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Midterm Results
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Midterm Results (with bonus)
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Recap: Reinforcement learning problem setup

• State, Action, Reward
• Unknown reward function, unknown state-transitions.
• Agents might not even observe the state
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actions: UP, DOWN, LEFT, RIGHT

UP

80% move up

10% move left

10% move right

Recap: Robot in a room. 

+1

-1

START

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step
• what’s the strategy to achieve max reward?
• what if the transitions were deterministic?
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e.g.,

*If you bump into a wall,
you stay where you are.

State-transitions with action UP:



Recap: Tabular MDP

• Discrete State, Discrete Action, Reward and Observation

• Policy:
– When the state is observable:
– Or when the state is not observable

• Learn the best policy that maximizes the expected reward

– Finite horizon (episodic) RL:

– Infinite horizon RL:

⇡ : S ! A
<latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit><latexit sha1_base64="JSR2KBCrB1Pfm6GeQfT6grf0tX8=">AAACEnicbZDLSsNAFIYnXmu9RV26GSyCbkoiguKq6sZlRXuBJpTJdNIOncyEmYlSQp7Bja/ixoUibl25822ctAG19YeBj/+cw5zzBzGjSjvOlzU3v7C4tFxaKa+urW9s2lvbTSUSiUkDCyZkO0CKMMpJQ1PNSDuWBEUBI61geJnXW3dEKir4rR7FxI9Qn9OQYqSN1bUPvZieQehFSA8wYulNBj1J+wONpBT3P/551rUrTtUZC86CW0AFFKp37U+vJ3ASEa4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAxyFBHlp+OTMrhvnB4MhTSPazh2f0+kKFJqFAWmM19RTddy879aJ9HhqZ9SHieacDz5KEwY1ALm+cAelQRrNjKAsKRmV4gHSCKsTYplE4I7ffIsNI+qruHr40rtooijBHbBHjgALjgBNXAF6qABMHgAT+AFvFqP1rP1Zr1PWuesYmYH/JH18Q0lz53J</latexit>

⇡t : (O ⇥A⇥ R)t�1
! A

<latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit><latexit sha1_base64="oKDl42DTAiBMX0Nan8pkezMJmYI="></latexit>

St 2 S
<latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit><latexit sha1_base64="H4OVRyT8Zmoun872yVAuceDZNfk=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY9FLx4rtbXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbXV+7TCA3wnpCMM+6uV9v2i17DrRKnJI0oUTHr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCB3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8f6YGUWQ==</latexit>

At 2 A
<latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit><latexit sha1_base64="xX32X1fWfQeu2hPnv8gbSWA79Eo=">AAAB+3icbVBNS8NAFHypX7V+1Xr0slgETyURQY+tXjxWsLXQhLDZbtqlm03Y3Ygl5K948aCIV/+IN/+NmzYHbR1YGGbe481OkHCmtG1/W5W19Y3Nrep2bWd3b/+gftjoqziVhPZIzGM5CLCinAna00xzOkgkxVHA6UMwvSn8h0cqFYvFvZ4l1IvwWLCQEayN5NcbHV+7TCA3wnpCMM86uV9v2i17DrRKnJI0oUTXr3+5o5ikERWacKzU0LET7WVYakY4zWtuqmiCyRSP6dBQgSOqvGyePUenRhmhMJbmCY3m6u+NDEdKzaLATBYR1bJXiP95w1SHV17GRJJqKsjiUJhypGNUFIFGTFKi+cwQTCQzWRGZYImJNnXVTAnO8pdXSf+85Rh+d9FsX5d1VOEYTuAMHLiENtxCF3pA4Ame4RXerNx6sd6tj8VoxSp3juAPrM8fsa2UNQ==</latexit>

Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
<latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit>

T: horizon

γ: discount factor
6



Recap: Parameters of an MDP are the CPTs

• Initial state distribution
• Transition dynamics
• Reward distribution

7
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Recap: Reward function and Value functions

• Immediate reward function r(s,a,s’)
– expected immediate reward 

• state value function: Vp(s)
– expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
– expected long-term return when starting in s, performing a, and following p

r(s, a, s0) = E[R1|S1 = s,A1 = a, S2 = s0]
<latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit><latexit sha1_base64="9A8DxuVxtlIxf2YElUYRp319rAQ="></latexit>

r⇡(s) = Ea⇠⇡(a|s)[R1|S1 = s]
<latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit><latexit sha1_base64="5x2V0+VZSv+wiAHMUOf552sRg9w=">AAACIHicbVBLSwMxGMz6rPW16tFLsAjtpeyKUC+Fogge66MP2F2XbJptQ7MPkqxQtv0pXvwrXjwoojf9NWbbPWjrQMIw830kM17MqJCG8aUtLa+srq0XNoqbW9s7u/refltECcekhSMW8a6HBGE0JC1JJSPdmBMUeIx0vOFF5nceCBc0Cu/kKCZOgPoh9SlGUkmuXuP3dkzLogJhHdoBkgPPSy8nbopsQQOYeWgsKhML3rgmHMNbddehcFy9ZFSNKeAiMXNSAjmarv5p9yKcBCSUmCEhLNOIpZMiLilmZFK0E0FihIeoTyxFQxQQ4aTTgBN4rJQe9COuTijhVP29kaJAiFHgqcksgpj3MvE/z0qkf+akNIwTSUI8e8hPGJQRzNqCPcoJlmykCMKcqr9CPEAcYak6LaoSzPnIi6R9UjUVvz4tNc7zOgrgEByBMjBBDTTAFWiCFsDgETyDV/CmPWkv2rv2MRtd0vKdA/AH2vcP0Gyg2g==</latexit>

<latexit sha1_base64="nQg091M9cWDJGCCzLb1YURkaW60="></latexit>

<latexit sha1_base64="rv5r6WVnCPbjRTFivYSHhSUMwnE="></latexit>
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Recap: Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of defining 

the V-function and Q function

• Quiz:  
– Prove Bellman equation from the definition in the previous slide.

– Write down the Bellman equation using Q function alone. 

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>

Q⇡(s, a) = ?
<latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit>
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This lecture

• Bellman equations

• Algorithms for solving MDPs
– Value iterations / Policy Iterations

• Exploration and Bandit problem

10



Let’s work out the Value function for a
specific policy

+1

-1

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step

actions: UP, DOWN, LEFT, RIGHT

UP

80% move UP

10% move LEFT

10% move RIGHT

( +1-0.04 0 )0.8 * +

0.1 * (-0.04 + Vπ([3,2]) )+1.0

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>

+ 0.1 * (-0.04 + Vπ([3,3]) ) 11

e.g.,
state-transitions with action UP:

*If you bump into a wall, you stay where you are.



Optimal value functions

• there’s a set of optimal policies
– Vp defines partial ordering on policies
– they share the same optimal value function

• Bellman optimality equation

– system of n non-linear equations
– solve for V*(s)
– easy to extract the optimal policy

• having Q*(s,a) makes it even simpler

s

a

s’

r

V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit>
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Inference problem: given an MDP, how to 
compute its optimal policy?

• It suffices to compute its Q* function, because:

• It suffices to compute its V* function, because:

Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit><latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit><latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit><latexit sha1_base64="74SdOvKZ6DkUaJp9p7OFzkeU2YY="></latexit>
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Summary of Bellman equations – the 
fundamental equations of MDP and RL
• V-function and Q function

– Vp function Bellman equation

– Qp function Bellman equation

– V* function Bellman (optimality) equation

– Q* function Bellman (optimality) equation

14

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)]
<latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit><latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit><latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit><latexit sha1_base64="qaWsCP17hjuniNFskuUbJEGeyhw="></latexit>

Q⇡(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �
X

a0

⇡(a0|s0)Q⇡(s0, a0)]
<latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit><latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit><latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit><latexit sha1_base64="vtoxCtdWFaUbFTMkJCbvuHOPGyI="></latexit>

V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit>

Q⇤(s, a) =
X

s0

P (s0|s, a)[r(s, a, s0) + �max
a0

Q⇤(s0, a0)]
<latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit><latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit><latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit><latexit sha1_base64="ohUsiDVaJdINCptJZy8h+iPSLBk="></latexit>



Algorithms for calculating the V* function

• Policy evaluation, policy-improvement

• Policy iterations

• Value iterations

15



Dynamic programming

• main idea
– use value functions to structure the search for good policies
– need a known model of the environment

• two main components
– policy evaluation: compute Vp from p
– policy improvement: improve p based on Vp

– start with an arbitrary policy
– repeat evaluation/improvement until convergence

16



Policy evaluation/improvement

• policy evaluation: p -> Vp

– Bellman eqn’s define a system of n eqn’s
– could solve, but will use iterative version

– start with an arbitrary value function V0, iterate until Vk converges

• policy improvement: Vp -> p’ 

– p’ either strictly better than p, or p’ is optimal (if p = p’)

V ⇡
k+1(s) 

X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]

<latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit><latexit sha1_base64="guTo7yznsIMHmkdTJS00UcmLilI="></latexit>

= argmax
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]

<latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit><latexit sha1_base64="F6zwjAYSnk/JOuGLiKtUadD779o="></latexit>

17



Policy/Value iteration

• Policy iteration

– two nested iterations; too slow
– don’t need to converge to Vpk

• just move towards it

• Value iteration

– use Bellman optimality equation as an update
– converges to V*

Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]

<latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit>
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k=0

Noise = 0.2

Discount = 0.9

Living reward = 0
19



k=1

Noise = 0.2

Discount = 0.9

Living reward = 0
20



k=2

Noise = 0.2

Discount = 0.9

Living reward = 0
21



k=3

Noise = 0.2

Discount = 0.9

Living reward = 0
22



k=4

Noise = 0.2

Discount = 0.9

Living reward = 0
23



k=5

Noise = 0.2

Discount = 0.9

Living reward = 0
24



k=6

Noise = 0.2

Discount = 0.9

Living reward = 0
25



k=7

Noise = 0.2

Discount = 0.9

Living reward = 0
26



k=8

Noise = 0.2

Discount = 0.9

Living reward = 0
27



k=9

Noise = 0.2

Discount = 0.9

Living reward = 0
28



k=10

Noise = 0.2

Discount = 0.9

Living reward = 0
29



k=11

Noise = 0.2

Discount = 0.9

Living reward = 0
30



k=12

Noise = 0.2

Discount = 0.9

Living reward = 0
31



k=100

Noise = 0.2

Discount = 0.9

Living reward = 0
32



Q-iteration

• Updating Q functions instead of V functions

• Quiz: What is the difference from the following extended 
version of value iteration?

33

Qk+1(s, a) 
X

s0

P (s0|s, a)[r(s, a, s0) + �max
a0

Qk(s
0, a0)]

<latexit sha1_base64="5oXJQDoRn/oEBS2kXoXY4hyeyRo="></latexit><latexit sha1_base64="5oXJQDoRn/oEBS2kXoXY4hyeyRo="></latexit><latexit sha1_base64="5oXJQDoRn/oEBS2kXoXY4hyeyRo="></latexit><latexit sha1_base64="5oXJQDoRn/oEBS2kXoXY4hyeyRo="></latexit>

Vk+1(s) max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �Vk(s
0)]

<latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit><latexit sha1_base64="B7aU7o/GFXPVMoCJFd4nViUKiEM="></latexit>

Qk+1(s, a) 
X

s0

P (s0|s, a)[r(s, a, s0) + �Vk+1(s
0)]

<latexit sha1_base64="1WAbH5vdyOKkUfNUBLF16U757YM="></latexit><latexit sha1_base64="1WAbH5vdyOKkUfNUBLF16U757YM="></latexit><latexit sha1_base64="1WAbH5vdyOKkUfNUBLF16U757YM="></latexit><latexit sha1_base64="1WAbH5vdyOKkUfNUBLF16U757YM="></latexit>

Ans: They are identical!



Demo: grid worlds

34
https://cs.stanford.edu/people/karpathy/rein

forcejs/gridworld_dp.html

https://cs.stanford.edu/people/karpathy/reinforcejs/gridworld_dp.html


MDP summary

• Tabular MDP

• Episodic vs. infinite horizon (discounted)

• Immediate reward vs long-term reward 

• Value functions:  V functions, Q functions

• Bellman equations,  Bellman optimality equations

• How to solve MDP?  Policy iterations,  value iterations
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MDP Summary

Standard expectimax: 𝑉 𝑠 = max
!
'
"#

𝑃 𝑠# 𝑠, 𝑎)𝑉(𝑠#)

𝑉 𝑠 = max
!
'
"#

𝑃 𝑠# 𝑠, 𝑎 𝑟 𝑠, 𝑎, 𝑠# + 𝛾𝑉 𝑠#

𝑉$%& 𝑠 = max
!
'
"#

𝑃 𝑠# 𝑠, 𝑎 𝑟 𝑠, 𝑎, 𝑠# + 𝛾𝑉$ 𝑠# , ∀ 𝑠

𝑄$%& 𝑠, 𝑎 ='
"#

𝑃 𝑠# 𝑠, 𝑎 [𝑟 𝑠, 𝑎, 𝑠# + 𝛾max
!!

𝑄$(𝑠#, 𝑎#)] , ∀ 𝑠, 𝑎

𝑉$%&' 𝑠 ='
"#

𝑃 𝑠# 𝑠, 𝜋 𝑠 [𝑟 𝑠, 𝜋 𝑠 , 𝑠# + 𝛾𝑉$' 𝑠# ] , ∀ 𝑠

𝜋()* 𝑠 = argmax
!

'
"#

𝑃 𝑠# 𝑠, 𝑎 𝑟 𝑠, 𝑎, 𝑠# + 𝛾𝑉'"#$ 𝑠# , ∀ 𝑠

Bellman equations:

Value iteration:

Q-iteration:

Policy evaluation:

Policy improvement:
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Matrix-form of Bellman Equations and VI
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V ⇡
k+1(s) 

X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡
k (s0)]
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V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)]
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Solving MDP with VI or PI is offline planning

• The agent is given how the environment works

• The agent works out the optimal policy in its mind.

• The agent never really starts to play at all.

• No learning is happening.

38



State-space diagram representation of an
MDP: An example with 3 states and 2 actions.
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𝑠$ 𝑠%

𝑠&

𝑎!

𝑎"

0.7

0.3

0.7
𝑎! 0.3

𝑎"

𝑎!, 𝑎"

𝑟 𝑠", 𝑎", 𝑠% = −1

𝑟 𝑠", 𝑎!, 𝑠" = 50

𝑟 𝑠", 𝑎!, 𝑠! = −2



What happens if you do not know the 
rewards / transition probabilities?

40

𝑠$ 𝑠%

𝑠&

𝑎!

𝑎"

?

?

?
𝑎! ?

𝑎"

𝑎!, 𝑎"

𝑟 𝑠", 𝑎", 𝑠% =?

𝑟 𝑠", 𝑎!, 𝑠" =?

𝑟 𝑠", 𝑎!, 𝑠! =?

Then you have to learn by interacting with the unknown environment.
You cannot use only offline planning!

Exploration: Try unknown actions to see what happens.
Exploitation: Maximize utility using what we know.



Let us tackle different aspects of the RL 
problem one at a time

• Markov Decision Processes: 
– Dynamics are given no need to learn

• Bandits:  Explore-Exploit in simple settings
– RL without dynamics

• Full Reinforcement Learning
– Learning MDPs
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Slot machines and Multi-arm bandits
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Multi-arm bandits: Problem setup

• No state. k-actions

• You decide which arm to pull in every iteration

• You collect a cumulative payoff of

• The goal of the agent is to maximize the expected payoff.
– For future payoffs?
– For the expected cumulative payoff?
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Key differences from MDPs

• Simplified:
– No state-transitions

• But:
– We are not given the expected reward r(s, a, s’)
– We need to learn the optimal policy  by trials-and-errors.
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A 10-armed bandits example

28 Chapter 2: Multi-armed Bandits

select randomly from among all the actions with equal probability, independently of
the action-value estimates. We call methods using this near-greedy action selection rule
"-greedy methods. An advantage of these methods is that, in the limit as the number of
steps increases, every action will be sampled an infinite number of times, thus ensuring
that all the Qt(a) converge to q⇤(a). This of course implies that the probability of selecting
the optimal action converges to greater than 1 � ", that is, to near certainty. These are
just asymptotic guarantees, however, and say little about the practical e↵ectiveness of
the methods.

Exercise 2.1 In "-greedy action selection, for the case of two actions and " = 0.5, what is
the probability that the greedy action is selected? ⇤

2.3 The 10-armed Testbed

To roughly assess the relative e↵ectiveness of the greedy and "-greedy action-value
methods, we compared them numerically on a suite of test problems. This was a set
of 2000 randomly generated k-armed bandit problems with k = 10. For each bandit
problem, such as the one shown in Figure 2.1, the action values, q⇤(a), a = 1, . . . , 10,

0
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3

-3

-2

-1

q⇤(1)

q⇤(2)

q⇤(3)

q⇤(4)

q⇤(5)

q⇤(6)

q⇤(7)

q⇤(8)

q⇤(9)

q⇤(10)

Reward
distribution

1 2 63 54 7 8 9 10

Action
Figure 2.1: An example bandit problem from the 10-armed testbed. The true value q⇤(a) of
each of the ten actions was selected according to a normal distribution with mean zero and unit
variance, and then the actual rewards were selected according to a mean q⇤(a) unit variance
normal distribution, as suggested by these gray distributions. 45



How do we measure the performance of an 
online learning agent?
• The notion of “Regret”:

– I wish I have done things differently.
– Comparing to the best actions in the hindsight, how much worse 

did I do.

• For MAB, the regret is defined as follow
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T max
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E[Rt|a]�
TX

t=1

Ea⇠⇡ [E[Rt|a]]
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Greedy strategy

• Expected reward

• Estimate the expected reward

• Choose
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2.2. Action-value Methods 27

However, most of these methods make strong assumptions about stationarity and prior
knowledge that are either violated or impossible to verify in applications and in the full
reinforcement learning problem that we consider in subsequent chapters. The guarantees
of optimality or bounded loss for these methods are of little comfort when the assumptions
of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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of their theory do not apply.

In this book we do not worry about balancing exploration and exploitation in a
sophisticated way; we worry only about balancing them at all. In this chapter we present
several simple balancing methods for the k-armed bandit problem and show that they
work much better than methods that always exploit. The need to balance exploration
and exploitation is a distinctive challenge that arises in reinforcement learning; the
simplicity of our version of the k-armed bandit problem enables us to show this in a
particularly clear form.

2.2 Action-value Methods

We begin by looking more closely at methods for estimating the values of actions and
for using the estimates to make action selection decisions, which we collectively call
action-value methods. Recall that the true value of an action is the mean reward when
that action is selected. One natural way to estimate this is by averaging the rewards
actually received:

Qt(a)
.
=

sum of rewards when a taken prior to t

number of times a taken prior to t
=

P
t�1

i=1
Ri · Ai=aP

t�1

i=1 Ai=a

, (2.1)

where predicate denotes the random variable that is 1 if predicate is true and 0 if it is not.
If the denominator is zero, then we instead define Qt(a) as some default value, such as
0. As the denominator goes to infinity, by the law of large numbers, Qt(a) converges to
q⇤(a). We call this the sample-average method for estimating action values because each
estimate is an average of the sample of relevant rewards. Of course this is just one way
to estimate action values, and not necessarily the best one. Nevertheless, for now let us
stay with this simple estimation method and turn to the question of how the estimates
might be used to select actions.

The simplest action selection rule is to select one of the actions with the highest
estimated value, that is, one of the greedy actions as defined in the previous section.
If there is more than one greedy action, then a selection is made among them in some
arbitrary way, perhaps randomly. We write this greedy action selection method as

At

.
= argmax

a

Qt(a), (2.2)

where argmax
a

denotes the action a for which the expression that follows is maximized
(again, with ties broken arbitrarily). Greedy action selection always exploits current
knowledge to maximize immediate reward; it spends no time at all sampling apparently
inferior actions to see if they might really be better. A simple alternative is to behave
greedily most of the time, but every once in a while, say with small probability ", instead
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26 Chapter 2: Multi-armed Bandits

objective is to maximize the expected total reward over some time period, for example,
over 1000 action selections, or time steps.

This is the original form of the k-armed bandit problem, so named by analogy to a slot
machine, or “one-armed bandit,” except that it has k levers instead of one. Each action
selection is like a play of one of the slot machine’s levers, and the rewards are the payo↵s
for hitting the jackpot. Through repeated action selections you are to maximize your
winnings by concentrating your actions on the best levers. Another analogy is that of
a doctor choosing between experimental treatments for a series of seriously ill patients.
Each action is the selection of a treatment, and each reward is the survival or well-being
of the patient. Today the term “bandit problem” is sometimes used for a generalization
of the problem described above, but in this book we use it to refer just to this simple
case.

In our k-armed bandit problem, each of the k actions has an expected or mean reward
given that that action is selected; let us call this the value of that action. We denote the
action selected on time step t as At, and the corresponding reward as Rt. The value then
of an arbitrary action a, denoted q⇤(a), is the expected reward given that a is selected:

q⇤(a)
.
= E[Rt | At =a] .

If you knew the value of each action, then it would be trivial to solve the k-armed bandit
problem: you would always select the action with highest value. We assume that you do
not know the action values with certainty, although you may have estimates. We denote
the estimated value of action a at time step t as Qt(a). We would like Qt(a) to be close
to q⇤(a).

If you maintain estimates of the action values, then at any time step there is at least
one action whose estimated value is greatest. We call these the greedy actions. When you
select one of these actions, we say that you are exploiting your current knowledge of the
values of the actions. If instead you select one of the nongreedy actions, then we say you
are exploring, because this enables you to improve your estimate of the nongreedy action’s
value. Exploitation is the right thing to do to maximize the expected reward on the one
step, but exploration may produce the greater total reward in the long run. For example,
suppose a greedy action’s value is known with certainty, while several other actions are
estimated to be nearly as good but with substantial uncertainty. The uncertainty is
such that at least one of these other actions probably is actually better than the greedy
action, but you don’t know which one. If you have many time steps ahead on which
to make action selections, then it may be better to explore the nongreedy actions and
discover which of them are better than the greedy action. Reward is lower in the short
run, during exploration, but higher in the long run because after you have discovered
the better actions, you can exploit them many times. Because it is not possible both to
explore and to exploit with any single action selection, one often refers to the “conflict”
between exploration and exploitation.

In any specific case, whether it is better to explore or exploit depends in a complex
way on the precise values of the estimates, uncertainties, and the number of remaining
steps. There are many sophisticated methods for balancing exploration and exploitation
for particular mathematical formulations of the k-armed bandit and related problems.

What is the issue with this strategy?



Exploration vs. Exploitation
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(Illustration from Dan Klein and Pieter Abbeel’s course in UC Berkeley)
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• Bandits algorithms

– Explore-first

– epsilon-greedy

– Upper confidence bound

49


