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Instructor: Prof. Yu-Xiang Wang

® Intro to RL
® Markov Decision Processes
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Announcement

• The TAs are still grading the midterm.

• We are hoping to release your midterm grades on
Thursday.

• No discussion class this week.
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Announcement

• HW3 released last Thursday.

• Topics covered includes
– Game playing
– Markov Decision processes

• Programming question:
– Solve PACMAN with ghosts moving around.
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Recap: Expectimax

• Your opponent behave 
randomly with a given 
probability distribution, 

• If you move left, your 
opponent will select 
actions with probability 
[0.5,0.5]

• If you move right, your 
opponent will select 
actions with [0.6,0.4]

Opponent’s
random 

move
7 3 -8 50

Your move

5 15.2

15.2

AVERAGE

MAX
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From MAX point of view, she is playing against a stochastic environment.



Games: Modelling, Inference, Learning

• Modelling:
– Formulating games as a search problem
– Modeling your opponent

• Inference:
– How to search for a strategy
– Minimax, Expectimax (and Expectiminimax)
– Pruning
– Heuristic function and cut-off search

• Learning:
– Learning heurtistic functions
– Modeling your opponent from data
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(Where are the data coming from?)



Reinforcement Learning Lecture Series

• Overview (Today)

• Markov Decision Processes (Today)

• Bandits problems and exploration

• Reinforcement Learning Algorithms
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Reinforcement learning in the animal world
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Ivan Pavlov
(1849 - 1936)

Nobel Laureate

• Learn from rewards
• Reinforce on the states that yield positive rewards



Reinforcement learning: Applications
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Recommendations

buy or not buy



Reinforcement learning problem setup

• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents might not even observe the state
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Reinforcement learning problem setup

• State, Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) RL:

– Infinite horizon RL:
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St 2 S
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<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>
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T: horizon

γ: discount factor



RL for robot control
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• States: The physical world, e.g., location/speed/acceleration and so on.
• Observations: camera images, joint angles
• Actions: joint torques
• Rewards: stay balanced, navigate to target locations, serve and protect 

humans, etc.



RL for Inventory Management
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• State: Inventory level, customer demand, competitor’s inventory

• Observations: current inventory levels and sales history

• Actions: amount of each item to purchase 

• Rewards: profit



Demonstrating the learning process

• Mountain car:
https://www.youtube.com/watch?v=U5w9PoKCOeM
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https://www.youtube.com/watch?v=U5w9PoKCOeM


Reading materials for RL

• Introduction:
– Sutton and Barto: Chapter 1

• Markov Decision Processes
– AIMA Section 17.1,  Sutton and Barto: Ch 3

• Policy iterations / value iterations
– AIMA Chapter 17.2-17.3, Sutton and Barto Ch 4.

• Bandits
– Sutton and Barto Ch 2,  AIMA Ch. 21.4 (Ch. 22.4 in 4th Edition)

• RL Algorithms:  Sutton and Barto Ch 4, Ch 5, Ch 6, Ch 13
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Reinforcement learning is, arguably, the most
general AI framework.

• RL: State, Action, Reward, Nothing is known.

• Simplified RL models:
– iid state à Contextual bandits
– No state, tabular action à Multi-arm bandits
– iid state, no reward à Supervised Learning
– Known dynamics / reward à Markov Decision Processes 

(Control/Cybernetics)
– No reward / Unknown dynamics à System Identification
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Reinforcement learning is very challenging

• The agent needs to:
– Learn the state-transitions ----- How the world works
– Learning the costs / rewards ----- Cost of actions
– Learning how to search ----- Come up with a good strategy

• All at the same time
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Let us tackle different aspects of the RL 
problem one at a time

• Markov Decision Processes: 
– Dynamics are given no need to learn

• Bandits:  Explore-Exploit in simple settings
– RL without dynamics

• Full Reinforcement Learning
– Learning MDPs

17



actions: UP, DOWN, LEFT, RIGHT

UP

80% move up

10% move left

10% move right

Robot in a room. (3 min discussion)

+1

-1

START

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step
• what’s the strategy to achieve max reward?
• what if the transitions were deterministic?

18

e.g.,

*If you bump into a wall,
you stay where you are.

State-transitions with action UP:



Is this a solution?

+1

-1

• only if transitions are deterministic
– not in this case (transitions are stochastic)

• solution/policy
– mapping from each state to an action
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Optimal policy

+1

-1
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Reward for each step: -2

+1

-1
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Markov Decision Process (MDP)

• set of states S, set of actions A, initial state S0
• transition model P(s’| s,a) 

– P( [1,2] | [1,1], up ) = 0.8

• reward function r(s’)
– r( [4,3] ) = +1   (Sometimes also depend on s, a)

• goal: maximize cumulative reward in the long run

• policy: mapping from S to A
– Overloading notation: p(s) outputs an actions (for deterministic 

policy), or a probability distribution of actions (for stochastic 
policy). 

– We also use p(a|s) as a short hand for Pp(a|s) --- the conditional 
probability table under policy p

environment

agent
actionreward

new state
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Tabular MDP

• Discrete State, Discrete Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) RL:

– Infinite horizon RL:

⇡ : S ! A
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⇡t : (O ⇥A⇥ R)t�1
! A
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<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
<latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit>

T: horizon

γ: discount factor
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What is Markovian about MDPs?

• “Markov” generally means that given the present state, the 
future and the past are independent

• For Markov decision processes, “Markov” means action 
outcomes depend only on the current state

• This is just like search, where the future (available actions, 
states to transition to) could only depend on the current state 
(not the history)

Andrey Markov 
(1856-1922)

(slide credit: Virtue and Rosenthal) 24



This is a conditional independence
assumption!
• Example of a finite horizon MDP with H = 3, as a

BayesNet

25

𝑆! 𝑆" 𝑆#

𝐴! 𝐴" 𝐴#

𝑅! 𝑅" 𝑅#



This is a conditional independence
assumption!
• Example of an infinite horizon MDP (as a BayesNet)

26

𝑆! 𝑆" 𝑆$%!

𝐴! 𝐴" 𝐴$%!

𝑅! 𝑅" 𝑅$%!

…

…

… 𝐴$

𝑅$

…

…

…



State-space diagram representation of an
MDP: An example with 3 states and 2 actions.

27

𝑠$ 𝑠%

𝑠&

𝑎!

𝑎"

0.7

0.3

0.7
𝑎! 0.3

𝑎"

𝑎!, 𝑎"

𝑟 𝑠", 𝑎", 𝑠# = −1

𝑟 𝑠", 𝑎!, 𝑠" = 50

𝑟 𝑠", 𝑎!, 𝑠! = −2

* The reward can be associated with only the state s’ you transition into.
* Or the state that you transition from s and the action a you take.
* Or all three at the same time.



Reward function and Value functions

• Immediate reward function r(s,a,s’)
– expected immediate reward 

• state value function: Vp(s)
– expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
– expected long-term return when starting in s, performing a, and following p

• useful for finding the optimal policy
– can estimate from experience
– pick the best action using Qp(s,a)

s

a

s’

r
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Reward function and Value functions

• Immediate reward function r(s,a,s’)
– expected immediate reward 

• state value function: Vp(s)
– expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
– expected long-term return when starting in s, performing a, and following p

r(s, a, s0) = E[R1|S1 = s,A1 = a, S2 = s0]
<latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit>

r⇡(s) = Ea⇠⇡(a|s)[R1|S1 = s]
<latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit>

<latexit sha1_base64="nQg091M9cWDJGCCzLb1YURkaW60="></latexit>

<latexit sha1_base64="rv5r6WVnCPbjRTFivYSHhSUMwnE="></latexit>
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Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of defining 

the V-function and Q function

• Quiz:  
– Prove Bellman equation from the definition in the previous slide.

– Write down the Bellman equation using Q function alone. 

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>

Q⇡(s, a) = ?
<latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit>
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Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of defining 

the V-function and Q function

• More quiz:  
– On AIMA textbook, reward is only a function of the state your transition

into (Think about we collect a reward when we transition into s’).  What is 
the Bellman equation in this special case?

– Sometimes, the reward is conditionally independent to s’ given s, a. What 
is the Bellman equation in this special case?

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>
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Let’s work out the Value function for a
specific policy

+1

-1

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step

actions: UP, DOWN, LEFT, RIGHT

UP

80% move UP

10% move LEFT

10% move RIGHT

( +1-0.04 0 )0.8 * +

0.1 * (-0.04 + Vπ([3,2]) )+1.0

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>

+ 0.1 * (-0.04 + Vπ([3,3]) ) 32

e.g.,
state-transitions with action UP:

*If you bump into a wall, you stay where you are.



Optimal value functions

• there’s a set of optimal policies
– Vp defines partial ordering on policies
– they share the same optimal value function

• Bellman optimality equation

– system of n non-linear equations
– solve for V*(s)
– easy to extract the optimal policy

• having Q*(s,a) makes it even simpler

s

a

s’

r

V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit>
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Inference problem: given an MDP, how to 
compute its optimal policy?

• It suffices to compute its Q* function, because:

• It suffices to compute its V* function, because:

Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit><latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit><latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit><latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit>
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Algorithms for calculating the V* function

• Policy evaluation, policy-improvement

• Policy iterations

• Value iterations

35



Dynamic programming

• main idea
– use value functions to structure the search for good policies
– need a known model of the environment

• two main components
– policy evaluation: compute Vp from p
– policy improvement: improve p based on Vp

– start with an arbitrary policy
– repeat evaluation/improvement until convergence

36



Policy evaluation/improvement

• policy evaluation: p -> Vp

– Bellman eqn’s define a system of n eqn’s
– could solve, but will use iterative version

– start with an arbitrary value function V0, iterate until Vk converges

• policy improvement: Vp -> p’ 

– p’ either strictly better than p, or p’ is optimal (if p = p’)

V ⇡
k+1(s) 

X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]

<latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit>

= argmax
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]

<latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit>
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Policy/Value iteration

• Policy iteration

– two nested iterations; too slow
– don’t need to converge to Vpk

• just move towards it

• Value iteration

– use Bellman optimality equation as an update
– converges to V*

Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]

<latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit>
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So far no learning at all. On Thursday:

• More on MDPs

• MDP inferences

• Start bandits and exploration
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