive
integer α such that αn mod m = 1. With N = αn and
K = km every F2mk can be simulated by U2NK . This
is shown by the existence of a mapping which satisfies
(assuming J = j − i):

Aimodn
jmodm = Π2imod2N

j−i+b 2i
2N

cmodK

Bimodn
jmodm = Π2i+1mod2N

j−i+b 2i+1
2N

cmodK

for every i ∈ N and j ∈ Z. Appendix A.2 proves the
possibility of such a mapping. Because α does not depend
on k, the time complexity is bounded by Θ(Ni) = Θ(i)
for the simulation of 2i layers of F .

With this lemma we have removed the last obstacle be-
tween Theorem 1 and the final conclusion of this article.

Theorem 3 There exists a proper universal quantum
cellular automaton U which can simulate any well-formed
qca F with a bounded error. The extra costs of the
simulation of F t

k has time complexity Θ(t) and space-
complexity Θ(k).

Proof This follows from the results of Theorem 2,
Lemma 8 and Lemma 9.

Because the classical reversible cellular automata (rca)
are a subset of qca, we also know that every rca can
be simulated by the non-classical U-automaton. If we
want a universal rca, we have to adapt Definition 7 in
such a way that it uses a universal three-bit gate (the
Toffoli-gate for example). This is because there does not
exist a classical two-bit gate U that is universal in its
computational power[3, 4, 10, 11]. The author is unknown
of an earlier construction of such an automaton.

5.5 Conclusions

We have defined a class of well-formed quantum cel-
lular automata which are one-dimensional and circular
bounded. It has been shown that every proper qca re-
sembles a periodic quantum gate array. There exists a
qca U which can simulate any such array (by using a
universal two-qubit gate U). The time complexity of this
simulation does not depend on the size k of the initial
qca. This proves that U is a universal quantum cellular
automaton.
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A Appendices

A.1 Proving Theorem 1

This theorem will be proven by contradiction. Without
loss of generality we assume the existence of leqa qca

F = 〈Q, r, {0, 1, . . . , r−1}, f〉 in combination with a value
K ∈ N

+ and X,Y ∈ QK with X0 6= Y0, such that for
every −|Q|2r ≤ i ≤ |Q|2r − 1 we have

〈[FK |X〉]i, [FK |Y 〉]i〉 6= 0 (3)

We will now prove that, given these X and Y , we are
able to construct a k ∈ N

+ and a X ′, Y ′ ∈ Qk, with
|X ′〉 ⊥ |Y ′〉 but yet Fk |X

′〉 6⊥ Fk |Y
′〉.

Take a, b, c and d (with a < b ≤ 0 ≤ c < d), such that:

Xa:(a+r−1) = Xb:(b+r−1) Ya:(a+r−1) = Yb:(b+r−1)

Xc:(c+r−1) = Xd:(d+r−1) Yc:(c+r−1) = Yd:(d+r−1)

Because there are ‘only’ |Q|2r different combinations of
[Xi:(i+r−1);Yi:(i+r−1)], this is always possible for

−|Q|2r a < b ≤ 0 ≤ c < d ≤ |Q|2r

With these values we define:

XL = Xa:(b−1) XR = Xc:(d−1)

YL = Ya:(b−1) YR = Yc:(d−1)

Now we can distinguish the following three possibilities:

1. XL 6= YL: Take X ′ = XL, Y ′ = YL both elements of
Qk with k = b − a (thus |X ′〉 ⊥ |Y ′〉). We now have

X ′
k:(k+r−1) = X(a+k):(a+k+r−1)

and therefore

Fk |X
′〉 =

⊗

j∈Zk

f

(

⊗

i∈Zr

X ′
j+i

)

=
⊗

j∈Zk

f

(

⊗

i∈Zr

Xa+j+i

)

= [FK |X〉]a:(b−1)
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For the same reasons also

Fk |Y
′〉 = [FK |Y 〉]a:(b−1)

which leads to:

〈Fk |X
′〉 , Fk |Y

′〉〉 =

b−1
∏

i=a

〈[FK |X〉]i, [F |Y 〉]i〉

By equation (3) we now know that Fk |X
′〉 6⊥ Fk |Y

′〉,
which proves that Fk is not a unitary transformation.
This contradicts the assumed well-formedness of F .

2. XR 6= YR: With X ′ = XR, Y ′ = YR and k = d − c,
the same reasoning as with XL 6= YL holds.

3. XL = YL and XR = YR: First we will
prove Xa:(b+r−1) = Ya:(b+r−1). We already know
Xa:(b−1) = Ya:(b−1). With induction (given 0 ≤ i ≤
r − 1 and Xa:(b+i−1) = Ya:(b+i−1)) it follows that
Xb+i = Xa+i = Ya+i = Yb+i holds. Likewise we
can prove: Xc:(d+r−1) = Yc:(d+r−1).

Now we take X ′ = Xb:(c+r−1) and Y ′ = Yb:(c+r−1) ∈

Qk, with k = c + r − b. Because b ≤ 0 ≤ c + r − 1
and X0 6= Y0, we have X ′ ⊥ Y ′. In addition we also
know that:

X ′
(c−b):(k−1) = Yc:(k+b−1)

and X ′
k:(k+r−2) = Yb:(b+r−2)

This can be summarized by:

X ′
(c−b):(k+r−2) = Y ′

(c−b):(k+r−2)

which gives us:

Fk |X
′〉 = [Fk |X

′〉]0:(c−b−1) ⊗ [Fk |X
′〉](c−b):(k−1)

= [FK |X〉]b:(c−1) ⊗ [FK |Y ′〉](c−b):(k−1)

If we combine this ‘tail equality’ with:

Fk |Y
′〉 = [FK |Y 〉]b:(c−1) ⊗ [FK |Y ′〉](c−b):(k−1)

it follows that the inner-product of Fk |X
′〉 and

Fk |Y
′〉 equals:

〈Fk |X
′〉 , Fk |Y

′〉〉 =
c−1
∏

i=b

〈[FK |X〉]i, [FK |Y 〉]i〉

Again, equation (3) shows us that Fk |X
′〉 6⊥ Fk |Y

′〉,
which proves F not to be a well-formed qca.

Because 1, 2 and 3 cover all possibilities, we have proven
that the qca F is not a well-formed. This contradicts the
initial assumptions.

A.2 Mapping the calibrations

In order to ensure a correct mapping between the Ai
j gates

and the π-indices of the U2NK automaton, we have to
prove that if:

2i mod 2N ≡ 2p mod 2N

j − i +

⌊

2i

2N

⌋

mod K ≡ q − p +

⌊

2p

2N

⌋

mod K

then:

i mod n ≡ p mod n

j mod m ≡ q mod m

for every i, p ∈ N and j, q ∈ Z.
By defining K = km and N = αn ≡ 1 mod m, the

initial conditions can be restated to:

2(i − p) mod 2αn ≡ 0

(j − q) − (i − p) +

⌊

2i

2αn

⌋

−

⌊

2p

2αn

⌋

mod km ≡ 0

The first restriction leads to p = i + λαn (with λ ∈ Z).
As a result the second restriction becomes:

(j − q) + λ(αn − 1) mod km ≡ 0

which proves the

j mod m ≡ q mod m

equation.
The same reasoning holds if we want to prove the exis-

tence of a consistent mapping between the Bi
j gates and

the π-indices. This completes the proof of Lemma 9.
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